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Abstract

:

In this paper, a numerical analysis of the oscillation equation with a derivative of a fractional variable Riemann–Liouville order in the dissipative term, which is responsible for viscous friction, is carried out. Using the theory of finite-difference schemes, an explicit finite-difference scheme (Euler’s method) was constructed on a uniform computational grid. For the first time, the issues of approximation, stability and convergence of the proposed explicit finite-difference scheme are considered. To compare the results, the Adams–Bashford–Moulton scheme was constructed as an experimental method. The theoretical results were confirmed using test examples, the computational accuracy of the method was evaluated, which is consistent with the theoretical one, and the simulation results were visualized. Using the example of a fractional Duffing oscillator, waveforms and phase trajectories, as well as its amplitude–frequency characteristics, were constructed using a finite-difference scheme. To identify chaotic regimes, the spectra of maximum Lyapunov exponents and Poincaré points were constructed. It is shown that an explicit finite-difference scheme can be acceptable under the condition of a step of the computational grid.
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1. Introduction


Currently, the use of fractional calculus in the theory of dissipative oscillatory systems to describe dynamic memory has been widely developed [1]. Dynamic memory in a dissipative oscillatory system is due to the ability of the system to “remember” the impact on it—the impulse of the system, which is gradually “forgotten”.



It should be noted that the effects of dynamic memory, for example, are considered within the framework of hereditary mechanics to describe viscoelastic and plastic media [2].



As the authors of [3,4,5,6] have shown, the transition from ordinary differential equations to differential equations with derivatives of fractional orders describes the effects of heredity in dissipative oscillatory systems quite well, and the orders of fractional derivatives are associated with their qualitative characteristic—the Q-factor, as well as with amplitude–frequency and phase–frequency characteristics.



A mathematical model of an oscillatory system (oscillator), in which derivatives of fractional orders are included, is called fractional oscillators in the literature [3]. In [1], the rest points of the various nonlinear fractional oscillators of Duffing, Van der Pol, etc., were investigated. Here, waveforms and phase trajectories were constructed, using numerical methods that have not been studied for stability and convergence.



In [7,8,9,10,11,12,13,14,15], a fractional Duffing oscillator with a Riemann–Liouville derivative of constant fractional order in the dissipative term was investigated, and regular and chaotic modes were investigated using numerical analysis—the theory of finite-difference schemes. It should also be noted that studies of the fractional Duffing oscillator were carried out using the HAM method [16], as well as using power series expansion [17].



An approximate analytical solution was found for the Duffing oscillator in terms of exponential and trigonometric functions [18]. Additionally, in [18], the analytical solution was compared with the numerical one obtained by the Runge–Kutta method. In ref. [19], analytical formulas were given for the starting point of the unstable solution domain for forced oscillations of the Duffing system, taking into account damping. Using the standard deviation estimation method based on the Poincaré cross section, a quantitative assessment of the chaotic state in [20] was implemented.



In refs. [21,22], the fractional Duffing oscillator was generalized to the case of the Riemann–Liouville derivative of non-constant fractional order; waveforms and phase trajectories were constructed using finite difference theory; and regular and chaotic regimes were investigated using the spectra of maximum Lyapunov exponents.



Unfortunately, the works listed above did not provide a rigorous substantiation of the issues of stability and convergence. Therefore, this work aims to fill this gap. The scientific novelty of this work is that for the first time, the stability and convergence theorem of an explicit finite-difference scheme are proved. There are no rigorous studies of a non-local explicit finite-difference scheme in the scientific literature (the stability and convergence theorems have not been proven). Theoretical results were confirmed by concrete test cases and computer simulations. The developed numerical algorithm is further used in the framework of qualitative analysis of the Duffing oscillator. Its chaotic and regular modes are investigated using bifurcation diagrams (spectra of maximum Lyapunov exponents), the amplitude–frequency response, and Poincaré sections are also calculated. It is shown that the numerical algorithm can be used to study such systems.



The work is organized as follows. Section 2 provides preliminary information. Section 3 presents the problem statement. Section 4 considers a numerical method for solving the formulated problem based on a nonlocal explicit finite difference scheme (explicit Euler’s method). Section 5 considers the issues of stability and convergence of a nonlocal explicit finite difference scheme. Section 6 presents the Adams–Bashford–Moulton numerical method for solving the formulated Cauchy problem. Section 7 gives detailed examples of the operation, the proposed numerical scheme, and an example of a numerical study of the fractional Duffing oscillator, as well as the amplitude–frequency response. In Section 8, chaotic modes of the Duffing system are investigated, and the spectra of maximum Lyapunov exponents and Poincaré points are constructed. Section 9 provides conclusions based on the results of the study.




2. Preliminaries


Here are some data from the theory of fractional calculus [23,24].



Let   x  t  ∈  C 2    0 , T    ,   q  t  ∈ C   0 , T    ,   t ∈ [ 0 , T ]   be the current time and   T > 0   be the time of the process under consideration, then we will introduce into consideration the definition of the derivative of a fractional variable order of Riemann–Liouville.



Definition 1.

The Riemann–Liouville derivative of fractional variable order   0 < q ( t ) < 1   has the following form:


    D  0 t   q ( t )   x  t  =  1  Γ   1 − q  t       d  d t    ∫ 0 t    x  τ  d τ      t − τ     q  t     ,   



(1)




where   Γ   1 − q  t      is Euler’s gamma function, calculated using the formula   Γ   y + 1   =  ∫ 0 ∝    x y   e  − x   d x   .





In the future, to construct a finite-difference scheme, we will need a discrete analog of the fractional derivative (1)—the Grunwald–Letnikov derivative.



Definition 2.

The Grunwald–Letnikov derivative of fractional variable order   0 < q ( t ) < 1   has the form [25]


    Δ  0 t   q ( t )   x  t  =  lim  T ⟶ ∝    1  h  q ( t )      ∑  i = 0  T     c i  q ( t )    x ( t − i h )   ,   



(2)




where    c i  q ( t )   =     ( − 1 )  i  Γ  ( 1 + q  ( t )  )    Γ ( i + 1 ) Γ ( i − q ( t ) − 1 )     are the Grunwald–Letnikov weight coefficients, and h is the sampling step.





Remark 1.

Sometimes the weights   c i  q ( t )    are written differently:


    c i  q ( t )   =  1 −   1 + q ( t )  i    c  i − 1   q ( t )   ,  c 0  q ( t )   = 1 .   



(3)









It can be shown that the entries of the weighting coefficients in (2) and (3) are equivalent.



Remark 2.

In the article, we used a well-known approach, for example, considered in the works [25,26]. According to this approach, the relationship between the Riemann–Liouville (1) and Grunwald–Letnikov (2) definitions is important for the numerical approximation of fractional differential equations, working with fractional derivatives, and setting physically meaningful initial and boundary value problems for fractional differential equations. This makes it possible to use the Riemann–Liouville definition in formulating the problem, and then the Grunwald–Letnikov definition to obtain a numerical solution.





Definition 3.

The Gerasimov–Caputo derivative of fractional variable order   0 < q ( t ) < 1   has the form


    ∂  0 t   q ( t )   x  ( t )  =  1  Γ ( 1 − q ( t ) )    ∫  0  t     x ˙   ( τ )  d τ    ( t − τ )   q ( t )    ,   



(4)









Remark 3.

The Riemann–Liouville (1) and Gerasimov–Caputo (4) operators are related by the relation [23]:


    D  0 t   q ( t )   x  ( t )  =   ∑  i = 0   k − 1        x  ( i )    ( 0 )    Γ ( 1 + i − q ( t ) )    x  k − q ( t )    +  ∂  0 t   q ( t )   x  ( t )  ,   



(5)









Remark 4.

It can be seen from the formula (5) that for zero values of the function   x ( τ )   and its derivatives, i.e., for   x  ( t )  =  x ′   ( t )  = … =  x  ( n )    ( t )  = 0   the Riemann–Liouville (1) operator coincides with the Gerasimov–Caputo (4) operator.





Definition 4.

A nonlinear function   f  x ( t ) , t  ∈ C   0 , T     is called a Lipschitz function if it satisfies the condition for a variable   x ( t )   with a constant L for any    x 1   ( t )    and    x 2   ( t )    of   C  0 , T   :


    ∥ f   (  x 1   ( t )  , t )  − f  (  x 2   ( t )  , t )   ∥ < L ∥   x 1   ( t )  −  x 2    ( t )  ∥ .    



(6)









Remark 5.

Condition (6) is equivalent to the definition of an absolutely continuous function. Therefore, sometimes, notation is introduced in the literature   f  x ( t ) , t  ∈  A C   0 , T    [23].






3. Problem Statement


Consider the following Cauchy problem for a nonlinear oscillation equation:


   x ¨   t  + λ  D  0 t   q  t    x  t  +  ω  0  2  x  t  + f  x , t  = 0 , x  ( 0 )  =  x 0  ,  x ˙   ( 0 )  =  y 0  ,  



(7)




where   x  t  ∈  C 3    0 , T     is the offset function,  λ  is the coefficient of friction,   ω 0   is the natural frequency, and    x 0  ,  y 0    are the set constants that define the initial conditions. A nonlinear function   f  x , t    is a Lipschitz function with respect to the variable   x ( t )  .



Remark 6.

The Cauchy problem (7) is a mathematical model that describes a wide class of nonlinear fractional oscillators, the types of which are determined by the function   f ( x ( t ) , t )  . The first term describes the inertia force, the second the friction force (damping), and the third the returning force of the oscillator.





Remark 7.

Classical (local) initial conditions are valid for the Cauchy problem (7). If the fractional inertia is taken into account in the model equation, it is necessary to set non-local conditions.





Remark 8.

It should be noted that the requirement for the displacement function to belong to the smoothness class    C 3   [ 0 , T ]    is necessary for constructing a finite-difference scheme.





Remark 9.

It should be noted that for the first time, R. R. Nigmatullin drew attention to the possibility of using fractional derivatives to describe oscillators with dynamic memory in [27], an attempt was also made there to physically interpret the fractional derivative.






4. Numerical Solution


Due to the fact that the model equation of the Cauchy problem (7) is nonlinear, we will look for its solution using numerical methods—the theory of finite-difference schemes. We introduce a uniform computational grid, for this segment   [ 0 , T ]   split into equal parts in increments of   h =  T N  : 0 =  t 0  <  t 1  = h <  t 2  = 2 h < … <  t k  = k h < … <  t N  = T  . The functions   q ( t ) , x ( t ) , f ( x ( t ) , t )   will go to the grid functions    q k  = q  (  t k  )  ,  x k  = x  (  t k  )   ,    f k   =  f  ( x  (  t k  )  ,  t k  )   .



Note that the approximation of the first term in Equation (7) gives


   x ¨   t  =    x  k + 1   − 2  x k  +  x  k − 1     h 2   + O  (  h 2  )  ,  



(8)







The Riemann–Liouville operator of the fractional derivative (1) in the second term of Equation (7) is approximated using the Grunwald–Letnikov derivative (2) [25,28]:


   D  0 t   q ( t )   x  t  =  Δ  0 t   q ( t )   x  t  + O  ( h )   



(9)







Taking into account the relations (8) and (9), we can write the following explicit finite-difference scheme (explicit Euler ’s method):


   x  k + 1   =  A k   x k  −  x  k − 1   −  B k   ∑  i = 1  k    c i  q k    x  k − i    −  h 2   f k  , k = 1 , 2 , … , N − 1 .  



(10)




where    A k  = 2 − λ  h  2 −  q k    −  h 2   ω  0  2  ,  B k  = λ  h  2 −  q k    .  



The initial conditions for (10) give


  x  ( 0 )  =  x 0  ,  x 1  =  x 0  + h  y 0  .  



(11)







The advantage of finite-difference schemes is the simple possibility of constructing a numerical algorithm within the framework of a computer code executing a program.



Theorem 1.

The finite-difference scheme (10) under the condition   x  ( 0 )  =  x ˙   0  = 0   approximates the differential problem (7) in the inner nodes of the grid with order   O (  h 2  )  .





Proof of Theorem 1.

It is known that    x ¨   t  =     x  k + 1   − 2  x k  +  x  k − 1     h 2    + O  (  h 2  )   . At the same time, in [28], the theorem was proved that    A t  x  ( t )  + O  ( h )   , at   t → 0  . Here    A t  x  ( t )   =    1  h  q ( t )       ∑  i = 0  k     c i  q ( t )    x ( t − i h )    , and the operator   A x ( t )   is written in the form of Liouville   A x  ( t )   =    1  Γ   1 − q  t         d  d t     ∫ 0 t     x  τ  d τ      t − τ     q  t       . In the case of   x ( 0 ) = 0  , the finite sum     1  h  q ( t )       ∑  i = 0  k     c i  q ( t )    x ( t − i h )     coincides with the infinite     1  h  q ( t )       ∑  i = 0  ∞     c i  q ( t )    x ( t − i h )     as a continuation of the function 0 by minus infinity. Thus, in the internal nodes of the computational grid, the order of approximation is   O (  h 2  )  . □





Remark 10.

It should be noted that due to the approximation of the second initial condition (11):    x ˙   ( 0 )  =     x 1  −  x 0   h   + O  ( h )   , the global order of approximation is reduced to the first. To preserve the second order of approximation, you can use various methods of approximation of the initial condition, for example, the method of a fictitious node. In this paper, we did not set the task of improving the order of approximation of a finite-difference scheme, as, for our purposes it is sufficient to have the first order of approximation.





Lemma 1.

The weighting coefficients   c i  q k    have the following properties:



1.    c 0  q k   = 1 ,  c 1  q k   = −  q k  ,  c i  q k   < 0  ( i ≠ 1 )   ,



2.     ∑  i = 0  ∞    c i  q k   = 0 , ∀ l = 1 , 2 , … ,   ∑  i = 1  l    c i  q k   < 0  .





Proof of Lemma 1.

The properties of    c 0  q k   = 1 ,  c 1  q k   = −  q k    follow from the definition (3) and the properties of the gamma function. Due to the fact that   0 <  q k  < 1   at   i ≥ 2   then, for example, from (8)    c 2  q k   =  1 −   1 +  q k   2    c  1   q k   = −  1 −   1 +  q k   2    q k   . Similarly    c 3  q k   < 0  , etc. The second property follows from the well-known relation     ( 1 − z )   q k   =   ∑  i = 0  ∞    c i  q k    z i    for the binomial coefficient. Now, if we put   z = 1  , then we come to the equality of     ∑  i = 0  ∞    c i  q k   = 0  . The inequality     ∑  i = 0  l    c i  q k   < 0   follows from property 1,     ∑  i = 2  l    c i  q k   <  c 1  q k   < 0  . □





Remark 11.

Note that     ∑  i = 0  l    c i  q k   > 0  , by virtue of the properties of Lemma 1 considered, and also that    ∀ l = 1 , 2 , … , |   c 1  q k    | > |   c 2  q k    | > … > |   c l  q k    |    is a decreasing sequence.






5. Convergence and Stability Issues


We write the explicit finite-difference scheme (10) and (11) in matrix form:


   X  k + 1   = M  X k  +  F k  .  



(12)




where    X  k + 1   =   (  x 1  , … ,  x k  )  T  ,  X k  =   (  x 0  , … ,  x  k − 1   )  T  ,  F k  =   (  f 0  , −  h 2   f 1  , … , −  h 2   f  k − 1   )  T   .



The matrix M is lower triangular:


  M =  (  m  i j   )  =      0 , j ≥ i + 1 , i = 1 , … , N − 1 ,        A i  , j = i , i = 2 , … , N − 1 ,       − ( 1 −  q  i − 1    B  i − 1   ) , j = i − 1 , i = 2 , … , N − 1 ,       −  c  i − j + 1   q  i − 1     B  i − 1   , j < i − 1 , i = 3 , … , N − 1 .       











There,    m 11  = 1  . Let us introduce the approximation error (12):    e k  =   x ¯  k  −  x k    and take into account    e 0  = 0  . Then we write the matrix Equation (12) in terms of error vectors:


   E  k + 1   = M  E k  +  F  e , k   ,  



(13)




where    E  k + 1   =   (  e 1  , … ,  e k  )  T  ,  E k  =   ( 0 ,  e 1  , … ,  e  k − 1   )  T  ,  F  e , k   =   ( 0 , −  h 2   L 1   e 1  , … , −  h 2   L  k − 1    e  k − 1   )  T   ,   E 0  —zero vector. There,    L 1  , … ,  L  k − 1     Lipschitz constants such that    L  k − 1   < L  .   F  e , k    can be rewritten in another way, for example,    F  e , k   = − Δ F  E k   , where   Δ F = d i a g ( 0 , −  h 2   L 1  , … , −  h 2   L  k − 1   )   is a diagonal matrix. Therefore, the matrix Equation (13) can be rewritten as


   E  k + 1   = W  E k  , W = M − Δ F .  



(14)







Definition 5.

The difference approximation (11) is stable if for any vector   E 1   there exists a positive number    P k  :  lim  k → ∞    P k  = 0   and the following is true [12]:


    ∥   E  k + 1    ∥ ≤   P k   ∥  E 1  ∥  .   



(15)









Let   Q =  max k   (  q k  )   , then the following theorem holds.



Theorem 2

(A necessary condition for the stability of an explicit finite-difference scheme). If the explicit finite-difference scheme (10) is stable, then the   λ  h  1 − Q   + h  ω  0  2  ≤  1 2    condition is met.





Proof of Theorem 2.

Let the error be    e k  =   x ¯  k  −  x k   , where    x ¯  k   is an approximate solution of the problem (10) and (11). Then Equation (10) in terms of the error will take the form:


   e  k + 1   =  A k   e k  −  e  k − 1   −  B k    ∑  i = 1  k     c i  q k    e  k − i    −  h 2   ( f  (   x ¯  k  ,  t k  )  − f  (  x k  ,  t k  )  )  , k = 1 , … , N .  



(16)







Let us introduce the norm    ∥   E  k + 1     ∥  ∞  =  max k   |  e  k + 1   |   . The condition   λ  h  1 − Q   + h  ω  0  2  ≤  1 2    gives the fulfillment of the inequality    A k  ≥ 0  . Let us go to (16) to the absolute value. We obtain


      |  e  k + 1   |  ≤  A k  |  e k   | − |   e  k − 1    | −   B k    ∑  i = 1  k     c i  q k     |   e  k − i    |    −  h 2   ( | f   (   x ¯  k  ,  t k  )  − f  (  x k  ,  t k  )   | )  ≤  ( 2 − λ  h  2 −  q k    −  h 2   ω  0  2  )   |  e k  |   − |   e  k − 1    | −   B k    ∑  i = 1  k     c i  q k     |   e  k − i    |    −      h 2   L |   e k   | ≤   ( 1 −  h 2   ω  0  2  )   |   e k   | −   B k    ∑  i = 0  k     c i  q k     |   e  k − i    |    −  h 2   L |   e k   | ≤   ( 1 −  h 2   ω  0  2  )   ∥   E k    ∥  ∞  −  B k    ∑  i = 0  k     c i  q k     ∥   E  k − i     ∥  ∞    −  h 2  L   ∥  E k  ∥  ∞      











Due to the fact that     ∑  i = 0  k    c i  q k   > 0   and   L > 0  , we obtain an estimate taking into account (14)


   ∥   E  k + 1     ∥  ∞  ≤  ( 1 −  h 2   ω  0  2  )   ∥   E k    ∥  ∞  ≤   ( 1 −  h 2   ω  0  2  )  k    ∥  E 1  ∥  ∞  .  











By virtue of condition    h 2   ω  0  2  ≤ 1  , we arrive at inequality (15), i.e., at    lim  k → ∞     ∥  E  k + 1   ∥  ∞  = 0  . The theorem is proved. □





Let us consider the convergence issues of the explicit finite difference scheme (10) and (11). Let   x (  t k  )   be the exact solution of the Cauchy problem (7) at the point   t k   T. Let us define    η k  = x  (  t k  )  −  x k    and, accordingly, the vector    Y k  =  (  η 1  , … ,  η k  )   . Note that   Y 0   is a null vector. Substituting    η k  = x  (  t k  )  −  x k    into Equation (10), we obtain:


   η  k + 1   =  A k   η k  −  η  k − 1   −  B k    ∑  i = 1  k     c i  q k    η  k − i    −  h 2   ( f  (   x ¯  k  ,  t k  )  − f  (  x k  ,  t k  )  )  +  R k  , k = 1 , … , N .  



(17)







By virtue of Remark 9, the    |   R k   | ≤ C h    estimate is valid, where C is a constant independent of the step h of the computational grid. The following theorem is valid.



Theorem 3

(A necessary condition for the convergence of an explicit finite-difference scheme). If the explicit finite difference scheme (10) converges to an exact solution with the first order, then the   λ  h  1 − Q   + h  ω  0  2  ≤  1 2    condition is met.





Proof of Theorem 3.

Let us go to (17) to the absolute value. We obtain    |   η  k + 1    | ≤   A k   |   η k   | − |   η  k − 1    | −   B k    ∑  i = 1  k     c i  q k     |   η  k − i    |    −  h 2   ( | f   (   x ¯  k  ,  t k  )  − f  (  x k  ,  t k  )   | )  + C h ≤  ( 2 − λ  h  2 −  q k    −  h 2   ω  0  2  )   |  η k  |  −     |   η  k − 1    | −   B k    ∑  i = 1  k     c i  q k     |   η  k − i    |    −  h 2   L |   η k   | + C h ≤   ( 1 −  h 2   ω  0  2  )   |   η k   | −   B k    ∑  i = 0  k     c i  q k     |   η  k − i    |    −  h 2  L  |  η k  |  + C h ≤  



   ( 1 −  h 2   ω  0  2  )   ∥   Y k    ∥  ∞  −  B k    ∑  i = 0  k     c i  q k     ∥   Y  k − i     ∥  ∞    −  h 2  L   ∥  Y k  ∥  ∞  + C h  .



Due to the fact that     ∑  i = 0  k    c i  q k   > 0   and   L > 0  , we obtain an estimate


   |   η  k + 1    | ≤ ∥   Y  k + 1     ∥  ∞  ≤  ( 1 −  h 2   ω  0  2  )   ∥   Y k    ∥  ∞  + C h ≤   ( 1 −  h 2   ω  0  2  )  k    ∥  Y 1  ∥  ∞  + C h .  











By virtue of condition    h 2   ω  0  2  ≤ 1  , we arrive at inequality    lim  k → ∞     ∥  Y  k + 1   ∥  ∞  = C h   or    |   η  k + 1    | ≤ C h   . The theorem is proved. □





In the conditions of Theorems 2 and 3, the coefficients  λ  and   ω  0  2   are chosen to be positive, i.e.,   λ > 0 ,  ω  0  2  > 0  , such that the spectral radius of the matrix M does not exceed 1. If one of the coefficients  λ  or   ω  0  2   has a much greater value than the other, then a rigid solution of the Cauchy problem (7) is obtained, for which you will have to choose a very small iteration step. This will increase the number of calculations, and therefore, the simulation time.




6. The Adams–Bashford–Moulton Method


Let us consider another method for solving the Cauchy problem (7)—the Adams–Bashford–Moulton method or “predictor–corrector” [29,30]. We present problem (7) as a system under homogeneous initial conditions   x  ( 0 )  =  x ˙   ( 0 )  = 0  :


       ∂  0 t    q 1   t    x = y ,  q 1   t  = q  t  ,        ∂  0 t    q 2   t    y = z ,  q 2   t  = 1 ,        ∂  0 t    q 3   t    z = f  ( x , t )  − λ y −  ω  0  2  x ,  q 3   t  = 1 − q  t  ,       x ( 0 ) = y ( 0 ) = z ( 0 ) = 0 ,      



(18)







In the system (18) operators of fractional derivatives of variable orders in the sense of Gerasimov–Caputo (4), in the case of homogeneous initial conditions, according to Remarks 3 and 4, they coincide with the operator of the derivative of the variable order of Riemann–Liouville (1). The solution of the system (18) is sought in the form [22,29]


          x  k + 1   =  x 0  +   h  q  n + 1   ( 1 )     Γ   q  n + 1   ( 1 )   + 2      y  n + 1  p  +   ∑  j = 0  n     ρ  j , n + 1   ( 1 )    y j    ,        y  k + 1   =  y 0  +   h  q  n + 1   ( 2 )     Γ   q  n + 1   ( 2 )   + 2      z  n + 1  p  +   ∑  j = 0  n     ρ  j , n + 1   ( 2 )    z j    ,        z  k + 1   =  z 0  +   h  q  n + 1   ( 3 )     Γ   q  n + 1   ( 3 )   + 2     f  (  x  n + 1  p  ,  t  n + 1   )  − λ  y  n + 1  p  −  ω  0  2   x  n + 1  p   +       +   h  q  n + 1   ( 3 )     Γ   q  n + 1   ( 3 )   + 2      ∑  j = 0  n     ρ  j , n + 1   ( 3 )    f  (  x j  ,  t j  )  − λ  y j  −  ω  0  2   x j    ,         



(19)




where the weighting coefficients have the form


       ρ  0 , n + 1   ( i )   =  n   q  n + 1   ( i )   + 1   −  n −  q  n + 1   ( i )      n + 1   q  n + 1   ( i )    ,        ρ  j , n + 1   ( i )   =   n − j + 2    q  n + 1   ( i )   + 1   +   n − j    q  n + 1   ( i )   + 1   − 2   n − j + 1    q  n + 1   ( i )   + 1   ,        ρ  n + 1 , n + 1   ( i )   = 1 , i = 1 , 2 , 3 ,      



(20)






       x  k + 1  p  =  x 0  +   h  q  n + 1   ( 1 )     Γ   q  n + 1   ( 1 )   + 1      ∑  j = 0  n     θ  j , n + 1   ( 1 )    y j   ,        y  k + 1  p  =  y 0  +   h  q  n + 1   ( 2 )     Γ   q  n + 1   ( 2 )   + 1      ∑  j = 0  n     θ  j , n + 1   ( 2 )    z j   ,        z  k + 1  p  =  z 0  +   h  q  n + 1   ( 3 )     Γ   q  n + 1   ( 3 )   + 1      ∑  j = 0  n     θ  j , n + 1   ( 3 )    f  (  x j  ,  t j  )  − λ  y j  −  ω  0  2   x j    ,        θ  j , n + 1   ( i )   =   n − j + 1   q  n + 1   ( i )    −   n − j   q  n + 1   ( i )    , i = 1 , 2 , 3 .      



(21)







Scheme (21) is a predictor (Adams–Bashford method), scheme (19) is a corrector (Adams–Moulton method).



Theorem 4.

If    ∂  0 t    q i   ( t )     x i   ( τ )  ∈  C 2   [ 0 , T ]  ,  (  x 1   ( t )  = x  ( t )  ,  x 2   ( t )  = y  ( t )  ,  x 3   ( t )  = z  ( t )  , i = 1 , 2 , 3 )   , then


   max   |   x i   (  t j  )  −  x  i , j    |   = O  (  h  1 +  min i    q i   ( t )     )    



(22)









Proof. 

The proof of Theorem 4 is based on the method of mathematical induction, and it is given in [30].  □






7. Simulation Results and Some Applications


7.1. Test Examples


All calculations presented in paper were performed in the Maple computer mathematics environment.



Let us consider some examples of the operation of scheme (10). Let us consider a test example when in the model Equation (7), a nonlinear function has the form


  f  ( x , t )  = b  x 3   ( t )  − b  t 9  −  ω  0  2   t 3  − 6 t − λ   d  d t        Γ  ( 4 )   t  3 − q ( t )     Γ ( 4 − q ( t ) )     .  











As a result, we obtain the following Cauchy problem


   x ¨   t  + λ  D  0 t   q  t    x  τ  +  ω  0  2  x  t  + b  x 3   ( t )  − b  t 9  −  ω  0  2   t 3  − 6 t − λ  d  d t      Γ  ( 4 )   t  3 − q ( t )     Γ ( 4 − q ( t ) )    = 0 ,  



(23)






  x  ( 0 )  =  x ˙   ( 0 )  = 0 .  











We are looking for the exact solution of the Cauchy problem (23) in the form


  x  ( t )  =  t 3  .  



(24)







We look for error and computational accuracy according to the Runge rule [7]


  ε = max    |   x  N   e x    [ j ]  −  x N    [ j ]  |    , j = 0 , … , N ,  



(25)




where    x  N   e x    [ j ]    is the exact solution (23),    x N   [ j ]    is the numerical solution obtained by formula (10) or formulas (19) and (21). The computational accuracy of the numerical method is determined by the formula


  α =    ln      |   ε i   |     |   ε  i + 1    |        ln ( 2 )    .  



(26)







Example 1.

Let us take the following control parameters of problem (23)   q  ( t )  = 0.5  cos 2   ( 0.3  t )   ,    h  =  0.03875  , t ∈  [ 0 , 3 ]  , x  ( 0 )  =  x ˙   ( 0 )  = 0 , λ  h  1 − Q   + h  ω  0  2  = 0.4998  .





Note that the parameter values were chosen in such a way that the conditions of Theorems 2 and 3 were fulfilled. The calculated curves obtained by formula (24) and numerical scheme (10) for   N = 80   are shown in Figure 1.



It can be seen from Figure 1 that when the conditions of Theorems 2 and 3 are met, the numerical scheme (10) approximates the exact solution (24) well. This result also confirms the calculation of computational accuracy (26) according to Table 1.



From Table 1 we see that when the nodes of the calculated grid are doubled, the error (25) decreases also by about two times. At the same time, computational accuracy tends to unity, which does not contradict Remark 9.



Let us take other parameter values at which the conditions of Theorems 2 and 3 are violated.



Example 2.

Let us take the following control parameters   q  ( t )  = 0.5  cos 2   ( 0.3 t )  , h = 0.041375 ,     t ∈  [ 0.3 , 3.32 ]  , x  ( 0 )  =  x ˙   ( 0 )  = 0 , λ  h  1 − Q   + h  ω  0  2  = 0.5084  .





The simulation results are shown in Figure 2.



Here, we see that with a slight increase in the simulation time compared to Example 1, there is a discrepancy between the values obtained by formula (24) and the explicit finite difference scheme (10). We can also observe a violation of the stability of the numerical scheme (10) by changes in the value of the computational accuracy  α  in Table 2.



Example 3.

Let us take the following control parameters for problem (23)   t ∈ [ 0 , 1 ] , h = 0.05 ,     x  ( 0 )  =  x ˙   ( 0 )  = 0 , λ = 1 ,  ω 0  = b = δ = o m e g a = 1 , q  ( t )  = 0.5  cos 2   ( 0.2  t )   .





Figure 3 shows the curve of the numerical solution obtained by schemes (10) and (19) for test example 3. According to Figure 3 and Table 3, schemes (10) and (19) converge to the exact solution with a decrease in the iteration step. By Theorem 4, the predictor–corrector scheme (19) converges with the order   O (  h  1 +  min i   q i   ( t )    )  , and since in example 3 the order of the derivative is represented as a function   q ( t ) = 0.5 cos ( 0.2  t )  , the minimum of which is 1, then in the end, for our example, the predictor–corrector has the first order of accuracy. According to Table 3, the computational accuracy tends to 1.




7.2. Fractional Duffing Oscillator


Let us consider a fractional Duffing oscillator with external influence, when in the model of Equation (7), the function of external influence   f  x , t  = b   x  3   t  − δ cos  ω t   ,  δ  and  ω  are the amplitude and frequency of external influence, and b is the coefficient responsible for the non-isochronicity of oscillations, i.e., the dependence of their period on the amplitude.



As a result, we obtain the model equation


   x ¨   t  + λ  D  0 t   q  t    x  t  +  ω  0  2  x  t  + b  x 3   ( t )  = δ cos  ( ω t )  ,  



(27)







The fractional Duffing oscillator (27) has various applications, for example, it is used as a model for describing a tsunami [31] or for constructing a PID controller [32].



Example 4.

The values of the parameters in the model Equation (27) are chosen as follows:   q  ( t )  = 0.8  cos 2   ( 0.5 t )  , h = 0.0575 , t ∈  [ 0 , 50 ]  , x  ( 0 )  =  x ˙   ( 0 )  = 0 , λ =  ω 0  = b = δ = 1 , ω = 1.8  .





The waveform and phase trajectory (  y  ( t )  =  x ˙   ( t )   ) obtained using the explicit finite difference scheme (10) are shown in Figure 4.



The Duffing oscillator has various oscillatory regular and chaotic modes. Regular modes can be many periodic. Figure 4 shows an example of two periodic modes when there are fluctuations with several periods. The oscillogram in Figure 4b shows that over time, the oscillations reach a steady two-period mode, and the phase trajectory Figure 4a has the form of a closed loop, which characterizes several periods of oscillation.



Note that the values of the parameters in the model Equation (27) were chosen so that the conditions for the fulfillment of Theorems 2 and 3 are satisfied. We estimate the computational accuracy using the double recalculation method. To do this, we look for the error of the numerical method using the formula


  ε = max    |   x  2 j   −  x j   |    , j = 0 , … , N ,  



(28)




where   x  2 j    is the numerical solution at the step   h 2  ,   x j   is the numerical solution at step h obtained by formula (10). The computational accuracy of the method is determined by formula (28). The simulation results are shown in Table 3.



From Table 4, we see that increasing the nodes of the computational grid by a factor of 2 leads to a reduction in the error by a factor of 2, while the computational accuracy of the method tends to unity   α → 1  . The latter fact does not contradict Remark 9.



Consider the computational accuracy of the method in a situation where the conditions of Theorems 2 and 3 are violated. To do this, select the values of the parameters   t ∈ [ 0 , 80 ] ,    h = 0.0533 , λ  h  1 − Q   + h  ω  0  2  = 0.5297  , and leave the other parameters unchanged. The results of calculating the computational accuracy of the numerical method (10) are given in Table 5.



From Table 5, we can see that the computational accuracy of the method has a pronounced non-monotonic character in changing its values, which confirms the violation of the stability and convergence of the method (10). However, in this example, an increase in the nodes of the computational grid N by two times also leads to a reduction in the error by about two times.



Example 5.

The values of the parameters in the model Equation (27) are chosen as follows:   t ∈ [ 0 , 100 ] ,    h = 0.05 , x  ( 0 )  =  x ˙   ( 0 )  = 0 , λ = 1 ,  ω 0  = b = δ = o m e g a = 1 ,    q  ( t )  = 0.5  cos 2   ( 0.2  t )   .





As can be seen from Table 6, there is no difference between the explicit finite difference scheme (10) and the predictor-corrector scheme (19). Both schemes have practically the same convergence rate. Their computational accuracy tends to 1.



Let us consider the operation of an explicit finite-difference scheme (10) for calculating an important characteristic of an oscillatory system—the amplitude–frequency characteristic.




7.3. Amplitude–Frequency Characteristic of a Fractional Duffing oscillator


The amplitude–frequency characteristic is the dependence of the amplitude of steady-state oscillations of the output signal of a certain system on the frequency of its input harmonic signal.



In [22,33], a formula was obtained for calculating the amplitude–frequency characteristic of a fractional Duffing oscillator with a Riemann–Liouville derivative of fractional variable order. The Cauchy problem (27) can be represented as a linear equation, which we obtain by substituting in (27) the solution in the form of the first harmonic [22]   x ( t ) = A cos ( ω t + ϕ )  .


   x ¨   t  + p  x ˙   ( t )  +  s 2  x  t  = δ cos  ( ω t )  ,  



(29)






  p = − 2 λ  ω  q ( t ) − 1   sin    q ( t ) π  2   +  










  2 λ   d q   d t    ω  q ( t ) − 2     ( ln  ( ω )  − Ψ  ( 1 − q  ( t )  )  )  cos    q ( t ) π  2   +   π sin    q ( t ) π  2    2   ,  



(30)






   s 2  =  ω  0  2  − 2 λ  ω  q ( t )   cos    q ( t ) π  2   +   3  A 2  b  4  −  



(31)






  2 λ   d q   d t    ω  q ( t ) − 1     ( ln  ( ω )  − Ψ  ( 1 − q  ( t )  )  )  sin    q ( t ) π  2   +   π cos    q ( t ) π  2    2   .  











Equation (29) is the equation of a classical linear oscillator, for which the formula for the amplitude–frequency response is known.


  A  ( ω )  =  δ     (  s 2  −  ω 2  )  2  +  p 2   ω 2     ,  



(32)







In (30) and (31)   Ψ  ( 1 − q  ( t )  )  = − γ +   ∑  n = 1  ∞      1 n   −   1  n + 1 − q ( t )       is the digamma function, where   γ =  1 2   (  10 3  − 1 )    is Euler’s constant. In practice, it is enough to take   n = 50  .



To calculate the amplitude–frequency characteristic, we use an explicit Euler’s method (10), and then compare the results obtained with the results of calculations using the analytical formula (32). To do this, we carry out the calculation according to scheme (10) with a sufficiently long simulation time, in which the forced oscillations reach a steady state. Next, the amplitude values are fixed at different values of the frequency of external influence, and we obtain the dependence   A ( ω )  , which is plotted by points.



Figure 5 shows the simulation results for various types of the function   q ( t )  , which have monotone and non-monotone properties. The values of the calculated parameters are as follows:   t ∈  [ 0 , 100 ]  , h = 0.05 , x  ( 0 )  =  x ˙   ( 0 )  = 0 , λ = 0.1 ,  ω 0  = b = δ = 1  , and the frequency of external action   ω ∈ [ 0 , 3 ]   is changed in increments of    h ω  = 0.6  .



From Figure 5, we see that the explicit finite-difference scheme approximates the amplitude–frequency characteristic obtained by the analytical formula (32) quite well when the   q ( t )   order of the fractional Riemann–Liouville derivative is a monotone function. In the case when   q ( t )   is nonmonotonic, then the approximation according to the explicit finite difference scheme (10) can be considered satisfactory in some approximation. In this case, the accuracy of calculations can be improved by constructing implicit finite difference schemes with higher accuracy.



It should be noted that the curves in Figure 6 are called resonant curves, and the resonant frequency   ω R   can be determined from      d A (  ω R  )   d  ω R     = 0   as the maximum of the function. It was shown in [3,4,5,6] that the resonant frequency can shift to regions of lower or higher frequencies depending on the order of the fractional derivative, i.e., in fact, a connection was established between the order of the fractional derivative and the Q-factor of the oscillatory system [34].





8. The Study of Chaotic and Regular Modes


In the study of nonlinear systems, one of the important tasks is to determine the type of oscillations—periodic, quasi-periodic, random, and chaotic. It is especially difficult to distinguish quasiperiodic oscillations from chaotic and random ones, since quasiperiodic oscillations often have a very complex shape that is visually indistinguishable from “random” ones [11].



A feature of chaotic oscillations is their high sensitivity to small changes in initial conditions. Therefore, one of the most reliable ways to detect chaos is to determine the speed of the trajectory run-up, which is estimated using a spectrum of Lyapunov exponents [35].



Consider the Wolf–Benettin algorithm [22,35] for calculating Lyapunov exponents. We present problem (7) as a system:


       x ˙   ( t )  = y  ( t )         y ˙   ( t )  = f  ( x , t )  − λ  D  0 t   q ( t )   x  t  −  ω  0  2  x  ( t )        x ( 0 ) = y ( 0 ) = 0 .      



(33)







If two trajectories remain close over time, then their change obeys the law


   u  j + 1   = J  (  u j  )   u j  , J  (  u j  )  =       ∂  f 1    ∂  x j        ∂  f 1    ∂  y j          ∂  f 2    ∂  x j        ∂  f 2    ∂  y j        ,  



(34)




where   J (  u j  )   is the Jacobi matrix, and   f 1   and   f 2   are the right parts of system (33). With the help of system (34), variational equations are compiled.



The Wolf–Benettin algorithm [35]:



1. Select the starting point of the vector   x 0   and together with it, we will track the K disturbed trajectories. Let   K = 2  .



2. We solve the system (33) numerically, using scheme (10), with two sets of perturbed Equation (34). As the initial vectors for equations in variations, you must select a set of vectors     x  0  0  ^  ,   y  0  0  ^    that are orthogonal and normalized by one. We are looking for numerical solutions of systems in the form:


       x k  = h  y  k − 1   +  x  k − 1          y k  =  y  k − 1   + h  ( f  (  x  k − 1   ,  t  k − 1   )  − λ  h  −  q k      ∑  i = 0   k − 1      c  i   q k    x  k − i    −  ω  0  2   x  k − 1   )       



(35)






      x  x k  = h y  y  k − 1   + x  x  k − 1         y  y k  = y  y  k − 1   + h  (  (  ω  0  2  −  f  x  x  k − 1    ′   ( x  x  k − 1   ,  t  k − 1   )  )  x  x  k − 1   − λ  h  −  q k      ∑  i = 0   k − 1      c  i   q k    x  x  k − i     )        x  x 0  = 1 , y  y 0  = 0      



(36)






      X  X k  = h Y  Y  k − 1   + X  X  k − 1         Y  Y k  = Y  Y  k − 1   + h  (  (  ω  0  2  −  f  X  X  k − 1    ′   ( X  X  k − 1   ,  t  k − 1   )  )  X  X  k − 1   − λ  h  −  q k      ∑  i = 0   k − 1      c  i   q k    X  X  k − i     )        X  X 0  = 0 , Y  Y 0  = 1      



(37)







The scheme (35) is a numerical solution of the system (33). The numerical solutions of Schemes (36) and (37) of perturbed Equation (35), where   x  x k    and   y  y k    are coordinates of perturbation vectors under initial conditions   x  x 0  = 1  ,   y  y 0  = 0  ,   X  X k    and   Y  Y k   , are the coordinates of the perturbation vectors under initial conditions   X  X 0  = 0  ,   Y  Y 0  = 1  .



3. After time T, the trajectory moves to the point vector   x 1  , the perturbation vectors     x 1  ^  ,   y 1  ^   , which we renormalize using the Gram–Schmidt method.


    x  1  0  ^  =    x 1  ^    ∥    x 1  ^   ∥    ,  










    y 1 ′  ^  =   y 1  ^  −  (   y 1  ^  ,   x  1  0  ^  )    x  1  0  ^  ,   y  1  0  ^  =    y 1 ′  ^    ∥    y 1 ′  ^   ∥     











Steps 1–3 are repeated M times, and the sums of the calculations are calculated:    S 1  =   ∑  i = 1  M    ln ( ∥   x i  ^  ∥ )   ,    S 2  =   ∑  i = 1  M    ln ( ∥   y i  ^  ∥ )   . The estimation of Lyapunov exponents is calculated using the formula:


   Λ i  =   S i   M T   , i = 1 , 2 .  











Example 6.

The values of the parameters in system (33) are chosen as follows:   q  ( t )  = 0.8  cos 2   ( 0.5  t )  ,    f  x , t  = b   x  3   t  − δ cos  ω t  , h = 0.025 , t ∈  [ 0 , 50 ]  , x  ( 0 )  =  x ˙   ( 0 )  = 0 ,     ω 0  = b = ω = 1 , δ = 1  .





Figure 7 shows the spectrum of Lyapunov exponents relative to the coefficient of dissipation  λ . The figures show that with positive values of the spectrum of Lyapunov exponents, a chaotic regime is observed, and with negative values, a regular one.



Example 7.

The values of the parameters in system (33) are chosen as follows:   f  x , t  = b   x  3   t  − δ cos  ω t  , h = 0.025 , t ∈  [ 0 , 50 ]  , x  ( 0 )  =  x ˙   ( 0 )  = 0 , λ =  ω 0  = b = ω = 1 , δ = 1  .





In Figure 7 and Figure 8, Poincaré sections are indicated by points on the phase trajectories. The number of Poincaré sections corresponds to the number of oscillation periods.




9. Conclusions


In this paper, we proposed a simple non-local explicit finite-difference scheme based on the discrete Grunwald–Letnikov derivative for the numerical solution of the Cauchy problem (7). In this paper, we considered the issues of stability and convergence of the proposed scheme. For the first time, the stability and convergence theorem of an explicit Euler’s method was proved. We showed that the non-local finite-difference scheme is conditionally stable and converges with the first order. We reviewed test cases, gave an assessment of the computational accuracy, which is consistent with theoretical calculations. Examples of the calculation of oscillograms, phase trajectories and frequency response of a fractional Duffing oscillator were considered. We showed the acceptability of a non-local explicit finite-difference scheme for numerical analysis of a fractional Duffing oscillator.



The results obtained in the work can be improved by developing non-local implicit finite-difference schemes with higher accuracy. This is the next stage of research development that the authors intend to implement. It should be noted that the fractional Duffing oscillator has rich dynamics, various modes and effects. For example, it is known that the fractional Duffing oscillator has a bistable behavior—a jump or dynamic hysteresis. This can be seen, for example, in Figure 4. for the frequency response, plotted by points. Therefore, it makes sense to investigate the bistable behavior depending on the order of the fractional derivative as a function of time, by analogy with the work [36].



In the future, it is planned to study the case when the fractional derivative of a variable order depends not only on time t, but also on the solution function   x ( t )   by analogy with the works [25,26].
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Figure 1. Test example. Numerical and exact solutions of problem (23) in case of fulfillment of the condition of Theorems 2 and 3. 






Figure 1. Test example. Numerical and exact solutions of problem (23) in case of fulfillment of the condition of Theorems 2 and 3.
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Figure 2. Test example. Numerical and exact solutions of problem (20) when the conditions of Theorems 2 and 3 are not fulfilled. 
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Figure 3. A test example. Solutions of the Cauchy problem (7) obtained by schemes (10), (19) and (21), as well as the exact solution (24). 
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Figure 4. Phase trajectory (a) and oscillogram (b) for the Cauchy problem (1) under the conditions of Theorems 2 and 3 at   N = 1500  . 
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Figure 5. Amplitude–frequency characteristic of the fractional Duffing oscillator for various types of the   q ( t )   function. 
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Figure 6. Phase trajectory (a) and waveforms (b) obtained from schemes (10) and (19). 
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Figure 7. The spectrum of Lyapunov exponents from  λ  (a) and phase trajectories at (b)   λ = 0.18  , (c)   λ = 0.6  . The dots represent the Poincaré sections. 
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Figure 8. The spectrum of Lyapunov exponents from   q ( t )   (a) and phase trajectories at (b)   q  ( t )  = 0.15  cos 2   ( 0.2  t )   , (c)   q  ( t )  = 0.8  cos 2   ( 0.5  t )   . The dots represent the Poincaré sections. 






Figure 8. The spectrum of Lyapunov exponents from   q ( t )   (a) and phase trajectories at (b)   q  ( t )  = 0.15  cos 2   ( 0.2  t )   , (c)   q  ( t )  = 0.8  cos 2   ( 0.5  t )   . The dots represent the Poincaré sections.
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Table 1. Error and computational accuracy of the numerical scheme (10).






Table 1. Error and computational accuracy of the numerical scheme (10).





	N
	h
	  ε   (25)
	  α   (26)





	10
	0.1
	0.010416664
	-



	20
	0.05
	0.005137254
	1.019824008



	40
	0.025
	0.002556096
	1.007055385



	80
	0.0125
	0.001275018
	1.003424407



	160
	0.00625
	0.000636774
	1.001664279



	320
	0.003125
	0.000318209
	1.00080679



	640
	0.0015625
	0.000159059
	1.000412635
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Table 2. Error and computational accuracy of the numerical scheme (10).






Table 2. Error and computational accuracy of the numerical scheme (10).





	N
	h
	  ε   (18)
	  α   (19)





	10
	0.1
	216.8838
	-



	20
	0.05
	11004.94
	−5.665085173



	40
	0.025
	22.6488
	8.92450095



	80
	0.0125
	0.012252099
	10.85218997



	160
	0.00625
	0.006278409
	0.96455801



	320
	0.003125
	0.0031782
	0.9821891



	640
	0.0015625
	0.0015990701
	0.990976729
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Table 3. Error and computational accuracy of the numerical scheme (10) and “predictor–corrector” method.
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	N
	h = T/N
	  ϵ   (Finite-Difference Scheme (10))
	  α   (Finite-Difference Scheme (10))
	  ϵ   (Predictor–Corrector (19))
	  α   (Predictor–Corrector (19))





	10
	0.1
	0.010416664
	-
	0.022014375
	-



	20
	0.05
	0.005137254
	1.019824008
	0.006517327
	0.758163925



	40
	0.025
	0.002556096
	1.007055385
	0.002125805
	0.817941863



	80
	0.0125
	0.001275018
	1.003424407
	0.004337276
	1.131071553



	160
	0.00625
	0.000636774
	1.001664279
	0.005145645
	1.03243208



	320
	0.003125
	0.000318209
	1.00080679
	0.005452087
	1.011099493



	640
	0.0015625
	0.000159059
	1.000412635
	0.005571391
	1.004170658
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Table 4. Error and computational accuracy of scheme (10).
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	N
	h
	  ε   (28)
	  α   (16)





	10
	0.1
	0.010416664
	-



	20
	0.05
	0.005137254
	1.019824008



	40
	0.025
	0.002556096
	1.007055385



	80
	0.0125
	0.001275018
	1.003424407



	160
	0.00625
	0.000636774
	1.001664279



	320
	0.003125
	0.000318209
	1.00080679



	640
	0.0015625
	0.000159059
	1.000412635
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Table 5. Error and computational accuracy of the scheme (10).






Table 5. Error and computational accuracy of the scheme (10).





	N
	h
	  ε   (20)
	  α   (19)





	10
	0.1
	0.010416664
	-



	20
	0.05
	0.055137254
	−2.404134099



	40
	0.025
	0.006556096
	3.072118534



	80
	0.0125
	0.003275018
	1.001334144



	160
	0.00625
	0.001536774
	1.09159782



	320
	0.003125
	0.00078209
	0.974498474



	640
	0.0015625
	0.000039059
	1.001679624
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Table 6. Error and computational accuracy of the numerical scheme (10) and “predictor–corrector” method.






Table 6. Error and computational accuracy of the numerical scheme (10) and “predictor–corrector” method.





	N
	    h = T / N    
	  ϵ   (Finite-Difference Scheme (10))
	  α   (Finite-Difference Scheme (10))
	  ϵ   (Predictor–Corrector (19))
	  α   (Predictor–Corrector (19))





	10
	0.1
	0.010416664
	-
	0.012159916
	-



	20
	0.05
	0.005137254
	1.019824008
	0.005933937
	1.035071832



	40
	0.025
	0.002556096
	1.007055385
	0.002947911
	1.009296592



	80
	0.0125
	0.001275018
	1.003424407
	0.001468966
	1.004891965



	160
	0.00625
	0.000636774
	1.001664279
	0.000733796
	1.001351042



	320
	0.003125
	0.000318209
	1.00080679
	0.000366708
	1.000745531



	640
	0.0015625
	0.000159059
	1.000412635
	0.00018197
	1.000434281
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