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Abstract: By developing the direct method of moving planes, we study the radial symmetry of
nonnegative solutions for a fractional Laplacian system with different negative powers: (—A)Zu(x) +
w7 (x) +079(x) = 0,x € RN, (—A)%0(x) + v (x) +uP(x) = 0,x € RN, u(x) > |x|",v(x) >
|x|bas |x| — oo, where a, B € (0,2), and a,b > 0 are constants. We study the decay at infinity and
narrow region principle for the fractional Laplacian system with different negative powers. The same

results hold for nonlinear Hénon-type fractional Laplacian systems with different negative powers.
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where a € (0,2), Cn, > 01is a constant, and PV represents the Cauchy principal value.
Here, u(x) € C/L(RN) N Ly, (—A)%u(x) is well-defined, where
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Notice that the fractional Laplacian is a nonlocal operator, and its non-locality poses
certain difficulties for research. Caffarelli and Silvestre [16] recommended the extension
method to conquer the difficulties caused by non-locality. The main idea of the extension
method is to transform the nonlocal problem into a higher-order, one-dimensional local
one. The details of this method can be found in [17-19]. In addition, there is an integral
equation method such as the moving plane of integral form and regular lifting, in which
the moving plane of the integral form is applied to the corresponding equivalent integral
problems [20-22]. However, for the application of these two methods, additional conditions
need to be added to the equation, or the corresponding equivalent integral equation needs
to be obtained, which accounts for the drawbacks of these techniques. In [23], the author
pointed out that the extension method or the integral equation approach cannot be applied
to the fully nonlinear nonlocal operator

Hpg (u(x)) :CN,5PV/ W’iy‘
RN

Thanks to the direct moving planes method proposed by Chen, Li and Li in 2017 [24],
which solves nonlocal problems and makes amends for the shortcoming of the fore-
mentioned two methods, the method of moving planes has been used widely in the recent
years. In [23], the symmetry and monotonicity of positive solutions for fully nonlinear
nonlocal equations are discussed by means of the direct method of moving planes. To
overcome the degeneracy of fractional p-Laplacian operator, in 2018, Chen, Li [25] proposed
boundary estimation instead of the narrow region principle to obtain the properties of
nonnegative solutions to fractional p-Laplacian problems. We can refer to [26-37] for the
fruitful application of the direct method of moving planes.

Inspired by the above discussion, our main focus in the present article is to apply the
direct method of moving planes to study the radial symmetry of the following fractional
Laplacian system with different negative powers:

{ (=)
(=)

One of our main tasks is described below.

u(x)+u"7(x)+0v79x) =0, xRV,

v(x)+0 % (x) +uP(x) x € RN. M

N NIR

Theorem 1. Let u € Ly N Cj;L(RN),v € Lg N CpzH(RN) be a pair of nonnegative solutions for a

loc loc
fractional Laplacian system with different negative powers (1), and suppose that

u(x) = mx|*+0(1), ov(x)=nlx|"+0(1) as|x| — oo, )
where1 > a,b > 0. Ifa, p € (0,2) satisfy
v =min{a(y+1),b(g+1)}, B=min{b(c+1),a(p+1)},
then u(x),v(x) are radially symmetric about some points on RN.

The growth/decay condition (2) in the above result was proposed for the fractional
Laplacian equation with negative powers in [35]. The purpose of this article is to weaken
the growth/decay condition (2) in Theorem 1, so that the conclusion of the theorem remains
valid for better growth/decay conditions. We reformulate Theorem 1 by introducing the
weaker form of the growth/decay conditions as follows.
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Theorem 2. Let u € L, N Cl''(RN),v € LgN CL(RN)) be a pair of nonnegative solutions for a

loc loc

fractional Laplacian system with different negative powers (1). Suppose that
u(x) 2 [xl% o(x) 2 |x[" as[x] = oo,
where a,b > 0, and u(x), v(x) are monotone increasing in | x| about the origin. If a, B € (0,2) satisfy
w=min{a(y+1),b(g+1)}, B=min{b(o+1),a(p+1)},
then u(x),v(x) are radially symmetric about some points on RN,

In order to prove Theorem 2, we first obtain the decay at infinity and narrow region
principle for the fractional Laplacian system (1). Here, our approach is different from the
one employed for fractional Laplacian systems without negative powers in [27].

If u(x) and v(x) in system (1) do not have a decay condition at infinity, then we will
rely on Kelvin transform to apply the direct method of moving planes. Let x* be any point
in RN, and

N 1 x—x' 1 N 1
1) = et t ), ¥ RN,
1 x — xt

(4

() = e ) xRN,

be the Kelvin transform of u(x) and v(x) centered at x’, respectively. As in [27], without
loss of generality, let x' = 0, then the Kelvin transform of the fractional Laplacian system

u(x) = F(v(x)), x€RN,
(u(x)), x€RN,

——
—
(R
> B
S—
N NIR
o =
—
=
S—
|

yields
(—a)Sa(x) = M@fﬂxw-ﬁm», x € RM\ {0},
(~8)80(x) = s H(xN*a(x), x € RV\{0}.

Therefore, the Kelvin transform of system (1) takes the form:

a7 7(x)  077(x)

(&)%) x| |x[1 =0, xeRN\{0},
(—A)40(x) Z"_;l,()f) ”[;(Tf) —0, xeRV\{0},

where
7 =N+a+y(N—a), o=N+a+q(N-p),

T=N+B+p(N—a), 0o=N+p+0c(N-pB),

which is similar to the classic Hénon type system. Thus, one can also consider a Hénon
type system with different negative powers as

{ (—A)iu(x) + [x]"u7(x) + [x|M107(x) =0, x € RN\{0},
20(x) + |x|207%(x) + |x|®2u~P(x) =0, x € RN\{0},
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where v,q,0,p > 0 and
0<a;<N+a+y(N—wa), 0<by<N+a+qg(N-p),
0<a <N+B+p(N—a), 0<bp <N+pB+c(N-B).
More generally, we can explore the Hénon type system:
(=8)2u(x) + |x|"u7(x) + |x["079(x) = 0, x € RN\{0}, 3)
(=8)E0(x) + |x|"2077 (x) + x|2u P(x) =0, x € RN\{0},

where v,q,0,p > 0 and
—o<ap < N4+a+y(N—a), —oco<b <N+a+g(N-PB),

—0 <y < N+B+p(N—a), —oco<by<N+p+c(N-B).

In the second part of this paper, we will study the radial symmetry of the nonnegative
solutions for the Hénon type nonlinear fractional Laplacian system (3) with different
negative powers as follows.

Theorem 3. Let u € L, N CLH(RN\{0}),v € LgN CHRN\{0}) be a pair of nonnegative

loc loc

solutions for the Hénon type system (3). Suppose that
u(x) 2 x|, o(x) 2 |x]" as [x] = o,
where a,b > 0 and u(x), v(x) are monotone increasing in |x| about the origin. If a, B € (0,2) satisfy
o =min{a(y+1) —ay, b(g+1)—b1}, P=min{b(c+1)—by, a(p+1)—a},
then u(x),v(x) are radially symmetric about the origin.

To the best of our knowledge, a few authors studied the radial symmetry of the
nonnegative solutions for fractional Laplacian systems (1) and (3). In comparing with
system (1), we point out that system (3) contains a singularity at x = 0.

Notation.
For unification of the symbols in the forthcoming analysis, we set

P,:{xERN|x1:l, for some [ € R}

as the moving plane,
Zl:{XERN|X1<l}

denotes the left region to P,
2= (2= x1, %0, xn)

is the reflection point of x about P;, and
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In order to compare u;(x) and u(x), v;(x) and v(x), and show that u(x) and v(x) are
symmetric, we define

@i(x) = u(x) —wu(x),  $i1(x) = v(x) —ov(x),

and
Z;l(x) ={xex | g(x) <0}, thl(x) ={x e | y(x) <0}.
In system (1), by applying the mean value theorem, for x € ¥;, we have
(=8)2gr(x) = u " (x) = w77 (x) +0, (%) —07(x) @
=18 @ Dgn(0) +am T (x (),
and ,
(=8)21(x) = o (e D () + p8y T (0 D (), )

where ¢;(x,1) lies between u;(x) and u(x), while #;(x,I) lies between v;(x) and v(x),
i=1,2.

The structure of the remainder of the article is as follows. In Section 2, our main task
is to prove the radial symmetry of the nonnegative solutions for a fractional Laplacian
system with different negative powers (1), namely Theorem 2. As preparation for applying
the direct method of moving planes, the decay at infinity and narrow region principle
are proved for (1). In Section 3, we generalize these two principles for the Hénon type
system (3) and then prove Theorem 3.

2. Fractional Laplacian System with Different Negative Powers

Theorem 4. (Decay at infinity) Let u € L, N C/ (RN),v € LgN CHL(RN) be a pair of positive

loc loc
solutions for system (1), and suppose that

u(x) 2 |6, o(x) 2 12", as x| = oo,
where a,b > 0,v,0,p,q > 1. Ifa, B € (0,2) satisfy
v =min{a(y+1),b(g+1)}, B=min{b(c+1),a(p+1)},
and
¢1(9) = min g1(x) <0, i(0) = H%ilanl(x) <0,
then there exists Rg > 0 such that there is at least one of § or 0 satisfying
|x| < Ro.

Proof. From the condition of the theorem, it is known that there is § € %, that satifies

() = min ¢;(x) < 0.

2
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By the anti-symmetry of ¢;(x), we can obtain

(~8)8 (@) = PV | Wdy

RN
_CN""PV{/ lé— ) N-Hx / (Pl N+a dy}
b | RN\%, B
@1(0) — o1(y) @1(6) — o1(y") }
= CnaPV{ [ SL 0T gy —d
N, {/ G_y‘Nthx Yy / I‘Nthx Y (6)
?100) — oi1(y) ( )+§01( ) }
SCM{ 7md + 7ady
T A A

/|9 dy - ¢1(0).

For each fixed I < 0, since 6 € ¥, let Bjg(6') C RN\, where 6/ = (3/0] +
01,0,,03,--- ,0,). Then, we have

1 1
[ty = [ ey
A N A N

18—y N g—y"

RN\
1
2 |‘_ ’N-HX dy
Byg (6")
1
/ 4N+1x|6|N+1xdy
B\e\(‘?)
_ _@N
- 4N+ac|§|a’
where @y = |B1(0)| in RN. Hence, it follows that
~ 2CpN 4@ ~
(-0 < 222 ). @
Combining (4) and (7), we obtain
5 2CN,«@ON 1,5 5
o @@ < | TP a2 00 i) ®)

Owingto§ € %, ) u(x) 2 |x[*as x| > 0o, and & < a(y+1),

o1(x)’

2CN,«®ON 1,5 = 2CN 4 ®ON v _
W—m @,0)|9:(0) < g B ¢(6) <0, )

and thus
$i(0) <o. (10)

In consequence, from (8), we obtain

~ ~ 2CN 4@ ~
—g—1 N, N Y
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Since & = min{a(r +1),b(g+ 1)}, and v(x) > |8| as || — oo, there is a constant cy,
such that
by > cp- |92 0, as |9] — oo,

where
ZCN,MDN Y Z)q—"—l

b = 4N+a|fla |é|a('y+l) q

Therefore, there is |§| > Ry, such that b; > 2, and hence

1(6) < 2¢(6).
From the condition of the theorem, we can see that there exists 8 such that

;(f) = min g (x) < 0.
X€Y,

Arguing in the same manner for (7), we can obtain

B ~ ZCN,/B(DN ~
(=4)2y(0) < Wlpl(e)' (11)
Combining (5) and (11), we obtain
~ - 2CN @ - -
—p-1 NEYN -1
pé, (0, )gi(0) < W L)) (0.1) | 4(0). (12)

Since € Z;,(x)' o(x) 2 |x|" as |x| = o0, and B < b(c + 1), therefore,

¢1(6) <0. (13)

Hence o
=1\ oo (5 < NBON O ~
pu (0)4)1(0) — |:4N+‘B|é’|ﬁ |9‘|b(0+1) l)ljl(0>

Let us now set

_ 2CN,/S(DN loa yp+1
2= AN+F| | - 6jbl+) | p
Since B = min{a(p +1),b(c + 1)}, and u(x) > |x|% as |§] — oo, there is a constant c,,

such that
by >y |0]* PP 5 00, as |6] — oo.

Therefore, we can find |§| > Ry, such that b, > 2. Consequently, we obtain
@1(0) < 241(6).
When ||, 0] > Rg > max{Ry, R}, we have
@1(0) < @1(8) < 241 (0) < 291(0) < 491(0),

which leads to contradiction. Thus, there exists at least one of 0 or  satisfying |x| < Ry. O

Next, we give an important concept, namely the Narrow region principle, which plays
a crucial role in the subsequent proof.
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Theorem 5. Let u € Ly N Cllo'(lj (RN),v € Lgn Cllo’i(RN) be a pair of positive solutions of (1). In
addition, assume that there exists ro > 0, such that Q, C {x|l —r < x1 < 1} is a bounded region
in ¥ for any r € (0,rg]. Then

@1(x), ¥1(x) 20 in Q. (14)

Proof. If (14) is not satisfied, then there exists € (), such that

@1(Z) = min g;(x) < 0.

o}
Then, from (6), we have
a = 1 _
(~=8)291(0) < 2Cna [ o iy @u(@) <0 (15)
% Y
Combining (4) and (15), we obtain
o DN < 20w [ oty =18 D |0 (16)
%

According to the analysis of the integral of the right side of the above inequality
presented in [24], let

B={ylr<ni—-a<Lly-0l<1}, o=y1—-0, =1y -7 (17)

and @y _» = |B1(0)]in RN~2, where {’ = ({»,{3,- - ,{n)- Then, through direct calculation,

we have
1 1
[ tys [y
> 1 |N+a 5 | N+a
g 1=V 2 1C—yl
_j (DN_zTNiszd
6 (p2+T2)N;a p

pN+a(1 + 2)%
1 ,

1 @n_tN 724t
:C/P”"‘O/ 1+ 2)"2"
> /1 - /1 o2t

; Pl 1+12)2
>C ; p11+sdp > écs — 00,
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as r — 0T. Since (), is a bounded region and u € L, N Clloi( N),v e Lgn Clloi(RN)
therefore, u(x), v(x) are bounded functions on ), and hence ;(x,!) and #;(x,1),i = 1,2,

are bounded. Letting

q+1
CNtX/ dy — 7617 1(€ 1) ;hq(él)/

we note that

lim by = oo.
r—0+

Thus, we can find r; > 0 with b; > 2 so that

() <0

and

W10 <2¢1(0).

Therefore, there is € ¥; such that
¥i(0) = nulmp,( x) <O0.

Following the preceding argument, we can set

p+l 5
Cw/Ig dy—en; oG 0| 8

and find r, > 0 with b, > 2, such that
e1(8) < 2¢1(0).
Therefore, when 7, € Q,, for any r € (0,ro], ro = min{ry,r2}, we have
e1(8) < 1(0) < 29(0) < 291(Z) < 491(0),
which is a contradiction. Therefore, in the narrow region (), we have
91(x), ¢1(x) 20, x € Q.

O

Proof of Theorem 2. Step 1. For [ to be negative enough, it holds that

@1(x),¥1(x) >0, x€X. (18)
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Thanks to sufficiently negative  and monotone increasing character of u#(x) and v(x)
in |x| with respect to the origin, we have

lim ¢;(x) = Lm [u(x) —u(x))] >0,

|x|—o00 |x|—o00
and

Jim ()= m [o(x) ~o(x))] 2 0.

This shows that the minimum negative values are obtained in the interior of ¥; when
¢1(x) and ¥;(x) have negative values in ;. Using the decay at infinity, we infer that there
exists Ry > 0, such that for | < —R(, we have

¢1(x), >0, x€X.

This completes the proof of Step 1 and provides a starting point for the moving plane.
Step 2. Now, if (18) holds, let us move the plane P, to its limiting position from the
starting point provided in Step 1. More specifically, let

lo=sup{l <x1|Qu pp >0,x €Xy;u <1}
We will establish that
P, (x) =9y, (x) =0, x€Xy. (19)

Before proving (19), for fixed I, we first explore the relationship and properties of
functions ¢;(x) and ¢;(x) as follows.
(1): (@) If @;(x) =0, then ¢;(x) =0; (b) If ¢;(x) =0, then ¢;(x) =0.

Proof (a) If ¢;(x) = 0, then it follows from (4) that
0=(=8)%g1(x) =" (D (x).
As the values of #1(x, 1) remain between v;(x) and v(x), we obtain
P =0.
Following the same argument, we can establish the proof of (b). O

(2): If ¢;(x) #0or ¢y(x) # 0 for x € X, then ¢;(x) > 0and ¢;(x) > 0,x € X;.

Proof. Without loss of generality, let us assume that ¢;(x) # 0. We already know that
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In order to show that ¢;(x) > 0, Vx € X;, we assume that there exists 6 € X such that

@;(8) =0, and
(~8) pu(1) =CuaPV | |_|%)+ady
RN
_CN/DCP‘/(/ « N+1x y+ / N-dey)
5 0= RN\2, B
( —pu(y) ) (20)
—CnaPV / /751
¢ ( o
1 1
=CnaPV [ (o = ) v i)
5, MO—v| 16—yl

< 0.
On the other hand, it follows from (4) that

(=8)2u(8) =& " (%, Deu(0) + T (x, D (0)

=q, " (x Dy (6)
= Or

which is contrary to the formula (20). Therefore, we have
p(x) >0, VxeX.
Also, we have from (1) that ;(x) # 0. In the same way, we have
Pi(x) >0, VxeX.
Next, we will prove that (19) is true. If not, then we have

qolo(x)/ l)blo (x) > 0’ x e Zlo' (21)

Thus, for very small  and constant dy, we obtain

QDZO(X), IIJZO (x) >dy, x€ 210_5 N BRO (O)

As ¢;(x), ;(x) depend on I continuously, for I € (Iy, Iy + €), there must exista € > 0
such that

@1(x), i(x) >0, x€Xj_sNBg,(0). (22)

Uz

Lety =X e

o1(x)

By virtue of the boundedness of the narrow region

Z;\ 25 N Bry(0),
it follows from Theorem 2 that

@1, (%), P (x) >0, xeX\Ey_y (23)
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which together with (21) and (22) leads to
@1, (x), P, (x) >0, Vxex,

for ! € (I, ly + €), which does not agree with the definition of /. In consequence, we obtain

P () = 91, (x) =0, x € Xy,

Thus, u(x) and v(x) are symmetric about plane P;,. Therefore, we conclude that the
arbitrariness of x;-direction ensures the radial symmetry of u(x) and v(x) about some
points on RY. This completes the proof. [

3. Hénon Type Fractional Laplacian System with Different Negative Powers

Theorem 6. (Decay at infinity) Let u € L, N C;; (RN\{0}),0 € Lg N C;;L(RN\{0}) be a pair

loc loc

of positive solutions for the Hénon type system (3) with
u(x) 2 [xl% o(x) 2 |xlt, s |x| - oo,
where a,b > 0,v,0,p,9 > 1. Ifa, B € (0,2) satisfy
v =min{a(y+1) —ay,b(g+1)—b1}, B=min{b(c+1)—bya(p+1)—a}
and

01(0) = ming(x) <0, $(8) = miny(x) <0,

1 1

then there exists Ry > O such that there is at least one of @ and 9 satisfying
|x| < Ro.

Theorem 7. (Narrow region principle) Let u € Ly N Cllo'(lj (RN\{0}),v e Lgn Cllo’z (RN\{0}) be
a pair of positive solutions for the Hénon type system (3), and suppose that there exists ro > 0, for

any r € (0,r0], Qr C {x|l —r < x1 <1} is a bounded region in X;. Then
pi(x), Pi(x) 20 in Q. (24)

Since the proofs of Theorems 6 and 7 are similar to the ones for Theorems 4 and 5 with
a slight modification, therefore, we omit them.

Proof of Theorem 3. Let us follow the symbols introduced in the first section.
Step 1. For sufficiently negative /, we show that

91(x), ¥i(x) >0, xex\{0}. (25)

To better apply the decay at infinity, one needs to analyze:
(i) limpy oo @r(x) 20, limjy e ¥r(x) > 0;
(ii) lim,_ g ¢;(x) >0, lim _ g ¢;(x) >0.
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The assumption of monotone character of u(x) and v(x) immediately implies that (7)
is correct. When [ is negative enough, 0/ is the same. As u(x) is monotone increasing in |x|
about the origin, we obtain

lim @;(x) = lim [u(x) —u(x)] = lim u(x) —u(0) > 0.

x—0! x—0! x—0!

In a similar manner, we can obtain

lim y;(x) = lim [o(x) — v;(x)] = lim v(x) —0(0) > 0.

x—0! x—0! x—0!

From the decay at infinity, when § and 8 are negative minimum values of ¢;(x) and
#1(x) in I, there exists at least one of § and 8 such that

|x| < Ro.

Thus, for sufficiently negative I, (25) is valid.
Step 2. Now, if (25) holds, let us move the plane P, to its limiting position from —oo,
which shows that u, v are symmetrical about the limiting plane. More specifically, put

lo=sup{l <0| ¢@u ¢ >0,x € Z,\{0'};u <1},

and claim that
=0, ¢,(x)=0, P,(x)=0, xex,\{0"}. (26)

Let us assume that Iy < 0V Iy < 0, because u(x) is monotonically increasing in |x]|
about the origin. Then we have

lim ¢ (x) = lim [u(x) —u,(x)] = lim u(x) —u(0) > 0.
x—0/0 x—0/0 x—0'0

Analogously, we can obtain

lim ¢, (x) = lim [o(x) — vy, (x)] = lim v(x) —(0) > 0.

x—0/0 x—0/0 x—00

Thus, there existe > 0and d; > 0,i = 1,2, such that
(plo(x) >dy, 1plo(x) >d,, Vxe BS(OIO)\{OZO}.

It follows from the decay at infinity that ¢; (x) and ¢, (x) have no negative minimum
in B (0). Here, we will show that ¢;,(x) and 9, (x) have no negative minimum in the
interior of B, (0). It means that

@1(x) >0, @(x) >0, Vxe (B (0)\{0'}),

when [ is close enough to [.
When [y < 0, we have

(Plg (x) Z 0/ lplo (x) Z 0’ X e Zlo\{olo}'
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If (26) does not hold, then

Pip(x) >0, ¢y (x) >0, xex,\{0"}. 27)

The proof of this fact is similar to that of the propertied (1), (2) of function ¢;(x) and
;(x) established in Theorem 2. From (27), we know that there must exist d3 > 0 such that

iy (%), Wy, (x) > ds,  x € (T35 N Bry(0))\{0"}.

Since ¢;(x) and y;(x) are continuous about [, therefore, for I € (1,1 + €), there must
exist € > 0, such that

¢1(x), ¥1(x) 20, x € (Ty,— N Bg, (0))\{0'}.

From the boundedness of narrow region X, \X;,_s N B, (0), it follows from Theorem
7 that

o1(x), 1(x) 20, x € (T \Ej—5 N By (0))\{0'}.

Summarizing the above discussion, for any I € (ly, [ + €), we obtain

oi(x), Yi(x) >0, xex\{0},

which is inconsistent with the definition of . Therefore, we must have

lo=0, @,(x)=9,(x) =0, xex,\{00}. (28)

Thus, u(x) and v(x) are symmetric about plane P;,. Furthermore, the arbitrariness of
x1-direction ensures the radial symmetry of #(x) and v(x) about the origin. The proof is
complete. O

4. Conclusions

We discussed the radial symmetry of nonnegative solutions for a fractional Laplacian
system with different negative powers supplemented with a weaker form of growth/decay
conditions by applying the direct method of moving planes. We have also investigated a
nonlinear Hénon type fractional Laplacian system with different negative powers subject
to weaker growth/decay conditions. We emphasize that our results improve the ones pre-
sented in [35] in the sense that we have weakened the growth/decay condition considered
in [35].
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