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Abstract: In this paper, we establish a generalized fractional integrals identity involving some param-
eters and differentiable functions. Then, we use the newly established identity and prove different
generalized fractional integrals inequalities like midpoint inequalities, trapezoidal inequalities and
Simpson’s inequalities for differentiable convex functions. Finally, we give some applications of
newly established inequalities in the context of quadrature formulas.
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1. Introduction

Fractional calculus (that is, calculus of integrals and derivatives of any arbitrary real
or complex order) has grown in popularity and relevance over the last three decades,
owing to its demonstrated applications in a wide range of seemingly disparate domains of
science and engineering. It does, in fact, give a number of potentially valuable tools for
solving differential and integral equations, as well as a variety of other problems involving
mathematical physics special functions, as well as their extensions and generalizations
in one or more variables. Fluid Flow, Rheology, Dynamical Processes in Self-Similar and
Porous Structures, Diffusive Transport Akin to Diffusion, Electrical Networks, Probability
and Statistics, and Control Theory of Dynamical Systems are some of the current areas of
application of fractional calculus.

Because of the importance of fractional calculus, researchers have utilized it to es-
tablish various fractional integral inequalities that have been shown to be quite useful
in approximation theory. Inequalities such as Hermite–Hadamard, Simpson’s, midpoint,
Ostrowski’s and trapezoidal inequalities are examples, and by using these inequalities,
we can obtain the bounds of formulas used in numerical integration. In [1], Sarikaya et al.
proved some Hermite–Hadamard type inequalities and trapezoidal type inequalities for
the first time using the Riemann–Liouville fractional integrals. Set [2] proved a Riemann–
Liouville fractional version of the Ostrowski’s inequalities for differentiable functions. İşcan
and Wu used harmonic convexity and proved Hermite–Hadamard type inequalities in [3].
Sarikaya and Yildrim [4] used Riemann–Liouville fractional integrals to prove some new
Hermite–Hadamard type inequalities and midpoint type inequalities for differentiable con-
vex functions. In [5], the authors used Riemann–Liouville frcational integrals and proved
some Simpson’s type inequalities for general convex functions. Mubeen and Habibullah [6]
introduced the notions of general Riemann–Liouville fractional integrals, called k-fractional
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integrals and the authors used these integrals to prove some new Hermite–Hadamard type
inequalities in [7]. Using the k-fractional integrals, Farid et al. proved Ostrowski’s type
inequalities for differentiable functions in [8]. In [9], Zhang et al. used k-fractional integrals
and proved different integral inequalities for general convex functions. Recently, Sarikaya
and Ertugral [10] defined a new class of fractional integrals, called generalized fractional,
and they used these integrals to prove a general version of Hermite–Hadamard type in-
equalities for convex functions. In [11], Zhao et al. used generalized fractional integrals and
proved some trapezoidal type inequalities for harmonic convex functions. Budak et al. [12]
proved several variants of Ostrowski’s and Simpson’s type for differentiable convex func-
tions via generalized fractional integrals. For more inequalities via fractional integrals, one
can consult [13–24] and references therein.

Inspired by the ongoing studies, we establish some new parameterized integral
inequalities for differentiable convex functions via the generalized fractional integrals.
The fundamental benefit of these inequalities can be turned into midpoint type inequali-
ties, trapezoidal type inequalities and Simpson’s type inequalities via classical integrals,
Riemann–Liouville fractional integrals and k-fractional integrals for convex functions with-
out having to prove each one separately.

This paper is summarized as follows: Section 2 provides a brief overview of the
fundamentals of fractional calculus as well as other related studies in this field. In Section 3,
we establish an integral identity that plays a major role in establishing the main outcomes
of this paper. Some new inequalities of midpoint type, trapezoidal type and Simpson’s
type for differentiable convex functions via different fractional operators are presented
in Section 4. Some applications to quadrature formulas are discussed in Section 5 and
establish several refinements of Hermite–Hadamard inequality. Section 6 concludes with
some suggestions for future research.

2. Fractional Integrals and Related Inequalities

In this section, we recall some basic notations and notions of the fractional integrals.
We also recall some inequalities via different fractional integrals.

Definition 1. [25,26] Let Υ ∈ L1[η1, η2]. The Riemann–Liouville fractional integrals (RLFIs)
Jα
η1+

Υ and Jα
η2−Υ of order α > 0 with η1 ≥ 0 are defined as follows:

Jα
η1+

Υ(κ) = 1
Γ(η1)

∫ κ

η1

(κ − t)α−1Υ(t)dt, κ > η1

and
Jα
η2−Υ(κ) = 1

Γ(α)

∫ η2

κ
(t−κ)α−1Υ(t)dt, κ < η2,

respectively, where Γ is the well-known Gamma function.

Definition 2. [6] Let Υ ∈ L1[η1, η2]. The k-fractional integrals (KFIs) J α,k
η1+

Υ and J α,k
η2−Υ of order

α, k > 0 with η1 ≥ 0 are defined as follows:

J α,k
η1+

Υ(κ) = 1
kΓk(η1)

∫ κ

η1

(κ − t)
α
k−1Υ(t)dt, κ > η1

and
J α,k

η2−Υ(κ) = 1
kΓk(α)

∫ η2

κ
(t−κ)

α
k−1Υ(t)dt, κ < η2,

respectively, where Γk is the well-known k-Gamma function.
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Definition 3. [10] Let Υ ∈ L1[η1, η2]. The generalized fractional integrals (GFIs) η1+ IϕΥ and
η2− IϕΥ with η1 ≥ 0 are defined as follows:

η1+ IϕΥ(κ) =
∫ κ

η1

ϕ(κ − t)
κ − t

Υ(t)dt, κ > η1

and

η2− IϕΥ(κ) =
∫ η2

κ

ϕ(t−κ)
t−κ Υ(t)dt, κ < η2,

respectively, where ϕ : [0, ∞) → [0, ∞) is a function. For more properties of the the functions ϕ,
one can consult [10].

Remark 1. The importance of the GFIs is that these can be turned into classical Riemann integrals,

RLFIs and KFIs for ϕ(t) = t, ϕ(t) = tα

Γ(α) and ϕ(t) = t
α
k

kΓk(α)
, respectively.

Theorem 1. Let Υ : I → R be a convex function on I with η1, η2 ∈ I such that η1 < η2. If
f∈ L1[η1, η2], the the following inequality holds:

Υ
(

η1 + η2

2

)
≤ 1

2Λ(1)
[

η1+ IϕΥ(η2) + η2− IϕΥ(η1)
]
≤ Υ(η1) + Υ(η2)

2
,

where Λ(1) =
∫ 1

0
ϕ((η2−η1)t)

t dt.

Remark 2. In Theorem 1, we have

(i) If we set ϕ(t) = t, then we have the following classical Hermite–Hadamard inequality
(see, [27], p. 137):

Υ
(

η1 + η2

2

)
≤ 1

η2 − η1

∫ η2

η1

Υ(κ)dκ ≤ Υ(η1) + Υ(η2)

2
.

(ii) If we set ϕ(t) = tα

Γ(α) , then we have the following RLFIs Hermite–Hadamard inequality
(see, [1]):

Υ
(

η1 + η2

2

)
≤ Γ(α + 1)

2(η2 − η1)
α

[
Jα
η1+

Υ(η2) + Jα
η2−Υ(η1)

]
≤ Υ(η1) + Υ(η2)

2
.

(iii) If we set ϕ(t) = t
α
k

kΓk(α)
, then we have the following KFIs Hermite–Hadamard inequality

(see, [28]):

Υ
(

η1 + η2

2

)
≤ Γk(α + k)

2(η2 − η1)
α
k

[
J α,k

η1+
Υ(η2) + J α,k

η2−Υ(η1)
]
≤ Υ(η1) + Υ(η2)

2
.

3. Key Equalities

In this section, we prove a generalized fractional integral identity involving some
parameters and derivative of a function.
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Lemma 1. Let Υ : I → R be a differentiable function on I◦ with Υ ∈ L1[η1, η2], then the following
GFIs identity holds for λ, µ ∈ R :

λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
(1)

− 1
2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]
=

(η2 − η1)

4∆(1)

[∫ 1

0
(∆(1)− λ∆(1)− ∆(t))Υ′

(
tη1 + (1− t)

η1 + η2

2

)
dt

+
∫ 1

0
(µ∆(1)− ∆(t))Υ′

(
t
η1 + η2

2
+ (1− t)η2

)
dt
]

,

where

∆(κ) =
∫ κ

0

ϕ
((

η2−η1
2

)
u
)

u
du.

Proof. Using integration by parts and change of variables, we have

H1 =
∫ 1

0
(∆(1)− λ∆(1)− ∆(t))Υ′

(
tη1 + (1− t)

η1 + η2

2

)
dt (2)

= − 2
(η2 − η1)

[
(∆(1)− λ∆(1)− ∆(t))Υ

(
tη1 + (1− t)

η1 + η2

2

)∣∣∣∣1
0

]

− 2
(η2 − η1)

∫ 1

0

ϕ
((

η2−η1
2

)
t
)

t
Υ
(

tη1 + (1− t)
η1 + η2

2

)
dt

=
2

(η2 − η1)

[
λ∆(1)Υ(η1) + (1− λ)∆(1)Υ

(
η1 + η2

2

)
− η1+ IϕΥ

(
η1 + η2

2

)]
and similarly, we have

H2 =
∫ 1

0
(µ∆(1)− ∆(t))Υ′

(
t
η1 + η2

2
+ (1− t)η2

)
dt (3)

=
2

(η2 − η1)

[
(1− µ)∆(1)Υ

(
η1 + η2

2

)
+ µ∆(1)Υ(η2)− (

η1+η2
2

)
+

IϕΥ(η2)

]
.

By adding (2), (3) and multiplying the resultant equality with the factor (η2−η1)
4∆(1) , we obtain

the resultant equality (1).

Remark 3. The advantage of this new lemma is that it allows us to establish new lemmas for
different inequalities such as midpoint, trapezoidal, and Simpson’s with different choices of the
parameters λ and µ. On the other hand, more new results can be established on different choices of
ϕ such as classical, fractional and k-fractional versions of the above mentioned inequalities.

Corollary 1. In Lemma 1, we have

(i) If we set λ = µ = 1, then we obtain the following equality:

Υ(η1) + Υ(η2)

2
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]
=

(η2 − η1)

4∆(1)

[∫ 1

0
(∆(1)− ∆(1)− ∆(t))Υ′

(
tη1 + (1− t)

η1 + η2

2

)
dt

+
∫ 1

0
(∆(1)− ∆(t))Υ′

(
t
η1 + η2

2
+ (1− t)η2

)
dt
]

.
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This equality helps us to obtain some trapezoidal type inequalities.
(ii) If we set λ = µ = 0, then we obtain the following equality:

Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]
=

(η2 − η1)

4∆(1)

[∫ 1

0
(∆(1)− ∆(t))Υ′

(
tη1 + (1− t)

η1 + η2

2

)
dt

−
∫ 1

0
∆(t)Υ′

(
t
η1 + η2

2
+ (1− t)η2

)
dt
]

.

This equality help us to obtain some midpoint type inequalities.
(iii) If we set λ = µ = 1

3 , then we obtain the following equality:

1
6

[
Υ(η1) + 4Υ

(
η1 + η2

2

)
+ Υ(η2)

]
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]
=

(η2 − η1)

12∆(1)

[∫ 1

0
(3∆(1)− ∆(1)− 3∆(t))Υ′

(
tη1 + (1− t)

η1 + η2

2

)
dt

+
∫ 1

0
(∆(1)− 3∆(t))Υ′

(
t
η1 + η2

2
+ (1− t)η2

)
dt
]

.

This equality helps us to obtain some Simpson’s type inequalities.

Remark 4. If we set ϕ(t) = t in Lemma 1, then we obtain ([29], Lemma 2.1).

Corollary 2. In Lemma 1, we have

(i) If we set ϕ(t) = tα

Γ(α) , then we obtain the following RLFIs equality:

λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]

=
(η2 − η1)

4

[∫ 1

0
(1− λ− tα)Υ′

(
tη1 + (1− t)

η1 + η2

2

)
dt

+
∫ 1

0
(µ− tα)Υ′

(
t
η1 + η2

2
+ (1− t)η2

)
dt
]

.

(ii) If we set ϕ(t) = t
α
k

kΓk(α)
, then we have the following KFIs equality:

λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]

=
(η2 − η1)

4

[∫ 1

0

(
1− λ− t

α
k

)
Υ′
(

tη1 + (1− t)
η1 + η2

2

)
dt

+
∫ 1

0

(
µ− t

α
k

)
Υ′
(

t
η1 + η2

2
+ (1− t)η2

)
dt
]

.
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4. Main Results

In this section, we prove different types of integral inequalities for differentiable
convex functions using the GFIs.

Theorem 2. Under the conditions of Lemma 1. If |Υ′| is convex function, then the following
inequality holds: ∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)
[
(A1(λ) + B1(µ))

∣∣Υ′(η1)
∣∣+ (A2(λ) + B2(µ))

∣∣Υ′(η2)
∣∣],

where

A1(λ) =
∫ 1

0

1 + t
2
|∆(1)− λ∆(1)− ∆(t)|dt,

A2(λ) =
∫ 1

0

1− t
2
|∆(1)− λ∆(1)− ∆(t)|dt,

B1(µ) =
∫ 1

0

t
2
|µ∆(1)− ∆(t)|dt,

B2(µ) =
∫ 1

0

2− t
2
|µ∆(1)− ∆(t)|dt.

Proof. By taking modulus in (1), using properties of the modulus and convexity of |Υ′|,
we have ∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|

∣∣∣∣Υ′(1 + t
2

η1 +
1− t

2
η2

)∣∣∣∣dt

+
∫ 1

0
|µ∆(1)− ∆(t)|

∣∣∣∣Υ′( t
2

η1 +
2− t

2
η2

)∣∣∣∣dt
]

≤ (η2 − η1)

4∆(1)

[∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|

(
1 + t

2

∣∣Υ′(η1)
∣∣+ 1− t

2

∣∣Υ′(η2)
∣∣)dt

+
∫ 1

0
|µ∆(1)− ∆(t)|

(
t
2

∣∣Υ′(η1)
∣∣+ 2− t

2

∣∣Υ′(η2)
∣∣)dt

]
=

(η2 − η1)

4∆(1)
[
(A1(λ) + B1(µ))

∣∣Υ′(η1)
∣∣+ (A2(λ) + B2(µ))

∣∣Υ′(η2)
∣∣].

Thus, the proof is completed.

Corollary 3. In Theorem 2, we have

(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:∣∣∣∣Υ(η1) + Υ(η2)

2
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)
[
(A1(1) + B1(1))

∣∣Υ′(η1)
∣∣+ (A2(1) + B2(1))

∣∣Υ′(η2)
∣∣].
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(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:∣∣∣∣Υ(η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)
[
(A1(0) + B1(0))

∣∣Υ′(η1)
∣∣+ (A2(0) + B2(0))

∣∣Υ′(η2)
∣∣].

(iii) If we set λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:∣∣∣∣16

[
Υ(η1) + 4Υ

(
η1 + η2

2

)
+ Υ(η2)

]
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[(
A1

(
1
3

)
+ B1

(
1
3

))∣∣Υ′(η1)
∣∣+(A2

(
1
3

)
+ B2

(
1
3

))∣∣Υ′(η2)
∣∣].

Remark 5. If we set ϕ(t) = t in Theorem 2, then we obtain ([29], Theorem 3.1 for q = 1).

Corollary 4. In Theorem 2, we have

(i) If we set ϕ(t) = tα

Γ(α) , then we obtain the following RLFIs inequality:∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4
[
(C1(α; λ) + C3(α; µ))

∣∣Υ′(η1)
∣∣+ (C2(α; λ) + C4(α; µ))

∣∣Υ′(η2)
∣∣],

where

C1(α; λ)

=
3
4

λ + (1− λ)α − 1
α + 1

(1− λ)α2+α − 1
2

λ(1− λ)2α

− 1
α + 2

(1− λ)α2+2α +
1

2(α + 1)
+

1
2(α + 2)

+
1
2
(1− λ)2α − λ(1− λ)α − 3

4
,

C2(α; λ)

=
1
4

λ + (1− λ)α − 1
α + 1

(1− λ)α2+α +
1
2

λ(1− λ)2α

+
1

α + 2
(1− λ)α2+2α +

1
2(α + 1)

− 1
2(α + 2)

−1
2
(1− λ)2α − λ(1− λ)α − 1

4
,

C3(α; µ) =
µ2α+1

2
− µα2+2α

α + 2
+

1
2(α + 2)

− µ

4
,

C4(α; µ) = 2

(
µα+1 − µα2+α

α + 1

)
+

1
α + 1

− µ− C3(α; µ).

(ii) If we set ϕ(t) = t
α
k

kΓk(α)
, then we have the following KFIs inequality:
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∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4
[
(C1(α; λ; k) + C3(α; µ; k))

∣∣Υ′(η1)
∣∣+ (C2(α; λ; k) + C4(α; µ; k))

∣∣Υ′(η2)
∣∣],

where

C1(α; λ; k)

=
3
4

λ + (1− λ)
α
k − 1

α
k + 1

(1− λ)(
α
k )

2
+ α

k

−1
2

λ(1− λ)2 α
k − 1

α
k + 2

(1− λ)(
α
k )

2
+2 α

k +
1

2
(

α
k + 1

)
+

1
2
(

α
k + 2

) + 1
2
(1− λ)2 α

k − λ(1− λ)
α
k − 3

4
,

C2(α; λ; k)

=
1
4

λ + (1− λ)
α
k − 1

α
k + 1

(1− λ)(
α
k )

2
+ α

k +
1
2

λ(1− λ)2 α
k

+
1

α
k + 2

(1− λ)(
α
k )

2
+2 α

k +
1

2
(

α
k + 1

) − 1
2
(

α
k + 2

)
−1

2
(1− λ)2 α

k − λ(1− λ)
α
k − 1

4
,

C3(α; µ; k) =
µ2 α

k +1

2
− µ(

α
k )

2
+2 α

k

α
k + 2

+
1

2
(

α
k + 2

) − µ

4
,

C4(α; µ; k) = 2

µ
α
k +1 − µ(

α
k )

2
+ α

k

α
k + 1

+
1

α
k + 1

− µ− C3(α; µ).

Theorem 3. Under the conditions of Lemma 1. If |Υ′|r, r ≥ 1 is convex function, then the following
inequality holds: ∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[
A1− 1

r
3 (λ)

(
A1(λ)

∣∣Υ′(η1)
∣∣r + A2(λ)

∣∣Υ′(η2)
∣∣r) 1

r

+B1− 1
r

3 (µ)
(

B1(µ)
∣∣Υ′(η1)

∣∣r + B2(µ)
∣∣Υ′(η2)

∣∣r) 1
r
]

,

where

A3(λ) =
∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|dt,

B3(µ) =
∫ 1

0
|µ∆(1)− ∆(t)|dt.
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Proof. By taking modulus in (1) and using the power mean inequality, we have∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|

∣∣∣∣Υ′(1 + t
2

η1 +
1− t

2
η2

)∣∣∣∣dt

+
∫ 1

0
|µ∆(1)− ∆(t)|

∣∣∣∣Υ′( t
2

η1 +
2− t

2
η2

)∣∣∣∣dt
]

≤ (η2 − η1)

4∆(1)

[(∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|dt

)1− 1
r

×
(∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|

∣∣∣∣Υ′(1 + t
2

η1 +
1− t

2
η2

)∣∣∣∣rdt
) 1

r

+

(∫ 1

0
|µ∆(1)− ∆(t)|dt

)1− 1
r

×
(∫ 1

0
|µ∆(1)− ∆(t)|

∣∣∣∣Υ′( t
2

η1 +
2− t

2
η2

)∣∣∣∣rdt
) 1

r

.

By using convexity of |Υ′|r, r ≥ 1, we have∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[(∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|dt

)1− 1
r

×
(∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|

(
1 + t

2

∣∣Υ′(η1)
∣∣r + 1− t

2

∣∣Υ′(η2)
∣∣r)dt

) 1
r

+

(∫ 1

0
|µ∆(1)− ∆(t)|dt

)1− 1
r

×
(∫ 1

0
|µ∆(1)− ∆(t)|

(
t
2

∣∣Υ′(η1)
∣∣r + 2− t

2

∣∣Υ′(η2)
∣∣r)dt

) 1
r
]

=
(η2 − η1)

4∆(1)

[
A1− 1

r
3 (λ)

(
A1(λ)

∣∣Υ′(η1)
∣∣r + A2(λ)

∣∣Υ′(η2)
∣∣r) 1

r

+B1− 1
r

3 (µ)
(

B1(µ)
∣∣Υ′(η1)

∣∣r + B2(µ)
∣∣Υ′(η2)

∣∣r) 1
r
]

.

Thus, the proof is completed.

Corollary 5. In Theorem 3, we have
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(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:∣∣∣∣Υ(η1) + Υ(η2)

2
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[
A1− 1

r
3 (1)

(
A1(1)

∣∣Υ′(η1)
∣∣r + A2(1)

∣∣Υ′(η2)
∣∣r) 1

r

+B1− 1
r

3 (1)
(

B1(1)
∣∣Υ′(η1)

∣∣r + B2(1)
∣∣Υ′(η2)

∣∣r) 1
r
]

.

(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:∣∣∣∣Υ(η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[
A1− 1

r
3 (0)

(
A1(0)

∣∣Υ′(η1)
∣∣r + A2(0)

∣∣Υ′(η2)
∣∣r) 1

r

+B1− 1
r

3 (0)
(

B1(0)
∣∣Υ′(η1)

∣∣r + B2(0)
∣∣Υ′(η2)

∣∣r) 1
r
]

.

(iii) If we set λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:∣∣∣∣16
[

Υ(η1) + 4Υ
(

η1 + η2

2

)
+ Υ(η2)

]
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[
A1− 1

r
3

(
1
3

)(
A1

(
1
3

)∣∣Υ′(η1)
∣∣r + A2

(
1
3

)∣∣Υ′(η2)
∣∣r) 1

r

+B1− 1
r

3

(
1
3

)(
B1

(
1
3

)∣∣Υ′(η1)
∣∣r + B2

(
1
3

)∣∣Υ′(η2)
∣∣r) 1

r
]

.

Remark 6. If we set ϕ(t) = t in Theorem 2, then we obtain ([29], Theorem 3.1).

Corollary 6. In Theorem 3, we have

(i) If we set ϕ(t) = tα

Γ(α) , then we obtain the following RLFIs inequality:∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[
C1− 1

r
5 (α; λ)

(
C1(α; λ)

∣∣Υ′(η1)
∣∣r + C2(α; λ)

∣∣Υ′(η2)
∣∣r) 1

r

+C1− 1
r

6 (α; µ)
(

C3(α; µ)
∣∣Υ′(η1)

∣∣r + C4(α; µ)
∣∣Υ′(η2)

∣∣r) 1
r
]

,

where

C5(α; λ) = 2

(
(1− λ)α+1 − (1− λ)α2+α

α + 1

)
+

1
α + 1

+ λ− 1

C6(α; µ) = 2

(
µα+1 − µα2+α

α + 1

)
+

1
α + 1

− µ.
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(ii) If we set ϕ(t) = t
α
k

kΓk(α)
, then we have the following KFIs inequality:∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[
C1− 1

r
5 (α; λ; k)

(
C1(α; λ; k)

∣∣Υ′(η1)
∣∣r + C2(α; λ; k)

∣∣Υ′(η2)
∣∣r) 1

r

+C1− 1
r

6 (α; µ)
(

C3(α; λ; k)
∣∣Υ′(η1)

∣∣r + C4(α; λ; k)
∣∣Υ′(η2)

∣∣r) 1
r
]

,

where

C5(α; λ; k) = 2

(1− λ)
α
k +1 − (1− λ)(

α
k )

2
+ α

k

α
k + 1

+
1

α
k + 1

+ λ− 1,

C6(α; µ; k) = 2

µ
α
k +1 − µ(

α
k )

2
+ α

k

α
k + 1

+
1

α
k + 1

− µ.

Theorem 4. Under the conditions of Lemma 1. If |Υ′|r, r > 1 is convex function, then the following
inequality holds: ∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

A4(λ; s)
(

3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B4(µ; s)
(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

,

where

A4(λ; s) =

(∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|sdt

) 1
s
,

B4(µ; s) =

(∫ 1

0
|µ∆(1)− ∆(t)|sdt

) 1
s

and s−1 + r−1 = 1.
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Proof. Taking absolute value of (1) and using the Hölder’s inequality, we have∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

(∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|sdt

) 1
s
(∫ 1

0

∣∣∣∣Υ′(1 + t
2

η1 +
1− t

2
η2

)∣∣∣∣rdt
) 1

r

+

(∫ 1

0
|µ∆(1)− ∆(t)|sdt

) 1
s
(∫ 1

0

∣∣∣∣Υ′( t
2

η1 +
2− t

2
η2

)∣∣∣∣rdt
) 1

r

.

From convexity of |Υ′|r, r > 1, we have∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

[(∫ 1

0
|∆(1)− λ∆(1)− ∆(t)|sdt

) 1
s

×
(∫ 1

0

(
1 + t

2

∣∣Υ′(η1)
∣∣r + 1− t

2

∣∣Υ′(η2)
∣∣r)dt

) 1
r

+

(∫ 1

0
|µ∆(1)− ∆(t)|sdt

) 1
s
(∫ 1

0

(
t
2

∣∣Υ′(η1)
∣∣r + 2− t

2

∣∣Υ′(η2)
∣∣r)dt

) 1
r
]

=
(η2 − η1)

4∆(1)

A4(λ; s)
(

3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B4(µ; s)
(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

Thus, the proof is ended.

Corollary 7. In Theorem 4, we have

(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:∣∣∣∣Υ(η1) + Υ(η2)

2
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

A4(1; s)
(

3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B4(1; s)
(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.
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(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:∣∣∣∣Υ(η1 + η2

2

)
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

A4(0; s)
(

3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B4(0; s)
(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

(iii) If we set λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:∣∣∣∣16

[
Υ(η1) + 4Υ

(
η1 + η2

2

)
+ Υ(η2)

]
− 1

2∆(1)

[
η1+ IϕΥ

(
η1 + η2

2

)
+ (

η1+η2
2

)
+

IϕΥ(η2)

]∣∣∣∣
≤ (η2 − η1)

4∆(1)

A4

(
1
3

; s
)(

3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B4

(
1
3

; s
)(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

Remark 7. If we set ϕ(t) = t in Theorem 4, then we obtain the following inequality∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− 1

η2 − η1

∫ η2

η1

Υ(κ)dκ
∣∣∣∣

≤ (η2 − η1)

4

( (1− λ)s+1 + λs+1

s + 1

) 1
s(3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+

(
(1− µ)s+1 + µs+1

s + 1

) 1
s( |Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

Corollary 8. In Theorem 4, we have

(i) If we set ϕ(t) = tα

Γ(α) , then we obtain the following RLFIs inequality:∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

Aα
4(λ; s)

(
3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+Bα
4 (λ; s)

(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

,
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where

Aα
4(λ; s) =

(∫ 1

0
|1− λ− tα|sdt

) 1
s
,

Bα
4 (λ; s) =

(∫ 1

0
|µ− tα|s

) 1
s
.

(ii) If we set ϕ(t) = t
α
k

kΓk(α)
, then we have the following KFIs inequality:∣∣∣∣λΥ(η1) + µΥ(η2)

2
+

2− λ− µ

2
Υ
(

η1 + η2

2

)
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

A
α
k
4 (λ; s)

(
3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B
α
k
4 (λ; s)

(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

,

where

A
α
k
4 (λ; s) =

(∫ 1

0

∣∣∣1− λ− t
α
k

∣∣∣sdt
) 1

s
,

B
α
k
4 (λ; s) =

(∫ 1

0

∣∣∣µ− t
α
k

∣∣∣s) 1
s
.

5. Applications to Quadrature Formulas

In this section, we discuss some special cases of newly established inequalities and obtain
midpoint type inequalities, trapezoidal type inequalities and Simpson’s type inequalities.

Remark 8. In Corollary 4 part (i), we have

(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:∣∣∣∣Υ(η1) + Υ(η2)

2
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4
[
(C1(α; 1) + C3(α; 1))

∣∣Υ′(η1)
∣∣+ (C2(α; 1) + C4(α; 1))

∣∣Υ′(η2)
∣∣].

(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:∣∣∣∣Υ(η1 + η2

2

)
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4
[
(C1(α; 0) + C3(α; 0))

∣∣Υ′(η1)
∣∣+ (C2(α; 0) + C4(α; 0))

∣∣Υ′(η2)
∣∣].

(iii) If we λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:
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∣∣∣∣16
[

Υ(η1) + 4Υ
(

η1 + η2

2

)
+ Υ(η2)

]
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[(
C1

(
α;

1
3

)
+ C3

(
α;

1
3

))∣∣Υ′(η1)
∣∣+(C2

(
α;

1
3

)
+ C4

(
α;

1
3

))∣∣Υ′(η2)
∣∣].

Remark 9. In Corollary 4 part (ii), we have

(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:

∣∣∣∣Υ(η1) + Υ(η2)

2
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4
[
(C1(α; 1; k) + C3(α; 1; k))

∣∣Υ′(η1)
∣∣+ (C2(α; 1; k) + C4(α; 1; k))

∣∣Υ′(η2)
∣∣].

(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:

∣∣∣∣Υ(η1 + η2

2

)
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4
[
(C1(α; 0; k) + C3(α; 0; k))

∣∣Υ′(η1)
∣∣+ (C2(α; 0; k) + C4(α; 0; k))

∣∣Υ′(η2)
∣∣].

(iii) If we λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:

∣∣∣∣16
[

Υ(η1) + 4Υ
(

η1 + η2

2

)
+ Υ(η2)

]
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[(
C1

(
α;

1
3

; k
)
+ C3

(
α;

1
3

; k
))∣∣Υ′(η1)

∣∣+(C2

(
α;

1
3

; k
)
+ C4

(
α;

1
3

; k
))∣∣Υ′(η2)

∣∣].

Remark 10. In Corollary 6 part (i), we have

(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:∣∣∣∣Υ(η1) + Υ(η2)

2
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[
C1− 1

r
5 (α; 1)

(
C1(α; 1)

∣∣Υ′(η1)
∣∣r + C2(α; 1)

∣∣Υ′(η2)
∣∣r) 1

r

+C1− 1
r

6 (α; 1)
(

C3(α; 1)
∣∣Υ′(η1)

∣∣r + C4(α; 1)
∣∣Υ′(η2)

∣∣r) 1
r
]

.
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(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:∣∣∣∣Υ(η1 + η2

2

)
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[
C1− 1

r
5 (α; 0)

(
C1(α; 0)

∣∣Υ′(η1)
∣∣r + C2(α; 0)

∣∣Υ′(η2)
∣∣r) 1

r

+C1− 1
r

6 (α; 0)
(

C3(α; 0)
∣∣Υ′(η1)

∣∣r + C4(α; 0)
∣∣Υ′(η2)

∣∣r) 1
r
]

.

(iii) If we λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:∣∣∣∣16
[

Υ(η1) + 4Υ
(

η1 + η2

2

)
+ Υ(η2)

]
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[
C1− 1

r
5

(
α;

1
3

)(
C1

(
α;

1
3

)∣∣Υ′(η1)
∣∣r + C2

(
α;

1
3

)∣∣Υ′(η2)
∣∣r) 1

r

+C1− 1
r

6

(
α;

1
3

)(
C3

(
α;

1
3

)∣∣Υ′(η1)
∣∣r + C4

(
α;

1
3

)∣∣Υ′(η2)
∣∣r) 1

r
]

.

Remark 11. In Corollary 6 part (ii), we have

(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:∣∣∣∣Υ(η1) + Υ(η2)

2
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[
C1− 1

r
5 (α; 1; k)

(
C1(α; 1; k)

∣∣Υ′(η1)
∣∣r + C2(α; 1; k)

∣∣Υ′(η2)
∣∣r) 1

r

+C1− 1
r

6 (α; 1)
(

C3(α; 1; k)
∣∣Υ′(η1)

∣∣r + C4(α; 1; k)
∣∣Υ′(η2)

∣∣r) 1
r
]

.

(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:∣∣∣∣Υ(η1 + η2

2

)
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[
C1− 1

r
5 (α; 0; k)

(
C1(α; 0; k)

∣∣Υ′(η1)
∣∣r + C2(α; 0; k)

∣∣Υ′(η2)
∣∣r) 1

r

+C1− 1
r

6 (α; 0)
(

C3(α; 0; k)
∣∣Υ′(η1)

∣∣r + C4(α; 0; k)
∣∣Υ′(η2)

∣∣r) 1
r
]

.
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(iii) If we λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:∣∣∣∣16

[
Υ(η1) + 4Υ

(
η1 + η2

2

)
+ Υ(η2)

]
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

[
C1− 1

r
5

(
α;

1
3

; k
)(

C1

(
α;

1
3

; k
)∣∣Υ′(η1)

∣∣r + C2

(
α;

1
3

; k
)∣∣Υ′(η2)

∣∣r) 1
r

+C1− 1
r

6

(
α;

1
3

)(
C3

(
α;

1
3

; k
)∣∣Υ′(η1)

∣∣r + C4

(
α;

1
3

; k
)∣∣Υ′(η2)

∣∣r) 1
r
]

.

Remark 12. In Corollary 8 part (i), we have

(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:∣∣∣∣Υ(η1) + Υ(η2)

2
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

Aα
4(1; s)

(
3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+Bα
4 (1; s)

(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:∣∣∣∣Υ(η1 + η2

2

)
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

Aα
4(0; s)

(
3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+Bα
4 (0; s)

(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

(iii) If we λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:∣∣∣∣16

[
Υ(η1) + 4Υ

(
η1 + η2

2

)
+ Υ(η2)

]
− Γ(α + 1)

21−α(η2 − η1)
α

[
Jα
η1+

Υ
(

η1 + η2

2

)
+ Jα(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

Aα
4

(
1
3

; s
)(

3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+Bα
4

(
1
3

; s
)(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

Remark 13. In Corollary 8 part (ii), we have
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(i) If we set λ = µ = 1, then we obtain the following trapezoidal type inequality:∣∣∣∣Υ(η1) + Υ(η2)

2
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

A
α
k
4 (1; s)

(
3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B
α
k
4 (1; s)

(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

(ii) If we set λ = µ = 0, then we obtain the following midpoint type inequality:∣∣∣∣Υ(η1 + η2

2

)
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

A
α
k
4 (0; s)

(
3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B
α
k
4 (0; s)

(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

(iii) If we λ = µ = 1
3 , then we obtain the following Simpson’s type inequality:∣∣∣∣16

[
Υ(η1) + 4Υ

(
η1 + η2

2

)
+ Υ(η2)

]
− Γk(α + k)

2
k−α

k (η2 − η1)
α
k

[
J α,k

η1+
Υ
(

η1 + η2

2

)
+ J α,k(

η1+η2
2

)
+

Υ(η2)

]∣∣∣∣∣
≤ (η2 − η1)

4

A
α
k
4

(
1
3

; s
)(

3|Υ′(η1)|r + |Υ′(η2)|r

4

) 1
r

+B
α
k
4

(
1
3

; s
)(
|Υ′(η1)|r + 3|Υ′(η2)|r

4

) 1
r

.

Remark 14. With different choices of ϕ like ϕ(t) = t, ϕ(t) = tα

Γ(α) , ϕ(t) = t
α
k

kΓk(α)
, ϕ(t) =

1
Γ(α) t(x− t)s(xs+1 − ts+1)α−1, ϕ(t) = 1

Γ(α)
[log(x)−log(x−t)]α−1

x−t and ϕ(t) = t
α exp

(
− 1−α

α t
)

in
Theorems 2–4 and Corollaries 3, 5 and 7, we can establish more midpoint inequalities, trapezoidal
inequalities and Simpson’s inequalities through classical Riemann integral, fractional Riemann–
Liouville fractional integrals, k-fractional integrals, Hadamard fractional integrals and fractional
integrals with exponential kernel.

6. Conclusions

In this work, we proved some parameterized integral inequalities for differentiable
convex functions via generalized fractional integrals. The advantage of parameters in-
volved in integral inequalities is that these inequalities could be converted into midpoint
inequalities, trapezoidal inequalities and Simpson’s inequalities for differentiable convex
functions. Moreover, the advantage of fractional integrals used in these inequalities is that
these inequalities could be converted into classical integral inequalities, Riemann–Liouville
fractional integrals inequalities and k-fractional integrals inequalities without proving them
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separately. It is an interesting and new problem that the upcoming researchers can obtain
similar inequalities for functions of two variables.
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