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Abstract: This paper is concerned with the problem of the robust stability of fractional-order memris-
tive bidirectional associative memory (BAM) neural networks. Based on Lyapunov theory, fractional-
order differential inequalities and linear matrix inequalities (LMI) are applied to obtain a robust
asymptotical stability. Finally, numerical examples are presented.
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1. Introduction

Fractional calculus has a long history of more than three hundred years. Fractional
calculus can be considered as the generalization for traditional calculus, from the integer
order to the arbitrary order [1], and it relates to the calculus of the integrals and derivatives
of orders that may be real or complex. Very recently, a study concerning FNNs with mixed
and additive time-varying delays has made this an active research topic. They discussed
applications in various fields, such as viscoelastic systems, diffusion waves, quantitative
finance, etc. [2-9].

The BAM neural network is a two-layer neural network which can generalize not only
auto-associative memory, but also hetero-associative memory [10-16]. This has been widely
applied in many fields, such as image processing, pattern recognition, automatic control,
and optimization problems. With the development and application of memristors, BAM
memristive neural networks have become an active area of research [17-20]. MBAMNNSs
are the combination of memristors and BAMNNSs. By adjusting the connection weight
matrice, they can simulate human brains better than traditional BAMNNS.

On the other hand, we know that signals transmitted from one point to another may
pass through two sections of networks, and due to the changes in network transmission
conditions, time delays have different features; therefore, there exists another kind of delay,
named additive (successive) delay. Recently, a new model for neural networks with pair
additive time-varying delays should be considered in [21]. By constructing some advanced
techniques, a new asymptotic stability criterion for neural networks with two successive
delay components is derived in [22]. Inspired by [23,24] we first consider systems with
two additive delay components. As we all know, in the process of the realization of neural
network circuits, time delay is inevitable, and the existence of time delay often causes
system stability or deteriorates its performance [25-29] .

In practice, the stability of a well-designed neural network system may often be de-
stroyed by its unavoidable uncertainty, due to the existence of modeling error, external
disturbance, and parameter fluctuation during implementation. Most results are related to
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the dynamical analysis of FONNs concentrated on robust stability [30-35]. One instinctive
plan to manage this issue is to access the disturbance or effect of the disturbances from
quantifiable variables, and thereafter, a control move can be made, in context of the dis-
turbance estimate, to compensate for the effect of the disturbances. This essential idea can
be ordinarily stretched out to manage uncertainties or unmodelled dynamics that could
be considered as a part of the disturbance. When analyzing the stability of NNs, not only
delay, but also parameter uncertainty, should be considered because of the existence of
disturbances in the environment [36-39].

Motivated by the above discussions, we try to investigate the robust stability of
fractional-order memristive BAM neural networks.

(1) The proposed memristive BAM neural networks model contains mixed and additive
time-varying delays.

(2) The proposed main proofs are proved with the some effective analytical techniques.

(3) A new sufficient criterion is derived in terms of LMI, which can be effectively solved
in the LMI MATLAB toolbox.

(4) Finally, we provide a numerical example.

2. Preliminaries
Definition 1 ([40]). The Caputo derivative of the fractional order -y of the function k(<) is given

1

6 Z3h(t) = Tm—7)

/0 e 8" (5)ds.
inwhichm—1 < v <m
Lemma 1 ([41]). If % > 0is a constant and &, 2 are real matrices, then
P12+ " <y PP+ U127 2.
Lemma 2 ([41]). Given that P, 2, Z are constant matrices, where P = 2T, 2 = 27, then

{@%’

AP

iff 2> 0and 2 + %2 %" <.

Lemma 3 ([42]). Let 3 € #™®, (2 = 0,1, ....,p) be symmetric matrices. The conditions on
Ti(2=0,1,..,p), T FE > 0, forall & # 0, such that &7 ¢ > 0(2 = 1,2,..,p) hold if there
exist T3 > 0,(2 =1,2,...,p) such that

1=1

r
To— Y 1T > 0.

Lemma 4 ([43]). Let u(p) : [a,®] — %™ be a scalar function with scalars a < band . is
matrix then

([ ¥ @0) 7 ([ o)) < to-2) [ (o) ulp)etp

Hypothesis 1. The functions hy(-) and g (-) satisfy

|hj(x) —b3(y)| < pjlx—v,i=12,..,m
ga(x) —@a(y)| S ailx—y,1=12.,m
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3. Main Results

Consider fractional-order memristive BAM neural networks with additive and mixed
time-varying delays,

P%pi(t) = —Tip:(t) + 51 da (01 (€) )y (S5(¢))
+ 51 Pya(pa(t ))]hg(\fg(t Ul(t)—ffz(t)))
+Z]_1151=13]1(@1 f‘t (t) B3 (Sj(s))ds + Ai(t) 1., m

733(v) = —m:ﬂ%:u(t)+21—1m1:u(\93( ))& (p1(t))
+ X1 CIJ](%_TJ( )) (@1<t 11(t) —12(t)))
+ Y5 e (S5(e ft of t)g]l(p]1 $))d$—|— Ji(t),3=1,...m

where, p;(t) and J;(t) denote the state variable related to the ith and jth neurons.
(@53(03(0)acm (053(33(0)) men. (B3(3(0)mea (€53(3(0)mea (335(93(8))
(eij(\s](t)))mxm are connection weight matrices, ry > 0, m; > 0, are positive diagonal
matrices. The external inputs are ;(t) and _#;(t). 01(t), 02(t), 1 (t) and #2(t) can be
assumed by

{ 0<ai(t) <01, 01 <91, 0<m(t) < 0o, 02 <y,
0<m(t) <ay, 11 <aj, 0<m(t) <ap, 12 <ap.

By using differential inclusion theory, the above system becomes

Pi(t) = —raps(t) + Ty colays(ps(t) /by (33(1))]
+yR wo[mﬂm )ms(35(5 - 01(2) — 02(v)))
+Z 1co a]]l pl )ft (¢ lhl] %](s))ds} +fjl(t>/

P°%j(8) —m3S3(t) + YT, cofms (3 < ))gi(9i(0)]
+z§:_1co[cu<o]< ))es (m(t ﬂl(t)—nz(t)))
+ Y8 coless (S5() fo e &i(0a(s))as] + 75(¢)

Furthermore, let just for efficiency

@

coletza(03(9)) |15 (33 (<)) = Ba(pa(e)),
colloga (3(8) g (33(5 - 01(8) = 02(5))) = Ba(3(¥)),
colags(pa(0))] [ m(Ss(s))ds = Balps(t),
colms3(S3(t))]es (i () = &a(S;3(%)),
colles(35())es(pa(5 — 11 (8) — 12(%) = x(35(2),
)

cofess (35(0)] [ | es(s(e))em = ma(35(2)

The equilibrium point 0* = (0%, 05, .., 0%)T, x* = (X}, X3, x5)T, of neural networks
(2) to the origin. This transformation 01 (t) = p1(t) — p3, x3(t) = S;(¢) — I put neural
networks (2) into

7%0(t) —130:(t) + 131 Pa(0a(t)) + Li—1 w(01(t))
+Z] 1]1361(91( )) 1i=12..,m (3)
7*x3(t) = —mix3(e) + L3 galxs(t ))+Z§i‘:1 g:(x5(%))
FIE e3(6)), 5= 1.2,
The compact form is
{ 7%(t) = —Z0(t) + Hale(r)) + #(e(v)) + Ha(o(t)), @
7°x(t) = —Ax(2) + %m(x(t)) + %(x(¢)) + Z(x(¢)),
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The system (4) initial condition is considered to be

o(s) = ¥(s) € 2% x(s) = ¢(s) € Z™ Q)

Theorem 1. The equilibrium of system (4) is globally robust and asymptotically stable if there exist
real matrices 9?1, 2y, such that:

—2P\R + PP+ uD U Dy + Py Py

+ B U By + P U Py + pd T U A < 0, (6)
—291M + 21U 21 + BN TUT N B+ 21U 21
+ BETUTICB + 21U 21 + BET U EB <0 7)

Proof. Define a Lyapunov functional

7 (e) = ) Ya(v), ®)

where,

Taking the time derivative of #'(t) along the trajectories of (4) and using Lemma 2,
we obtain

Y (1) = 20" () 21 {—Z0(t) + Halo(t)) + #(0(t)) + Ha(o(v))}
V3(t) = 2x" (£) Po{ — M X (€) + %u(x(£)) + Ge(x(¥)) +
<

20" (v) 21 #a(0(t))
20" (v) 21765(0(v))

20" (v) 21 a(0(v))
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Substituting, we obtain
7 ((t)) < QT(t){ —2P\R+ PPy + D U Dy + P U Py
+ uB U By + P\ U Py + y%T%glszfy}Q(t)
+ XT(t){ —29.M + DU 21 + BN TUT N B+ D1U52,
+ BT U C B+ 21U 21 + ,BfT%éléoﬁ} x(t)

7 (t) < 0. As a result, the equilibrium point of (4) is determined to be globally robustly
stable. The proof is now completed. [J

Remark 1. System (1) is the drive system, followed by the response system being

2%6a(t) = —riga(t) + L1 d5a(c1(t))hy(=5(t))

+ X321 Py (61 () by (35 (t — 01(€) — 02(t)))

+ 151 a3a(61(8)) fo (o) By(s5(s))ds + S (t),
Psj(t) = —mys;j(t) + L3 maj(=5(t))@a(ca(t))

+ Y01 cig(s5(8)) @i (6a(t — 71 () — m2(t)))

+ Yi1 ej(s5(t)) f;tfv(t) gi(ga(s))ds + 75(t).

©)

The memristive connection weights d;:(p1(t)), bji(p1(t)), a5a(pa(t)), miz(I5(t)),
c15(S3(t)), @13(S3(%)), dsz(g2 (%)), Bya(ca(t)), 23265 (t)), maz (5(%)), cag(23(€)), @s5(=5(t))
will change with time. Then, we let

dpa(pa(v)) = { ?3;;:;; IEEE;I 4y
aya(pa(t)) = { ijjj }géﬁil Sy
(o) = { g 2015
ays(ca(v)) = { ?j;@j; st Y

aji(ca(t) = { 21 Igiggi - gi
bya(ca(t) = { Ej;ﬁjj IEEE?I Sy
S N
c13(33(¢)) = { ZE, Igﬂgg i Zﬂ
wson={ 3 ol
i = { 35 (3015
teste) = { 5 |501S 77
eij(s(t)) = { :E, IEEE;I iZﬂ
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Using the differential inclusion theory, the above systems can be rewritten as

P*pa(t) = —rapa(t) + L5 coldsa(pa(t))]hy(S5(t))
+r3 100[%1(@1( ))]ﬂl;u(\f;u(t 01(t)—02(t)))

+Z” 1colas:(pa(t ft (s 1113 J;(s))ds+ A1 (1), (10)
7"35(t) *m:uv‘m( )+ i 100[11113(\9]( Nl (p1(t))
+ Xia CO[Cnm(\f;u( ))] (pn(t 771( ) —12(%)))
+ L colesy (S5(e ft v(z) B S))d$+ H3(%).
and
P"¢i(t) = —1i61(€) + Lj—q co[djic:(€))]hy(=5(t))
+ 251 co[Pyi(ca(t ))]h:u(%(t 01(‘13) —02(t)))
+ L1 colaga(g1(t) ft (v) by(s3(2))ds
F (0 + (%), a
P"e3(t) = —mys;(t) + iy co[maz(=5(t))]acs(t))
+ L5-1 cofesg(s5(t ))] (Qn(t ’71( ) —12(t)))
+Y 5 coless(s5(t ft 1(s))ds
+ 73(t) + Va(t).
with
a: les|< %
co[dys(pa(t))] = ga{dji, dja}, |pa(t)| = S,
s, [pa(t)] > T,
854, lpa(t)| < F4,
[a53(p1(t))] = ¢ co{ja, 341}, |pa(t)] = T4,
é—]i/ |@ﬁl<t)| > %/
b ()< %
collji(pi(t))] = ¢ co{bys, bra}, |pa(t)| = T4,
by lpa(t)] > F4,
g, I61(8)| < T,
coldjs(ci(t))] = co{dys iz}, [ca(e)l = Fa,
aja, gi(t)| > J4,
851, g1 ()| < F,
colaja(ga(t))] = codys 51}, |ci(t)| = T4,
B34, lgi(t)| > T4,
by, ca(t)| < F,
Co[uoji(gi(t))] = CO{]b]Jl Ib_]]]l}/ |§i(t)| = T4,
by, lci(t)| > T4,
By, 1S5(e)| < 73,
colms3(S5(t))] = cof{dsydiz}, |S5(8) = #5,
tyg, S1 ()| > 75,
€ij, 1S3 (0)| < #5,
co[caj(I5(t))] = ¢ co{@ay, &5}, |S5(8)] = #5,
i, 1S5(8)| > #5,
15, 1S5(8)| < #5,
coles3(S3(€))] = { co{esy @3}, [S5(t)| = #5,
i3, S5(t)| > 73,
iy 23(5)] < 74,
colmij(sj(t))] = S co{bay, hi5}, [s5(t)] = #5,
s, =5(e)| > 75,
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e, 33(6)| < 74,

co[esz(s5(t))] =  co{@szds5}, [s5(8)] = 75,

B ss(0)] > 73,

i3 33(0)| < 74,

colesj(s3(e))] = § coflsy 13}, [s5(8)| = 75,

i3 33(9)| > 7.

For the sake of convenience, let

coldsa (3 (2) 1y (33 (2)) = Ta(pa(v)),
colbss (93 (8 (335 — 1 () — 02(9))) = B(p3(5),
colags(oa(o)] [ m(Ss(s))ds = Balps(v)),
coldya(61(2)) Iy (s5(<)) = Balcs(v)),
collos (61(5)) Iy (335 — 01(£)) — 02(1))) = Bm(s(©)),
colags(ca(e))] | males(e))ds = ma(ea(v),
colma; (33(6)ea(6:(2)) = &a(35(%),
coles; (33(6))es(9a(x — 11 (2) = 12(9)) = e=(33(%)),
coley(33(e))) [ m(pa(e))ds = ee(35(9))
colns (s5(%) s (63(+)) = ealss (1)),
coles; (=5(%)) ez (6a(= — 1 () — 12(2))) = ea(ms(=),
coless(ss(e))] | ms(ma(s))es = a(ss(6).

Before processing our main results, we set ¢1(t) — pi(t) = @1(t) s5(t) — I3(t) = P5(t),
then, the synchronization error system is

7°0s(t) = —wa@s(t) + T3y Balca(t) — T3y alpa(e)) + T3 Bu(ca(®))
— 2 B(p2()) + 3o Ba6(€)) — Doy Bulpa(0) + 008,
PUps(6) = —myp(6) + LT ma(83(5)) — T2 ma(S3(8) + 12 el (5)

—~

— X1 8e(35(%)) + i ge(s5(%) — Xio1 &(35(8) +V(v),

By using Hypothesis 1, we have,

ha(cs(t)) — Ba(pi(t))] < dyapsls;(t) — S3(¢)],
< dyaps|P5(€)],

w61 (t)) —Iw(p1(t))| < Ppapj|s;(t — 01(t) — 02(t)) — S3(t — 01 (t) — 02(¥)) |,
< byapj |5 (t — 01(t) — 02(t))],

ha(64(%)) — Ba(a(9)] < 2ysms |

o (e Sy(e)as,

t
> 351]Pp /tf'r(t) |lp3($)|d$/

len(s5(t) — an(S3(t)| < mijaslga(t) — pa(t)],
< mijqs|@1(t)],
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lge(25(t)) — 8:(Sj(t))] < eagaslga(t—n1(t) — 12(t)) — pa(t—1m1(t) — 12(¥))],
< ci3as|@:(t —11(t) — m2(¥)) ],

(5(2) — £a(35(0)] < msga [ lea(s) = oa(()las

The compact form of (12) is

Pa(t) = —Ra(c) + Ha(s(t)) + A3t — 01(8) — 0a(¥)))
+ Je 1) Halt3(s))ds+ U(v),
PP(e) = —MP(6) + Ga(@(t)) + Ge(@s(t — 11 (%) — 72(3)))

+ fo () o(@1(s))ds + V(x).

When U(t), V(t) = 0, then the system decreases to

P0(t) = —A0(t) + Ha(3(5) + H(3(c— 1(2) — 02(%)))
5 ee) Ha(¥5(s))as, )
PP(x) = — M P(5) + Ga(@3(t)) + De(@s(t — 11 (%) — 12 (2)))

+ fo () Yo(@i(s))ds.

Theorem 2. Under Hypothesis 1, the real matrices are %1, %o, %3, X4, 21, %2, A, T, T3, T4,
I5, To, W1, Wa, W3, Wa, W5, We, W7, W3, such that the following LMIs holds

b = dillg(q)lll, veeey @11,11> <0, (14)
Y = diag(Tl,l/m-/Tll,ll) <0, (15)
where
D11 = —2BF1 + B WPy + Fr U Tr + FrUs 81 + BN T U N B
+ PRy + W+ D+ 2R+ A+ Do+ T+ T+ T+ T,
CDZ,Z = ,B%T%Silcgﬁ — 31,@3,3 = —,%(1 — 0 — 0(2),
Dyy=—-H(1—w), P55 = —AB(1—a2), e = — T4,
Oy7 = T, Ogg = —Tp, Pog = BET U EB — W5,
D10 = — %3, P11,11 = —Hs-
and

Y11 = —2M Ry + Ty Un T + T Us Ty + Fr e oo + 09" U D
L+ T+ Do AL+ Ao+ W+ Wat W5+ W,
Yoo = uB Uy "By — 25, %35 = —#1(1 -6 — &),
Yya=—W2(1—61),¥s5 = —#(1—06), Y5 = — W4, Y77 = W5,
Yo = —Wo, Yoo = pd U "/ — W3, Y1000 = =2, Y = — 2.

then the system (13) is globally asymptotically stable.
Appendix A contains the detailed proof of Theorem 8.
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Remark 2. When o1 (t) = 02(t) = o(t), system (13) correspondingly decreases to

Pa(e) = —Aot) + Halps()
T (55— 0(0)) + [ 1) Halps(s))as, )
D) = —MP() + Gl (t))

FLe(@a(5— 1(8)) + [y ) Dol@a(s)) s

Theorem 3. Under Hypothesis 1, the real matrices are 2, % %3, #s, 21, %1, Tz, #7, such that
the following LMIs hold,

A= diag(AM, ey A5,5) <0, (17)
Y = dl'ﬂg(erl,...., Y5,5) <0, (18)

A1 = —2RBR5 + BsUs s + RsUs Ry + Rz Uo s + BN T Uy N B+ 0> 2,
+ T+ VP + R, Nap = BETULCB — T, Asy = BET U, EB— 2,
Ngg= =21, Ns5 = =T

Y11 = —2M Ry + BsW0Rs + BaW11 Ry + Ry U1y Ry + 0T U D+ 1> + W
+ 122 + T, Yop = B U By — B, a5 = pod Uy 'ty — 2,
Yya =, Y55 = —#7.

then, system (16) is globally asymptotically stable.
Appendix B contains the detailed proof of Theorem 10.

Remark 3. When 4, = 9 = 0, the system (13) correspondingly decreases to

{ Zrote) = el + Alys(0) + Albslem o9 D) g

7Y(e) = —AYP(€) + Ga(@4(1) + Go(@1(€ — 11 (2) — 12(¥))-

Theorem 4. Under Hypothesis 1, the real matrices are %1, %2, A, T2, T3, Ta, T5, To, W1, W2,
W3, Wy, Ws, We such that the following LMIs hold

g = diag((:l,li ceny (:8,8) < 0/ (20)
= diag(my 1, ..., g8) <O, (21)

C11 = —2RF + B\t + B U + A+ D+ DB+ T+ Ts+ Te + 21
+ BN TUT N, Gop = BET U 'CP— 21,8333 = — (1 — w1 — a2),
Caa =R —-a1),85=—F(1—a2),8e6 = —T4,877=—T5,888 = — .

and

T = —2M K + By UsTr + FHoesTo + W+ Wo+Was+ W+ Ws+ W+ 22
+ U U Dy, o = pB Uy By — 2,735 = (1 - 61— &),
Tys = —Wa(1—61), 155 = —W3(1 = 02), 66 = —Wa, 777 = — W5, Tigg = — W,

then system (19) is globally asymptotically stable.

Appendix C contains the detailed proof of Theorem 11.
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4. Ilustrative Example

Example 1. Consider the fact that system (13), as with the parameters, is

e (pa(t)) = {

diz(p2(t)) =

ny2(62(t)) =
m1(61(t)) =

np2(62(t)) =

cp1(g1(t)) =
cz2(62(t)) =

e11(61(t)) =

-0.3,
-0.1,

—4.05,
-3.95,

0.15,
0.05,

—0.35,

—0.25,

02,
0,

—5.05,
—4.95,

0.05,
—0.05,

—0.35,
—0.25,

pa(e)] < Z1,
[pa(e)] > Z1,
lp2(2)| < T2,
[p2(2)| > 72,

lp1(t)] < F4,
lp1(t)| > T4,

|p2(2)| < 72,
[p2(2)| > T2,

lp1(e)| < FA,
[pa(t)| > F4,

0.1, |pa(e)| < 7,
0, lpa(t )l > A,

0.05,
—0.25,

0.05,
—0.36,

—0.05,
—0.11,

0.1,
—04,
0.06,

—0.1,

0.06,
—0.5,

0.06,
—0.3,
0.4,
—0.38,

0.2,
—0.25,

0.87,
-0.5,

—0.5,
0.38,

1.3,
—0.2,
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0.28, |oa(t)| < 72,
Tt =
e12(62(t)) { —0.1, |ga(®)| > #>,
Tt =
ez1(c1(t)) { —04, |c1(v)| > 74,
—0.88, |c2(t)| < ¥4,
t =
ez2(62(t)) { —05, |ca(t)| > #a.
Here, we take an activation function as h(s) = g(s) = tanh(s). Then, let oc; = 0.87,
7y = 088, 4y = 027, ay = 036, = 0.75, T = 0.87, yj1 = 078,52 = 0.76, u = 0.65,

61 =0.78, 6 = 0.76,v = 0.76. Then, there exist the matrices as follows:

(4 0 01 0 02 -4
7= 0 6}’%_[0 0.2}'@_{0.1 —0.3}'
[ —01 -5 0.1 0.05 04 025
=1 0 03 ]"@ { 0.05 0.05 }’% [ 0.87 —05 ]
[ 01 0.06 03 028
4= 006 0.06 ]"9@_ [ 11 —0.388 }

The following feasible solutions are obtained by solving LMIs (14), (15).

K =

18987 —0.0564 | [ 98.0141 —3.4251
| —0.0564 12887 |72 | —3.4251 02475 |’
. — [ 1507100000 ] [ 1.5071 0.0000
>~ [ 00000 1.5071 |"~* " | 0.0000 1.5071 |’
5 _ [ 40678 00000 ] . _ [ 20641 0.0000 ]
171 00000 4.0680 |"72 | 0.0000 2.0641 |’
. _ [ 23541 00000 ] [ 14091 0.0011 ]
71 00000 23541 |77* 7 | 0.0011 15072 |’
5 — [ 15071 00000 ] . _ [ 1.5071 0.0000 ]
>~ 00000 1.5071 |”7¢ ™ | 0.0000 1.5071 |’
g _ [ 14475 00007 ] . _ [ 1.4505 0.0007 ]
17 00007 15072 |"* 7~ | 0.0007 1.5072 |’
o _ [ 31255 00039 ] _ [ 48069 00235
P71 00039 27892 "2 | 0.0235 6.8262 |
o _ [ 45634 00198 [ 14091 0.0011
71 00198 6.2613 |"7* 7 | 0.0011 1.5072 |’
e _ [ 14091 00011] [ 13111 0.0023
>~ 00011 1.5072 |77® 7 | 0.0023 1.5074 |’
yo_ [ 06275 07118 ] [ 14294 01632
77| —07118 09301 |77® T | —0.1632 —6.7240 |’
9 _ [ 15456 005407 [ 12582 —0.0307
17100540 14589 |72 | —0.0307 1.4745

U = —2.7767, % = —0.3447, % = —0.5048, %y = —0.0022, % = 0.0643, %, = —0.9023.

Therefore, it follows from Theorem 8 that the memristive BAM neural network with given

parameters is globally asymptotically stable.
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5. Conclusions

There is a new sufficient condition for guaranteeing the globally robust asymptotically
stability of the equilibrium point for fractional-order memristive BAM neural networks,
with mixed and additive time varying delays. Using the Lyapunov functional and LMI
approaches, robust stability results can be obtained. At last, a numerical example is
presented. Future research topics are stochastic BAM neural networks, and stochastic
recurrent neural networks.
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Appendix A

Proof of Theorem 8. Define a Lyapunov functional

8
=) (x)
k=1

where
() = 2190 (v) % 0(t)],
#(e) = 2~ (v)2p(x)),
4(€) = /U1 /HG %) 2305 )dsdﬁ—l—(Tz/Uz [HG (5) %40 (=) dscl,
) =1 /m/w SE )d$d9+772/ / 5) 2 (s) sl
¥5(2) = /t ICICEECES :m(t)wf<$>m<$>ds
+ © ()wT(s)%w(s)ds+ i @l (s) Zu0(s)ds
top(t t—7
+ © @' (s) T50(s)ds + i @' (s) Fpo(s)ds,
t—-m t—1
V5(®) = /t:r(t) lPT($)WllP($)d$+ tt o1(t) IPT($)%IP($)d$
+/:Uz(t)zp ()5 ds+/ )i (s)as

+ / V@ psast [1 T ep(s)as

t—0p

/71; /t+9 =) /70 (w)dsdt,

(0 [ [t (e
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The time derivatives of ¥'(t) as follows:

A(t) = 20" (1) 21 { ~ Ao (t) + Ha(3(e)) + H(3(t— 01(t) — 02(¥)))

t
[
t—1(t)

2 (t) = 29" (€)% { — A (%) + %u(@3(¥)) + Fe(@1(t — 11(E) — 12(t)))

t
Yo
* /tfv(t) (0’.7

By applying Lemma 2 and Hypothesis 1, we obtain

o () Ha(P3(t)) < @ (€)% 2% %@ (t)
+y (Oua"u Tuy(e),
@' (€)1 (p3(t — 01(€) — 02(%))) < @ (£) %1 %Itr0(%)
+ 9T (t— 01(t) — oa(8) ) uB" Uy ' By
P(t—01(t) — 0a(t)),
© Ho(py(s))ds] < @ (€)% U:%,6(t)

t

207 ()%, [/

S p(e)as)T e T gl

t—1(t)

JARCLE
)%2%4@21/](1:)

BN TU N Bo(t),

€) B Us B ()

t—m(t) —m(e) e % 6P
@(t—1m(t) — (e )),

W @Bl Gol@s(w)as] < 9T () BUA()

t—u(t)

297 () Z2%n(@1(t)) <
T

T (e
+a

297 (€) 2% (@1(t — () —12(t))) < 7 (
+a'(

[ ol p

[/:U(t) o (s)ds].

then, one has

< @' (v)[-22%1)0(t) + @' (v)[% % )0 ()

+¢ (t)[V@T@/ '2ulp(t) + @' (v) (% %I 0 (t)

+ () B %y Bulp(t — 01(¢) — 0a(x))

T - "
o+[ [ o V@] e [ [
T (6)[-2%y. 4 \ye) + ¢ (€) [ B2 Us 2] (t)

BN Blo(t) + 97 (t) [ %% 2] (t)
t—1m(t) —mn(t ))[ﬁ‘gT%_lcgﬁ](t—ﬁl(t) —12(t))

s
N s
S
é%

y(=)as|,

_l’_
S88s
A/j/—\/‘\
&
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R CECE
P5(t) < [07 (1) Zia(x) — @ (£ — 5 (€) T (e — (8)) (1 — a1 — a)]
+[@" (€) Bea(t) — @ (£ — 11 (£) B0t — () (1 — 1)
+ @7 (£) Bo(e) — @ (¢ — 12(2)) (e — 12(£)) (1 — a2)]
+[@"(t) T (t) — @ (£ —17) Z46(t — 7))
+[@" (8) Bo(t) — @ (£ — 1) Tt — 1))
+ (@7 (£) o (t) — o (£~ 12) o (£~ 12)],
Ts(t) < [pT () #1p(e) — 9T (£ — o(£) 719 (2 — 0(2)) (1 — 61 — 5))]
+ [T @ ap(e) — 9T (6 01 (£) Fap(t — o1(£)) (1 - 61)
+ [T (@ 7(8) — T (5 — () (£ — 02(8)) (1 — 8)]
+ [T () 7ay(e) — " (e — o)Vt - 0)]
+ [T () #5p(t) — T (v — o) #spp(t — 01)]
+ 9T () (e) — 97 (6~ 02) (£ — )]
e = PR (@) ~ofe) [ o (@0l

From Hypothesis 1, we have
0 <@ (t)210(t) — @ (t— 71 (t) — 12(1)) 210(t — 11 (£) — 12(%)),
0 < 9T(£) 2app(t) — ¢ (£ — 01 (%) — 02(£)) Lo (£ — 01 (%) — 02 (%))
¥ (t) <& (e)PE(5) + T (¥ (v).

where

¢T(t) = [@"(v) @ (t—m(t) —m(v), @ (t—1(t),@" (t—m(t)),

@ (&= (), 0" (x=1), " (c=m), @ (c=m), ([ a(=as),

¢he) =[p"(v) 9T (e—0i(e) —oa(v), ' (e—0o(t)), ¥ (t—1(v)),

pT(e—02(v), YT (e—0), pT(e—01), T (e—0n), (/ Pp(s)as)",

t—1(t)

([ w@a ([ p(=)as)"]
t-in t—12

Hence, ¥ (t) < 0, based on Lyapunov theory (13), is globally asymptotically stable.
Hence, the proof is completed. [
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Appendix B

Proof of Theorem 10. Define a Lyapunov functional

where

7 (t) =) Ya(x),

k=1

(1) = 27V @ (v) Z0(t),
%(e) = 27T (0 Zuy (2)],

5(t) = // T(s)2,0(s
—n/ [ v @i
%@=AW "(s) 7
%(t)z/t V(=
=e@ [ ), e @ ne

= 8) 25
- t /—T(t) [t—i—(i 24]

(s)ds
(s)ds

By applying the Lemma 2, we have,

@' (€)% (p3(t)) < @ (£)Bs% K30 (t)

+ 9T (Ou2" % Duyp(t),

@' (€)% 5(P3(t — 0(t))) < @ (v) B UsH30(t)

2@Ww@¢gv

W (@7l [ @a(s)as] <

297 () Zs%u(@1(t)) <

29" (2) Rye(@1(t — (e ))

+ 9 (e —o(e))n2 U Bup(t—o(t)),
pi(s)ds] < @ (t) %% R0 (t)

t

t—1(t)

VAR CEE U a7

AR CL
9! (v) B W0 Rap(t)
T(t).BL/VT%wlf/Vﬁ@( t),

Y1 (£)Zs 1 %3y (t)

@' (t—n(v)pe %, Cpo(t — (%)),
9T (v) B W2 R (t)

t

t—u(t)

A C TR

Lﬁmp@w.
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The time derivatives of ¥ (t) are as follows:

71 (t) < @ (v)[-22%3)@(t) + @ (v)[Bs% %30 ()
+ 97 (6) 2" U Duly(€) + @7 (v) [ %3 Us H5) 0 ()
+ 9T (t— 0 (%) [uB" % Bulyp(t — 0(t)) + @' (t) [ B3 Us]) 0 (t)

+ [/:T(t) lP(S)dS}T[V»QfT%{lW#] [/: l/J(s)ds},

—1(t)
Ya(t) < 9T (0)[ 2%y (x) + ¢ (8) [Bar0Z] (t)

+@! (0) [T U, N Blo (e + ¢ (0)[RaUn ) (x))

+@' (v —n(0) [ 2%, CPlo(t— 1(v) + T (6) [ B2 Ra] P (v)

[ [ o] Bemuglep] [ als)a],
H(e) = e (1) 210(s) - /t <>£lw<>,

(t) Fa(t) — @ (t 1) Tt — 1)),
L) #7yp(e) =y (e — )Wyt —0),

%<t> = (@ (0 %0 -0 [ o) %ia(=)s

Yi(t) = 12T (2) (e / 9V y(s
[@
(¢

_ t
() = T (9 23(e) ~(3) [ T (=) (el
From Hypothesis 1, we have
0 < @' (Da(c) - @ (c— 1(v)Ba(c—1(v)),
0 < 9T (6)%29(t) — ' (6~ 0 () Zayp(t — 0(3)).
According to A and Y, this implies that

¥ (t) < 8T (t)Ad(x) + QT (£)YQ(v).

o"(0) = [@(5) @ (e (e, ([ o), ([ o) @E-n)T)

—0

t

Q"() = 7 (e) 97 (=) ([

t—

V@ ([ p(ea) (p(e— o),

Hence, V(t) < 0, based on Lyapunov theory (16), is globally asymptotically stable.
Hence, the proof is completed. O

Appendix C
Proof of Theorem 11. Define a Lyapunov functional

(6) = 3. %4(®)
k=1

where
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Hi(e) = 2710 (0) @ (v),
t5(e) = 2~ I [T () 2y (v)],
= - T 3 3 i T 3 3
B = [ @EAeEet [[ o= %0
+ ’ @' (s) Fo(s)ds + ’ @ (8) Ty (s)ds
t—12(t) t—7
+ [ oT(e)Bo)ast [ o (s) T (s)as,
Jt—m Jt—1
e = [ W@ st [ g e

0 @y [ e (e
v T E@spEes s [ 4T (e

t—01

By applying Lemma 2, we have

207 (t) %1 #a(p3(x)) < @' (£) 120 %@ (%)
+ T (s U Ty (v),
207 (€)1 74(3(t — 01(t) — 02(%))) < @' (2) %1 U1 0()
+ 9T (e —o1(e) — () B % !
Zup(t —o1(t) — 02(t¥)),
29" (2) Zrm(@4(v)) < YT (v) 2 %2y (¥)
+ T (v)pATu ' ¥ Bo(v),
29T (€)%2%:(@i(t — 1 (t) — n2(%))) < 97 (£) B %Try(t)
+a" (v —m(t) —na(e)pe" % "¢
po(t—m(t) —n2(t)),

The time derivatives of ¥'(t) are as follows:

< @' (v)[-22%1|0(t) + @' (v)[21 2% %o (t)

+9T ()2 % Uy (v) + @ (V)| %)@ (v)

+ 9T (v —01(t) — 0a(0) [u B % Bulp(t — o1 () — 02 (v))
+ o (v)[1 %% (t)

" [/ttm:) ¥(a)ds e [/:T(t) ¥(s)as]

V5(e) < T (e) [ 20 M 1p(5) + 9T (2) [ Z2WUsTn) ()
+@" (6)[pA T U N Blo(t) + T () [ZaUs Fa) (%)
+al (e —m(e) —na(e) [T % " Cplo(t —m(c) -
+ 97 (v) [T Y (v)

+ [/ttv(t) (D(S)m} T[ﬁgTq/é—lgﬁ} [/

t—9(t)

12(t))

’ (D(S)m},



Fractal Fract. 2022, 6, 62

18 of 20

7(t) < [@7 () Aid(t) — @' (£ —1(t)) Ai@(t — n(t)) (1 — a1 — a2)]

+ [@"(£) B0 (t) — @' (t— 11 (%)) B@(t — 71 (€)) (1 — a1)
+ @ (€) Bo(t) — @' (£ — (1) Bo(t — 12(t)) (1 — a2)]
+ [0 (t) Zho(t) — @' (t — 1) Ty (t — )]

+ [0 (t) FHo(t) — @ (t —m) o (t — )]

+ [0 (£) Zo@(t) — @ (t — 112) Fo@(t — 12)],

Va(t) < [p" (£) 749 () — 9" (£ — o(€) #49(t — 0(t)) (1 — 61 — 63)]
+ [T (o) #ay(t) — 9T (£ — o1(v)) #ay (e — o1 (1)) (1 — &)
+ [T () #57(e) — 9" (£ — 02(6)) #59p(t — 02(%)) (1 — 63))]
+ [T () 74y () — 9T (6 — ) #ap (£ —0)]

+ [T () W9(t) — " (£ — o) #sp(t — 01)]
+ [T () Weu () — ¢ (£ — ) Heyp(t — 0)]

From Hypothesis 1, we have

0 <@’ (t)210(t) — @ (£ = 11(e) — 12(t)) L10(€ — 11(v)),
0 < 9" () 229 (t) — 9" (6~ 01(t) — 02(t)) Loy (v — 0 (1))

Adding to the above, we obtain
¥ (t) < B (t)¢n(t) + ¢ (t)ml(t) <0,
we have,

7 (t) <0

h(t) = [@"(t) @' (t—n1(e) —12(t), @ (6= 1(v),@" (£ - m(v)),
@' (t—1m(t), @ (6—7), @' (t=m), @ (c—12)],

0(e) =" (v) pT(e—01(x) —oa(v), pT(t—0(v), " (t—01(¥)),
PpT(e—02(t), v (t—0), P (t—m), P (t— )]

Hence V(t) < 0 Based on Lyapunov theory, (19) is a globally asymptotically stable.
Hence, the proof is completed. [J
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