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Abstract: This paper investigates the pricing formula for barrier options where the underlying asset
is driven by the sub-mixed fractional Brownian motion with jump. By applying the corresponding
It¢’s formula, the B-S type PDE is derived by a self-financing strategy. Furthermore, the explicit
pricing formula for barrier options is obtained through converting the PDE to the Cauchy problem.
Numerical experiments are conducted to test the impact of the barrier price, the Hurst index, the
jump intensity and the volatility on the value of barrier option, respectively.
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1. Introduction

Barrier option is a path-dependent exotic option, whose value depends not only on
the price of the underlying asset, but also on whether the price of the underlying asset
touches the preset barrier price within the effective execution period of the option. For
its cheaper premiums against the corresponding vanilla options, barrier options can be
seen everywhere in global exchanges and over-the-counter markets. Many companies use
various barrier options to hedge risks. In addition, the studies on barrier option pricing
can also promote the research of many structured financial products, such as convertible
bonds, bank-triggered financial products and so on. For the above reasons, the pricing of
barrier options has always been a topical issue [1-4]. If the option right terminates (starts)
when the underlying asset price touches the given barrier price, it is called a knock-out (in)
kind; it is called a down (up) option, if the initial underlying asset price is above (below)
the barrier price [5]. Therefore, single-barrier options which this paper discusses include
eight types: down (up)-and-out (in) call (put) options.

In 1973, Merton [6] gave the closed solution of down-and-out European call options.
Later, Reiner and Rubinstein [7] extended the pricing formulas of other European barrier op-
tions in 1991. However, these studies are under the Black-Scholes model [8] (the B-S model)
which assumes the underlying asset price follows the logarithmic normal distribution.
However, in recent years the self-similarity and long-range dependence has been found
in the financial asset through numbers of the financial empirical studies [9,10], which is
inconsistent with the B-S model. Then, Necula [11] studied the extended B-S model, where
the assets price is driven by the fractional Brownian motion (fBm) instead of the Brownian
motion. The fBm was first proposed by Kolmogorov [12], which exhibits self-similarity and
long-range dependence. Since then, a volume of research on option-pricing models with
fBm have been conducted, such as [13-15].

However, the fBm is neither a Markov process nor a semi-martingale, except degen-
erating into the Brownian motion. Although we can use Wick-self-financing strategies to
analyze the fBm [16,17], Bjork and Hult [18] found the application of the fBm has little
economic sense, which limited its applicability in financial market. Therefore, other pro-
cesses are proposed to describe the fluctuation of financial assets, such as the sub-fractional
Brownian motion (sub-fBm) [19] and the sub-mixed fractional Brownian motion (sub-mixed
fBm) [20].
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The sub-fBm preserves most properties of the fBm, but it has the characteristics of
non-stationary second-order moment increment and faster convergence [21]. Moreover,
the sub-mixed fBm is a combination of the Brownian motion and the sub-fBm. When
the Hurst index H € [0.75, 1), the sub-mixed fBm becomes a semi martingale, which is
equivalent to the Brownian motion [22]. At the same time, inspired by Merton [23] and
other recent research [24-26], this paper introduces the jump diffusion process to describe
the jump points of asset price caused by unsystematic risk factors, which is usually ignored
in the pricing of barrier options. The purpose of this paper is to obtain the pricing formula
of barrier options where the underlying asset is driven by the sub-mixed fBm and the
compensated Poisson process.

The remainder of this paper is organized as follows: In Section 2, some necessary
preliminary knowledge about the sub-fBm will be presented. In Section 3, we obtain the
corresponding It0’s formula of the asset price driven by the sub-mixed fBm with jump , and
give the expressions for underlying asset price. In Section 4, the Black-Scholes PDE and the
closed-form solution for barrier options are obtained. In Section 5, numerical experiments
are carried out to study the influences of several parameters on barrier options. Section 6
gives a summary.

2. Preliminaries

Let {Q), F;, P} be a complete probability space with a filtration {F; };>¢ satisfying the
usual conditions.

Definition 1. The sub-mixed fBm ¢! = {¢H(x, B)} 1~ I8 a linear combination of the Brownian

motion { Bt} and the sub-fBm {Bfl}t>0, which can be expressed as:

&' (a, B) = aBy + BB{!, Wt > 0,

where H is the Hurst index, a and B are positive constants, { B¢}~ and {BtH}t>0 are independent
of each other. -

Lemma 1. The sub-mixed fBm &' = {1 (a, B) } -, has the following properties [20]:

{2 (a, B) },~ is a central Gaussian process.
. Whent=0,¢f(a,B) = aBy+ BB = 0.
3.Vt s >0, the covariance of & (a, B) and &H (a, B) is

cOv(gF(a, ﬁ),ggf(a,[s)) = a2(tAs) + %z(tZH +2H |- s\ZH),

where t As = L(t+s— |t —s]).
4 =0 E((ef(wp)") = a2t + p2(2 - 22H1) 20,

3. Asset Pricing Model

In this paper, we adopt the classical financial stochastic analysis theory and make
some extensions for the B-S model. Furthermore, the following assumptions are hold:
1. There are two kinds of assets in the financial market: risk-free assets (bonds) and risky
assets (stocks).
2. The stock price S; is driven by the sub-mixed fBm with jump:

dSy = (u — q)Sedt + SdZf (w, B) + ¥Sed ]

1)
= (4 — q)Sidt + aS;dB; + BSidBH + 7S,dJ;,
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where y is the instantaneous expected return rate of the stock; g is the stock dividend

rate; a, B and 7y represent the volatility of stock price; {]; },~ is a compensated Poisson

process with intensity A. {B:},~o, {Bf'},~,and {Ji};=¢ are independent of each other.
3. The return of risk-free assets in time peri_od tis

dM; = rM,dt, (2)

where constant r is the risk-free interest rate.

All assets can be traded freely and continuously without transaction costs and taxes.
There is no arbitrage opportunity in the market.

Short selling is not limited.

The option can be exercised only at the maturity time.

NG

Remark 1. It is worth mentioning that there are some limitations when the B-S type model is
applied, which are detailed in references [27-30]. In this paper, we focus on the classical setting of
B-S model and will not elaborate too much here. If possible, further research can be carried out in
the future.

Theorem 1. Assume that Yy = & (a, B) + y]J; with the initial value zero, and f(t,Y;) is second-
order differentiable. Then, the 1t0’s formula of the sub-mixed fBm with jump can be expressed
as follows:

£(1, Y1) =£(0,0) +/ [ /\yg{(]der/t[“er (Z—ZZH_l)H‘BZSZH_l} aY];ds
+v¢/ adeer,B/ O 4BH 1+ Y [£(s,Ya) — fls—, Yo )]

s<t
a2 Ay? 2H-1 2om-1]
—£(0,0) +/{ [ + 20+ (2211 Hps ]ayz}ds

+rx/0 %stﬂs/ LBt 1 /a{/d]s

Proof. According to the sub-mixed fBm I#6’s formula [20] and the jump process analysis
method [31], we have

t t 02
£(£ ) =£(0,0) +/ o s +/ O gve 4 2 gS];(dYC) + Dl %) = fls= %)

:f(0,0)+/0t[?)£—)vyg:}ds+/ot[0;—I— (2- 21 1) HpPs2H- 1} ayfgd

—i—zx/ aistjLﬁ/ aidBH+Z (s, Ye) — f(s— Ye)): 3)

s<t

The following identities are used:
dYf = adB; + BdB} — Avt,
(dYf)? = [az + 2(2 - 22H’1) HﬁthH’l} dt

and Y{ = aB; + ,BBtH — A7t is the continuous part of Y;.

If g(x) is second order differentiable. Given that Poisson process { N; },~ with intensity
A has the second-order moment increments < dN;, dN; >= Adt, by géneralized Itd’s
formula we obtain

2
Tlg(N) —g(N)) = [ S8anc+5 [

s<t

2%
2 Jo anz%s:
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Combining Y; = Ct (a,B) + 9]t = aBr + ,BB + YNy — Ayt, we arrive at

taZf

ay2 (4)

LAY — flo Vo) = 7 [ Shan+ 2T

s<t

Substitute (4) back to (3), which yields

£t =£(0,0)+ | {af [“2 + %’ + (2—22H1)Hﬁ252H1]§Z}ds

+“/ aidB”ﬁ/ afd St /a{/‘”s
0

Theorem 2. The stock price satisfying (1) has the following explicit solution:

2 A
St = Soexp{(y —q)t— K“Z + ;)t—l— (1 —22H2)/32t2H} + aB; —i—,BBtH—i—'yIt}.

Proof. Let f(t,Y:) = Sp exp{(y —q)t— {(0‘2—2 + %72)15—!— (1- ZZH’Z)ﬁZtZH} + Yt}.

An application of Theorem 1 yields

ot 2 3%
= (u—q)f(t,Ye)dt + f(t,Yr)dY; ®)
= (e —q)f(t, Yo)dt + f(t, Y0)dg{ (a, B) + vf (£, Ye)d]s,

af(t,Y) = {af+ {“2 LA (2 p2H~- 1)H/3 $2H- 1] g f}dt+ % av.

where

Yo [[§4) -y o

af f(i’ Yt) and aYé = f(i’,Yt).

Comparing (1) and (5), we can deduce dS; = df (t, Y;), where the values are the same
£(0,Yp) = Sp . Therefore,

S = f(t, Yt)

_ o AP 2H-2\ p2,2H
_soexp{(y—q)t—[<2+2)t+(1—2 )t

+ aB; + ,BB,{_I + ’)/]t}
O]

4. Pricing Formula for Barrier Options

With the explicit solution of the stock price S; in hand, in this section the pricing
formula for battier options can be derived.

Theorem 3. Assuming that the underlying asset price Sy follows (1), then the value of contingent
claims Vy = V(t, S¢) satisfies the following PDE:

1% oV [a® Ay 2H-1 2 0H-1] 20?V _
a v q>5tas+[z+z+(2—2 JHpt }Sfasz‘rvf—o'
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Proof. Using the self-financing strategy 6; = (6},67), we hold a number of 6} bonds and
6? stocks to build the wealth process, whose value at time t is

Ve = 6} M; + 67St. ©)
Combining (1) and (2), we obtain

dVy = 0}dM; + 02dS; + 67qSdt

@)
- (rQ}Mt + yGfSt)dt + 625, (Mth + BdBH + 'yd]t).
At the same time, by applying Theorems 1 and 2, we have
aV aV 102V 2
th—atd anStJrZBSZ (dSy)
v aV o Ay 2H-1 22H-1] 297V
ar — 8
{at (= )Si5¢ {2+2+(2 221 2t ]Stasz}dt ®)

oV
+Sizg (ocht + ,BdBtH +dls),
where (d5;)* = S2[ (a2 + A9?) +2(2 — 22H- 1) HE22H 1] 4.

Comparing (7) and (8), 6 and 67 are given

oV av 2 A %
0} = (rMy) l{at —qSi == 5 [lx I i + (2_22H1)Hﬁ2t2H1]52 } o

tos2
vV
2 27
0; = 55
From (6), we obtain
Vi — 025,
of = — 1= 10
b= (10)

Combining (9) and (10), Theorem 3 is proved. O

Theorem 4. Suppose that the underlying asset price Sy satisfies (1), then at time t the value of
the down-and-out call option Cg,(t, St) with the fixed strike price K, the fixed barrier L and the
maturity time T is given

Cao(t,S¢) =Sie 1" TN (dy) — Ke """ N(dy)
k(t) ry2
- (i’*) [geq(Tt)N(d3)—Ke’(Tt)N(d4) .
t

2
The following identities are used: N(x) = —1— . e~ 7 dt, which denotes the cumulative proba-

2
bility of standard normal distribution;
I+ (r—q+ % + 24 ) (T— ) + (1-22H-2) g2 (12H - 12H)
VAT = 1)+ (2= 2T D (T — PF)

—t)
dy = dy — /(&2 +-29)(T = ) + (2 = 2D p(TH — ),
I+ (r—q+% + 4 ) (T— 1) + (1 - 22H-2) 2 (T2H — 2H)

1=

7

n- V(a2 + Ay2) (T — t) + (2 — 22H-1)p2(T2H — f2H) 7
dy=ds— /(a2 + A2 (T — t) + (2 — 22H-1)gZ(T2H — (2H);
K(t) =1— 2(r —q)(T—t)

(@2 + Aq2) (T — £) + (2 — 22H 1) g2(T2H — p2H)’
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Proof. Let V;(t,St) = Cy,(t,S¢) = Cgp. Then according to Theorem 3, the value of the
down-and-out call option Cy,(t, S¢) is given by

aC aC
N e I

a2 Ay 2H-1 2,20 -1] «29°Cao
= — [++(2—2 )Hﬁt ]s —1Cyy =0,

2 2 £ o982

with the initial condition C4,(T,St) = (ST — K)+, L < §; < +00, and the boundary
condition Cy4,(t,L) =0, 0<t<T.

Let S
lenft, Cao(t, St) = LC(t, x). (11)
Then,
OCu _,9C 9C, _ oCox _LaC . &C, _ L[PC ol
ot  ~9t’ 9S ~ “9x9S  S;ox 952 ~ S2|9x2  ox |’

Therefore, we can deduce that

aC aé 0(2 )\')/ 2H—-1 2H—-1 aC aé A
at+(q)ax+[2+2+(2 2H) s ] a2 ax) 70

. K\ ™"
with the initial condition C (T In SLT> = (ex — L) , 0 < x < 400, and the boundary

condition C(O,t) =0, 0<t<T.
Next, let
w(t, ) = Cx,)e!®), T =c(t), 5 = x +a(t), (12)

where a(t),b(f) and ¢(t) are undetermined functions about ¢, which are first order differen-
tiable. Then, we derive

aé o fb(t) aw aw ’ 8@ - ,b(”aw azé o ,b(t)azw
o =[G g V], gr =g s m =Sy
Ul Ui Ui
and
dw ?w oC
c'(t)g + (7(15)(,9—172 + [r—q+ad'(t) —o(t)] 5" [r+0'(t)]w =0, (13)

2 2
where o(t) = % + A% + (2 — 22H-1)[g22H-1,

In order for the solution, let

c'(t) + (E)) ()

r—g4a'(t

r+Z’():0 (14)
a(T) = b(T) =¢(T) =0,

to convert (13) into the heat equation.
From (14), a(t), b(t) and c(t) are given

a(t) = /tTr—q—U(s)ds = (r—q— %2 - Af)(T— t) — (1 —ZZH_Z)[%Z(TZH — tZH),
b(t) = /Trds — (T 1), (15)

c(t) = (“22 + /\;) (T —t)+ (1 —22H=2) g2 (T — 2H).
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Substitute (15) into (13), then the value of the down-and-out call option Cy, (¢, S¢) is
given by
w w
=“_Zx 1
ot an?’ (16)
with the initial condition w(0,7) = (¢ — K)*, 0 < 5 < 400, and the boundary condition
w(t,a(t))=0, 0<t<T.
Notice that if we just consider PDE with its initial condition, the solution can be
obtained by the Poisson formula

" o)e 17
o =57—=[ z a7)

[a()—

212
To deal with the boundary condition, let G(z) = ¢(z)e P when z > 0. Then we
extend G(z) to become an odd function in the whole real number field

[a(t)—2)?

p(z)e” & : , z >0,
—¢(—2z)e i , z<0.

Comparing the above equation and the original initial condition in (16), we obtain
extended initial condition which contains the boundary condition

ez — K +, z>0,
¢(z) = E<62L_) %)+6J<§>z <o

dw Fw
with the initial condition w(0,7) = ¢(17), —oco <1y < 4o0.
According to (17),
2
7('74T> dz

1 te
wlen) =57= [, v
(=22 1 It K\ _ (-2 tsa(0):
Ul —z B TRy
2\/7'[1'/1 ( ) z 2\/7n'/ (e L)e z

- l2? z> 1 K +°° _(2)? - r/+z2 —da(t)z
(4 Z— - w odz —
2\/7TT In 2y/nt L 1n% 2\/7'[1’ In

/+°° (7+2)%—4a(t)z
e 4T

K
Int

dz

dz

2\/771' L.
=L+ L+L+ 14

2
For convenience, define N(x) as follows: N(x) = \/% [ . e~ 7 dt, which represents
the cumulative probability of standard normal distribution.

For 4,

»7 z)
= e [
h= 24/ 7TT Jin 2= 2/t Ji
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T+ 1 oo 2 T+
h=e""T—— [ x  , e Z7dt =e""IN(dy),

Ing —n—
V2 =L

K
17+2T—lnf'

\/21’
Similarly, let t = \/T ! and obtain

where d; =

12:_ - e 4t dz:—

2y/nt L Jink

1 K [t _@-2? K 1 Foo 2
I / !

1 —+00 7(17+z)2—4a(t)z [t+a(t)][t+a(t)—1] ][T+u _ [z+n—2a(t)-21]% 2:1 )—21)2
I3 =— e T dz = —e

24/7T Jink 2\/777 In

Z.

[tra@)[c+a(t) =y 1 +oo _2 [t+a(®)][r+a(t)—1]
\/T /I‘n%+i7—2a(t)721 e zdt = —e ’ N(d3)/
T

2a(t) +2t—n—In&¥
V2T '

For Iy, lett = M, we derive

V2T

where d3 =

1 K [T%° _(@t+22-4a()z K afat)—1y]
L= ——— e T dz =

= —¢ ‘r

2y/nt L JimX L 2\/711'/1
a(t)[a(t)— 1 too K 2 K

= eu— K e Tdt = ¢ S N(d4),

Inf+7]72a(t)
V2r )= == L

2a(t) -y —In¥
—— = =3 —/271.
V2T > ’

Substitute (11) and (12) in them, then

_ [ztn—2a(t)]” 2a 2

dz

where, dy =

I :%eu—q)w—t) N(dy);
12 = — fN(dz),'

r-a)(T-0)(v-1n%) i [ (T=n 1, S
I = — e%]\](dy,) _ _e(r g)(T t)+{1 = ]ln 1

K
L
(

S
FN(ds)
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By combining Iy, I, I3, and I;, we have

Cao(t,St) =LC(t,x) = Le " T Dw(t,5) = Le " T + L+ I3 + 1)
=S 1 T-IN(dy) — Ke " T-)N(dy)

k() rr2
_ (Sf) [Leq(Tf)N(ds) —Ke "T-IN(dy)|,
L St

2r = q)(T—1) -

where k() =1 — (@2 + A2)(T — t) + (2 — 22H-1)g2(T2H — 2H)’

Corollary 1. Suppose that the underlying asset price Sy satisfies (1), then at time t the value of the
vanilla call option Cyupina(t, S¢) with the fixed strike price K and the maturity time T is given

Comnitia(t, St) = Ste 1 T-IN(dy) — Ke 7T N(dy),
where N(x), di and dp are shown in Theorem 4.

Proof. The proof process is similar to that of Theorem 4.

Let
1. ¥=1In %, Cwmillu(tr St) = LC(t, f),‘
2. @(%,7) = C(t,%)et®); T =c(t);77 = % +a(t),
where a(t), b(t) and c(t) are given in (15).

Then, the value of vanilla call option C,,,;1,(t, S¢) can be obtained by solving the
following Cauchy problem

0w *@

9t o2’

with the initial condition @(0,7) = (e7 — K)*, 0 <#j < +o0.
The remaining calculation process can be obtained by referring to the solution process
of (18). O

Corollary 2. Suppose that the underlying asset price Sy satisfies (1), then at time t the value of the
vanilla put option Py, (t, St) at time t with the fixed strike price K and the maturity time T is

Pognitia(t,St) = Ke " TIN(—=dy) — ;e 1T "IN (=dby),
where N(x), dy, dy are given in Theorem 4.

Proof. We just need change the condition to (K — S7)™ and the rest of prove process are
similar to Corollary 1. O

Theorem 5. Suppose that the underlying asset price Sy satisfies (1), then at time t there is the
following parity formula between the value of the down-and-out call option Cy,(t, S¢) and the value
of the down-and-out put option Py, (t, S¢), if the options have the same fixed strike price K, the same
fixed barrier L and the same maturity time T:

x(t)
Caolt, St) + Ke"1T70) [N(%) - (St) t N(ds)]

=Puo(t,S¢) + S~ 1(T—1) lN(dg,) - () N(d7)],
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2
where N(x) = \/%7 [ e~ 7dt, which denotes the cumulative probability of standard
normal distribution;

In 3t + (r g+ S+ "TVZ)(T— t) + (1 —22H2)p2(T?1 — 2H)
V@ AT )+ @2 —pA)

de = ds — /(a2 + A72)(T — ) + (2 = 22H-T)p2(T?H — 12H);
Ikt (rogt G20 ) (T -0+ (122 (12 i)

ds =

S e v T R e i e N
dg = dy — /(a2 + Ay2)(T — t) + (2 — 22H-1)2(T2H — y2H);
K(t):1— Z(V—q)(T—t)
(02 + A2) (T — t) + (2 — 22H-1)p2(T2H — p2H)’
Proof. Let

Wdo(t/ St) = Cdo(t/ St) - Pdo(t/ St)r (19)

which is the difference between the value of the down-and-out call option Cy,(t, S¢) and
the down-and-out put option Py, (t, S;) at the moment of t. Notice that W, (¢, S;) satisfies
the following PDE

Wio Wy | [a2 | AY? 2H-1 200-1] 29" Wiao -
o DSt |5 T (2 PR PR SEEGR i, =0,

with the initial condition Wy, (T,St) = St — K, L < S; < 400, and the boundary condi-
tion Wy, (t,L) =0, 0<t<T.
By analogy with the solution procedure of (16), it can be obtained
Wao (£, St) =Sie 1T N (ds) — Ke "T"Y N (dy)

k(t) ry2
- (%) [ée‘?(T”N(dﬂ —Ke "T-ON(dg)|.
t

Combining the above equation and (19), Theorem 5 is proved. [

Theorem 6. Suppose that the underlying asset price Sy satisfies (1), then at time t the value of
the down-and-out put option Py, (t,St) with the fixed strike price K, the fixed barrier L and the
maturity time T is

Py (t, St) =Ste” 1T~ [N(d1) — N(ds)] — Ke """ [N(dy) — N(de)]

()
(%) {Iéze-ﬂ-f) [N () = N(dr)] = Ke (T[N (ds) - N(as)] .

t

where N(x), di ~ dg and x(t) are given in Theorems 4 and 5.

Proof. By combining Theorems 4 and 5, Theorem 6 is easily proved. [

Theorem 7. Suppose that the underlying asset price Sy follows Equation (1), the maturity date is T,

the fixed strike price is K and the fixed barrier is B, and then the value of the down-and-in call option
Cyi(t, St) and the value of the down-and-in put option Py;(t, St) at time t are given, respectively:
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S K(t) L2
Cyi(t,S¢) = (i) {Ste‘q(T‘”N(@) — Ke "T-ON(dy) |,

Pyi(t, ;) =Ke TN (—dg) — Spe """ N(—ds)

K(t) (72
+ (3) B ointan - wap) - e - v

where N(x), ds ~ dg and x(t) are detailed in Theorems 4 and 5.

Proof. When other conditions are the same, a portfolio with a out option and the cor-
responding in option will always be able to exercise one of their option right, which is
equivalent to a vanilla option

Vvanillu(tr St) = Vdo(t/ St) + Vdi(tr St) = Vuo(tr St) + Vui(t/ St)/

where V,,,,i114(t, St) is the European option, Vy,(t, S¢), Vii(t, St), Vuo(t,St) and V,;i(t,S),
respectively, denote the corresponding value of the down-and-out option, the down-and-in
option, the up-and-out option and the up-and-in option.
Therefore, Cy;(, St) = Coanitta(t, St) — Cao(t, St); Pai(t, St) = Pognitia(t, St) — Pao(t, St).
Using Corollary 1, Corollary 2, Theorems 4 and 6, Theorem 7 is proved. [J

Above all, the pricing formulas of all four types of downward barrier options have
been given. Similarly, the pricing formulas corresponding to four types of upward barrier
options can be deduced.

5. Numerical Experiment

In this section, numerical experiments are conducted to discuss the effects of the barrier
price L, the Hurst index H, the jump intensity A and volatility «, 8, v on barrier options
by MATLAB and R language software. In this section, we just take the down-and-out call
option as an example for space constraints.

Firstly, parameters are assumed as follows:

t=0,T=05 K=100, H=075, a =B8=7=04, A =1.

According to Theorem 4, the value of down-and-out call option Cg,(t,St) under
different barrier prices and stock prices can be obtained, which are given in Table 1. At the
same time, Figure 1 is drawn to describe the trend of option value affected by barrier price
under different stock prices.

Table 1. The value of down-and-out options for different barrier prices and stock prices.

L So =120 So =110 So = 100 So =90 So = 80
115 6.350 - -

110 12.112 0.000 - - -
100 22.445 11.591 0.000 - -
95 26.969 16.541 5.534 - -
90 31.042 20.926 10.551 0.000 -
85 34.654 24.731 15.095 5.086 -
80 37.803 27.956 19.149 9.510 0.000
75 40.495 30.613 22.702 13.264 4.507
70 42.748 32.730 25.757 16.351 8.275
65 44587 34.352 28.324 18.798 11.321

60 46.049 35.533 30.430 20.653 13.680
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Figure 1. The change curve of the value of down-and-out option for different barrier prices.

Observing Table 1 and Figure 1, it can be seen that when the stock price is fixed, the
value of down-and-out call option decreases with the growth of barrier price. When other
conditions remain unchanged, with the rising barrier price, the possibility of down-and-
out call option termination is increasing, so the option value will continue to decline. In
particular, when the barrier price increases to the initial stock price, the option will be
knocked out at once, which means it has no value any more.

Then, in order to discuss the impact of the Hurst index H and the jump intensity A on
the option price, a new hypothesis is proposed as follows:

t=0,T=05K=100,L=70,a =B =7 =04

Take the different H, A, and other assumptions remain unchanged to obtain the option
value under various conditions, as shown in Table 2.

Table 2. The value of down-and-out option for different Hurst index and jump intensity.

H = 0.75 H = 0.85 H =0.95
A=0 A=2 A=4 A=0 A=2 A=4 A=0 A=2 A=14

120 31119  36.621 40.017 29.761 35.812 39.501 28472 35.045 39.018
115 27257  32.652 35.839 25860 31.879 35360 24.500 31.141 34.910
110 23.554 28760 31.708 22.144 28.033 31.270 20.737 27334  30.857
105 20.024 24949 27626 18.632 24278 27232 17212  23.628  26.859
100 16.679  21.217 23590 15344 20.613 23244 13953 20.025 22916
95 13.524 17563 19.600 12.291 17.038 19.305 10.982 16.522  19.026
90 10.559 13982  15.650 9.479 13.545 15411 8.311 13.115  15.183
85 7.770 10462  11.734 6.895 10.125  11.553 5.935 9.791 11.380
80 5.129 6.988 7.842 4.510 6.759 7.722 3.821 6.531 7.606
75 2.582 3.534 3.959 2.259 3.418 3.900 1.896 3.302 3.843

So

Figure 2 is the variation diagram of the value of down-and-out call option with the
different Hurst index and jump intensity, when Sy is fixed at 100. The relationships between
the value of down-and-out option and the Hurst index is positive. The larger the Hurst
index is, the more stable the underlying asset price is. This means the price fluctuation will
be smaller, which denotes the corresponding option value will be smaller.

At the same time, the value of down-and-out option and the jump intensity change in
the same direction. The jump intensity represents the unsystematic risk. When it increases,



Fractal Fract. 2022, 6, 244 13 of 15

the underlying asset will has more intense fluctuations, which means higher upper limit
and invariant lower bound. Therefore, the option value will rise.

The value of down-and-out option Cy,(t, S¢)

Hurst index H ” .
1 Jump intensity A

Figure 2. Plot of down-and-out option value against different Hurst index and jump intensity values.

Finally, for rigorousness, we verify the positive correlation between the volatility and
the value of down-and-out call option, where &, 8, and < are different. Assume that the
parameter selection is as follows:

t=0,T=05 K=100, L=70, H=0.75 A = 1.
Let & = (a, B, 7), and make
o1 = (0.1,0.15,0.2); 6> = (0.2,0.25,0.3); 63 = (0.3,0.35,0.4); o4, = (0.4,0.45,0.5).

According to Theorem 4, the value of down-and-out call option under different volatil-
ity can be obtained, which are shown in Table 3. The value of down-and-out call option
increases with the rise of the volatility, which is consistent with the fact.

Table 3. The value of down-and-out option against the volatility of the underlying asset.

S 01 = 0y = 03 = 0y =
0 (0.1,0.15,0.2) (0.2,0.25,0.3) (0.3,0.35,0.4) (0.4,0.45,0.5)
120 25.323 28.441 32.360 36.149
115 20918 24.467 28.506 32.202
110 16.770 20.702 24.790 28.338
105 12.963 17.176 21.222 24.559
100 9.581 13.917 17.807 20.867
95 6.704 10.948 14.549 17.259
90 4.385 8.281 11.443 13.729
85 2.637 5.910 8.477 10.267
80 1.416 3.803 5.623 6.856
75 0.608 1.886 2.838 3.467

6. Conclusions

This paper investigated the barrier option pricing model in the environment of the sub-
mixed fractional Brownian motion with jump intensity. Through the self-financing strategy,
we derive the B-S type PDE of the derivatives. Then, the value of the down-and-out option
is obtained by applying transformation techniques. Meanwhile, the parity formula between
barrier call option and barrier put option can be given by a similar method. Next, using
the linear relationship between the knock-out option and the knock-in option, the value of
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the knock-in option can be deduced. In Section 5, the numerical experiment is carried out
where we take the down-and-out call option as an example. According to the results shown
in Figures 1 and 2, and Table 3, the following relationships can be found: The barrier price
and Hurst index are inversely related to the value of the down-and-out call option, while
the jump intensity and volatility are positively correlated with it. In the above numerical
experiment, the parameter values are averages. It may affect the application of the model
according to reference [32], and we will try our best to overcome this limitation in future
research. Meanwhile, the Asian barrier options can also be considered to extend the model
used in this paper.
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