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Abstract: In this paper, we propose synchronous switching of rule and input to achieve He, perfor-
mance for an uncertain switched delay system with linear fractional perturbations. Our developed
simple scheme utilizes the linear matrix inequality optimization problem to provide a feasible so-
lution for the proposed results; if the optimization problem was feasible, our proposed robust Heo
control could be designed. The feasibility of the optimization problem could be solved using the
LMI toolbox of Matlab. In this paper, robust control with sampling is proposed to stabilize uncertain
switching with interval time-varying delay and achieve Ho, performance. Interval time-varying
delay and sampling were considered instead of constant delay and pointwise sampling. A full-matrix
formulation approach is presented to improve the conservativeness of our proposed results. Some
numerical examples are demonstrated to show our main contributions.

Keywords: He performance; interval time-varying delay; switched delay system; switching rule;
synchronous switching; sampling input

1. Introduction

It is well known that delay is usually encountered and exists in some engineering
problems, such as circuit systems, internal combustion engines, long communication sys-
tems, and networked control. Delay often causes instability or bad performance in control
systems [1-3]. Delayed systems have been applied in aircraft models, engine idle speed
control systems, load balancing control systems, networked control systems, power ampli-
fiers in mobile telecommunications, robotized teleoperation, and remote web control of
mechanical systems [4-8]. According to [7,9,10], interval time-varying delay would be a
more suitable model to present a practical environment for finite speed signal transmission.
On the other hand, the dynamic behaviors of switched systems are controlled by several
subsystems and use a switching rule to handle switching between those subsystems [11,12].
Switched systems also appear with increasing frequency in aerospace and automotive
engineering, biological systems, multi-rate systems, power engineering, robotics, robot me-
chanical systems, stepper motors, and water quality processing systems [11-14]. According
to [13,14], many complex nonlinear dynamics are witnessed in switched systems based on
switching among subsystems, such as multiple limit cycles and chaos. Hence, stability and
performance analysis for switched systems with interval time-varying delays has received
more consideration by many researchers [13-16].

Two interesting facts relating to switched systems are: (1) stability in a switched
system can be achieved by selecting a suitable switching rule, even when each subsystem
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is unstable [13-15], and (2) the stability of each subsystem cannot guarantee the stability of
the entire switched system under an arbitrary switching rule [16]. The average dwell-time
method was used to identify the stability of a system under consideration in [17]. In [13-15],
the stability and performance of switched systems were guaranteed by proposed different
design schemes for switching rules. Based on those specific schemes, a simple design rule
was developed for continuous and discrete-time switched systems under consideration [18].

In the past, Ho, methods were proposed as a means to diminish the effect of disturbance
on the output of systems under consideration [19,20]. In [15], stability in switched time-
delay systems could be achieved by using real-time switching. The main disadvantage
of this real-time switching is the difficulty of implementation. Hence, a proposed rule for
synchronous switching at each sampling instant could be a better approach for control
than real-time switching [18]. In [18], it was proposed to use aperiodic sampling instead
of the periodic sampling in [21]. However, the pointwise sampling period in [18] would
constrain the applicability of the proposed results. Hence, this constraint can be evaluated
as relaxing to an upper bound for the sampling period in this paper. In the past, linear
fractional perturbations were proposed to present more general forms of uncertainties of
systems [22,23]. In [24], a novel inequality was developed to improve conservativeness
in relation to the Wirtinger-based one. However, this proposed inequality made it more
complicated and difficult to develop and design controller schemes. The main advantages
and innovations of our proposed scheme can be highlighted:

1.  Robust He control for a switched system with interval time-varying delay and linear
fractional perturbations is provided by synchronous switching of rule and input.

2. For simplicity, a full-matrix formulation approach is used to present the developed
results. Linear matrix inequality (LMI) optimization results can be performed directly
using this approach.

3. The proposed robust controller can confront uncertain switching with interval time-
varying delay and sampling. Some upper bounds for sampling and interval time-
varying delay can be estimated, as opposed to the pointwise sampling and constant
delay in [18].

4. The vector X(t) in the Lyapunov-Krasovskii functional contains possible knowledge
regarding our considered system.

The paper is organized as follows. In Section 2, the problem statement for synchronous
switching is provided. In Section 3, some numerical examples are provided to show the
applicability of the main results. Finally, concluding remarks are in Section 4.

2. Problem Statement

In this paper, we considered the following uncertain switched delay system with linear
fractional perturbations:

x(t) = Ayor (1) x(t) + Ay1o () x(t — h(t)) 4+ Byue(H)u(t) + Brwo(Hw(t), t >0
z(t) = Ao (t)x(t) + Az1o (1) x(t — h(t)) + Baug () u(t) + Bzwe (H)w(t), t >0
x(t) = @(t),t € [~hm, 0] D

!Vhere AXO(T(t) = Axor + AxOULt)r Axla(t) = Ayip + Axl(r(tL/ Bxua(t) = Byur + Bxuzr(t)/
Exwa(t) = waa + waa(Q/ Aan(t) = AZO(T + Aan(t)/ Azla(t) = Azla + AZlU’(t)/
Bzuo(t) = Baug + Bzuo(t), Bzwo(t) = Bzwe + Bawe(t), x(t) € R" is defined as the state
variable, u(t) € 97 is defined as the control variable, w(t) € R™ is defined as the dis-
turbance variable, z(t) € 7 is defined as the output variable, o € N is defined as the

switching rule and depends on x or t, i(t) > 0 is defined as the time-varying delay satisfying

0 < hy, < h(t) < hyp, h(t) < hp <1, hy,, where hyp and hp are two given positive constants,
and the initial condition is ¢ € Cy, where Cj is defined to be a set of continuous functions
from [— hyy, 0] to R™. Ayoi, Axii € R, Byyi € P, Byyi € RV, Aggi, Az1i € RTE,
B,,i € RT*F, and B,,; € R1*™,i € N, are defined as the given constant matrices. AA,;(f),
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AAni(t), AByyi(t), AByuwi(t), AAz0i(t), AAni(t), AByyi(t), and AByyi(t), i € N, are defined
as the uncertain matrices satisfying the following constraints:

[AA0;i (1) AA 1 (£) ABuyi (1) ABxayi ()] = My Byi(t): [Nx0i Ni1i Noeui Neos]
[AA0i (1) AAz1i(£) AB2yi (1) ABowi ()] = Mz Bzi(t) [N20iN21iNzui Nzwi]
Avi(t) = [T = Ti(£) 2] "' Ti(t), ExiEy; < T
Asi(t) = [I = (D) Eai] ' Tu(t), EuEL < T )

where constant matrices M,;, M;, Nxoi, Nx1i, Nxuis Nzwis Nzois N21is Nauis Nawi, Exi, and 2,
i € N, are provided with appropriate dimensions. Perturbed matrices I'y;(t) and I';;(f),
Vi € N, are unknown and satisfy the following conditions [22,23]:

[ - Ty(t) <L Vi€ N, t >0,
T(t) - Tai(t) SLViEN, £ >0,
Some domains are defined by

0i(Z;) = {x c " xTZx > o} 3)

where matrices Z; = ZZ-T e R i=1,2,... N, can be obtained from the developed results.
The switching domains used in this paper can be defined by the following;:

ﬁl = Ql, ﬁz = Qz/ﬁl, 53 = .03/@1/52, ... and EN = QN/ﬁl ...... /ﬁN—l
We provide the following lemmas to obtain our main results in this paper.

Lemma 1. Suppose that x(t) is a differentiable function from [t — hp, t — hi] — R". Then, for a
matrix R > 0 and some matrices N1, Na, N3 € R¥" the following inequality is satisfied [24]:

- /t ihhl i (s)R(s)ds < 6T (1)Q8(1),

where

5T(t) = [xT(t—hl)xT(t—hz)}ll/tt_hl xT(s)ds-hzz/tt_hl /tshz(u)duds}

—hy —hy

h=hy—h; >0

1 1
Q=h {NlRlNlT + 5zxrzzrlz\rzT + 5N3R1N3T} + Sym(NyIT; + NoIT + N3IT3)

Iy = E4q — Esp, IIp = E4q + Egp —2E43, 113 = Eg1 — E4p — 6E43 + 6E44.

Lemma 2: Suppose that x(t) is a differentiable function from [t — hy, t — h1] — R" with constants
0 < hy < hpy. Then, for two matrices R > 0 and S, satisfying [25]

R S
the following inequality holds:
t=hm T .
—(hM—hm)~/ i (s)Ri(s)ds
t—h
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C[x(t=h(t) —x(t—ha)] TR ST [x(t—h(E) — x(t—Tap)] _
= x(t—hm)—x(t—h(t))} [* R} {x(t_hm)_x(t_h(t))]—ZlT(t)lel(t),

where the time-varying function h(t) € [hy, hp],

zL(t) = [xT(t—h(t)) xT(t—hm) xT(t—hm)],

-R sT
* —R

—2R+S+ST R—-S R-6§T
0O =

Lemma3. With0 <a; <1,i € N, Zfil w=1,7; = Zl-T € R"*" i € N, and condition [18]

N
Zizl w;-Zi >0,

We obtain the following results
Uilﬁi = R" andﬁ,- ﬂﬁj =¢, Vi 75],

xT(1)Zix(t) > 0and o(x(t)) = i, Vx(t) € (3,

where O; is shown in (3b).

Remark 1. With the proposed affine Bessel-Legendre inequality in [26], the used inequality in
Lemma 1 of this paper is a special case for N = 2. Our proposed results in this paper could be
improved by using more complicated Lyapunov—Krasovskii functional in the future. The proposed
inequality in Lemma 2 is applied to reduce conservativeness regarding the interval time-varying
delay in this paper [26]. It is interesting to note that the computational complexity for the feasibility
of LMI conditions (LMlIs) is highly dependent on both the dimensions of the LMIs and the number
of decision variables. Based on the constrained number of decision variables, it would be important
to propose a useful tool to formulate these LMIs and use the LMI toolbox of Matlab for feasibility.
Hence, a full-matrix formulation approach is used to serve this purpose.

Remark 2. From Lemma 3 and the definition in (3b), uniqueness and compactness regarding our
proposed state feedback control can be achieved to verify our results.

It is well known that the state of a system may be sampled and data obtained by some
electronic devices. In this paper, the sampling instants are defined by 0 = Top < T7 < Tp < - - -.
The following function can be defined from the sampling period:

T(t) =t—T te [Tk, Tk+1)/

where 1, = Tjy1 — Trand 7y = maxfj’)" T¢. From the above formulation, we can provide

the following conditions:
0<t(t)<tm, t>0,and Ty =t —T(t), t € [Ty, Txs1)-
The synchronous sampling switching rule can be provided as follows:
when x(Ty) € Q;, o(t) =i, YVt € [Ty, Ti1), 4)
and sampling input can be defined as:

when x(Ty) € 51', u(t) = —Kix(Ty), YVt € [Ty, Tet1), 5)
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where ; is shown in (3). In (4) and (5), the switching rule and sampling input are switched
synchronously at each sampling instant.

Definition 1. With system (1) with (2) and synchronous switching of rule and input in (4), assume:

(i) Withw(t) =0, system (1) with (2) is asymptotically stable due to the synchronous switching
of rule and input in (4) and (5).

(i) With a zero initial state (i.e., ¢(t) = 0, —hp < t < 0), w(t) and z(t) are satisfied by the
following condition:

l l
/ zT(H)z(t)dt < - / w? (Hw(t)dt,¥ w # 0,
0 0

for constants £ > 0 and v > 0. If ¢ = oo, the disturbance w should be defined by L (0, c0).
Then, we can say that system (1) with (2) stabilizes at He performance vy according to
switching rule in (4) with Z; and input in (5) with K;.

The following notations can be defined before the presentation of the main results:
Iy = Eg1 — Egp, Iy = B4y + E4p — 2E43, 113 = Egy — Egp — 6E43 +6E44,
Ay = [ElTe,l P - E1T6,7 v - E1T6,8 (vt — hm) - E1T6,9 ™ - E1T6,10 0.5 hy, - E1T6,11
0.5 iy - ElTe,lz 05 - (g — Ttm)? 51T6,13 0.5 Tjy - E1T6,14]Tf
Ay = {ElTélm (Er61 — E163)" (E161 — En64)"
(E163 — E164)" (E161 — E166)" - (Er67 — E163)"

T
ha - (Etes — E6a)" (vt — ) - (Er69 — E164)" T - (E1610 — E16,6)T} ,

T T
_[pr T T T [T T T T
Ay = {Elé,l E16,3 E16,7 E16,11 } , Np = [El6,1 E16,4 E16,8 E16,12 } ’
T T T T T T T T T T
As = [Em,s Eia Eiso Eig1s } VIVES [516,1 Ei¢s Et610 Eiea } ,

T T
T T
As = [ElT(,,z E1T6,3 E16,4 } , Ng = [ElT6,5 E1T6,1 E16,6 ] : (6)

An LMI optimization result is investigated in order to achieve asymptotic stability
and He performance for the system under consideration according to the synchronous
switching of rule and input given in (4) and (5).

Theorem 1. Suppose there exist constants 7,0 < a; < 1,i € N, with Zﬁl «; = 1, such that the
LMI optimization problem:

minimize 7, (7)
subject to

N N

Zi:l w;-Zi >0, (8)
Rs 5

R ©)
Rs 5

[ ) I%] >0, (10)
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1
* —1 0 g+ My; 0 0 0
* x  —g-1 0 € - Hy 0 0
Y= x * * —& -1 0 g2, 0| <0,ieN, (11)
* * * —g; -1 0 0
* * * * —&-1 0
L * * * * * A77_

where
1?111' = Sym (AgpAl + (77 . E{6,l + E{6,16> fli) + (A)l + QQ + .()3,

Vo =I5, Prai =& - (77 “Efgq + E1T6,16> My,
i =[NyoiT Ny T 00 — NyyiK; 000000000 Nygy; 0],
Pl = [Nzolu N, (T 00— N,,;K; 000000000 N,y 0},
17 = [V - ATRy Vi - ATR Vg - AT R /g - AT Ry /i - AT R,
Vi - ALNos /Iy — hy - ARy /iy — o - A3 Nyl — i - AT N

VM - ANy T - AfNg /T - AfNig),
IP = —dzag [Rl 3R1 5R1 R2 3R2 5R2 R3 3R3 5R3 R4 3R4 5R4]

Z Sym(ATNIT AL + ATRGIT Ay + ATRTT Az + ALNGIT AY),
—2R5+S1+5%w R5—51 R5—51T

Oz = Ag * —R5 SA{ A5
* * —R5
—ZIA{G + §2 + ng 1’% — §2 R6 — ng
+ Az * —R6 Sg A6,
* * —Ré

(3 = E141QoE161 — (1 — hp) Efs,Q4E162 — Ef63(Q1 — Q3)E163 — E1g4(Q2 + Q3)E164
- ElT6,6Q5E16,6 + ElT6,5Zz‘Elé,5 -7 E1T6,15El6,15 — 1 - Sym (ElT6,1 LAlTEle,m)
- E1T6,16 [CI +Uu’ - RO} E16,16,
Qo=01+Q+Qs+0s
Ro =l Ry +hp- Ry + (hat — h) - (Rs + Rs) + T - (Ra + Re),
= [AinGT Aq;UT00—B,,;Ki000000000 By, 0},
b= [AzoiHTAzliflT 00—B,,;K;000000000 B,y 0},

is feasible with constants oy > 0, e; > 0,1 € N, a nonsingular matrix UeRmn p>0e RO
Qi >0, ﬁj >0¢e R"™", i €5, je 6 matrices Zi = ZZT € R je N,and 81, Sy € R,
Aij € RAnxn i e 4 j€es3 K; € ®P*" i € N. Then, system (1) with (2) stabilizes with Heo
performance v = /7 via switching rule in (4) with Z; = U~'Z;U~T and input in (5) with
K, =KUT.
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Proof. In this paper, we define the Lyapunov-Krasovskii functional as follows:

V(x(t)) = XT(OPX(E) + [, 2T (s)Qux(s)ds+ [, xT(5)Qax(s)ds
+ [T AT () Qax(s)ds + [y T( )Qux(s)ds
+ft TM T(s)Qsx(s ds+f o ft+s )Rlx( Yduds (12)
+ [, Jeo & ) Rox(w)duds + [ [ 37 (u)(Ra + Rs)(u)duds
+f—rM ft+sx (1) (Ry + Re)x(u )duds,

where T )
P=UPU >0, U=disguuuuuuuuul,u=0ut
Qi=UuQu’" >0, R;=URU" >0,i€5 jc6,
X(t) = [x"(t)
ftihm xT(s)ds ftih xT(s)ds ftt fim xT(s)ds ft o s)ds ft . ft . xT(u)duds

t—hm T
/ / u)duds / / u)duds / / duds} .
t hM t ”lM t t hM t—tpm Y E—Tm

The derivatives of V(x;) for system (1) with (2)-(4) have

V(x(t) = X ()PX(t) + XT(H)PX(t) + xT(£)Qox(t) — (1
—h() )T (¢ = h(£)) Qux(t — h(1))
—xT(t = hm)(Q1 — Q3)x(t — hm) — xT(t — k) (Qa + Q3)x(t — ) (13)
—xT(t— TM)Q5x(t — ) + xT(t)ROx( )
{ +ftt ' i (s)Rsx(s)ds + [ o i (s)Rex(s )ds],

where
Qo=01+Q2+Qs+Qs,
Ry :hm'R1+hM~R2+(hM—hm) . (R3+R5)+TM'(R4—|—R6),
top ) t _
V() = / i (s)Ry(s)ds + i1 (s)Roi(s)ds

t— T t—hy

t—hm T o .

+ / (s)Rsi(s)ds + | i (s)Rai(s)ds.
t—hpp =Ty
Defining

Y(f) = [xT(t) XT(t—h(t) xT(t =) 2T (8= hpg)) 2T (¢ — (1) 2T (¢ — 1)

1 t T 1 t T 1 t—hy T 1 t T
— d —/ d 7/ x* (s)ds —/ x*(s)ds
hm /t*hm * (S) ° hM t—hp * (S> ° hM - hm t—hpp ( ) ™ Jt—1m ( )

h2 ft y ft . xT(u)duds h2 / / u)duds
m t—hpg J i
T

t—hm
/ / u)duds —- / / w)duds w' (t) xT(t)} ,
hM hm t t— hM TM t—tp J E— TM

0(t) = [Axoi(t) Axi(t) 00 —Byyi(H)K; 000 0 00000 Byy(t) 0],
in(t) = [Zzoi(t) Zzli(t) 00 _Ezui(t)Ki 000 0 0000 ngwi(t) 0]/
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we have
X(t) = MY (1),
X(t) = MY (t),
where A; and A; were shown in (6), respectively. By using Lemma 1 and V() given in (13),
we can provide the following condition:
= V() YOO Y(), (14)

where

01 = hy, - A{31A1 + hpp - AgﬂzAz + (hM — hm) . A§33A3 + T\ - AZE|4A4 —|—51,
_ 1 _ 1 _ )
4, = NilRi 1Ni€ + gNl‘zRi 1N£ + gNiSRi 1Ni]?:’ ie4

3
01 = Y Sym(ATNTTAL + ANTT Ay + ATNGIT A + ATNGITA),
i=1
N;j; € Ranxn e 4 j € 3, will be chosen, matrices A; and I1;,i € 4, j € 3, are shown
in (6). By using Lemma 2, we obtain the following inequality:

tfhm . T .
— x (s)Rsx(s)ds +

t—hpg t=1ym

T (9)Rex(s)ds < YT (Y (1), (15)

where

—2R5+ 51+ S{ Rs —S1 Ry— S{
* 7R5 S{
* * —R5

0y = AL As

—2Rg+S,+S} Re—S, Rs—SI
- —Re ST
* * _R6

+ A} A,

As and Ag are shown in (6). By the system (1) with conditions (2)-(5), and o(x(t)) =i,
V't e [Tk, Try1), we have

Sym(((=(1) + L)Y (1) "U" (nx(5) + (1)) ) = 0. (16)
Via the conditions in (13)—(16), the following results can be achieved with 7 = 2
V(x(t) + 2" (1)z(t) — 2* - wl ()w(t) < YT (DI (H)Y (1), (17)
where

TTi(t) = BJPAy + ATPAg + O + O + Qs+ Sym ( (0 Elgy + Ely 1 )UTui(1))

+LH () D), o
Q3 = E{g1QoE161 — (1 — hp) Efs,QaE162 — Elg3(Q1 — Q3)E63
— E{4(Q2 + Q3)E164 — Els sQ5E166 — 7*  E1615E1615
—1 - Sym <E1T6,1 UE16,16> — Ef¢16 [U +u’ - Ro] E16,16-
By the following definition
Zi(t) = [21;(t> FZE (It)} = E*“ {% + Axzi(t), (19)
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Ti(t) = AFPAy + ATPAs + Oy + O+ O+ Sym (- El 1 + El 1) UTui(1)),
Ty = AJPAL+ ATPAy + Oy + Oy + O+ Sym (- Elg y + Ely 16 ) UT:),

T1i=[Ay A;00 —B,K;,00 0 000000 By, 0],
Ty = [Asi A21;00 —B,,;K;00 0 000000 By, 0],

CET 4+ ET YUM,; 0 |[A(t 0
sty = son[(1- e 0 1[0 0 1)

N — [Neoi Naai 00 = NyyiKi 000000000 Ny 0
2= | N Nyp 00 — NyyiK; 000000000 Ny 0|7

we can obtain the following matrices:

— _T -
Xy Iy & (’7 “Efg; + E1T6,16> UMy 0 Yisi e
* —1 0 & - Myz' 0 0
IPi — * * —&; - I 0 &~ Exi 0 , (20)
* * * —g -1 0 & -y
* * * * —g -1 0
| * * * * * —&; - 1]
where

‘Ff;-,l- = [Nyoi Nx1; 00 — Ny,iK; 000000000 Nyy; 0],
‘FlTél- = [Nz0i N;1; 00 — N,;,;K; 00000000 0 Ny 0].
By using the switching rule in (4) with (8) and Z; = Uz;UT, we have

YN - Zi> 0. 1)

When x(T) € Q; with (21) and Lemma 3, we have
xT(T) Zix(Ty) = xT(t — t(£) Zix(t — T(t)) >0, o(x(t)) =i, Vt € [T, Tesr).  (22)
With (10), (22), and

lfIzdiagU u u u u Jug uuuuuuu ur urrI1rr r,
-T

A a—1 2
U=Uu"!, U=disgUuuuuuuuuul, =0 PU >0,

S=ultlsu T, g;=ulquT>o0 R =Uu'RuT>0 2;=u'zzuT,

We can show the following condition:

The above condition also implies ¥; < 0 in (20). According to the perturbation
decomposition in [22,23] and the Schur complement in [27] with condition (20), we can
derive the following condition from (18) and (19):

Zi(t) <0, Hi(t) < 0.
With w(t) = 0, (17), and II;(f) < 0, we have

V(x(t)) <0, Yx(t) #0, Vte [Tk, Tiyr)-
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The system (1) with (2)—(5) and w(t) = 0 is asymptotically stable. Using condition (17),
IT;(t) < 0, and a time integral from 0 to £ > 0, we have

V(x(0)) = V(g) + /(sz(t)z(t)dt <2 /(f W (Fyw(b)dt.

With a zero initial state (i.e., ¢(f) = 0, —hy < t < 0), we can obtain the follow-

ing result:
V(g(0)) =0, V(x(£)) =2 0.

The following condition can be achieved:
L 4
/ 2T (8)z(t)dt < o? / wl (Hw(t)dt, Yw # 0,
0 0

for £ > 0 and y > 0. The proof is completed. O

For an arbitrary signal o(t) with capturing at each sampling instant, the state feedback
sampling input can be provided:

when o(Ty) =i, u(t) = —Kix(Ty), Yt € [Ty, Txiq)- (23)
With sampling input in (23), delay-dependent LMI optimization can be developed.
Corollary 1. Suppose there exists a constant 1, such that the following LMI optimization problem:
minimize %,

subject to conditions (6¢)—(6d)

Yrij Y s 0 Yisii Feif

A17
* —1I 0 &~ Mzi 0 0 0
N * * —&; I 0 & Exi 0 0
Vi = * * * —g -1 0 g-2,; 0| <0,ieN jeN,
* * * * —g; -1 0 0
* * * * * —&-1 0
| X * * * * * 11i’77_
where

H%’111'1' = Sym (AgPAl + (’7 -Efg1 + E1T6,16> flij) + O+ Oy + O, ‘1%’121']‘ = f;]
1?1T5i]- =[NeoillT = NyiR; NiiIT 000000000 Ny 0],
lfvlTéij = [NyoiI" — NyiKj No; T 000000000 Ny 0],

3 = Ef 1 Qo161 — (1~ hp) Ef yQuE162 — Ef 5(Q1 — Q3)Er3 — El4(Q2 + Q3)Erg s
— E16Q5E166 — 7 - Elg15E16,15 — 17 - Sym <E1T6,1 HTE16,16) — Els16 [CI +Uu’ - Ro} E16,16
Yisi, Wiz, Wo7, O, O, Qo, and R defined in the Theorem 1,
fij = [AinUT AT 00 —By;Ri00000 0 0 00By, o},

fij = [AZO,UT Aq0T00 —B,,R 00000 0 0 00 B, o},
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is feasible with constants oy > 0, e; > 0,1 € N, a nonsingular matrix UeRm<n p>0e RI<m
0, >0, R]- >0e RV ieb, je 6, and matrices 81, §y € Rxm, NZ-]- e Rinxn 4,je3
K; € RP*", i € N. Then, system (1) with (2) stabilizes with He, performance v = /7 via the
sampling input (23) with K; = K;U T,

Proof. This proof can be completed by selecting the matrices Z; = 0,7 € N in Theorem 1. O

Remark 3. For Qq = 0 (Q4 = 0) in the Lyapunov-Krasovskii functional (12), the proposed
conditions in Theorem 1 and Corollary 1 are independent of hp. Hence, if the parameter hp is larger
than 1 or unknown, the results developed in this paper are valid for Q4 = 0.

Remark 4. In [18], aperiodic sampling with a pointwise sampling period was investigated to obtain
the Hoo performance of a switched delay system. In this paper, we consider the Hoo performance of a
switched delay system with an interval sampling period. More flexible and practical results can be
provided to guarantee the performance of the considered system [18].

Remark 5. In this paper, bigger values of Tay, g, hp — iy can provide better results with reduced
conservativeness regarding our developed results. A smaller value for <y (7y) can provide a better
result regarding disturbance attenuation in the switched delay system.

Remark 6. The uncertainties presented in (2) are said linear fractional perturbations [22,23].
These perturbations were confronted in many practical systems, such as fuzzy T-S systems, neural
networks, neutral systems and switched systems. The proposed robust Huo control can be used to
achieve the performance requirements of a system with linear fractional perturbations in (2).

3. Some Numerical Examples

To show the efficiency of our proposed results, two examples from [18] can be used to
demonstrate the main contributions in this paper.

Example 1. A switched delay system (1) with (2) and the parameters given is considered:

N=2hy,=1, hy=12, 1)y =03,

~1.1 01 12 0 —09 0.05
Axor = {0.2 —1}' Axoz = {—0.1 —1.1}' A1 = {—0.2 —1}'

~1 01 0.2 0.2 1 1
Ayip = [_0.25 _1]/ Byw1 = {0‘01]' Brup = {0.02}' Brn = [—0-1:|, Bruz = |:0-1],

A =[1 0], Ayp = [0.8 —0.1], Ayyy = [-0.8 06], Ay = [-02 1],
Byw1 = Boywp = —0.5, Byy1 = By = 0.3,

001 0 01 0 0 0
M,; = [ 0 0.02}, M,; = 0.01, Ny; = { 0 0}' Nii = {0 0.1}’

Nywi = Nyui =0, Nawi = Nz =0, 5y =011, E;; =01,
Negi = Nai = [0.1 0], i=1,2 (24)

By using the proposed synchronous switching (4) of rule and input with 1 < h(t) < 1.2 and
T < 0.3, V k, the LMI optimization problem in (7) of Theorem 1 withy = 1and a1 = ap = 0.51s
feasible with
= 0.268, Ky = [11.9239 4.6429], K, = [16.9141 6.7406),

[ — 5.3986 1.9342 o —8.1649 —3.4668 o 12.3651 5.0374
~ 106831 2.3326|" 71 T | —3.4668 —0.6176|" "% | 5.0374 2.0327|
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The switched delaysystem in (1) with (2) and (24) is asymptotically stabilizable by the following
switching rule:

o) = {y W E Gy vee T, 25)
where B B
O =01, = D\ =R\,
Z, =01z, T,i=1,2
with

0 = {x =[x x]" € R2:xTZyx = 0121623 — 0.453x1x; + 0.0296x3 > 0},

Q= {x =[x x]" € R2:xTZox = 0231623 + 0.459x1x, + 0.2193x3 > o},

and control input given as follows:

. —K1X(Tk>, x(Tk) 651,
u(t) = {_KZX(Tk)/ x(Tk) € 62/ Vte [Tk/ Tk-‘rl)/ (26)

with
Ky = KU T = [1.6709 1.5011], K, = R0~ T = [2.3436 2.2034]. (27)

We conclude that system (1) with (2) and (24) stabilizes with He, performance v = /7= 0.5177
using the switchingrule in (25) and sampling input in (26) with K; = K;U~Tin (27).

Some comparisons are made in Table 1 to show the improvement using the proposed results.
A switched system with interval time-varying delay 1 < h(t) < 1.2, instead of constant delay
h(t) = h = 1as in [18], can be investigated. Interval sampling of 0 < T; < 0.3, instead of
pointwise sampling T; = 0.2 and T; = 0.3 for some values i and j as in [18], can be guaranteed.
The reduced conservativeness and easy implementation of the proposed synchronous switching of
switching rule and sampling input can be observed from this numerical example.

Table 1. Comparison of the obtained results with published ones.

Results Delay h(t) Sampling Period Disturbance Attenuation
o T=02 v =0.7873
[18] h(t) = h = 0.2 constant delay =025 = 07918

7, =02, T = 0.3
for some values in
iandj
pointwise sampling

[18] h(t) = h =1 constant delay 7 =0.632

Results of Theorem 1 in this paper:
synchronous switching of rule 1 < h(t) <1.2, hp unknown 0<1<03 v = 05177
and sampling input

Example 2. Consider a switched delay system (1) with (2) and parameters as follows:

N =2 hm=3, hyy = 3.5, T;y = 0.1,

-1.1 0 035 -0.1 —-06 —-0.1
Ax01=[ :|1Ax02:[ :|1Ax11:[ },

—02 025 0 -11 02 —02
03 0.1 01 0.1 01 —01
Axiz = { 0.1 —0.6}’ Az = { 0.1 0.1}’ Az = {—0.1 -0, 1}’

01 —0.1 01 01 02 0
A1 = { 0.1 —0.1]' Az = [—0.1 —0.1}' Brun = Bxuwz = { 0 0.3}’
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02 0 02 0
Bxul = Bxu2 = { 0 0.3} ’ Bzwl = Bsz = { 0 0'3} ’
01 O 0 01
M,i = Nyoi = [ 0 0.1], Ny = [0.1 0 ],
0.1 0.1 0 0
wai = [ 0 0 :|/ qul = quZ = l:O.l 0.1:|/
By = My = Nyi = Npjj = 5, =0, £, =001, i =1, 2. (28)

Case 1. By using the proposed synchronous switching (4) of rule and input with 3 < h(t) < 3.5
and 1 < 0.1,V k, the LMI optimization problem in (6) of Theorem 1 withy = 1and oy = ap = 0.5
is feasible with

_ 5 —7.4486 4.39%61 | 8.4781 0.2349

7= 0.09%7, Ky = [ 5.1354 —2.6515]’ K= [—4.9547 —12.7028}’
0— 8.0691 0.4708 o 11.3692  2.8855
~ [0.0674 19.5961|" “1 T [ 2.8855 —29.8478|

5 _ [-10.6848 —2.7967
27 [ —27967 30615 |

The switched delaysystem in (1) with (2) and (28) is asymptotically stabilizable using the
following switching rule:

7 6 7
o(x(t)) = {é ) E Ve M T, 29)

where B B B B
Q1 =01, =\ = R\,
Zi =012, 7T,i =1, 2, with

Oy = {x —[x1 x2]" € R2:xTZyx = 0172322 + 0.0444x, x, — 0.0779x3 > 0},

Oy = {x —[v1 x2]" € R2:xTZpx = —0.1618x2 — 0.0436x1 x5 + 0.0799x3 > 0},

and control input is given as follows:

_ [Kix(Ty), x(Tir) € Qy,
M(t) = {—K2X(Tk), x(Tk) c 52/ Vte [Tk/ Tk-‘rl)/ (30)

with

(31)

_ —0.9364  0.2276 5 1.0502  0.0084
— T _ — T _
K=kt = [ 0.6445 —0.1375]'K2 =Rl =1 05763 —0.6462)

We conclude that system (1) with (2) and (28) stabilizes with Heo performance y = /= 0.311
using switchingrule in (29) and sampling input in (30) with K; = K;U~Tin (31).

Case 2. In this case, we assume that o (t) is arbitrary and captured at each sampling instant. Using
the above statement in Theorem 1 with Corollary 1, the system (1) with (2) and (28) is stabilized by
the following switching input:

_[—Kix(Ty), o(Ty) =1,
”(t) - {—K;X(TZ), O'(Ti) =2, Vte [Tk/ Tk+1)l (32)
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with 4= 0.3819,

. 21037 —2.4419 " 2.033  —2.4308
_ -T __ _ -T __
Ki=KU" =1 10900 551345 /K2 =R =1 10903 55156 | (33)

We conclude that system (1) with (2) and (28) stabilizes with Heo performance v = /7= 0.618
using sampling input in (32) with K; = K;U~Tin (33).

Some comparisons are made in Table 2 to show the improvement using the proposed results.
A switched system with interval time-varying delay 3 < h(t) < 3.5, instead of constant delay
h(t) = h = 3.4as in [18], can be investigated. Interval sampling 0 < 7; < 0.1, instead of pointwise
sampling T; = 0.03 and t; = 0.05 for some values i and j as in [18], can be guaranteed.

Table 2. Comparison of the obtained results with published ones.

Results Sampling Period Disturbance Attenuation Approach and Delay
Synchronousswitching of rule and
= 0.8355 sampling input with constant dela
7 = 0.03, 7; = 0.05 i Prng h(};) —h =34 Y
[18] for some values in i and j
pointwise sampling Arbitrary switching with sampling
v =1.0951 input and constant delay
h(t) =h =34
. Using only switching rule with
¥ = 0.3523 3'< h(t) < 35
Results in Theorem 1 Synchronous switching of rule and
0<71<01 v =0.311 sampling input with
3 < h(t) <3.5.
Results in Corollary 1 v = 0618 o(t) is arbitrary and captured at each

sampling instant with 3 < h(t) < 3.5.

With no perturbations or disturbance, ¢(t) = [-2 2] T, —35<t< 0,and h(t) = 3.25

— 0.25sin(0.1t), the state trajectories of system (1) using the synchronous switching signal in (29)
e~ 95 sin(5¢)

—e 05t cos(5t)}
depicted in Figure 2, the output z(t) € R? with a zero initial state is shown in Figure 3. According
to the simulation results, the variation in state response would be affected by feedback from the
time-varying delay. The proposed switching signal in (29) and sampling input in (30) are shown to
be effective for stabilization and attenuation of disturbance in our considered system.

and sampling input in (30) are shown in Figure 1. With disturbance w(t) = [

25 T

x(1)

2 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Time (seconds)

Figure 1. State trajectories of system (1) for the synchronous signal in (29) and sampling input in (30).
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Figure 2. Disturbance input.

0.3 T

N —z1
" -2
I

) f

0.

T

z(1)
=Y
444

011! .

_0_2“7 v 4

03 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50

Time (seconds)

Figure 3. Output of system (1) for the synchronous signal in (29) and sampling input in (30).

4. Conclusions

In this paper, synchronous switching of rule and sampling input was proposed to guar-
antee the Ho, performance of switched delay systems with linear fractional perturbations.
We developed a full-matrix formulation approach to show the main contribution of this
paper. Some useful inequalities and Lyapunov-Krasovskii functionals were investigated
to improve the conservativeness of the proposed results. Finally, we illustrated some
numerical examples to show the use of our main results. Robust control with sampling
input was developed in order to stabilize uncertain switching with interval time-varying
delay and achieve Hy performance. Interval time-varying delay and sampling were in-
vestigated, instead of constant delay and pointwise sampling in [18]. It is interesting to
note that fractional-order systems with time delay [28,29] and sampling input for uncertain
systems with actuator saturation [30] will be challenging research topics in our future work.
Synchronous switching of rule and input to reach mixed H,, He, and passive performances
of uncertain fractional-order switched delay systems can be investigated in the future [25].
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Nomenclature
AT The transposition of a matrix A
A>0 Matrix A is symmetric positive definite
A<O Matrix A is symmetric negative definite
A<B For any two matrices A and B, the matrix B — A is symmetric positive semi-definite
Sym(S)  For any matrix S, Sym(S) is defined as the matrix S + ST
{i (ﬂ The sign * is defined as the matrix
I Identity matrix with appropriate dimensions
0 Zero matrix with appropriate dimensions
0ixj Zero matrix with i rows and j columns
P Empty set
ANB Intersection of sets A and B
AUB Union of sets A and B
R Set of real numbers
B {onx(i_l)n I onx(q_i)n] ERXM §=1,2,...,q
’ q=23,...,16
A\B For any two sets A and B, the set A\B is defined to be {x|x € Aandx ¢ B}
15(0, o0) For a vector valued function w € R™, the set L (0, o0) is defined
’ tobe {w € R™| [*wT (t)w(t)dt < oo}
N For a natural number N, the set N is defined tobe {1, 2, ..., N}
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