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Abstract: To study the influence of the fractal distribution of particle size on the critical state charac-
teristics of calcareous sand, a type of calcareous sand from a certain reef of the South China Sea was
used in this study. For comparison, standard quartz sand was also used. A series of drained shear
tests on the two sands were then conducted to investigate their critical state characteristics. It was
demonstrated that the fractal dimension is suitable for characterizing the particle size distribution
(PSD) of calcareous sand with different fine sand content. The critical state equation of sand proposed
by Li and Wang (1998) is suitable for fitting the critical state line of calcareous sand. In the plane of
deviatoric stress versus the effective confining pressure (q–p′ plane) and the plane of void ratio versus
(p′/pa)α, the critical state lines of calcareous sand are always above those of quartz sand. The critical
state lines of calcareous sand with different fractal dimensions in the q–p′ plane are unique. However,
in the e–(p′/pa)α plane, the critical state lines appear to rotate anticlockwise as the fractal dimension
increases. In addition, there is an “intersection” in the e–(p′/pa)α plane. Considering the influence of
the fractal distribution of particle size, an expression for the critical state line of calcareous sand in the
e–(p′/pa)α plane was proposed. The related constitutive model was also revised, where a complete
set of model parameters suitable for modeling calcareous sand was provided.

Keywords: calcareous sand; fractal dimension; particle size distribution; critical state; shear charac-
teristic

1. Introduction

As the main foundation material for construction in the South China Sea, calcareous
sand is a type of marine biogenic sand. Its chemical composition is different from that of
common terrestrial sand and marine sand; the calcium carbonate content is more than 50%.
It is characterized by an extremely irregular particle shape, high friction angle, high porosity
(including internal porosity), high compressibility, brittleness of grains, and so on [1–10].
The calcareous sand from the South China Sea is composed of coral debris, and the calcium
carbonate content is mostly above 90% [4]. These characteristics make its basic mechanical
properties more complicated than those of quartz sand [11–13]. It is of great significance
to study its mechanical properties. Recent research on the calcareous sand in the South
China Sea found that its particle breakage is far less than that in previous research under
the same load condition [14]. This may be related to its generation environment, hydraulic
fill method, and so on [5,15]. Compared with the original calcareous sand, the dredger
fill calcareous sand is not easily broken because of the breakage during hydraulic fill. In
addition, the confining pressure plays an important role in the drained shear properties of
calcareous sand [16–18]. Compared with quartz sand, the volumetric deformation, internal
friction angle, and shear strength of calcareous sand are larger [19–21].

The critical state refers to the state in which the axial deformation of soil develops
continuously without volumetric change under constant stress [22]. It is often used to
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design and evaluate the long-term strength of buildings (structures) in engineering practice.
The design of filled islands also relies on the concept of critical state strength [23,24]. Early
studies based on clay assumed that the critical state line is a straight line in the plane of void
ratio versus the logarithm of the effective confining pressure (e–lgp′ plane) [22]. However,
for granular materials, it has been found that the critical state line is not a straight line.
Thus, a series of critical state equations have been introduced [25–27]. Li and Wang [28]
suggested that the critical state line of sandy soil is approximately a straight line in the
e–(p′/pa)α plane based on the data from previous research. Based on this, the critical state
line of quartz sand can be well fit within the stress range of 10~500 kPa. This conclusion
is widely used [29]. However, calcareous sand is multangular and irregular, leading to
more complicated mechanical properties compared to quartz sand. It remains to be studied
whether the existing critical state theory is suitable for calcareous sand.

Recently, fractal theory has been widely used in respectively describing and studying
the particle size distribution, the pore size distribution, the particle morphology, and so
on [30–35]. The particle size distribution (PSD) has a significant impact on the critical
state characteristics of sand [36,37]. Particle breakage can lead to a sharp increase in fine
sand content. Moreover, seepage can lead to a significant decrease in fine sand content.
Both of these two conditions will significantly change the fine sand content of calcareous
sand. Then, the critical state characteristics of calcareous sand are affected. Therefore, it
is necessary to study the effect of fine sand content on the triaxial shear and critical state
characteristics of calcareous sand. However, the effect of the fractal distribution of particle
size on the critical state characteristics of calcareous sand is still poorly understood.

To reveal the particularity of calcareous sand, quartz sand was used as a reference
for comparison in this study. Triaxial tests of the two sands were performed to investigate
their critical state characteristics. The applicability of the critical state theory to calcareous
sand was analyzed. The influence of the fractal distribution of particle size on the critical
state characteristics of calcareous sand was studied. The relationship between the fractal
dimension and the critical state characteristics of calcareous sand was established. Based
on this, the related constitutive model was revised. A complete set of model parameters
suitable for calcareous sand was given.

2. Materials and Methods

The calcareous sand used in this study was from a certain reef of the South China
Sea. The influence of the content of particles smaller than 0.25 mm (P0.25) is researched in
this paper. When P0.25 is changed, the relative content of the rest of the particle fractions
remains the same. According to this method, the designed gradation is similar to the actual
gradation. Table 1 shows the test grain size distribution of the calcareous sand and quartz
sand. The gradation in bold is the actual gradation. The gradation curves of the calcareous
sand with different P0.25 are shown in Figure 1.

Table 1. Test grain size distribution of the calcareous sand and quartz sand.

Particle Fraction (mm) 5~2 2~1 1~0.5 0.5~0.25 0.25~0.075 <0.075

Calcareous sand

9.9% 7.3% 33.5% 34.3% 14.2% 0.8%
8.8% 6.5% 29.5% 30.2% 23.7% 1.3%
7.6% 5.6% 25.6% 26.2% 33.1% 1.9%
6.4% 4.7% 21.7% 22.2% 42.6% 2.4%
5.3% 3.9% 17.7% 18.1% 52.1% 2.9%

Quartz sand 7.6% 5.6% 25.6% 26.2% 33.1% 1.9%

To study the specific calcareous sand, quartz sand was adopted as a reference for
comparison. Table 2 shows the basic property parameters of the calcareous sand and quartz
sand with the same gradation (P0.25 = 35%).
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Figure 1. Grain size distribution curve of the tested calcareous sand.

Table 2. Basic property parameters of the test sands (P0.25 = 35%).

Sample Coefficient of
Uniformity (Cu)

Coefficient of
Curvature (Cc)

Maximum Void
Ratio (emax)

Minimum Void
Ratio (emin) Specific Gravity (Gs)

Calcareous sand 4.8 0.9 1.19 0.80 2.70

Quartz sand 4.8 0.9 0.75 0.39 2.67

Figure 2 presents the 3-D morphology characteristics of the tested calcareous sand
and quartz sand particles according to the CT scanner. It can be seen that, compared
with quartz sand, the particles of calcareous sand are multiangular, flatter, and more
irregular. The calcareous sand particles have more internal pores and their surface is
uneven. When the calcareous sand is compressed with a vertical load of 4000 kPa, the
relative breakage Br [38] is only 0.7% (0~1) [39]. This shows that the particle breakage of
this type of calcareous sand is insignificant and can be ignored. This conclusion is similar
to that of the aforementioned research [14]. Therefore, this paper focuses on exploring the
influence of the fractal distribution of particle size on the critical state characteristics of
calcareous sand, without considering the impact of particle breakage.

A strain path triaxial apparatus was used to conduct a series of drained shear tests
(CD tests). The shear characteristics of the calcareous sand with different fractal distribu-
tions of particle size were studied. The diameter and height of the test samples were 61.8
and 135 mm, respectively. The calcareous sand used in the test was saturated by applying
head pressure and back pressure. When the B-value (i.e., saturation) [40] was greater than
0.98, the sample was considered saturated. Four effective confining pressures (100, 200, 300,
and 400 kPa) were conducted. The tests were conducted using a constant vertical shear rate
of 0.016mm/min until the axial strain achieved 25%. It should be noted that the average
value of the critical state data in the last 3% strain range was used as the final value.

Four drained shear tests for quartz sand (P0.25 = 35%) with different effective confining
pressures were conducted as comparisons. The relative densities of the sand samples were
all 40%.
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Figure 2. CT scan images of the tested calcareous sand and quartz sand particles: (a) calcareous sand
particles; (b) quartz sand particles.

3. Experiments
3.1. Fractal Behavior of Particle Size Distribution

Recently, fractal theory has been widely used in respectively describing and studying
the geometric features of the PSD. Tyler et al. [41] proposed the fractal model of particle
size distribution. It was expressed with the relationship between the cumulative mass and
particle size of the particles, as follows:

M(δ < di)

Mt
=

(
di

dmax

)3−Dm

(1)

The fractal dimension Dm can be determined by:

lg
(

M(δ < di)

Mt

)
= (3− Dm)lg(di) + (Dm − 3)lg(dmax) (2)

where δ is the particle size, di is the diameter of the ith (i = 1, 2, . . . , n) sieve pore,
M(δ < di) is the cumulative mass of the sand particles whose grain size is smaller than
di, Mt is the total mass of sand particles, dmax is the maximum grain size, and Dm is the
fractal dimension.

However, only one fractal dimension is not enough to describe the distribution for
the entire range of particle sizes [42,43]. Posadas et al. [42] applied multifractal tech-
niques to describe contrasting PSDs. The dominant particles of calcareous sand are dis-
tributed in the large size range (i.e., the particle size greater than 0.075 mm). As shown
in Figure 3, the fractal dimension of the PSD (i.e., the particle size greater than 0.075 mm)
was obtained through the regression analysis based on Equation (2). The fitting results of
fractal dimensions reveal that the particle size distribution of calcareous sand complies
with the fractal law.
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Figure 3. Determination of fractal dimensions of calcareous sand with different gradation: (a) content
of particles smaller than 0.25 mm is 15%; (b) content of particles smaller than 0.25 mm is 25%;
(c) content of particles smaller than 0.25 mm is 35%; (d) content of particles smaller than 0.25 mm is
45%; (e) content of particles smaller than 0.25 mm is 55%.
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Figure 4 shows the fractal dimensions of the tested calcareous sand with different
gradation. As is shown, the higher the content of fine materials in the PSD is, the larger
the value of Dm is. The relationship between the P0.25 and Dm is almost linear (R2 = 0.96).
Therefore, the fractal dimension can be well used to characterize the gradation of the
calcareous sand with different fine sand content.
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3.2. Critical State Characteristics of the Calcareous Sand

Figure 5 shows the critical state lines in the plane of deviatoric stress versus the effective
confining pressure (q–p′ plane) of the calcareous sand and quartz sand (Dm = 2.667).
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Figure 5. The critical state lines in the q–p′ plane of the calcareous sand and quartz sand (Dm = 2.667).

As is shown, the critical stress ratio of calcareous sand (Mc1 = 1.556) is approximately
12% higher than that of quartz sand (Mc2 = 1.392). The critical stress ratio reflects the
particle interlocking. Its value depends primarily on the particle mineralogy and shape
(angularity) [44]. The particles of calcareous sand are more angular than those of quartz
sand, leading to stronger particle interlocking. As the damaged calcareous sand reached
the critical state, q reached a constant value. The initial sand fabric was destroyed at
this condition. The residual strength of calcareous sand is larger due to the stronger
particle interlocking.
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The sand critical state equation put forward by Li and Wang [28] is used to fit the
critical state line of calcareous sand in the e–p′ plane, as shown in the following Equation (3):

ec = ec0 − λ(
p′

pa
)

α

(3)

where ec is the critical void ratio; ec0, λ, and α are the material constants determining the
critical state line in the e–p′ plane [28], and pa is the atmospheric pressure for normalization.
α is a material parameter affected by the material type and the modulus type. The effect of
the value of α on the straightness of the lines is mild; α can be simply chosen as a default
value [28]. For the calcareous sand analyzed in this article, α can be taken as 0.55. For the
quartz sand analyzed in this article, α can be taken as 0.71. Based on this, the critical state
lines in the e–(p′/pa)α plane of the calcareous sand and quartz sand (Dm = 2.667) are as
shown in Figure 6.
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Figure 6. The critical state lines in the e–(p′/pa)α plane of the calcareous sand and quartz sand
(Dm = 2.667).

As is shown in Figure 6, the critical state lines of the calcareous sand and quartz sand
can be plotted as nearly straight in the e versus (p′/pa)α plane proposed by Li and Wang [28].
The critical state line of calcareous sand is always above that of quartz sand with the same
gradation. The critical state parameter λ and ec0 values of the calcareous sand are all larger
than those of the quartz sand. The higher initial void ratio of the calcareous sand results
in a larger ec0. Moreover, the larger slope λ indicates the greater influence of confining
pressure on the critical state void ratio of calcareous sand [39].

3.3. Influence of the Fractal Distribution of Particle Size on the Critical State Line in the q–p′ Plane
of the Calcareous Sand

Figure 7 shows the critical state line in the q–p′ plane of the calcareous sand with
different fractal dimensions.

As is shown, the critical state points of calcareous sand with different fractal di-
mensions basically fall along the same critical state line (Mc = 1.575) in the q–p′ plane
(R2 = 92.61%). Therefore, the critical state lines of calcareous sand with different fractal
dimensions in the q–p′ plane are unique. The critical stress ratio Mc of the calcareous sand
with different fractal dimensions is a constant. This conclusion is the same as those of other
sands in related research [45,46].
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Figure 7. The critical state line in the q–p′ plane of the calcareous sand with different fractal dimensions.

3.4. Influence of the Fractal Distribution of Particle Size on the Critical State Line in the e–p′ Plane
of the Calcareous Sand

The critical state lines in the e–(p′/pa)α plane of the calcareous sand with different
fractal dimensions are shown in Figure 8.
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Figure 8. The critical state lines in the e–(p′/pa)α plane of the calcareous sand with different fractal
dimensions.

It can be found that with the increase in fractal dimension, the critical state parameter
λ and ec0 of calcareous sand both decrease. The same is true for the Hoston sand. However,
the slope λ of the critical state lines of the calcareous sand changes more significantly than
that of the Hoston sand [36].

With the increase in fractal dimension, the fine sand content of calcareous sand in-
creases. The pores formed by the coarse particles are filled by the fine particles. The initial
void ratio of the calcareous sand decreases and the critical state parameter ec0 decreases.
The smaller initial void ratio leads to a weaker influence of confining pressure on the critical
state void ratio of calcareous sand, and the slope λ of the critical state line of the calcareous
sand decreases.

Figure 8 also shows that the critical state lines in the e–(p′/pa)α plane appear to rotate
anticlockwise approximately as the fractal dimension increases. When (p′/pa)α is equal to
2.2, the critical state void ratios of calcareous sand with different fractal dimensions are
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around 1.05. This means that there is an “intersection” in the e–(p′/pa)α plane. When the
effective confining pressure p′ is equal to 425 kPa, the critical void ratios of the calcareous
sand with different fractal dimensions are approximately the same.

Based on this, the critical state of calcareous sand in the e–(p′/pa)α plane can be
expressed as:

ec − b = −λ

[
(

p′
pa

)
α

− a
]

(4)

ec = b + aλ− λ(
p′
pa

)
α

(5)

where a and b are material constants. They are also the “intersection point” coordinates of
the critical state lines in the e–(p′/pa)α plane.

By combining Equations (3) and (5), the parameter ec0 can be written as:

ec0 = b + aλ (6)

Figure 9 shows the relationship between the reference void ratio ec0 and slope of
critical state lines λ.
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Figure 9. Relationship between reference void ratio ec0 and slope of critical state lines λ.

As is shown in Figure 9, there is indeed a linear relationship between the reference
void ratio ec0 and slope of critical state lines λ (R2 = 0.961). For the calcareous sand analyzed
in this article, a is 2.203 and b is 1.047.

Figure 10 presents the relationship between the slope of critical state lines λ and fractal
dimension Dm.

Second-order functions can be applied to fit the relationship, as follows:

λ = cDm
2 + dDm + f (7)

where c, d, and f are material constants. For the calcareous sand analyzed in this paper, c is
−0.384, d is 1.908, and f is −2.302.

Figure 11 shows the comparison of material constants determined by the model with
experimental data.
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Figure 11. Comparison of material constants determined by the model with experimental data:
(a) reference void ratio ec0; (b) slope of critical state lines λ.
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As can be seen, the material constants determined by the model and those determined
by the experimental data are highly correlated. The model expressed as Equations (4)–(7)
can be used to predict the material parameters of calcareous sand with different fractal
dimensions.

By combining Equations (5) and (7), considering the influence of the fractal distribution
of particle size, an expression for the critical state of calcareous sand in the e–(p′/pa)α plane
is proposed:

ec = b + a
(
cDm

2 + dDm + f
)
−
(
cDm

2 + dDm + f
)
(

p′
pa

)
α

(8)

4. Theoretical Model

The expression of state-dependent dilatancy put forward by Li et al. [47] was used in
this paper, as follows:

d = d0(emψ − η

M
) (9)

where d0 and m are two modeling parameters, η is the stress ratio, and Ψ is a state parameter.
Ψ is defined as:

ψ = e− ec (10)

Considering the influence of the fractal distribution of particle size, ec can be expressed
by Equation (8). The state parameter Ψ is proposed:

ψ = e− b− a
(
cDm

2 + dDm + f
)
+
(
cDm

2 + dDm + f
)
(

p′
pa

)
α

(11)

The state-dependent constitutive model established by Li et al. [47] was used in this
paper, as follows:{

dq
dp′

}
=

[(
3G 0
0 K

)
− h(L)

Kp + 3G− Kηd

(
9G2 −3KGη

3KGd −K2ηd

)](
dεq
dεv

)
(12)

where G is the elastic shear modulus, K is the elastic bulk modulus, L is a loading index, Kp
is the plastic modulus, and h(L) is a Heaviside function with h(L) = 1 for L > 0 and h(L) = 0
otherwise.

The elastic shear modulus G can be calculated by the following empirical equation [48]:

G = G0
(2.97− e)2

1 + e
√

p′pa (13)

where G0 is a material constant, and ec0 is the initial void ratio. The elastic bulk modulus K
can be calculated based on elasticity theory, as follows:

K = G
2(1 + v)

3(1− 2v)
(14)

where ν is the Poisson’s ratio.
The constitutive relation is put forward to express the plastic modulus Kp:

Kp = hG
(

M
η
− enψ

)
(15)

h = h1 − h2e (16)

where h1, h2, and n are three material constants.
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5. Model Validation

Figure 12 presents the relationship between the phase transformation state stress ratio
and peak state stress ratio and the state parameter of calcareous sand. As is shown, as
the ψ increases, the Md increases and the Mp decreases. Equations proposed by Li and
Dafalias [47] are used to quantify such evolutions, as follows:

Md = Ad Mc exp(mψ) (17)

Mp = Ap Mc exp(−nψ) (18)

where Ad and Ap are the correction factor. m and n are material constants. For the calcareous
sand analyzed in this article, m is 0.7438 and n is 0.5698.
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Figure 12. Relationship between state stress ratio and state parameter: (a) phase transformation state
stress ratio; (b) peak state stress ratio.

As shown in Table 3, fourteen material constants are used in the model. All these
parameters can be calibrated by a systematic procedure based on triaxial data.
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Table 3. Model parameters calibrated for calcareous sand.

Elastic
Parameters

Critical State
Parameters

Dilatancy
Parameters

Hardening
Parameters

G0 =125 M = 1.58 d = 1.91 d0 = 6.05 h1 = 3.35

ν = 0.30 a = 2.20 f = −2.30 m = 0.74 h2 = 3.05

b = 1.05 α = 0.55 n = 0.57

c = −0.38

6. Conclusions

To study the effect of the fractal distribution of particle size on the critical state
characteristics of calcareous sand, a type of calcareous sand from the South China Sea
was adopted in this study. For comparison, standard quartz sand was also used. A series
of drained shear tests on the two sands were performed to research their critical state
characteristics. Conclusions were drawn as follows:

(1) The particle size distribution of calcareous sand can obey the fractal law. The higher
the fine sand content in the PSD was, the larger the value of Dm was. The fractal
dimension can be used to characterize the particle size distribution of calcareous sand
with different fine sand content.

(2) The critical stress ratio of calcareous sand (Mc = 1.556) was around 12% higher than
that of quartz sand (Mc = 1.392), and its critical state line parameters λ and ec0 were
also larger than those of quartz sand. In the q–p′ plane and e–(p′/pa)α plane, the critical
state lines of calcareous sand were always above those of the quartz sand.

(3) The critical state lines of calcareous sand with different fractal dimensions in the q–p′

plane were unique.
(4) The critical state equation of sand proposed by Li and Wang [28] was suitable for the

fitting of the critical state line of calcareous sand in the e–(p′/pa)α plane.
(5) In the e–(p′/pa)α plane, the critical state lines appeared to rotate anticlockwise as

the fractal dimension increased. There was an “intersection” in the e–(p′/pa)α plane.
When the effective confining pressure p′ was equal to 425 kPa, the critical void ratios
of the calcareous sand with different fractal dimensions were approximately the same.
Considering the influence of the fractal distribution of particle size, an expression for
the critical state of calcareous sand in the e–(p′/pa)α plane was proposed.

(6) Based on the critical state characteristics of calcareous sand with different fractal
dimensions, the dilatancy equation and constitutive model suitable for calcareous
sand were proposed. Moreover, a complete set of model parameters suitable for
calcareous sand was given.
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