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Abstract: In this paper, we introduce and study fractional versions of the Bell-Touchard process,
the Poisson-logarithmic process and the generalized Pélya—Aeppli process. The state probabilities
of these compound fractional Poisson processes solve a system of fractional differential equations
that involves the Caputo fractional derivative of order 0 < B < 1. It is shown that these processes
are limiting cases of a recently introduced process, namely, the generalized counting process. We
obtain the mean, variance, covariance, long-range dependence property, etc., for these processes.
Further, we obtain several equivalent forms of the one-dimensional distribution of fractional versions
of these processes.

Keywords: Bell-Touchard process; Poisson-logarithmic process; Pélya—Aeppli process; compound
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1. Introduction

Di Crescenzo et al. [1] introduced and studied a fractional counting process that
performs k kinds of jumps of amplitude 1,2, ...,k with positive rates Ay, Ay, ..., A, re-
spectively. We call it the generalized fractional counting process (GFCP) and denote it
by {Mg(t)}+>0, 0 < B < 1. Tt is defined as a counting process whose state probabilities
pp(n,t) = Pr{Mg(t) = n} satisfy the following system of fractional differential equations:

48 min{n,k} .
qPelnt) = —(A+ A+ 4 App(nt) + Y. Ajpp(n—jt),n=0, (1)
=

with initial condition
1, n=0
, 0 — 7 7
pﬁ(ﬂ ) {0,7121.

p
Here, 47 is the Caputo fractional derivative defined as (see [2])

dtf

y ml_ﬁ)/o (t—s)Ff(s)ds, 0<B<1,

/(1) = (2)
i), p=1,
and its Laplace transform is given by (see [2], Equation (5.3.3))
ﬁ(ﬁf@)m) =sPf(s) —sP71(0), s > 0. )

For B = 1, the GFCP reduces to the generalized counting process (GCP) { M(t) }+>0
(see [1]). For k = 1, the GFCP and the GCP reduce to the time fractional Poisson pro-
cess (TFPP) (see [3]) and the Poisson process, respectively. For other recently introduced
fractional stochastic processes, we refer the reader to Khalaf et al. [4,5].
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Let {Yp(t) }+>0 be the inverse stable subordinator; that is, the first passage time of a
stable subordinator {Dg(f)};>0. A stable subordinator {Dg(t)};>0 is a one-dimensional
Lévy process with non-decreasing sample paths. It is known that (see [1])

My(t) £

M(Yp(t)), t >0,
where £ denotes equality in the distribution and {M(t) }+>¢ is independent of {Yj(#) }+>o-
Kataria and Khandakar [6] showed that several recently introduced counting processes,
such as the Poisson process of order k, Pélya—Aeppli process of order k, Pélya—Aeppli
process, negative binomial process, etc., are particular cases of the GCP. In Kataria and
Khandakar [7], the authors studied a limiting case of the GFCP, namely, the convoluted
fractional Poisson process
For j > 1, let {Nj(t)};>0 be a Poisson process with intensity A;. Janossy et al. [8]

considered a composed process {Zj 1iN;(t )}t> with 35721 A; < co. The probability mass
function (pmf) of {&(¢) }+>0 where {(t) = Y21 jNj(t) is given by (see [8], Equation (2.18))

Prig(t) =n} = EH APt @)
Oy j=1
Here,
n
Qn—{(xl,xz,...,xn):z]'xj—n, xjeNu{O}}. (5)
j=1
Its equivalent version is given by (see [8], Equation (2.22))
t;
Pr{¢(t) =n} = ZHM{, B ©)
where
k
QZ_{(xl,XZ,...,xk):in_n,k<n, xi>1}‘ (7)
i=1

Let { X;};>1 be a sequence of independent and identically distributed random variables
such that Pr{X; = j} = ¢; for all j > 1. Consider a compound Poisson process

N(t)
=) X;,t>0
i=1

where {N(t)}¢>¢ is a Poisson process with intensity A > 0 that is independent of {X;};>1.

For a suitable choice of A and ¢;’s, the compound Poisson process {Y (¢) }+>¢ is equal in
distribution to a counting process introduced and studied by Freud and Rodriguez [9], namely,
the Bell-Touchard process (BTP) { M (t)}>0. For A = a(e? — 1) and cj = 07/ —1),j>1
where & > 0, 8 > 0 they have shown that

M) L (). )

For Aj = a//j!, j > 1, the process {{(t) };>0 is equal in distribution to BTP (see [9]);
that is, &(¢) £ M(t). Therefore, the pmf g(n,t) = Pr{ M (t) = n} of BTP is given by

ZH W” o), ©)

O ]

where (), is given in (5).
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For ¢; = —(1— p)/jlnp, j > 1 where p € (0,1), the compound Poisson pro-
cess {Y(#)}+>0 reduces to a counting process introduced and studied by Sendova and
Minkova [10], namely, the Poisson-logarithmic process (PLP). We denote it by { M (t) };>0.
It is defined as

M(t) = Y(t). (10)

As an application, they considered a risk process in which the PLP is used to model

the claim numbers.

Forc¢; = (H;._l)pf(l —0) /(1= (1—-p)"),j > 1wherer > 0,0 < p < 1, the compound

Poisson process {Y (t) }+>0 reduces to a counting process introduced and studied by Jacob

and Jose [11], namely, the generalized Pélya—Aeppli process (GPAP). We denote it by
{M(t) }s>0. It is defined as

M(t) =Y(t). (11)

If r = 1, then the GPAP reduces to the P6lya—Aeppli process (see [12]).

In this paper, we study, in detail, the fractional versions of BTP, PLP and GPAP. We
obtain their Lévy measures. It is shown that these processes are the limiting cases of GCP.
We obtain the probability generating function (pgf), mean, variance, covariance, etc., for
their fractional variants and establish their long-range dependence (LRD) property. It is
known that the process that exhibits an LRD property has applications in several areas,
such as finance, econometrics, hydrology, internet data traffic modelling, etc. Several
equivalent forms of the pmf of fractional versions of these processes are obtained. We have
shown that the fractional variants of these processes are overdispersed and non-renewal.
It is observed that the one-dimensional distributions of their fractional variants are not
infinitely divisible, and their increments have the short-range dependence (SRD) property.
It is shown that these fractional processes are equal in distribution to some particular cases
of the compound fractional Poisson process studied by Beghin and Macci [13].

2. Preliminaries

In this section, we present some known results and definitions that will be used later.

2.1. Mittag-Leffler Function
The three-parameter Mittag—Leffler function is defined as (see [2], p. 45)

1 BT+
Eop™) = 10y L jirGar pr * <

wherea >0, 8> 0and ¢y > 0.

It reduces to the two-parameter Mittag-Leffler function fory =1,and fory =g =1
it reduces to the Mittag—Leffler function.

For any real x, the Laplace transform of the function tﬁ’lEZ,ﬁ(xt”‘) is given by (see [2],

Equation (1.9.13)):

_ 5“7_13
E(tﬁ 1EZ,ﬁ(xt"‘);s) e i |x |1/, (12)

2.2. Inverse Stable Subordinator
The following result holds for the inverse stable subordinator {Yg(#) }+>0 (see [14]):

E(e*syﬁ“)) — Ep: (—stﬁ), s> 0. (13)

The mean and variance of {Y(t) }>0 are given by (see [14])
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B
E(Yy(t)) = ﬁ (14)
. 2 B 1 28
Var (Yg(t)) = (F(2/3+1) F2(ﬁ+1)>t . (15)

For fixed s and large ¢, the following asymptotic result holds (see [15]):

2 41
COV(Y‘B(S), Y‘B(t)) ~ 1_,2(‘31_|_1) (,BszﬁB(,B,,B +1)— (ﬁlB—i-Sl)tll5>’ (16)

where B(B, 8 + 1) denotes the beta function.

2.3. Poisson-Logarithmic Process
The state probabilities 4(11,t) = Pr{M(t) = n} of PLP satisfy the following (see [10]):

d . .

aq(o,t) = —A4(0,t),
Y, (17)

%Q(n,t) =—Aj(n, t) — — Z ! ]P) g(n—j,t), n>1,

=1

>
=

with initial conditions 4(0,0) = 1 and 4(n,0) = 0, n > 1. Its pgf G(u,t) = ]E(uM(t)> is

given by
Glu,t) = exp(—)\t (1 _Ind _1511;9_ p)u))) (18)

2.4. Generalized Pélya—Aeppli Process
The state probabilities (1, t) = Pr{ M (t) = n} of GPAP satisfy the following (see [11]):

d
930, = 210,

n . (19)
Gt = =g + e 3 (T

j'n—',t,nZl,
(1_p)—r_1j:1 )P q( J )

with initial conditions §(0,0) = 1 and 4(n,0) = 0, n > 1. Its pgf G(u,t) = ]E(uM(t)> is
given by
—ou)" —
G(u,t) =exp (At (1 - W)l) ) (20)

(I-p)7" -1

Let7; = roA/(1—p)(1 — (1 —p)") and 7o = r(1 +1p)pA/ (1 —p)*(1 — (1 —p)"). Tts
mean and variance are given by

E(M(t)) = rit, Var(M(t)) = Pat. (21)

2.5. LRD and SRD Properties

The LRD and SRD properties for a non-stationary stochastic process {X(t) };>0 are
defined as follows (see [15,16]):

Definition 1. Let s > 0 be fixed. The process { X(t) };>0 is said to exhibit the LRD property if its
correlation function has the following asymptotic behaviour:

Corr(X(s), X(t)) ~ c(s)t7?, as t — oo,

for some c(s) > 0and 6 € (0,1). If 0 € (1,2), then it is said to possess the SRD property.
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3. Bell-Touchard Process and Its Fractional Version
Here, we introduce a fractional version of a recently introduced counting process,

namely, the Bell-Touchard process (BTP) (see [9]).
First, we study some additional properties of BTP, the BTP is defined as follows:

Definition 2. A counting process { M(t) }4>¢ is said to be a BTP with parameters « > 0,6 > 0 if
(a) M(0) =0;

(b) it has independent and stationary increments;

(c) form =0,1,... and h > 0 small enough such that o(h) — 0as h — 0, its state transition
probabilities are given by

1—a(e? —1)h+o(h), n=m,

Pr{M(t+h) =n|M(t) =m} = .
Ml ) M) ! {zxé)]h/j!—i—o(h),n:m+j,j:1,2,....

It follows that the state probabilities g(n,t) = Pr{M(t) = n}, n > 0 of BTP satisfy the
following system of differential equations:

%q(O,t) = —oc(e" - 1)q(0/f)/

d

aq(n,t) = —oc(ee - 1>q(n, H+a Z; j—!q(n —j, b, n>1,
]:

with initial conditions g(0,0) = 1 and q(n,0) =0, n > 1.

Remark 1. On taking p =1, A; = w07 /j! for all j > 1 and letting k — oo, System (1) reduces to
System (22). Thus, the BTP is a limiting case of the GCP.

In view of Remark 1, we note that several results for BTP can be obtained from the
corresponding results for GCP. Next, we present a few of them.

The next result gives a recurrence relation for the pmf of BTP. It follows from Proposi-
tion 1 of Kataria and Khandakar [6].

Proposition 1. The state probabilities q(n,t) of BTP satisfy

gn—jt), n>1

It is known that the GCP is equal in distribution to the following weighted sum of k
independent Poisson processes (see [6]):

FRLNy
M(t) = ) 1:]Nj(f),
j=

where {N;(t)}>0’s are independent Poisson processes with intensity A;’s. On taking
Aj = a0/ /j! for all j > 1 and letting k — oo, we get

M) L i)
=

which agrees with the result obtained by Freud and Rodriguez [9]. As tlim Ni(t)/t = bl /]!,
—00

j > 1 almost surely, we have
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o0 N;(t
tim M) L3y N
t—oo f = f—o0 f
= «Be’, in probability. (23)

The next result gives a martingale characterisation for the BTP, whose proof follows
from Proposition 2 of Kataria and Khandakar [6].

Proposition 2. The process { M(t) — afe®t} 1> I8 a martingale with respect to a natural filtration
Fr=0(M(s),s <t). B

From (8), it follows that the BTP is a Lévy process as it is equal in distribution to a
compound Poisson process. Therefore, its mean, variance and covariance are given by
E(M(t)) = abe’t, (24)
Var(M (t)) = a8(6 + 1)e’t, (25)
Cov(M(s), M(t)) = aB(8 + 1)’ min{s, t},

respectively. The BTP exhibits the overdispersion property as Var(M(t)) — E(M(t)) =
x6%e%t > 0 for t > 0.

The characteristic function of BTP can be obtained by taking A; = wfl/j! forallj > 1
and letting k — oo in Equation (12) of Kataria and Khandakar [6]. It is given by

E(e“’éM(t)) = exp(—zxt (69 - eeewé)), w=+v—-1,eR.

Therefore, its Lévy measure is given by u(dx) = « 21 ],—!(dex, where J;’s are Dirac
]:

measures.

Remark 2. For fixed s and large t, the correlation function of BTP has the following asymptotic

behaviour:
Corr(M(s), M(t)) ~ /st~ /2,

Thus, it exhibits the LRD property.

Fractional Bell-Touchard Process

Here, we introduce a fractional version of the BTP, namely, the fractional Bell-Touchard
process (FBTP). We define it as the stochastic process {Mg(f)}1>0, 0 < B < 1 whose
state probabilities g4(n,t) = Pr{Mp(t) = n} satisfy the following system of fractional
differential equations:

dA
@qﬁ(O,t) = —a(ee — 1)%(0,1‘),

L

i 26)
n 9] (
—qp(n,t) = —a 6 _1 qp(n,t 012:.7,7 n—it), n>1,

with initial conditions g5(0,0) = 1and q4(n,0) = 0,1 > 1.
Note that the system of Equation (26) is obtained by replacing the integer order
derivative in (22) with the Caputo fractional derivative defined in (2).

Remark 3. On taking A; = w0l /j! for all j > 1 and letting k — oo, System (1) reduces to
System (26). Thus, the FBTP is a limiting case of the GFCP.
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Using (26), it can be shown that the pgf Gﬁ(u,t) = E(uMﬁ(t)), lu] < 1 of

FBTP satisfies
dpf

dtP

with Gg(u,0) = 1. On taking the Laplace transform in the above equation and using (3),
we get

Gp(u,t) = —oc(ee - 69”>G5(u,t),

PGg(u,s) —sP1Gp(u,0) = —oc( o ee")éﬁ(u,s), s>0,
where G/g(u, s) denotes the Laplace transform of G,g(u, t). Thus,

sP-1

Gplurs) = sP+ a(ef —ef)’

On taking the inverse Laplace transform and using (12), we get
Gp(u,t) = Egy (—rx (ee - egu)tﬂ). (27)

Remark 4. On taking B = 1 in (27), we get the pgf G(u,t) = exp(—a(e® —e®)t) of BTP.
Further, from (27), we can verify that the pmf qg(n, t) sums up to one; that is, Y37 o qg(n,t) =
Glg(u, t)|u:1 = Elg'l (0) =1.

The next result gives a time-changed relationship between the BTP and its fractional
variant, FBTP.

Theorem 1. Let {Yg(t)}+>0, 0 < B < 1, be an inverse stable subordinator independent of the
BTP {M(t)}tz(). Then

M) £ M(Y(1)), t > 0. (28)
Proof. Let hi5(x, t) be the density of {Yg(t)}>0. Then,
E(uM(Yﬁ(t))> = /Ooo G(u, x)hg(x, t)dx
= '/0.00 exp (—tx (69 — 69”) x) hg(x,t)dx, (using Remark 4)
=Eg1 (—zx (69 - 69”) tﬁ> (using (13)),
which agrees with (27). This completes the proof. [

Remark 5. Let {Tpg(t) }+~0 be a random process whose distribution is given by the folded solution
of the following Cauchy problem (see [17]):

d2p 92
@u(x, t) - ﬁu(x, t), X € R, t > 0, (29)

with u(x,0) = §(x) for 0 < B < 1and %u(x,o) =0for1/2 < B < 1. It is known that the
density functions of Yg(t) and Tps(t) coincide (see [18]). Hence,
M(£) £ M(Tos(t)), £ >0, (30)

where {Tog(t) }+>0 is independent of the BTP.
The random process {Tp(t) }1~0 becomes a reflecting Brownian motion {|B(t)|}s>o for
B = 1/2 as Equation (29) reduces to the following heat equation:

2
{aatu(x,t) = aa?u(x, £),xeR, t>0,

u(x,0) = §(x).
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Therefore, My ;5 (t) is equal in distribution to BTP at a Brownian time; that is, M (|B(t)
t>0.

),

In view of (8) and (28), it follows that the FBTP is equal in distribution to the following
compound fractional Poisson process:

a N(Yp())

=

(t)
X2 Y X, t>0 (31)
=1 i=1

Mg (t)

where {Ng(t) }+>0 is a TEPP with intensity « (69 — 1) independent of the sequence of inde-
pendent and identically distributed random variables { X; };>1. Thus, it is neither Markovian
nor a Lévy process (see [19]).

Remark 6. The system of differential equations that governs the state probabilities of the compound
fractional Poisson process was obtained by Beghin and Macci [13]. In view of (31), System (26) can
alternatively be obtained using Proposition 1 of Beghin and Macci [13].

Next, we obtain the pmf of FBTP and some of its equivalent versions.
The solution uyg(x, t) of (29) is given by (see [3]):

X
Mzﬁ(x,t) Zt,BW Bl ﬁ( |/3|> t>0 xeR, (32)

where W, (-) is the Wright function defined as follows:

ok
W (x Zm v>-1,7y>0 xeR
Let
_ 2upg(x,t), x >0,
op(x,t) = {0 xﬁ< 0 (33)

be the folded solution to (29).
Theorem 2. The pmf qg(n,t) = Pr{Mp(t) = n} of FBTP is given by

Eﬁl(_ (69—1)tﬁ), Vl:O,
tx9]/]

qp(n,t) = ;H 'tZ"ﬁE/ant/lSH( w(ef — 1)tﬁ), n>1,
n |

(34)

where z, = x1 + xp + - - - + xy, and Oy, is given in (5).

Proof. From (30) and (33), we have

qp(n, t) = /O'ooq(n,x)ﬂz,;(x, t)dx.

We use (9) and (32) in the above equation to obtain

«x9]/] (1) 2 X
Rl [ W (3 ) o

Oy j=

oc9]/] t=F
= ZH

W, (_y)d.
<a<ee-1>>z"+1/o AN
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On using the following result (see [20], Equation (2.13)):

t*,B(Zn‘i’l) 0o Yy y d
znz(a<ee_1>)zﬂ“/o R

B o (—ale? = 1)f) =

the proof follows. O

Remark 7. An equivalent form of the pmf of BTP can be obtained from (6). It is given by

Zl_[ X . _‘"t(ee‘l), n>0, (35)

011

where Q! is given in (7). If we use (35) in the proof of Theorem 2, then we can obtain the following
alternate form of the pmf of FBTP:

‘ >

ﬁ () 5 (—al — 1)), 6)
L=

1 %!
The pmf of TFPP with intensity a (¢! — 1) is given by (see [20], Equation (2.5))

Pr{Ng(t) = n} = (oc(ee — 1)t/5) ngl}%l( (e — 1)tﬁ>, n > 0.

From (31), we have
q5(0,£) = Pr{Np(t) = 0} = Eg (—vc(ee - 1)tﬁ).

We recall that X;’s are independent of Nﬁ(t) in (31). Thus, for n > 1, we have

as(n 1) = S Pr(X) 4 Xa + -+ X = m}Pr{Ns (1) = ) 7)
k=1
]
- R ERIT 9“ () Bih (a1, 69)
k=1@k j=1

where x; is the total number of claims of j units and

n n
of = {(xl,xz,...,xn) (Y xj=k Y jxj=n, xj€ NU{O}}. (39)
j=1 j=1
Again, as X;’s are independent and identically distributed, we have
my+my+---+m=n
m/EN

k
= Z HPI‘{X]' = m]}

my+mo+---+mp=n ]:]

m]€N
) @0
my+my+--+mp=n (36 - 1)k j=1 m]'!l

m]EN
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where we have used (8). On substituting (40) into (37), we get an equivalent expression for
the pmf of FBTP in the following form:

n

B =% L T (wf) B (el - 0).
k=1my+my+---+mg=n j=1 m]
THJGN

The pmf (38) can be written in the following equivalent form by using Lemma 2.4 of
Kataria and Vellaisamy [21]:

n—k+1 9]/ )%
R T O g ).
Ay =

where

n—k+1 n—k+1

A’;—{(xhxz,.. s X ki1) 2 xi=k ) jxj=n, xjeNU{O}}. (43)
j=1

Thus, we have obtained the five alternate forms of the pmf of FBTP given in (34), (36),
(38), (41) and (42).
By using (24), (25) and Theorem 2.1 of Leonenko et al. [14], the mean, variance and
covariance of FBTP can be obtained in the following forms:
E(Mg(1)) = a0"E(Yp(1)),
2
Var(Mg(t)) = af(0+ 1)e"E(Y5(t)) + (zx@ee> Var (Yg(t)), (44)
Cov(Mp(s), Mg(t)) = aB(8 + 1)e’E (Y (min{s, £})) + (oc@e ) Cov(Ys(s), Yp(t)). (45)
The FBTP exhibits overdispersion as Var(Mg(t)) — E(Mg(t)) > 0 forall t > 0.
Theorem 3. The FBTP exhibits the LRD property.
Proof. From (44) and (45), we get
aB(0 + 1)e?E(Yg(min{s, t})) + (afe’)*> Cov (Yg(s), Yp(t))
\/Var(Mﬁ(s)) \/049(9 +1)eVE (Yp(£)) + (a0e?)2 Var (Yg(£))

On using (14)—(16) for fixed s and large t, we get

Corr (Mg (s), Mg(t)) =

Corr(Mg(s), Mg(t))
a0(0 + 1)e'T2(B + 1)E (Y (s)) + (a0e”)? (B B(B, p+1) — (;ﬁ%)

0(6+1)efth 2( 0e0)2£28  (aBef)212P
(8 +1) Var(Mp() 25 - 2Pt G

~co(s)t™ F,

~

where
(0 +1)I2(B+ 1)E(Yg(s)) + abe’ Bs*B(B, p+ 1)

P2(B+1)y/Var(Mp()) \ /vty — egpeny
As 0 < B < 1, it follows that the FBTP has the LRD property. [

co(s) =
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Remark 8. For a fixed h > 0, the increment process of FBTP is defined as
Zj(t) = Mp(t+h) — Mg(t), t > 0.

It can be shown that the increment process {Zh( ) }+>0 exhibits the SRD property. The proof
follows similar lines to that of Theorem 1 of Maheshwarz and Vellaisamy [15].

The factorial moments of the FBTP can be obtained by taking A; = wfl/j! forall j > 1
and letting k — oo in Proposition 4 of Kataria and Khandakar [6].

Proposition 3. Let g(r,t) = E(Mp(t)(Mp(t) —=1) - (Mp(t) —r+1)),r > 1 be the rth
factorial moment of FBTP. Then,

r (zxe tlg) g
s T

i=r{=
m;eN

The proof of the next result follows on using (23), the self-similarity property of
{Yp(t) }+>0 in (28) and the arguments used in Proposition 3 of Kataria and Khandakar [6].

Proposition 4. The one-dimensional distributions of FBTP are not infinitely divisible.

Remark 9. Let the random variable W, be the first waiting time of FBTP. Then, the distribution of
W is given by

PriW; > t} = Pr{M,(t) = 0} = E4, (—zx(ee - 1)tﬁ),

which coincides with the first waiting time of TFPP with intensity a(e? — 1) (see [22], Remark 3.3).
However, the one-dimensional distributions of TFPP and FBTP differ. Thus, the fact that the TFPP
is a renewal process (see [18]) implies that the FBTP is not a renewal process.

4. Poisson-Logarithmic Process and Its Fractional Version

Here, we introduce a fractional version of the PLP. First, we give some additional
properties of it.

Ontaking f =1,1; = —A(1— p)l/jInp forallj > 1and letting k — oo, the governing
system of differential Equation (1) for GCP reduces to the governing system of differential
Equation (17) of PLP. Thus, the PLP is a limiting case of the GCP. Thus, we note that several
results for PLP can be obtained from the corresponding results for GCP.

The next result gives a recurrence relation for the pmf of PLP that follows from
Proposition 1 of Kataria and Khandakar [6].

Proposition 5. The state probabilities §(n,t) = Pr{M(t) = n}, n > 1 of PLP satisfy

My (1= pYian— ).
L

The pgf (18) can be rewritten as

S =TT A Q=P
E(u,t) Eep< St 1>).

It follows that the PLP is equal in distribution to a weighted sum of independent

Poisson processes; that is,
[e9)

M) LY jNi(E), (46)
j=1
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where {N;(t)};>0 is a Poisson process with intensity A; = —A(1 — p)//jIn p. Thus,
/ > N;(t
lim 7M(t) 4 Z] lim 7]( )
t—o0 t =1 t—o0 t
= m, in probability, (47)
plnp

where we have used lim; . Nj(t)/t = —=A(1 — p)//jInp, j > 1 almost surely.
In view of (4) and (46), the pmf of PLP is given by

21—[ ]/]) (;ﬁ)znem,

Oy j=1

where z;, = x1 + x2 + - - - 4+ x; and Q) is given in (5).
Using (6), the pmf of PLP can alternatively be written as

ZH P (ALY (48)
x]k' Inp ’

j=1

where ()} is given in (7).
The next result gives a martingale characterisation for the PLP.

Proposition 6. The process {M (t) — /\(pplr:pl)t} is a martingale with respect to a natural
>0
filtration Iy = o (M(s),s < t).

Let?; = A(p—1)/pInpand ?, = A(p — 1)/ p*In p. From (10), it follows that the PLP
is a Lévy process. Its Lévy measure can be obtained by taking A; = —A(1 — p)//jInp for
all j > 1 and letting k — oo in Equation (13) of Kataria and Khandakar [6]. It is given by

o0 — )i
L 2 M(dex,
Inp = j

pldx) = -

where 5]-’5 are Dirac measures. Its mean, variance and covariance are given by
E(M(t)) = #1t, Var(M(t)) = #ot, Cov(M(s), M(t)) = P, min{s, t}. (49)

Fractional Poisson-Logarithmic Process
Here, we introduce a fractional version of the PLP, namely, the fractional Poisson-
logarithmic process (FPLP). We define it as the stochastic process {Mg(t)}1=0,0 < B <

1, whose state probabilities dg(n,t) = Pr{Mg(t) = n} satisfy the following system of
differential equations:

df | .
@%(OJ) = —Agp(0,t),

d?

n (50)
S splnt) = Aq,swfl*;l )

qg(n—j.t), n =1,

j

with initial conditions 45(0,0) = 1and 44(n,0) = 0,n > 1.
Note that the system of Equation (50) is obtained by replacing the integer order
derivative in (17) with a Caputo fractional derivative.

Remark 10. On taking Aj = —A(1— p)//jInp for all j > 1 and letting k — oo, the System (1)
reduces to System (50). Thus, the FPLP is a limiting case of the GFCP.
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Further, on taking A = — In p, System (50) reduces to the system of differential equations that
governs the state probabilities of fractional negative binomial process (see [23], Equation (66)).

Using (50), it can be shown that the pgf Gg(u,t) = E(uMﬁ(t)>, lu| < 1 of FPLP

satisfies 6
b . B In(1— (1 - p)u)

with Gﬁ(u, 0) = 1. On taking the Laplace transform in the above equation and using (3),
we get

)Cﬁ(u, t),

sBGp(u,5) — sP1Gp(1,0) = _A(l In(1-(1- P)”))éﬁ(u,s), ss0.

Inp
Thus,
éﬁ(u,s) = P! —— .
sP+A (1 - W)
On taking inverse Laplace transform and using (12), we get
Cplu,t) = Egy </\ (1 = W) tﬂ). (51)

Remark 11. On taking p = 1in (51), we get the pgf of PLP given in (18). Further, from (51) we can
verify that the pmf Gg(n, t) sums up to one; that is, Y 3° o 4g(n,t) = Gg(u,t)|y=1 = Eg1(0) = 1.

The following time-changed relationship between the PLP and FPLP holds, whose
proof follows similar lines to that of Theorem 1:
~ d .~
Mp(t) = M(Yp(t)), t >0, (52)

where the PLP is independent of the inverse stable subordinator {Yg(#)}+>0,0 < g < 1. In
view of Remark 5, we have

My(t) £ M(Tos(t)), £ >0,

where {Tp(t) }+~0 is independent of {M(t)} >0

Remark 12. In view of (10) and (52), we note that the FPLP is equal in distribution to the following
compound fractional Poisson process:

A J Npg(t)
Mg(t) = ), X;, t>0, (53)
i—=1

1

where {Ng(t) }+>0 is a TFPP with intensity A independent of the sequence of independent and
identically distributed random variables {X;};>1. Therefore, it is neither Markovian nor a Lévy
process. In view of (53), System (50) can alternatively be obtained using Proposition 1 of Beghin
and Macci [13].

The proof of the next result follows similar lines to that of Theorem 2.
Theorem 4. The pmf Gg(n, t) = Pr{Mﬁ(t) = n} of FPLP is given by

Ep1(—AtP), n =0,

R _ " _ Ny _ 4B Zn

qﬁ(n’t) Z ((1 p)]/]) jz |< )\t > EZn+l (_)\t‘B)/ n 2 l/ (54)
Q

g "\ np ) Fhasn

anl
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where z, = x1 + xp + - - - + xy, and Oy, is given in (5).

Remark 13. If we use (48) in the proof of Theorem 4, then we can obtain the following alternate
form of the pmf of FPLP:

0= LIS (o) b (20). &
where Q) is given in (7).
From (53), we have
45(0,1) = Pr{Ns(t) = 0} = Eg1(~AF).

Forn > 1, we get

(iﬁ(i’l, f) = i Pr{X; +Xo 4+ -+ X = n}Pr{Nﬁ(t) =k} (56)
J —\tB
-Erell R (G e @

where ©F is given in (39).
As X;’s are independent and identically distributed, we have

k
Pr{X; +Xo+ -+ Xy =n} = Y [[Pr{X; = m;}
my+my+---+mp=n j=1
m]€N

k m~

k
= , (58)
ml-‘rmZ;“rmk—”(lnp) ]Il

m]'EN

where we have used (10). Substituting (58) in (56), we get an equivalent expression for the
pmf of the FPLP in the following form:

3 L —p" (—Atﬁ) .
;ml-‘rWZz-‘rZ—&-mk n;l_‘[ m]' lnp BB\
m;eN

The pmf (57) can be written in the following equivalent form by using Lemma 2.4 of
Kataria and Vellaisamy [21]:

n—k+1 [ N/ _A4B
ZZ}@ H —p)/j) ( At ) EEJIZ;;H( Ath), (60)

1
v x;! Inp

where AK is given in (43).

Thus, we have obtained the five alternate forms of the pmf of FPLP given in (54), (55),
(57), (59) and (60). Note that the one-dimensional distributions of FPLP are not infinitely
divisible, whose proof follows on similar lines to that of Proposition 4.

Remark 14. The distribution of the first waiting time W of FPLP is given by

PriW > t} = Pr{M(t) = 0} = Ez, (—/\tﬁ).
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By using the same arguments as used in Remark 9, we conclude that the FPLP is not a
renewal process.

By using (49) and Theorem 2.1 of Leonenko et al. [14], we obtain the mean, variance
and covariance of FPLP as follows:

E(Mﬁ(t)) = ?1E(Ylg(t)),
Var(Mg(t)) = #E(Yg(t)) + #1 Var(Yp(t)),
Cov (Mg(s), Mg(t)) = 72E(Yg(min{s, t})) + #1 Cov(Yp(s), Ya(t)).

The FPLP exhibits overdispersion as Var(Mg(t)) — E(Mg(t)) > 0 forall t > 0.

Remark 15. The FPLP exhibits the LRD property and, as in Remark 8, the increment process of
FPLP exhibits the SRD property.

5. Generalized Pélya—Aeppli Process and Its Fractional Version
Here, we introduce a fractional version of the GPAP. First, we give some additional
properties of it.

Ontaking p=1,4;, = A(" T/~ 1)

P(1—p)"/(1—(1—p)")forall j > 1and letting

k — oo, the governing system of differential Equation (1) for GCP reduces to the governing
system of differential Equation (19) of GPAP. Thus, the GPAP is a limiting case of the GCP.

The next result gives a recurrence relation for the pmf of GPAP, whose proof follows
from Proposition 1 of Kataria and Khandakar [6].

Proposition 7. The state probabilities §(n,t) = Pr{M(t) = n}, n > 1 of GPAP satisfy

_ M =-p) & rH -1 .
q(n’t)_11(1—(1—m]§]p]< f )4(”—”)'

The pgf (20) can be expressed as
i > o(1—p) (r+j—1> ~ )
Glu,t) =] | ex <)\t . w—1)).
) = Texe (=05 (7w =

It follows that the GPAP is equal in distribution to a weighted sum of independent
Poisson processes; that is,

M) LY N (), (61)

A 1)#(1 e

where {N;(t)}+>0 is a Poisson process with intensity A; = A(
(I1—p)"). Thus,

v & N;(t
tim M0 5y N
t—oo = t—oo
Arp . -
= A= a-a=p) in probability, (62)
r+j—1

>pj(1 —p)'/(1—(1—=p)"),j > 1almost

surely. On substituting = 1in (62), we get the corresponding limiting result for the Pélya—
Aeppli process (see [6], Section 4.3).

where we have used lim;—, Nj(t)/t = A
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In view of (61), the pmf of GPAP can be obtained from (4), and it is given by

ZH (P](H] 1)) < At(1 —P);r)znem, 63)

Qy j=1 1_(1_P

where z;, = x1 + x2 + - - - 4+ x;, and Q) is given in (5).
Using (6), the pmf of GPAP can alternatively be written as

ZH (Hx >(1A_t((11__p3;r)kek?t, (64)

where ()} is given in (7).
From (11), it follows that the GPAP is a Lévy process. Its Lévy measure can be obtained
r+j—1

by taking A; = )\( )pj(l —p)'/(1—(1—p)") forall j > 1 and letting k — oo in

Equation (13) of Kataria and Khandakar [6]. It is given by

_ O AMl—-p) & (r+j-1\
““x”‘1—<1—mr22< j )”@d*

Fractional Generalized Pélya—Aeppli Process

Here, we introduce a fractional version of the GPAP, namely, the fractional generalized
Pélya—-Aeppli process (FGPAP). We define it as the stochastic process {Mg(t)};>0, 0 <
B < 1, whose state probabilities 74(1,t) = Pr{Mg(t) = n} satisfy the following system of
differential equations:

df )

@ﬂ/}(of t) = —Agp(0,t),

d;B _ _ n r+ . . (65)
SR 0) = =My ) + 5 2( 1 elaptn = n =1,

with initial conditions 75(0,0) = 1and gg(n,0) = 0,n > 1.

Note that the system of Equation (65) is obtained by replacing the integer order
derivative in (19) by Caputo fractional derivative.
, r+j—1\ ; r , . .
Remark 16. On taking A; = A . p(1—p) /(1= (1—p)") forall j > 1 and letting
k — oo, System (1) reduces to System (65). Thus, the FGPAP is a limiting case of the GFCP.

Further, on taking r = 1, System (65) reduces to the system of differential equations that
governs the state probabilities of the fractional Pélya—Aeppli process (see [13], Equation (19)).

Using (65), it can be shown that the pgf Gﬁ(u,t) = E(uMﬁ(t)), lu| < 1 of

FGPAP satisfies
dp (1—pu)7"-1
t) = —A1—- ———=——7 |Gp(u,t
ot == (1= T )t
with Gg(u,0) = 1. On taking the Laplace transform in the above equation and using (3),
we get

s/ngg(u,S) — slgfl(_}g(u,O) = —)\(1 — W)Gﬁ(u s), s > 0.
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Thus,
o) -
pll,s) = (1—pu)7—1\"
4 (1- )
On taking the inverse Laplace transform and using (12), we get
- B B A —pu) 1N
G‘B(u, £ = Eﬁ,l < /\(1 —(1 — p)fr 1 P ). (66)

Remark 17. On taking B = 1 in (66), we get the pgf of GPAP given in (20). Further, from (66)
we can verify that the pmf Gg(n,t) sums up to one; that is, 3" oqg(n,t) = Gg(u,t)]=1 =
Eg1(0) = 1.

B

The following time-changed relationship holds between the GPAP and FGPAP:
Mag(t) 4 M(Yg(t)), t >0, (67)
where the GPAP is independent of {Yj(t)};>0, 0 < B < 1. Further,

Mp(t) £ M(Top(1)), £ >0,

where {T4(t) }+~0 is independent of { M((t) } 0.

Remark 18. In view of (11) and (67), we note that the FGPAP is equal in distribution to the
following compound fractional Poisson process:

) J Ng(t)
Mp(t) = ) Xi, t 20, (68)
i=1

1

where {Ng(t) }+>0 is a TFPP with intensity A independent of {X;}i>1. Therefore, it is neither
Markovian nor a Lévy process. In view of (68), System (65) can alternatively be obtained using
Proposition 1 of Beghin and Macci [13].

On using the pmf of GPAP (see [11], Equation (3)), we get the following pmf of FGPAP.

Theorem 5. The pmf Gg(n, t) = Pr{Mg(t) = n} of FGPAP is given by

P e E L () () (7 B (),

p)"
(69)

Remark 19. If we use (63) in the proof of Theorem 5, then we can obtain the following alternate
form of the pmf of FGPAP:

E‘B,l(—/\fﬁ), n = 0,

_ . . 'P’-‘r]:—l % 7\ %n
Ts(n1) = - (P117Y) Z|(At5(1—p)r> Bl (—Af), 0> 1 (70)

Oy j=1 xjt "\1-(1-p) Pranft1

Aguain, if we use (64) in the proof of Theorem 5, then we can obtain the following:

koo 1\ [ AB(1— o)\
ot = DI (7071 (P20 ) B () o
Qf j=1 ]
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From (68), we have
qp(0,t) = Pr{Np(t) = 0} = Eg1(—AtF).
Forn > 1, we get
n
gg(n,t) = ) Pr{Xy + Xo + - - + X; = n}Pr{Ng(t) = k} (72)
j r+] 1 k
Erer ()" (=Y e, o
k=1@k j=1 x]-! 1—(1-p)) PHH

where ©F is given in (39).
As X;’s are independent and identically distributed, we have

k
Pr{X; +Xo+ -+ X =n} = Z HPr{XjIMj}

m1+m2+~~-+mk=n ]:1
THJEN

(1-p) )k K m.<r+m]-—1>
_ GO , 74)
m1+m2§+mkn<1 - (1 - p)r ]];:! m]
mJEN

where we have used (11). Substituting (74) into (72), we get an equivalent expression for
the pmf of FGPAP in the following form:

n /\tﬁ( p r
=% 2 )
k=1my+my+---+m=n P
m;eN

k

k my (T Hm—1
I1e /< )E;;;}gﬂ( AMP). (75)
j=1 mj

The pmf (73) can be written in the following equivalent form by using Lemma 2.4 of
Kataria and Vellaisamy [21]:

k

](r+] 1) B(1_ \r
szv H (p ) </\t (1-p) ) EEJIZ/]SH( Atﬂ), (76)

.1
1Ak j=1 j:

where Aﬁ is given in (43).

Thus, we have obtained the six alternate forms of the pmf of FGPAP given in (69)—(71),
(73), (75) and (76). On substituting r = 1 in these pmfs, we get the equivalent versions of
the pmf of fractional Pélya—Aeppli process. Note that the one-dimensional distributions of
FGPAP are not infinitely divisible.

Remark 20. The distribution of the first waiting time Wy of FGPAP is given by
PriW¥; > t} = Pr{M(t) = 0} = E4, (—/\tﬁ).
By using the same arguments as used in Remark 9, we conclude that the FGPAP is not a

renewal process.

By using (21) and Theorem 2.1 of Leonenko et al. [14], we obtain the mean, variance
and covariance of FGPAP as follows:

E(Mp(t)) = nE(Ys(H)),
Var(Mg(t)) = 7B (Yg(t)) + 71 Var(Yp(t)),
Cov(Mg(s), Mg(t)) = 72 (Yg(min{s, t})) + 71 Cov(Yp(s), Ya(t)).
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The FGPAP exhibits overdispersion as Var(Mg(t)) — E(Mg(t)) > 0 for all ¢ > 0.

Remark 21. The FGPAP has the LRD property, and the increment process of FGPAP exhibits the
SRD property.

6. Concluding Remarks

In this paper, we obtain some additional results for three recently introduced counting
processes: BTP, PLP and GPAP. We study their fractional versions and observe that they
are equal in distribution to some particular cases of the compound fractional Poisson pro-
cess. We obtain several distributional properties for their fractional variants and establish
their LRD property. Therefore, these processes have potential applications in modelling
high-frequency financial data. Several equivalent forms of the pmf of FBTP, FPLP and
FGPAP are obtained. We have shown that these fractional processes are overdispersed
and non-renewal. It is observed that their one-dimensional distributions are not infinitely
divisible, and their increment process has an SRD property. As an application in risk
theory, FBTP, FPLP and FGPAP can be used to model the number of claims received by an
insurance company.
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