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1. Introduction

In this paper, we use the fixed-point index to investigate the existence of positive
solutions for the system of Riemann-Liouville type fractional-order integral boundary
value problems:

—Doro(t) = f(to(t), (1), 0<t <1,
— Do p(t) =gt o(t), ¢(t), 0 <t <1,

1 1
9(0) = $(0) = ¢'(0) = ¢'(0) = 0, 9(1) = [ 9()B(1),9(1) = [ p(ap(),

@

where « € (2,3) is a real number, and f, g and f satisfy the conditions:
(H1) f,g € C([0,1] x R" x R*,R), and there exist M > 0, Qs and Qg € C([0,1],R™)
such that

f(t,x,y) > —Mx — Qf(t), g(t,x,y) > —My — Qq(t), Vt € [0,1],x,y € R™.
Define a function
2 (ka +a —2) (ka + o — 3)
ht) =) (ko + ) '

k=0

As in [1], there exists a unique number M* > 0 such that 1/(M*) = 0. Then, M in (H1)
satisfies the condition:
(H2) M € (0, M*].
Define a function
H(t) = t“ 1 Eqy o (Mt"),

+00
where Ey 4 (t) = ¥ W](m) is the Mittag-Leffler function (see [2,3]). Then, § in (1) satisfies
k=0

the condition:

(H3) B is a nonnegative function of bounded variation, and fol H(t)dp(t) € [0,H(1)).
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Fractional-order equations are widely used in mathematics, physics, engineering
and other fields; for example they arise in problems of robotics, signal processing and
conversion. There are many papers in the literature establishing the existence of solutions
using the Leray-Schauder fixed-point theorem, the coincidence degree theory and the
Guo—Krasnoselskii fixed-point theorem in cones; we refer the reader to [1,4-21] and the
references cited therein.

In [4], the authors studied positive solutions of an abstract fractional semipositone
differential system involving integral boundary conditions arising from the study of HIV
infection models

D&, u(t) + Af(t,u(t), DE u(t),v(t)) =0,
Dy, o(t) +Ag(tu(t)) =0, 0<t<1,
Db u(0) = Db Mu(0) =0, D u(1) = [ DS, u(s)dA(s),

where 2 < &, < 3,0 < B < 1, u denotes the number of uninfected CD4™T cells and v
denotes the number of infected cells, and the nonlinearities f, g satisfy:

£:00,1] x [0, +00)> — (=00, +00),¢ : [0,1] x [0, +00) — (—00, +-00) are continuous functions and
f(t,21,Z2,Z3) Z —E(t>, (t121122/z3) € [0/ 1] X [0/ —|—OO)3, (2)

g(t,z) = —e(t),

(t,z) € 0,1] x [0, +0), e,&:[0,1] — [0, +o0).

In [5], the authors investigated positive solutions for the nonlinear semipositone fractional
g-difference system with coupled integral boundary conditions

D,‘;‘u(t) +Af(Lu(t),v(t) =0, D,’?v(t) + Ag(t,u(f),v(t)) =0, t€(0,1), A>0,

. , 1 1
Déu(o) = D{iU(O) =0, 0<j<n—-2, u(l) = y/o v(s)dgs, (1) = v/o u(s)dgs,

where a, € (n —1,n] are two real numbers and n > 3, Df]‘,Df; are the fractional g-
derivative of the Riemann-Liouville type, and the nonlinearities f and g satisfy some
similar conditions in (2). In [6], the authors studied the existence and multiplicity of
positive solutions for the system of Riemann-Liouville fractional differential equations

DA (DE u(t)) + Af(tu(t),0(t)) =0, te€(0,1),
D% (DF> o (t) 0
with the boundary conditions
. p .
u(0)=0,j=0,...,n -2 D u(0) =0,D u(1) = ). | Dy
‘ 5 s 91
00)(0) = 0,j =0,...,m —2;Df? 0(0) = 0, DY, o(1) = Z/O DY, u(t)dKq(t),
i=1

where the nonlinearities f and g satisfy some growth conditions.

Motivated by the above, in this paper we use the fixed-point index to establish positive
solutions for the system (1). Some appropriate concave and convex functions are used to
characterize the coupling behaviors of our nonlinearities. Moreover, our condition (H1) is
more general than (2).
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1 =

1

2. Preliminaries

Definition 1 (see [2,3]). The Riemann—Liouville fractional derivative of order a > 0 of a function
¢ : (0, +00) — Ris given by

Di 9(0) = s (a1) ) (6= oo

n—a)

where n = (] + 1 and [«] denotes the integer part of number «, provided that the right-hand side is
pointwise defined on (0, +o0).

Lemma 1 (see [1]). Suppose that (H2) holds and y € L[0,1]. Then, the boundary value problem

{ —D§, o(t) + Mo(t) = y(t), 0<t<1,
¢(0) = ¢'(0) = ¢(1) =0,

has a unique solution

where
R(t,s) = 1 H(t)H(1—s), 0<t<s<],
"/ HQ) | HHH(1 —s)—H(t—s)H(1), 0<s<t<1
Lemma 2. Suppose that (H2)-(H3) hold and y € L0, 1]. Then, the boundary value problem

{ ~D§, o(t) +Meo(t) =y(t), 0<t<1,
9(0) = ¢'(0) = 0,9(1) = [ p(t)dp(t),

has a unique solution

where

K(t,s) = K(t,s) + H(1) - [TH(8)dp(t)

Proof. From Lemma 2.1 in [1], we have
o(t) = — /OtH(t — $)y(s)ds + e H(E) + o H' () + s H (1),
where ¢; € R, i =1,2,3. Since ¢(0) = ¢'(0) =0, c; = ¢35 = 0. Therefore,
o(t) = — /OtH(t — $)y(s)ds + e H(#).
Using ¢(1) = fol ¢(t)dp(t), we have

,/01 H(1 - s)y(s)ds + c1H(1) = ffol /O't H(t — s)y(s)dsdB(t) + o1 /OlH(t)dﬁ(t),

and

H(1) - [, H

1—s)y(s)ds —

1 /01 /ot H(t —s)y(s)dsdp(t).

1
H
mwmA ( H(1) — [y H(t)dp(t)

Consequently, we obtain
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o) = | CH(t - s)y(s)ds + —— ffz S / "H(1 - s)y(s)ds
0
- H(t) tr —3)y(s)ds
I o o FE S esdpe)
=— /OtH(t —s)y(s)ds + Hzl) /01 H(t)H(1 —s)y(s)ds — Hzl) /01 H(t)H(1 —s)y(s)ds
H(t) 1 H(t
= HO t)/o R S T / / (t — s)y(s)dsd(t)
1 VH(H)dB(t 1
:/0 K(t,s)y(s)ds + Ha fO (}01'8( ) /0 H(t)H(1 —s)y(s)ds

H(t

K(t,s)y(s)ds + Ol

K(t,s)y(s)ds +

0 // (t = )y(s)dsdp()
0

_fl(;)[(t)dﬂ(t) {Hh) /01 (/OlH(t)H(l—S)d,B(t) —/Sl H(l)H(t—s)dﬁ(t))y(s)ds}
0

H(t) Tl s
I o o KB

This completes the proof. [

Lemma 3 (see [1]). The function K has the properties

(i) K(t,s) > 0, Vt,s € (0,1);

(ii) K(t,s) = K(1—s,1—t), Vtse€[0,1];

(i) K(t,5) < Mas(1 —s)*1,Vt,s € [0,1];

(iv) IZ(t,s) > Mys(1—s)* 11 —t)t*"1,Vt,s € [0,1], where

_ 1
My = morwe
= (1—-s)*2

/ 2
M; = [g((ll)z]* , s* € (0,1) is a unique solution for the equation

Lemma 4. The function K has the properties
(i) K(t,s) >0, Vt,s € (0,1);

(ii) K(t,s) < My [1 + H(l)’g 0

jo 1 tt“ 1d/5

)= Jo H(t)dp(t

)T
; M fy (1 f)t“ 1ﬂlﬁ(f) -1 a1
(iv) K(t,s) > Q) 0[0 e )]r(a)t s(1—s)**4,Vt,s €0,1].

}s )1, Vt,s € [0,1);
®)

(iii) K(t,8) > My {1 + ! e )]s(l $)* 11 —t)t*~1,vt,s € [0,1];

Proof. From Theorem 3.1 in [21], we have

tafl

® < H(t) < t*"'H(1) < H(1),t € [0,1].

—
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Then, by Lemma 3 (iii) we obtain

. H(1) ! a,
K(ts) < Mas(1 = 5)" 1 —— T H /0 Mas(1— s)¥1dB(1)
= Mos(1—3s)* 1|1+ H(1)B) 1
) ~ Jo H(t)ap()

On the other hand, from Lemma 3 (iv), we obtain

_oo\a—1q a1 ! 1 o=l a1
K(t,s) > Mys(1 — )1 (1 — )1 4 —folH(t)d/S(t)]F(a)/OMls(l )% 1(1 — ) 1dp(t)
1 a—
> Mys(1—s)" 11— 1)1 4 fo(l_lt)t P ]
— Jo H(H)dB(t)]T ()
Furthermore, we have
H(t) !
K(t,s > t,s)dB(t
(t,5) T HG S, Kieapr
> 1t“ : /1 Mys(1—s)* M1 — 1)t*1dp(t)
[H(1) = fy H(t)dp(t)|T(a) /O
MO0
~ Jy H(®)AB(B)]T (w)

This completes the proof. [

Lemma 5. Let {(t) = t(1 — t)*~1,t,s € [0,1]. Then, there exist positive constants x;(i = 1,2)
such that

x1{(s </ (t,8)(t)dt < x2((s),s € ]0,1],

where

MT?(a+1)
T(2a +2)

K1 =

fo B 1dﬁ(t) o _ Ml
fo B(H)]T («) r "2 I'(a+2)

Proof. We use Lemma 4 (ii)—(iii). Indeed, we have

(EK@ﬁﬂﬂﬂSAU%

1+
H(1

and

1 1
/K(t,s)g(t)dtz/ M |1+
0 0

fo 1—tt”‘ 1d[3
[H(1) - g

~ MT?(a+1)
- T (2a+2)

fo ) 1d/3(t
fo B(1)]T («)

]a)se[ou

This completes the proof. [
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Let E = CJ0, 1] be endowed with the maximum norm ||¢|| = maxo<;<1 |¢(t)|. Define
a cone P by
P={¢pecE:¢(t) >0,tec[01]}

(7t — My T (w)
ol (a+2)

Lemma 6. Let Py = {(p eEP:g(t) > =1 || } Then, L(P) C Py, where

(Lg)(t) = [ K(t5)9(5)ds.

Proof. Let ¢ € P. Then, from Lemma 4 (ii) and (iv) we have

! H(1)p(1) ] 1
(Lo)(t) < | Mp|1+ s(1— )% 1g(s)ds,
A H(1) = fy H(t)dB(t)
and
LMy [y (1D e, B
(Lq))(t) Z t“ S(l _ S)IX (P(S)dS
/ — Jo H(t)dB()]T ()
Ml Jy(1— t)t“ ]dﬂ(t) 1 "
- )=y HOdBWIT@) _pn (101 HO)BA) ]1_“1 ]
Mz 1—|— L‘B(l) /O 2 (1) _f()l H(t)dﬁ(t) S( S) (P< ) s
L H(1)— fo (Hap(t) |
leo (1-Hr-1dp(t)
o _ [HW)-Jy HOdpWIT@) # L)
- __HMBW)
M -1 " HO - HO |
KT (20+2)
Tty —MIT®
ol (a +2)

This completes the proof. [

To obtain our main results, we consider the following auxiliary problem

{—D6‘+¢()+M§0() f(t, (P())/ 0<f<1' 3)
¢

(0) = ¢'(0) =0,0(1) = [y

where f satisfies the condition:
(Hf) f € C(]0,1] x R*,R), and there exists Q € C([0,1], R™") such that

f(ty) > =Q(t), vt [0,1],y € RT.

From Lemma 2, (3) is equivalent to the following Hammerstein type integral equation

1
o(t) = [ K(t,s)f(s 9(s))ds. @
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9" (t) —w(t) >

[

From this, we obtain an integral equation

1
o(t) = [ K(t;5)7(s 9(s) —w(s))ds. ©
Lemma 7. (i) If ¢™ is a positive solution for (4), then ¢* + w is a positive solution for (5);
(ii) If ¢** is a positive solution for (5) and ¢**(t) > w(t),t € [0,1], then ¢** —w isa

positive solution for (4).

Proof. Note that

Therefore, we have

[ K197 (5))ds + )

= [ K176, 97 6)) + Qo
= /01 K(t,s)f(s, ¢* (s) + w(s) — w(s))ds.

" () +w(t)

Thus, ¢* + w is a positive solution for (5).
On the other hand, we have

1 ~
97 () = | K(t5)F(s, 97 (5) — w(s))ds
= [ K950 5) () + Q)lds
= /01 K(t,s)f(s, ™ (s) —w(s))ds + w(t),

and thus

P () —w(t) = [ K(t)f(s, 97 () — w(s))ds.

0
This implies that ¢** — w is a positive solution for (4). This completes the proof. O

From Lemma 7, we only study solutions of (5), which are greater than w. For this we
define an operator A : P — P as follows:

(Ag)(t) = [ K(t,9)F(s,9(6) — w(s))ds,

and we turn to study the fixed points of A, which also are required to be greater than w.
If there exists ¢* € P such that A¢* = ¢* and ¢*(t) > w(t),t € [0,1], then this, together
with Lemmas 2 and 6, implies that ¢* € Py, and

Fern — MiT@)

1
sy el [ Kws)Qes

al(2a+2)

[
>

pa—1 [2(a+1)

Ae Mi]T(2) 1 H*(1)B(1)
I2(a+1) a—1 % _ x—1 s)as
arary FM+Hm—ﬁwawkxm

o) 2 1
||¢*||—<H<1>+H P ) | Q(S)dS}

[K1F(2a+2) ]F(

K2F(0€ + 2)
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and
ol (a +2) (1)) 1 -
o= S22 gy r(a) (H(lHH(l)—f&H(t)dﬁ(t))/o RIENEle)s = Oo

As a result, there exists ¢* € P such that A¢* = ¢* with | ¢*|| > @, and then ¢* —wisa
positive solution for (4).

Now, we begin to study (1). Let f(t, (1), 9(t)) = f(t, 9(t), ¢(t)) + Me(t), 3(t, ¢(t),
p(t)) = g(t, o(t), ¢(t)) + M¢(t), t € [0,1]. Then, (1) can be transformed into the following
system of fractional-order integral boundary value problems

= D () + Mo(t) = f(t, ¢
— D9 (t) + Mo(t) = g(t, 9(1), 9(t), 0 <t <1, ©)

where f,g satisfy the condition:
(H1) f,3 € C(]0,1] x Rt x R",R), and

f(tx,y) > —Qf(t), gt x,y) > —Qq(t), vt € [0,1],x,y € RT.

From Lemma 2, (6) is equivalent to the following system of Hammerstein type inte-
gral equations

1 —_
o(t) = [ KT (s p(s), 9(s)ds,
#() = [ K(t9)5(s,9(9),9(5))s

In what follows, we establish an appropriate operator equation for problem (6). Note
that E2 = E x E is also a Banach space with norm ||(¢,¢)|| = ||¢|| + ||¢||, and P> = P x P
a cone on E2. Let

@)

w(f) = /01 K(t,5)Qf(s)ds, wa(t) = /01 K(t,5)Qq(s)ds, t € [0,1],

and
A 9)0) = [ K75, 906) — 01(5),9(5) — wals))ds,
Ao, )(6) = [ K936 9(5) — w1(6),9(5) — w2(s))ds,
Alg,¢)(t) = (A1, A2) (@, 9)(t), t € [0,1],
where B
f(t,9, )+ Qs(t), 9.9 20
_ f(£,0,0) +Qf(t), 9 <0, >0
2D = Ft9,0) 4 Qs(1),9 > 0,6 < 0,
?(t,0,0) + Qf(t)r(P ¢ < Or
and
3t @, ¢) +Qq(t), ¢, >0,
5 _ ) 8(t0,¢) +Qq(t), 9 <0,¢ >0,
Sltrg.9) = 3(t,9,0) + Qq(t), ¢ > 0,9 <0,
3(

t,0,0) + Qg (), ¢, ¢ < 0.
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It is clear that if there exists (¢*, ¢*) € P? such that A(¢*,¢*) = (¢*,¢*) with

9" () = wi(t), ¢"(t) = wa(t), £ € [0,1], ®)
then (¢* — wy, ¢* — wy) is a positive solution for (6).
Let
_ mal(+2) H2(1)B(1) 1
"o T ) (10 i Boar ) o oo
and
__ ml(@+2) H2(1)B(1) !
2%~ IS yra) (H(l) T H - ] H(t)dﬁ(t)) Jy etz

Then, if ||¢*| > Og, and [¢*[| > ©q,, we obtain that (8) holds true.

Lemma 8 (see [22]). Let E be a real Banach space and P a cone on E. Suppose that (3 C E is
a bounded open set and that A : QNP — P is a continuous compact operator. If there exists
wo € P\{0} such that

w— Aw # Awy, VA > 0,w € 90 NP,

then i(A, QYN P, P) = 0, where i denotes the fixed point index on P.

Lemma 9 (see [22]). Let E be a real Banach space and P a cone on E. Suppose that Q) C E isa
bounded open set with 0 € Q and that A : QN P — P is a continuous compact operator. If

w—AAw #0,YA € [0,1],w € QN P,
theni(A,QNP,P) =1.

3. Main Results

_ H2(1)B(1) . . .
Let £, = H(1) + HO)— [ H(O0) T Now, we list the selection of assumptions for our
nonlinearities.

(H4) There exist ¢1,771 € C(R*,R™") such that
(i) ¢1 is a strictly increasing concave function on RT;
(i) iminfy 1o £ g&?) > 1, liminfp , oo % > 1 uniformly for ¢ € [0,1];
(iii) There exists e; > x| 2 such that lim infp 100 gl(ﬁkiw > e1Ly.
(H5) There exist nonnegative functions O;(i = 1,2) on [0,1] with 0 < fol 01(s){(s)ds <

O, (S)

o and 0 < fol Oy(s)C(s)ds < 9 ] such that

M, 1+%] : {H%
H(1)— [3 H()dp(t) H(1)- [¢ H(Hdp(®)

[t —wi, ¢ —w) < O1(t),8(t, g —wy, ¢ —w2) < O2(t),Vt € [0,1],9 € [0,00,], ¢ € [0,00,].

(H6) There exist nonnegative functions O;(i = 1,2) on [0,1] with fol 7(s)O1(s)ds >
@, [H(1)~ [} H(t)dp(t)]T ~ i
o [H)= [y H(H)AB(HIT (a) and fol 7(s)Ds(s)ds > O, [H(1)— Jo H(t)dB(1)]T («)

My [y (1-t)=1dp(t) My (1 1dp() such that

f(t, 9 —w1, ¢ —wa) > O1(t),(t, 9 — w1, ¢ —wa) > Oa(t),Vt € [0,1], ¢ € [0,0q,],9 € [0,00,].

(H7) There exist ¢, 172 € C(RT,R™") such that
(i) ¢2 is a strictly increasing convex function on RT;

(i) limsup,,_, |, %ﬁ%ﬂ < L limsup,_, gLed) < q uniformly for t € [0,1];

12(¢)
(iii) There exists ex € (0,%, 2 such that lim sup p—+oo W < erLy.
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Theorem 1. Suppose that (H1)-(H5) hold. Then, (1) has at least one positive solution.
Proof. Step 1. We shall prove that
(¢, ¢9) # AA(9,¢), ¢ € 8B®Qf NP,¢ € dBe, NP,AE [0,1], )

where B, = {¢ € E : ||¢|| < p},p > 0. Suppose the contrary. Then, there exist ¢; €
aB@Qf NP, ¢ € aB@Qq NP and Aq € [0,1] such that

(@1, ¢1) = MA(@1, 1)
This implies that
(@1, @)1l = 1M1 A(pr, 1) < [|A(pr, 1) l- (10)
Note that ¢ € E)B@Qf NP,¢ € BB@Qg NP(Ge., ng(f) < @Qf,(/)l (1) < ®ngt € [0,1]), and

from (H5), we have

1
Ar(pr90)() < [ M1+

<®Qf’

and

1+

Ao (@1, ¢1)(t) < /01 M,

< ®Qg‘
Therefore, we have
[A(p1, 1)l < ©g, +Og, = llg1]l + |1l = [I(@1, P1)II-
This contradicts (10), and thus (9) holds. Hence, Lemma 9 implies that
i(A, (B@Qf X B@Qg) N(PxP),PxP)=1. (11)
Step 2. We claim that there exist sufficiently large Ry > Og,, Ry > Og, such that

(9,¢) # A9, $) + A(01,02), @ € 9B, NP, € IBg, NP, A >0, (12)

where ¢;(i = 1,2) are fixed elements in Py. Assume the contrary. Then, there exist
@y € aBRl NP, ¢ c E)BR2 NP, A, > 0 such that

(92, ¢2) = A2, ¢2) + A2(01, 02)-

This implies that

@2(t) = A1(p2, $2) (1) + A201(t), p2(t) = Az(2,¢2)(t) + A202(t), t € [0,1].

Note that o; € Py(i = 1,2), and from Lemma 6 we have

2,42 € Py.

From (H4) (ii), we have

lim inf

fE90) - 4 i 8L 00) -
gt Ci(@) T e mlg)
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uniformly for t € [0, 1], and there exist ¢; > 0 and ¢, > 0 such that
flt,9.9) 2 &1(¢) — 1, §(t,9,9) = mlg) — 2, ¥t € [0,1], 9, €RY.
From these inequalities, we have
P2(t) > A1(g2,¢2)(t)
> [1K (9 (9a(s) ~ wafs)) — alds a3)
> /01 K(t,5)¢1(¢2(s) — wa(s))ds — c1 Ly,
and
P2(t) = Az(2, ¢2)(t)
> [MK (69 (ga(s) ~ wa(s)) ~ crlds )

1

() — ws () z/o

K(t,8)n1(p2(s) —w1(s))ds — 2Ly — My

V
\

K(t,s)m (@2(s) —wi(s))ds — caLy.

Consequently, we have

H(1)B(D) Lo felde
T f& H(t)dﬁ(t)] Jy et

Letcs = Ly + M) {1 + H(l)H}t)] fo s)ds. Then, we have

G1(g2(t) —wa(t)) = Ga(ga(t) —wa(t) +c3) — Gi(cs)
> 60 KOs oas) ~ wi(s))ds) - fea)

=& ([ 5 Lnlgals) - wits)as) ~ e
> /01 alu )51(£k171(<p2( ) —wi(s)))ds — G1(c3).

From (H4) (iii), there exists ¢4 > 0 such that

C1(Lem (@) > e1Lyp — caly, @ € RT.

Hence, we obtain

G1(pa(t) —wa(t)) > /01 K(Z:;(s) le1 Li(p2(s5) — w1 (s)) — caly]ds — G1(c3)
> ey [ K(1,5)(gals) — w1(s))ds — ea(es) — eal
and then

>/ (t,s) {61/ ,T)(@2(T) — w1 (7))dT — 81 (c3) — caly|ds — c1 Ly

> e /o /0 K(t,5)K(s, 7) (2(1) — w1 (7))dds — &1(c3) Lk — calf — €1 Lk

Letcs = Mj [1 + l)ﬁ] fO dS + 1 (C3)£k + C4£2 + ¢1L. Then, we

H(1)- [y H

have
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// (t,5)K(s, T) (a(T) — (T))des—/lK(t,s)Qf(s)ds—Cl(C3)£k—C4E,%—clﬁk

0
el/ / K(t,s)K(s, 7)(¢@2(T) — wy(7))dTds — cs.
0 Jo
Multiply by () on both sides of the above, integrate over [0,1] and use Lemma 5 to obtain
1 gt
[ (ea(t) - e [ [ [0 ™) (¢2(7) = wn (v)dwdsdt — s [ C(t)a
csI'(a
> a1t [ (galt) — w0z — 21

F(a+2)
Solving this inequality, we obtain

| V

v

1 C5r(0£)
(o) =iz ar < 2

Note that ¢, € Py, we have

K1F(21x+2) ]F((x) CSI“(D()

re -
[ ol g0 < [ (et < S [0 e

and

KT (2 4+ 2)T (20 + 1) {m +x [y Qp(B)E(t )dt] |

(M52 — M) (a4 1)

:N<P2‘

2]l <

Multiply by (t) on both sides of (13), integrate over [0,1] and use Lemma 5 to obtain

1 1
a1 [ 20 (ga(t) —walt)ar < | C(t)(q)z(t) oLt

C5r / Clﬁkr( )
Hydt
= (eyx3 —1)r zx+2 Q) " I(a+2)

Note that ¢, wp € Py and ||| = Ry > Oq,, then ¢ —w, € Py. By the concavity of ¢,

we have
o2~ s < [JEZEI;—+A§$(22< o L Eean e
) [";581%?)(“—:2;(22 orte Tl Mgyl S0l el
i} [;ngq?_?ifﬁi}? e A G e AR
) m["%é%? AT Al [(elx Sz T - L
and thus,

il (0 +2)T'(2a 4+ 1)

S1([[¢2 —wal|) < -
k[ — MiP2(a)l (e +1)

csT(a) 1
o _51)r(«x+2) +K2/O Qr(t)g(t)dt + Tat2) |
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Therefore, we have

S1(llg2ll) = &1(llg2 — w2+ wal) < &1(llg2 — wall + lwzll) < G1(llg2 — w2ll) + Sa(flw2l)

ol (e +2)T(2a 4+ 1) csl(w) . 1 c1LiT(a) ”
= R M@ 1) e - DT 2) 2 Jy QOO TSy | i)

< +00.
Note that ¢ is a strictly increasing function, and there exits Ny, > 0 such that

12| < N,

Now, if we choose Ry > max{@Qf,N’m}, Ry, > max{@Q? and N, }, then (12) is satisfied.
Hence, Lemma 8 implies that

i(A, (Bg, x Bg,)N (P xP),P xP)=0. (15)
From (11) and (15), we have
i(A, (BRl X BRZ)\(B@Qf X B®Qg) N (P X P),P X P)
=i(A, (Bg, x Bg,) N (P x P),P x P) —i(A, (B@Qf X B®Qg) N(PxP),PxP)=-1

Therefore, there exits (¢*, ¢*) in (Bg, x BRZ)\(BG)Qf X B®Qg) N (P x P) such that A(¢*, ¢*) =

(¢*,¢*). Note that ¢*(t) > wy(t),p*(t) > wa(t),t € [0,1], and thus (¢* — wy, ¢* — wy)
is a positive solution for (1). Thus, (1) has at least one positive solution. This completes
the proof. O

Theorem 2. Suppose that (H1)-(H3) and (H6)—(H7) hold. Then, (1) has at least one positive solution.
Proof. Step 1. We shall verify

(9. 9) # Al 9) + Ales,0),A > 0,9 € dBo, NP, ¢ € 3B, NP, (16)

where 0;(i = 3,4) are given elements in P. Assume the contrary. Suppose there exist
@3 € aB@Qf NP, ¢35 € BB@Qg N P and A3 > 0 such that

(@3, ¢3) = A(@3,¢3) + A3(03,04)-

This implies that

@3(t) = A1(@s, ¢3)(t) +Az03(t) > A1(@3,¢3)(t),

and
$3(t) = Az(@3, ¢3)(t) + Az04(t) = Az(@3,$3)(1).

From these inequalities, we have

@3l = [|A1(@3, ¢3) I, [P3]l > [|A2(3, P3)l],

and then

(@3, @3) Il = losll + lgsll = | A1(@s, @3) [l + | A2 (g3, @3)[| = [ A(gs, @)l (17)



Fractal Fract. 2022, 6, 480

14 0f 18

On the other hand, from (H6), we have

[A1(@3,¢3)|| = max A1(g@s3, ¢3)(t)

te[0,1]
M eT R s

> te[o,l]/() (H(1) — f01 H(t)dﬁ(t)]l"(a)t 0(s)O1(s)ds

> ®Qf’

and
1 A2(@3, ¢3)|| = max Az (@3, 93)(t)

M eT R s

> te[o,l]/O (H(1) — f01 H(t)dﬁ(t)]l"(a)t {(s)Ox(s)ds

> Oq,.
These two inequalities imply that
[A(@3,¢3)[ = A1 (@3, ¢3) || + | A2(@3, ¢3)[| > Og, +Og, = [|(¢3, $3)]|-
This contradicts (17). Hence, Lemma 8 implies that
i(A, (Bog, X Bog,) N (P x P),P x P) =0. (18)
Step 2. We claim that there exist sufficiently large R3 > Og, and Ry > g, such that
(¢, ¢) #AA(@,¢),A € [0,1],¢ € 0Br, NP, ¢ € 0Bg, N P. (19)

Suppose the contrary. Then, there exist ¢4 € dBg, NP, ¢4 € dBg, NP and A4 € [0,1]
such that

(@1, 1) = A A (@, 1) (20)

Combining with Lemma 6 gives that

P4, P4 € Pp.
From (H7), we have
lim sup M <1, limsup M <1
gt G2(9) ptoo 12(9)

uniformly for ¢ € [0,1], and there exists M, > 0such that

f(t9.9) < &2(P), 3t 9, 9) < m2(p), for g, ¢ > M.

Let R3, Ry > MV4. Then, from (20), we have

Pa(t) < A1(pa, ¢4)(t) < /01 K(t,5)82(pa(s) — wa(s))ds,

and
P4(t) < Ax(@a, Pa)(t) < ./0.1 K(t,8)n2(pa(s) — wi(s))ds.

Note that from (H7) (iii), there exists ¢ > 0 such that

& (Lina(9)) < ealip + coLy, Vo € RT.
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Therefore, from (H7) (i) we have

< [ U eatalals) — wr(e)) + cotids

1
<e / K(t,5)a(s)ds + ceLr,
0
and thus

pa(t) < /01 K(t,s) {62 /01 K(s,T)py(T)dT + C6£k:| ds.

Multiply by () on both sides of the above, integrate over [0, 1] and use Lemma 5 to obtain

/O L oa (B ()dt < /0 N30 /O 'Kt s) {ez /0 ' K(s,r)m(r)d’t—i—céﬁk} dsdt

coLiroT ()

1
< epi3 / ) (t)dt .
Solving this inequality, we obtain

c(,Eszl"(oc)
(1—ex2)(a+2)

[ et <

Note that ¢4 € Py and we have

c6 Lxk3T (20 + 1)

lgall < —— :
(1—exd) S — My T ()T (a4 1)

On the other hand, from Lemma 4 (ii), we have

1+

1
E(pa(t) —wa(t) < e /0 M,

< Mpep

+ C6£k-

- 1)B(1) ] ceLykal ()
H(1l

(1—e3)I (o +2)
This implies that there exists Ny, > 0 such that

and thus

[pall = l[ps — w2 +wal| < |lpg — wa|| + w2 || < N, + Ma

H 1 1
o (WAL ]/0 £(5)Qq(s)ds.

Now, if we choose

— LoAT (20 +1
R3>max{®Qf,M4, Co kK5 (a+ ) }

(1— exd) [z s — Ma]T (@)L (e + 1)
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and

Ry > maX{GQg,M4,N¢4 + M, |1+ HQ

then (19) holds. Hence, Lemma 9 implies that
i(A, (Bgy X B,) N (P x P),Px P) = 1. (1)
From (18) and (21) we have
i(A, (BR, X BR4)\(W) N (P xP),P xP)
=i(A, (Bg, x Br,) N (P x P),P x P) —i(A, (B@Qf X B@Qg) N(PxP),PxP)=1.

Therefore, there exits (¢*,¢*) in (Bg, X BR4)\(B®Qf X B@Qg) N (P x P) such that A(¢*, ¢*)

= (¢*,¢*). Note that ¢*(t) > w1 (t),¢*(t) > wy(t),t € [0,1], and thus (¢* — w1, p* — wy)
is a positive solution for (1). Thus, (1) has at least one positive solution. This completes
the proof. O

Example 1. Let &1(¢) = ¢5,11(¢) = ¢? and ¢, ¢ € R*. Then, we have

i g
L o5
liminfM = lim inf =X L = +o0.
@—+co @ gt @
Thus, (H4) (i) and (iii) hold.
Take
-~ 1 ®Q F(DC + 2)
ft.9.9) = iranori2 ! w1 el e g € RY,
O MaT' () {1 T HD- ] H<t>dﬁ<t>]
and
" _ 1 @le“(oc + 2) 3 +
8t ) = s a3 ¢, t€[01], 9,9 € RT.

H(1)B() 3
Mal'(#) [1 T HO- )] H(f)dﬁ(t)} O

Then, when t € [0,1], ¢ € [0, @Qf] and ¢ € [0,0q, ], we have

flt,o,¢) < % O Ziiﬁ(l) = O4(t),t €10,1],
MoT (&) [1 + H(l)ﬁH(t)dﬁ(t):|
and
Shpd) <} D= oyie o
MaT(a) {1 + H(l)_[lw]
On the other hand,

®er(‘x+2>

1
~ t| sin ¢[+2 { HB() ¢
Op, MyT'(a) | 14— HLBL

t/ 7 Qg2 I
liminf m = liminf H(1) fo H(t)dp(t) _ -|—oo,
P+ ‘:1(4)) p—>+o0 (P

Ul
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and
1 Og,I'(a+2) ¢
Heosp[+3 1 H(E) 5
ot 2l () 1""_17 G)Q
liminf M = liminf Hz(l) Jo H(tdB(t) f — 1o
gt (@) goteo 9

uniformly for t € [0,1]. Therefore, (H4) (ii) and (H5) hold.

Example 2. Let &(¢) = ¢, 12(9) = (p% and ¢, ¢ € RT. Then, lim SUP 4o 752(5"32("’)) =
, 4
limsup,_, ., “42° = 0. Thus, (H7) (i) and (iii) hold. Take

O, [H(1) — [y H(t)dB(1)]T(a+2)
M [ (1 - t)e=1dp(t)

Oq, [H(1) — [y H(t)d(t)]T (x +2)
My [ (1 B)e—1dp(r)

F(t, 9,¢) = O1(t) + (¢ + t cos p|), t € [0,1], 9, ¢ € RT,

61(t) 2

,t€10,1],

3

O (1) ,te0,1],

and
gt g, ¢) = Oa(t) + (¢ + t|sing|),t € [0,1], 9, ¢ € RY,
where 1 € (0,2),72 € (0, ). Note that when t € [0,1], ¢ € [0, O, ] and ¢ € [0,0q,], we have

ft,9,0) = Or(t), 3(t, 9,¢) = Oa(t),t € [0,1].

Moreover, _ -

7
lim sup fbe ) _ lim sup O1(t) + (‘P‘;t\ cos g[)1 0,

@p—+00 62((1)) p—+oo ¢
and N

~ ) ,

timsup S99 i g Q20 (@4 Hsing)™
¢—r400 n2(e) Pp—r+oo @5

uniformly for t € [0, 1]. Therefore, (H7) (ii) and (H6) hold.

4. Conclusions

In this paper, we used the fixed-point index to study the existence of positive solutions
for the system (1) of Riemann-Liouville type fractional-order integral boundary value
problems. Note our nonlinearities could be sign-changing, and some concave and convex
functions were used to characterize their coupling behaviors. The results obtained here
improved some existing results in the literature.
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