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Abstract: High-dimensional fractional equations research is a cutting-edge field with significant prac-
tical and theoretical implications in mathematics, physics, biological fluid mechanics, and other fields.
Firstly, in this paper, the (4 + 1)-dimensional time-fractional Fokas equation in a higher-dimensional
integrable system is studied by using semi-inverse and fractional variational theory. Then, the Lie
symmetry analysis and conservation law analysis are carried out for the higher dimensional fractional
order model with the symmetry of fractional order. Finally, the fractional-order equation is solved
using the bilinear approach to produce the rogue wave and multi-soliton solutions, and the fractional
equation is numerically solved using the Radial Basis Functions (RBFs) method.

Keywords: (4 + 1)-dimensional time-fractional Fokas equation; Lie symmetry analysis; conservation
laws; numerical solution; radial basis functions method

1. Introduction

Fractional calculus [1,2] is a new research field in science and engineering, and it is
widely used in physical mathematics, medicine, signal processing, liquid and gas fluctu-
ation, and other fields. The concept of fractional order calculus [3,4] dates back to 1695,
and the half-derivative was first mentioned in Leibniz’s letter to L’Hospital. Then, in 1730,
Euler suggested that the non-integer p-order derivative dρxσ

dxρ of xσ was meaningful. In 1822,
Fourier proposed the following formula:

dρxσ

dxρ =
1

2π

∫ ∞

−∞
λρdλ

∫ ∞

−∞
f (t) cos

(
λx− tλ +

ρπ

2

)
dt.

Compared with integer calculus, fractional calculus are non-local, and compared
with classical calculus, fractional calculus has the properties of memory, long-distance
interaction and inheritance, which are the main advantages of fractional calculus. The
conceptual theory of fractional derivatives [5] is more suitable for modeling, which has
allowed fractional differential equations to be gradually applied to all fields of research,
and its practicability and accuracy are becoming stronger and stronger. In this paper, the
high-dimensional Fokas equation is transformed into the high-dimensional time-fractional
Fokas equation.

The creation of accurate solutions to high-dimensional nonlinear PDE equations [6–8]
is crucial for comprehending some things that cannot be noted firsthand. However, it is
generally difficult to gain control over high-dimensional nonlinear dynamical systems. In
this paper, we will research the high-dimensional Fokas equation. Fokas [9] extended the
integrable Kadomtsev–Petviashvili (KP) and Davey–Stewartson (DS) equations to present
a new (4 + 1)-dimensional non-linear wave equation which is presented as
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uxt −
1
4

uxxxy +
1
4

uxyyy +
3
2

(
u2
)

xy
− 3

2
uzw = 0.

It is a generalization of DS equation [10,11], (2 + 1)-dimensional KdV equation and KP
equation [12], and it contains 4-dimensional space scale and 1-dimensional time scale. DS
equation and KP equation have been widely used in mathematical physics, so the (4 + 1)-
dimensional Fokas equation can be used to describe wave problems [13,14] in physics, such
as surface waves and internal waves [15,16].

In recent years, many methods have been used to construct exact solutions of nonlinear
problems, such as homotopy perturbation method [17], Exp-function method [18], hyper-
bolic tangent method, variational iterative method [19], and so on. Some scholars have
studied the exact solution of the (4 + 1)-dimensional Fokas equation. Demiray et al. [20] ob-
tained the hyperbolic function solution and dark soliton solution of the (4 + 1)-dimensional
Fokas equation by using the improved exp(−Ω(ξ))-expansion function method. Using
the extended f expansion method and its deformation, He [21] obtained some new exact
solutions of the (4 + 1)-dimensional Fokas equation expressed by Jacobi elliptic function,
weerstrass elliptic function, hyperbolic function and trigonometric function. Lee et al. [22]
obtained the exact traveling wave solution by symbolic calculation, and obtained the dou-
bly periodic wave solution by using the generalized Jacobi elliptic function method. It is
also worth paying attention to Wazwaz [23] who used Hirota bilinear method to solve the
multi-soliton solution of KP equation; Tian et al. [24] used the Hirota bilinear method to
solve the lump-type solution, interaction solution and periodic wave solution of KdV equa-
tion, Tajiri [25] discusses the stability of solitons of the DS equation by Hirota method. In
this paper, we extend the bilinear method [26,27] to the (4 + 1)-dimensional time-fractional
Fokas equation, and obtain the rogue wave solutions and n-soliton solutions [28,29].

Rogue waves [30,31] have a large amplitude, sharp waveform and short duration.
Rogue waves show a local structure in time and space, which can gather huge energy in
a short time, which gives them strong destructive power. At present, there is no unified
definition of rogue waves. Most scholars believe that rogue wave refers to a wave whose
peak is at least twice as high as a plane wave, appears for a very short time and has strong
destructive power. As rogue waves have these characteristics different from other nonlinear
waves, rogue waves have become a research hotspot in the fields of ocean atmosphere,
plasma and Bose–Einstein condensation in recent years. The research results obtained in
this paper hope to enrich the dynamic behavior of high-dimensional nonlinear evolution
equations [32], such as the (4 + 1)-dimensional nonlinear wave field.

In addition, we not only obtain the exact solution of the equation, but also study
its numerical solution. By reviewing the literature, we found that the finite difference
method of finite element method and grid method can be used to solve partial differential
equations. However, in practical application, we find that the accuracy of the solution
obtained by this method is low. Therefore, we need to use meshless technology [33] to
obtain higher precision solutions. The numerical solution of the time-fractional Fokas
equation is obtained using the Radial Basis Function (RBF) method [34] in this work.

For differential equation modeling, symmetry and conservation rules [35] are ex-
tremely important. Lie symmetry [36–38] is a systematic and effective method to study
partial differential equations. It was first proposed by the Norwegian mathematician
Lie [39] at the end of the 19th century. Lie symmetry analysis provides an effective and
powerful tool for determining boundary value problems, initial value problems and conser-
vation laws of differential equations [40]. At the beginning of the 21st century, Gazizov et al.
studied the symmetry of time-fractional ordinary differential equations and the symmetry
of time-fractional ordinary differential equations [41]. In recent years, many scholars have
studied time-fractional partial differential equations by lie symmetry, but there are few
studies in high-dimensional high-order partial differential systems. In this paper, Lie sym-
metry analysis is conducted for the high-dimensional and high-order time-fractional order
Fokas equation. Conservation laws are of great significance for analyzing the integrability
and internal properties of differential equations and proving the existence and uniqueness
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of solutions. The symmetry and conservation laws of differential equations are connected
by Noether’s theorem, and the relationship between them leads to the further development
of conservation laws.

The structure of this paper is designed as follows. In Section 2, by using the semi-
inverse method and the fractional variational principle [42,43], we derive the (4 + 1)-
dimensional time-fractional Fokas equation. Using the Lie symmetry analysis method,
we discuss the conservation laws of the time-fractional Fokas equation in Section 3. In
Section 4, we use the simplified bilinear method to obtain the rogue wave solution and
soliton solution of (4 + 1)-dimensional time-fractional order Fokas. Finally, in Section 5, the
numerical solution of the (4 + 1)-dimensional time-fractional Fokas equation is obtained by
using the RBF method, and an examination of absolute inaccuracy under various scenarios
is provided.

2. Derivation of (4 + 1)-Dimensional Time Fraction Fokas Equation

The integer order equation is extended to the fractional order form using the semi-
inverse method and the fractional variational principle based on the definition of Riemann–
Liouville fractional derivative, and the (4 + 1)-dimension time-fractional order Fokas
equation is obtained.

The (4 + 1)-dimensional Fokas equation is written as follows:

4utx − uxxxy + uxyyy + 12uxuy + 12uuxy − 6uzw = 0. (1)

Definition 1. The ω Riemann–Liouville fractional derivative of the function ut is defined as
follows [44,45]:

Dω
t =

{
∂nu
∂tn , ω = n, n ∈ N,

1
Γ(n−ω)

∂n

∂Tn

∫ t
0 f (t− τ)n−ω−1u(x, τ)dτ, n− 1 < ω < n.

(2)

Definition 2. Fractional integration by parts is defined as∫ d

c
(dτ)γ f (t)Dγ

t g(t) = Γ(1 + γ)

[
g(t) f (t)|dc −

∫ d

c
(dt)γg(t)Dγ

t f (t)
]

, (3)

where
∫ t

c (dτ)γ f (τ) = γ
∫ t

c dτ(t− τ)r, f (t), g(t) ∈ [c, d].

Assuming that u(x, y, z, w, t) = vx(x, y, z, w, t), vx(x, y, z, w, t) is the potential function,
then the potential equation of the (4 + 1)-dimensional time-fractional Fokas equation is

4vxxt − vxxxxy + vxxyyy + 12(vxvxy)x − 6vxzw = 0. (4)

Next, the semi-inverse method is used to derive the Lagrange form of Equation (1).
The functional form of Equation (1) can be expressed as

J(v) =
∫

R
dx
∫

Y
dy
∫

Z
dz
∫

T
dt
∫

W
dw{

v
[
4c1vxxt − c2vxxxxy + c3vxxyyy + 6c4

(
(vx)

2)
xy − 6c5vxzw

]}
,

(5)

where ci(i = 1, 2, 3, 4, 5, 6) are the Lagrange multiplier [46].
Using the integration by parts method, assuming vx|R = vy|Y = vz|Z = vw|W =

vt|T = 0, according to Equation (5), we obtain

J(v) =
∫

R
dx
∫

Y
dy
∫

Z
dz
∫

T
dt
∫

W
dw[−4c1vxvxt + c2vxvxxxy

− c3vxvxyyy − 12c4(vx)
2vxy + 6c5vxvzw],

(6)

In order to obtain the optimal result, the Lagrange multiplier ci(i = 1, 2, 3, 4, 5, 6) can
be determined by the variation of Equation (6). We use the variational optimal conditions
to integrate term by term, and achieve the following relationship.
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F
(

x, y, t, z, w, vx, vxt, vzw, vxy, vxxxy, vxyyy
)

=
∂F
∂v
− ∂

∂x
(

∂F
∂vx

)− ∂2

∂x∂y
(

∂F
∂vxy

)− ∂2

∂x∂t
(

∂F
∂vxt

)

− ∂2

∂z∂w
(

∂F
∂vzw

)− ∂4

∂x3∂y
(

∂F
∂vxxxy

)− ∂4

∂x∂y3 (
∂F

∂vxyyy
)

= 8c1vxxt − 2c2vxxxxy + 2c3vxxyyy + 24c4(v2
x)xy − 12c5vxzw = 0.

(7)

Obviously, Equation (7) is equivalent to Equation (4). Therefore, the Lagrange multi-
plier is as follows:

c1 = c2 = c3 = c4 = c5 =
1
2

We obtain the Lagrange form of the Fokas equation of integer order as follows:

L(v, vx, vt, vy, vxx, vxy, vzw, vxxxy, vxyyy)

= −2vtvxx +
1
2

vxvxxxy −
1
2

vxvxyyy − 6v2
xvxy + 3vxvzw,

(8)

Similarly, the Lagrange form of the fractional Fokas equation is as follows:

F(v, vx, Dα
t v, vy, vxx, vxy, vzw, vxxxy, vxyyy)

= −2Dα
t vvxx +

1
2

vxvxxxy −
1
2

vxvxyyy − 6v2
xvxy + 3vxvzw,

(9)

The functional form of the (4 + 1)-dimensional time-fractional Fokas equation is:

J(v) =
∫

R
dx
∫

Y
dy
∫

Z
dz
∫

W
dw

∫
T
(dt)αF(v, vx, Dα

t v, vy, vxx, vxy, vzw, vxxxy, vxyyy), (10)

in which ∫ t

a
(dτ)γ f (τ) = γ

∫ t

a
dτ(t− τ)γ f (τ). (11)

According to Definition 2, the Euler–Lagrange equation of the time-fractional Fokas
equation is as follows:

(
∂F
∂v

)v + (
∂F
∂vx

)vx + (
∂F

∂Dα
t v

)Dα
t v + (

∂F
∂vy

)vy + (
∂F

∂vxx
)vxx

+ (
∂F

∂vxy
)vxy + (

∂F
∂vzw

)vzw + (
∂F

∂vxxxy
)vxxxy + (

∂F
∂vxyyy

)vxyyy = 0,
(12)

Substituting Equation (9) into Equation (12), and according to the definition of frac-
tional potential function, we use the formula Dβ

x v(x, y, z, w, t) = u(x, y, z, w, t), then we
obtain:

4Dα
t ux − uxxxy + uxyyy + 12uxuy + 12uuxy − 6uzw = 0. (13)

Compared with the integer order model, the Equation (13) is more general and has
potential value for the study of some properties in practical problems.

3. Conservation Laws and Lie Symmetry Analysis of (4 + 1)-Dimensional
Time-Fractional Order Fokas Equations
3.1. Lie Symmetry Analysis

Definition 3. The broad definition of Leibniz’s rule is as follows [47],

Dσ
t (Ξ(t)σ(t)) =

∞

∑
n=0

(
α
n

)
Dσ−n

t Ξ(t)Dn
t σ(t), σ > 0.

where Dσ
t is the total fractional derivative operator, and
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(
σ
n

)
=

(−1)n−1σΓ(n− σ)

Γ(1− σ)Γ(n + 1)

Definition 4. The generalized chain rule is defined as follows [48],

dmℵ(Ξ(t))
dtm =

m

∑
k=0

k

∑
r=0

(
k
r

)
1
k!
[−y(t)]r

dm

dtm

[
(y(t))k−r

]dkℵ(y)
dyk .

The time-fractional Fokas equation here has five independent variables

F(x, y, z, w, t, v, vx, ∂σ
t vx, vy, vxx, vxy, vzw, vxxxy, vxyyy) = 0, σ > 0, (14)

where the subscript represents the partial derivative. The infinitesimal transformation is
defined as

x∗ = x + εξ1(x, y, z, w, t, u) + o(ε2),

y∗ = y + εξ2(x, y, z, w, t, u) + o(ε2),

z∗ = z + εξ3(x, y, z, w, t, u) + o(ε2),

w∗ = w + εξ4(x, y, z, w, t, u) + o(ε2),

t∗ = t + ετ(x, y, z, w, t, u) + o(ε2),

u∗ = u + εη(x, y, z, w, t, u) + o(ε2),
∂u∗

∂x∗
=

∂u
∂x

+ εηx(x, y, z, w, t, u) + o(ε2),

∂u∗

∂y∗
=

∂u
∂y

+ εηy(x, y, z, w, t, u) + o(ε2),

∂2u∗

∂x∗∂y∗
=

∂2u
∂x∂y

+ εηxy(x, y, z, w, t, u) + o(ε2),

∂2u∗

∂z∗∂w∗
=

∂2u
∂z∂w

+ εηzw(x, y, z, w, t, u) + o(ε2),

∂4u∗

∂x∗3∂y∗
=

∂4u
∂x3∂y

+ εηxxxy(x, y, z, w, t, u) + o(ε2),

∂4u∗

∂x∗∂y∗3
=

∂4u
∂x∂y3 + εηxyyy(x, y, z, w, t, u) + o(ε2),

∂σu∗x
∂t∗σ

=
∂σux

∂tσ
+ εησt(x, y, z, w, t, u) + o(ε2),

where ε� 1 is the parameter, ξ1, ξ2, ξ3, ξ4, τ, η are the subfunction, and ηx, ηy, ηxy, ηzw, ηxxxy,
ηxyyy, ησ,t. Furthermore, the extended infinitesimal ηx, ηy, ηxy, ηzw, ηxxxy, ηxyyy, ησ,t have
the forms:

ηx = Dx(η)− uxDx(ξ1)− uyDx(ξ2)− utDx(τ)− uzDx(ξ3)− uwDx(ξ4),

ηy = Dx(η)− uyDy(ξ2)− uxDy(ξ1)− utDy(τ)− uzDy(ξ3)− uwDy(ξ4),

ηxy = Dy(η
x)− uxxDy(ξ1)− uxyDy(ξ2)− uxtDy(τ)− uxzDy(ξ3)− uxwDy(ξ4),

ηzw = Dw(η
z)− uzxDw(ξ1)− uzyDw(ξ2)− uztDw(τ)− uzzDw(ξ3)− uzwDw(ξ4),

ηxxxy = Dy(η
xxx)− uxxxxDy(ξ1)− uxxxyDy(ξ2)− uxxxtDy(τ)− uxxxzDy(ξ3)− uxxxwDy(ξ4),

ηxyyy = Dx(η
yyy)− uyyyxDx(ξ1)− uyyyyDx(ξ2)− uyyytDx(τ)− uyyyzDx(ξ3)− uyyywDx(ξ4),

ησ,t = Dσ
t (η

x) + ξ1Dσ
t (ξ1uxx)− Dσ

t (ξ1uxx) + ξ2Dσ
t
(
uxy
)
− Dσ

t
(
ξ2uxy

)
+ ξ3Dσ

t (uxz)− Dσ
t (ξ3uxz) + ξ4Dσ

t (uxw)− Dσ
t (ξ4uxw) + Dσ

t (Dt(τ)ux)

− Dσ+1
t (τux) + τDσ+1

t (ux),
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where Dσ
t is the total fractional derivative operator, and the total derivative Dx, Dy, Dz, Dt,

Dw are defined as

Dt =
∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
+ uty

∂

∂uy
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ uxx

∂

∂ux
+ uxt

∂

∂ut
+ uxy

∂

∂uy
+ · · · ,

Dy =
∂

∂y
+ uy

∂

∂u
+ uyy

∂

∂uy
+ uyx

∂

∂ux
+ uyt

∂

∂ut
+ · · · ,

Dz =
∂

∂z
+ uz

∂

∂u
+ uzz

∂

∂uz
+ uzx

∂

∂ux
+ uzt

∂

∂ut
+ · · · ,

Dw =
∂

∂w
+ uw

∂

∂u
+ uww

∂

∂uw
+ uwx

∂

∂ux
+ uwt

∂

∂ut
+ · · · .

(15)

With the generalized Leibnitz rule and the chain rule of composite functions, we can
obtain:

ητ
σ =

∂ση

∂tσ
+
(

ηu − σDt

(
ξ2
))∂σu

∂tσ
− u

∂σηu

∂tσ
−

∞

∑
n=1

(
σ
n

)
Dn

t

(
ξ1
)

Dσ−n
t (ux)

+
∞

∑
n=1

[(
σ
n

)
∂αηu

∂tα
−
(

σ
n + 1

)
Dn+1

t

(
ξ2
)]

Dσ−n
t (u) + Ra,

(16)

where

Ra =
∞

∑
n=2

n

∑
m=2

m

∑
k=2

k−1

∑
r=0

(
σ
n

)(
n
m

)(
k
r

)
1
k!

tn−σ

Γ(n + 1− σ)
[−u]r

∂m

∂tm

[
uk−r

] ∂n−m+k

∂tn−m∂uk .

With f (t) = 1, we have

ηx = ηx + uxηu − uxξ1x − u2
xξ1u − uyξ2x − uyuxξ2u − uzξ3x − uzuxξ3u

− utτx − utuxτu − uwξ4x − uwuxξ4u,

ηy = ηy + uyηu − uyξ2y − u2
yξ2u − uxξ1y − uxuyξ1u − uzξ3y − uzuyξ3u

− utτy − utuyτu − uwξ4y − uwuyξ4u,

ηz = ηz + uzηu − uzξ3z − u2
zξ3u − uxξ1z − uxuzξ1u − uyξ2z − uyuzξ2u

− utτz − utuzτu − uwξ4z − uwuzξ4u,

ηxy = Dy(η
x)− uxxDy(ξ1)− uxyDy(ξ2)− uxtDy(τ)− uxzDy(ξ3)− uxwDy(ξ4)

= ηxy + uyηxu + 2uxyηu + uxηuy + uyuxηuu − 2uxyξ1x − uxξ1xy − uyuxξ1xu

− 4uxuxyξ1u − u2
xξ1uy − uyu2

xξ1uu − 2uyyξ2x − uyξ2xy − u2
yξ2ux − 2uyyuxξ2u

− 3uyuxyξ2u − uyuxξ2uy − u2
yuxξ2uu − 2uzyξ3x − uzξ3xy − uyuzξ3ux

− 2uzyuxξ3u − 2uzuxyξ3u − uzuxξ3uy − uzuxuyξ3uu − 2utyτx − utτxy

− uyutτux − 2utyuxτu − 2utuxyτu − utuxτuy − utuxuyτuu − 2uwyξ4x

− uwξ4xy − uyuwξ4ux − 2uwyuxξ4u − 2uwuxyξ4u − uwuxξ4uy − uwuxuyξ4uu

− uxxξ1y − uxxuyξ1u − uxyξ2y − uxtτy − uxtuyτu − uxzξ3y − uxzuyξ3u

− uxwξ4y − uxwuyξ4u,
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ηzw = Dw(η
z)− uzxDw(ξ1)− uzyDw(ξ2)− uztDw(τ)− uzzDw(ξ3)− uzwDw(ξ4)

= ηzw + uwηzu + 2uzwηu + uzηuw + uwuzηuu − 2uzwξ3z − uzξ3zw − uwuzξ3uz

− 4uzuzwξ3u − u2
zξ3uw − uyu2

zξ3uu − 2uxwξ1z − uxξ1zw − uxuwξ1uz

− 2uxwuzξ1u − uxuzwξ1u − uxuzξ1uw − uxuzuwξ1uu − 2uywξ2z − uyξ2zw

− uyuwξ2uz − 2uywuzξ2u − 2uyuzwξ2u − uyuzξ2uw − uyuzuwξ2uu − 2utwτz

− utτzw − utuwτuz − 2utwuzτu − 2utuzwτu − utuzτuw − utuzuwτuu

− 2uwwξ4z − uwξ4zw − u2
wξ4uz − 2uwwuzξ4u − 2uwuzwξ4u − uwuzξ4uw

− 2u2
wuzξ4uu − uzxξ1w − uzxuwξ1u − uzyξ2w − uzyuwξ2u − uztτw − uztuwτu

− uzzξ3w − uzzuwξ3u − uzwξ4w − uzwuwξ4u,

ηxxxy = Dx(η
xxy)− uxxxyDx(ξ1)− uxxyyDx(ξ2)− uxxytDx(τ)− uxxyzDx(ξ3)

− uxxywDx(ξ4)

= ηxxxy + 3uxηuxxy + 6uxxηuxy + 3u2
xηuuxy + 12uxxyηux

+ 6uxyηuxx + 12uxuxyηuux + uyηuxxx + 3uxuyηuuxx + 4uxxuyηuux

+ 3u2
xuyηuuux + 8uxxxyηu + 12uxuxxyηuu + 8uxxuxyηuu + 6u2

xuxyηuuu

+ 4uxxxηuy + 6uxuxxηuuy + u3
xηuuy + 4u2

xyηuu + 4uyuxxyηuu + 2uyuxyηuux

+ 6uxuyuxyηuuu + uyu3
xηuuuu − 11uxxxyξ1x − 9uxxyξ1xx − 30uxuxxyξ1ux

− 2uxyξ1xxx − 12uxuxyξ1uxx − 27uxxuxyξ1ux − 18u2
xuxyξ1uux − 8uxxxξ1xy

− 5uxxξ1xxy + · · ·

(17)

ηxyyy = Dy(η
xyy)− uxxyyDy(ξ1)− uxyyyDy(ξ2)− uxyytDy(τ)− uxyyzDy(ξ3)− uxyywDy(ξ4),

= ηxyyy + 3uyηuxyy + 6uyyηuxy + 3u2
yηuuxy + 4uyyyηux

+ 6uyuyyηuux + u3
yηuuux + 8uuyyyηu + 12uxyyηuy + 12uyuxyyηuu

+ 6uxyηuyy + 12uyuxyηuuy + 12uyyuxyηuu + 6u2
yuxyηuuu + uxηuyyy

+ 3uxuyηuuyy + 6uxuyyηuuy + 3uxu2
yηuuuy + 4uyyyuxηuu + 6uxuyuyyηuuu

+ 3uxu3
yηuuuu − 8uxyyyξ1x − 12uxyyξ1xy − 12uyuxyyξ1ux − 6uxyξ1xyy

− 12uyuxyξ1uxy − 12uyyuxyξ1ux − 6u2
yuxyξ1uux − uxξ1xyyy − 3uxuyξ1uxyy

− 6uxuyyξ1uxy + · · · ,

ησ,t = ∂σ
t (η

x) + [(ηx)u − σDt(τ)]∂
σ
t u− u∂σ

t (η
x)u + µ

+
∞

∑
n=1

[(
σ
n

)
∂n

t (η
x)u −

(
σ

n + 1

)
Dn+1

t (τ)

]
∂σ−n

t u

−
∞

∑
n=1

(
σ
n

)
Dn

t (ξ1)∂
σ−n
t (uxx)−

∞

∑
n=1

(
σ
n

)
Dn

t (ξ2)∂
σ−n
t
(
uxy
)

−
∞

∑
n=1

(
σ
n

)
Dn

t (ξ3)∂
σ−n
t (uxz)−

∞

∑
n=1

(
σ
n

)
Dn

t (ξ4)∂
σ−n
t (uxw).

The infinitesimal generator X is obtained by Lie symmetry theory:

X = ξ1(x, y, z, w, t, u)
∂

∂x
+ ξ2(x, y, z, w, t, u)

∂

∂y
+ ξ3(x, y, z, w, t, u)

∂

∂z

+ ξ4(x, y, z, w, t, u)
∂

∂z
+ τ(x, y, z, w, t, u)

∂

∂t
+ η(x, y, z, w, t, u)

∂

∂u

(18)
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According to the infinitesimal invariance, Equation (14) is possible to write as{
Pr(n)X(∆)

∣∣∣
∆=0

= 0, n = 1, 2, 3, · · · ,

∆ = 4Dσ
t ux − uxxxy + uxyyy + 12uxuy + 12uuxy − 6uzw.

(19)

From Equations (16) and (19), we obtain the following operator

prσX = X + ηx ∂

∂ux
+ ηy ∂

∂uy
+ ηxy ∂

∂uxy
+ ηzw ∂

∂uzw
+ ηxxxy ∂

∂uxxxy
+ ησ,t ∂σ

∂Dσ
t ux

+ · · · , (20)

and from Equation (18), we can get

4ησ,t + η(12uxy) + ηx(12uy) + ηy(12ux) + ηxy(12u)− 6ηzw − ηxxxy + ηxyyy = 0. (21)

Substituting Equation (17) into Equation (21), the following equations can be obtained:

ξ1uy = ξ3uz = ξ1uyξ3xy = ξ4xy = ξ2ux = τxy = ξ2uuuy = ξ3w = ξ4z = 0,

ηuxy − ξ1xxy = 0, 3ξ3xxy − ξ3yyy = 0, 3ξ1uuxy − ηuuuy = 0,

ξ3xxx − 3ξ3xyy = 0, − 3ηuxx + ξ1xxx + ηuxy − ξ2yyy + 12η = 0,

6ξ3zw + ξ3xxxy − ξ3xyyy = 0, 6ξ4zw + ξ4xxxy − ξ4xyyy = 0,

− 12ξ1y + 3ξ1uxxy − ηuuxy = 0, − 12ξ2x − 3ξ2uxyy − ηuuxy = 0,

3ξ2x + ξ2y − 3ξ1y − ξ1x = 0, ξ2xxx + 3ηuyy − 3ξ2xyy = 0,

− 3ηuxy + 3ξ1xxy − ξ1yyy = 0, ηuy − ξ1xy − ξ2yy + ξ2xx = 0,

6ξ1z + 6ξ1w + 3ξ4xxy − ξ4yyy = 0, 3τxxy − τyyy = 0,

τxxx − 3τxyy = 0, 6ξ2z + 6ξ2w + ξ4xxx − 3ξ4xyy = 0,

ηu − ξ4w − 3ξ3z − ξ2w = 0, τz + τw=0, ηux − 3ξ2xy = 0,

12ηy − 3ηuxxy + ξ1xxxy − ξ1xyyy + 6ξ1zw = 0,

12ηx + 3ηuxyy − ξ2xyyy + ξ2xxxy + 6ξ2zw = 0,

6τzw + τxxxy − τxyyy = 0, 3ξ2uuxy − ηuuux = 0,

− 3ξ3y − ξ3x = 0, 3τx + τy = 0, ξ4z + ξ4w = 0,

3ξ4x + ξ4y = 0, 3ξ4y + ξ4x = 0, − ηuy + 3ξ1xy = 0,

ξ3xx − ξ3yy = 0, τxx − τyy = 0, ξ4xx − ξ4yy = 0,

6ξzux − 6ξ1uy = 0, − ηu + 3ξ1x + ξ1y = 0,

ηu − 3ξ2y − ξ2x = 0, 3ξ3x + ξ3y = 0, τx − 3τy = 0.

(22)

The solution of the above system is obtained

η(x, y, z, w, t, u) = 0,

ξ1(x, y, z, w, t, u) = A1(z− w) + C1,

ξ2(x, y, z, w, t, u) = A2(z− w) + C2,

ξ3(x, y, z, w, t, u) = A3z + B1u + C3,

ξ4(x, y, z, w, t, u) = B2u + C4,

τ(x, y, z, w, t, u) = A4t + B3u + C5,

(23)

where A1, A2, A3, A4, B1, B2, B3 and Ci(i = 1, 2, 3, 4, 5) are arbitrary constants.
Therefore, the Lie algebra of a series of point symmetry of Equation (13) can be

rewritten as follows{
X1 = z ∂

∂x , X2 = z ∂
∂y , X3 = z ∂

∂z , X4 = u ∂
∂w , X5 = t ∂

∂t ,
X6 = (−w + 1) ∂

∂x + (−w + 1) ∂
∂y + (u + 1) ∂

∂z +
∂

∂w + (u + 1) ∂
∂t .

(24)
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3.2. Conservation Laws

In this part, based on the Lie symmetry analysis method, the conservation laws
of the (4 + 1)-dimensional time-fractional Fokas equation is further discussed, and the
conservation vector of the equation is constructed.

First, the conservation law of Equation (13) satisfies the following equation:

Dt(Ct) + Dx(Cx) + Dy(Cy) + Dz(Cz) + Dw(Cw) = 0, (25)

where C`, ` = t, x, y, z, w are conservative vectors.
The Lagrange equation of Equation (13) is expressed as follows:

L = v(x, y, z, t, w)(4Dσ
t ux − uxxxy + uxyyy + 12uxuy + 12uuxy − 6uzw) = 0, (26)

where v(x, y, z, t, w) is a new dependent variable. According to the above equation, the
integral of action can be defined as∫ T

0

∫
Ω
L
(
x, y, z, w, t, v, vx, ∂σ

t ux, uy, uxx, uxy, uzw, uxxxy, uxyyy
)
. (27)

The Euler–Lagrange operator is defined as

δ

δu
=

∂

∂u
+ (Dσ

t )
∗Dx

∂

∂Dσ
t ux
− Dx

∂

∂ux
− Dy

∂

∂uy
+ Dxy

∂

∂uxy

+ Dzw
∂

∂uzw
+ Dxxxy

∂

∂uxxxy
+ Dxyyy

∂

∂uxyyy
.

(28)

where (Dσ
t )
∗ is the adjoint operator of Dσ

t , which is defined as follows:

(Dσ
t )
∗ = (−1)n In−σ

T (Dn
t ) =

C
t Dσ

T , (29)

where In−σ
T is the right fractional differential operator, C

t Dσ
T is the right Caputo fractional

differential operator, and

In−σ
T f (t, x) =

1
Γ(n− σ)

∫ T

t

f (τ, x)
(τ − t)1+σ−n dτ, n = [σ] + 1. (30)

The adjoint equation of Equation (13) can be written as

F∗ = (Dσ
t )
∗vx + 12uvxy − vxxxy + vxyyy − 6vzw = 0. (31)

The Lie characteristic function W is shown as follows:

W = η − ξ1ux − ξ2uy − ξ3uz − ξ4uw − τut. (32)

According to Equation (24), the following Lie characteristic function components can
be obtained:{

W1 = −zux, W2 = −zuy, W3 = −zuz, W4 = −uuw, W5 = −tut,
W6 = (w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut.

(33)

According to the Riemann–Liouville fractional derivative, the t-components of con-
served vectors can be obtained from

Ct = τL+
n−1

∑
k=0

(−1)kDσ−1−k
t (W)Dk

t

(
∂L

∂(Dσ
t u)

)
− (−1)n J

(
W, Dn

t

(
∂L

∂(Dσ
t u)

))
. (34)

where J(·) is defined as
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J( f , g) =
1

Γ(n− β)

∫ x

0

∫ p

x

f (x, s)g(x, r)
(r− s)β+1−n drds, (35)

Ci can be expressed as follows:

Ci = ξ iL+ Wβ

 ∂L
∂uβ

i

− Dj

 ∂L
∂uβ

ij

+ DjDk

 ∂L
∂uβ

ijk

− · · ·


+ Dj
(
Wβ

) ∂L
∂uβ

ij

− Dk

 ∂L
∂uβ

ijk

+ · · ·

+ DjDk
(
Wβ

) ∂L
∂uβ

ijk

− · · ·

+ · · ·

(36)

where n = [σ] + 1.
Taking W6 as an example, by substituting W5 into Equations (35) and (36), The con-

served vector’s x, y, z, w, t components can be derived as follows:

Cσ,t = τL+ Dσ−1
t (W6)

∂L
∂Dσ

t u
+ J
(

W6, Dt
∂L

∂Dσ
t u

)
= 4vDσ−1

t [(w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut]

+ J((w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut, vt),

Cx = ξ1L + W6[
∂L
∂ux
− Dy(

∂L
∂uxy

)− D2
xDy(

∂L
∂uxxxy

)− D3
y(

∂L
∂uxyyy

)]

+ Dy(W6)[
∂L

∂uxy
+ D2

x(
∂L

∂uxxxy
) + D2

y(
∂L

∂uxyyy
)]

+ D2
x(W6)

∂L
∂uxxxy

+ D2
y(W6)

∂L
∂uxyyy

+ D3
y(W6)

∂L
∂uxyyy

= ξ1L + [(w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut] · [24vuy

− 12vyu− vxxy − vyyy] + [(w− 1)ux − (w− 1)uy − (u + 1)uz − uw

− (u + 1)ut]y · [12uv + vxx + vyy] + v[(w− 1)ux − (w− 1)uy − (u + 1)uz

− uw − (u + 1)ut]xx + v · [12uv + vxx + vyy] + v[(w− 1)ux − (w− 1)uy

− (u + 1)uz − uw − (u + 1)ut]yy + v · [12uv + vxx + vyy] + v[(w− 1)ux,

− (w− 1)uy − (u + 1)uz − uw − (u + 1)ut]yyy,

Cy = ξ2L + W6[
∂L
∂uy
− Dx(

∂L
∂uxy

)− D3
x(

∂L
∂uxxxy

)− DxD2
y(

∂L
∂uxyyy

)]

+ Dx(W6)[
∂L

∂uxy
+ D2

x(
∂L

∂uxxxy
) + D2

y(
∂L

∂uxyyy
)]

+ D2
y(W6)

∂L
∂uxyyy

+ D2
x(W6)

∂L
∂uxxxy

+ D3
x(W6)

∂L
∂uxxxy

= ξ2L + [(w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut] · [24vux

− 12vxu− vxxx − vxyy] + [(w− 1)ux − (w− 1)uy − (u + 1)uz − uw

− (u + 1)ut]x · [12uv + vxx + vyy] + v · [(w− 1)ux − (w− 1)uy

− (u + 1)uz − uw − (u + 1)ut]yy + v · [(w− 1)ux − (w− 1)uy

− (u + 1)uz − uw − (u + 1)ut]xx + v · [(w− 1)ux − (w− 1)uy

− (u + 1)uz − uw − (u + 1)ut]yyy,

Cz = ξ3L + W6[−Dw
∂L

∂uzw
] + Dw(W6)[

∂L
∂uzw

]

= ξ3L− vw[(w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut]

+ v[(w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut]w,



Fractal Fract. 2022, 6, 108 11 of 22

Cw = ξ4L + W6[−Dz
∂L

∂uzw
] + Dz(W6)[

∂L
∂uzw

]

= ξ4L− vz[(w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut]

+ v[(w− 1)ux − (w− 1)uy − (u + 1)uz − uw − (u + 1)ut]z.

4. The Exact Solutions of the Time-Fractional Fokas Equation
4.1. Rogue Wave Solutions of the (4 + 1)-Dimensional Time-Fractional Fokas Equation

First, let us introduce Hirota bilinear methods. The Hirota bilinear method’s main goal
is to convert the equation into a bilinear form by using variable transformation and bilinear
derivative to generate an auxiliary function, which can then be solved. Using fractional
transformation and the bilinear approach, we investigate the rogue wave solution of the
(4 + 1)-dimensional Fokas equation.

Definition 5. The Hirota bilinear operator (d-operator) is defined as follows

Dn
x (a, b) ≡

(
∂

∂x
− ∂

∂y

)n
a(x)b(y)

∣∣∣∣
y=x

=
∂n

∂yn a(x + y)b(x− y)
∣∣∣∣
y=0

,

Dm
t Dn

x (a, b) ≡ ∂m

∂sm
∂n

∂yn a(t + s, x + y)b(t− s, x− y)
⌋

s=0y=0
.

(37)

According to the definition of Hirota bilinear operator, we can obtain

D2
x( f · f ) = 2 fxx f − 2( fx)

2

DxDt( f · f ) = 2 fxt f − 2 fx ft

D4
x( f · f ) = 2 fxxxx f − 8 fxxx fx + 6( fxx)

2

(38)

For the (4 + 1)-dimensional time-fractional Fokas equation:

4Dσ
t ux − uxxxy + uxyyy + 12uxuy + 12uuxy − 6uzw = 0. (39)

At the same time, we perform fractional transformation:

T =
mtσ

Γ(1 + σ)
,

where m is a constant. It can be obtained from the above equation

∂σu
∂tσ

= m
∂u
∂T

,

Equation (39) can be written as

4uTx − uxxxy + uxyyy + 12uxuy + 12uuxy − 6uzw = 0. (40)

First, we take the following transformation:

ζ = αx + βy, (41)

where α and β are undetermined constants. Then, Equation (40) becomes[
uT +

1
4

β
(

β2 − α2
)

uζζζ +
3
2

β
(

u2
)

ζ

]
ζ

− 3
2

uzw = 0. (42)

We introduce the following variable transformation

A = R(ln f )ζζ , R = β2 − α2. (43)
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Equation (39) can be transformed into bilinear form as follows:[
Dζ Dt +

1
4

β
(

β2 − α2
)

D4
ζ −

3
2α

DzDw

]
f · f = 0. (44)

According to Definition 5, the bilinear form Equation (44) can be expanded as[
Dζ Dt +

1
4

β
(

β2 − α2
)

D4
ζ −

3
2α

DzDw

]
f · f

= fζT f − fζ fT +
1
4

β(β2 − α2)( fζζζζ f − 4 fζζζ fζ − 3 f 2
ζζ)−

3
2α

( fzw f − fz fw) = 0.
(45)

Let us assume that
f = (m(ζ, z, w, T))2 + (n(ζ, z, w, T))2 + (l(ζ, z, w, T))2 + b13,
m(ζ, z, w, T) = b1ζ + b2z + b3w + b4T,
n(ζ, z, w, T) = b5ζ + b6z + b7w + b8T,
l(ζ, z, w, T) = b9ζ + b10z + b11w + b12T,

(46)

where bi(i = 1, 2, · · · , 13) are real parameters to be determined.
Through calculation, we obtain the solution of the following parameters:

b4 = −3d1
2αd4

, b8 = 3d2
2αd4

, b12 = 3d3
2αd4

,

b7 = b3(b3b10−b6b9)+b11(b1b6−b2b5)
b1b10−b2b9

,

b13 =
αβ(β2−α2)(b2

1+b2
9+b2

5)
3
(a1b10−b2b9)

2(b1b11−b3b9)[(b1b10−b2b9)
2+(b5b10−b6b9)

2+(b1b6−b2b5)
2]

.

(47)

where
d1 =b3

[
(b2b9 − b1b10)(b1b2 + b9b10)− b1b2

6b9 − b2b2
5b10 + 2b2b5b6b9

]
+ b11

[
(b1b10 − b2b9)

2 + (b1b6 − b2b5)
2
]
,

d2 =b3

[
(b5b10 − b6b9)(b9b10 + b5b6) + b2

2b5b9 + b2
1b6b10 − 2b1b2b6b9

]
+ b11

[
b2b6

(
b2

1 − b2
5 − b2

9

)
+ b1b5

(
b2

6 − b2
2 − b2

10

)
+ 2b1b6b9b10

]
,

d3 =b3

[
(b1b10 − b2b9)

2 + (b6b9 − b5b10)
2
]
+ b11

[
b1b9

(
b2

10 − b2
2 − b2

6

)
+b2b10

(
b2

1 − b2
5 − b2

9

)
+ 2b1b5b6b10

]
,

d4 =
(

b2
1 + b2

5 + b2
9

)
(b1b10 − b2b9).

Given the particularity of f , we find the following conditions:

αβ
(

β2 − α2)(b1b10 − b2b9)

(b1b11 − b3b9)
> 0,

with
a1a11 − a3a9 6= 0.

By importing the calculated parameters into Equation (43), the solution of Equation (39)
is obtained

u =
2(β2 − α2)[(b2

1 + b2
5 + b2

9)(m
2 + n2 + l2 + b13)− 2(b1m + b5n + b9l)2]

(m2 + n2 + l2 + b13)2 , (48)

when T = mtσ

Γ(1+σ)
, we obtain the fractional solution of the equation.
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Based on the solution Equation (48) of the (4 + 1)-dimensional fractional Fokas equation
obtained by the bilinear method, the phenomenon of rogue waves in higher dimensional
higher-order Fokas model is studied.

By selecting appropriate parameters, the image of the (4 + 1)-dimensional time-
fractional order Fokas equation when the order of the fractional order is equal to 1 is
drawn, see Figure 1a,b. Rogue waves have the property of appearing in a particular space
and time, taking on a local structure in time. It is also easy to see from the image that they
have significant features: large amplitude, sharp crest, short duration.

In order to study the rogue wave phenomenon in the fractional model, we select
parameters σ = 0.75 and σ = 0.5 to obtain the rogue wave image of the (4 + 1)-dimensional
temporal fractional Fokas equation, as presented in Figures 2a,b and 3a,b. We can clearly
observe the rogue wave similar to that in Figure 1 in Figures 2 and 3. From the three sets of
images, we find that when the value of σ is reduced, the rogue wave’s fluctuation range is
enlarged and its amplitude remains unchanged.

(a) (b)

Figure 1. Evolution plots of Equation (48) by choosing α = 2, β = −4, a1 = 1, a2 = −1, a3 = 2, a5 =

1, a6 = 0, a9 = 1, a10 = 1, a11 = 1. (a) σ = 1; (b) σ = 1.

(a) (b)

Figure 2. Evolution plots of Equation (48) by choosing α = 2, β = −4, a1 = 1, a2 = −1, a3 = 2, a5 =

1, a6 = 0, a9 = 1, a10 = 1, a11 = 1. (a) σ = 0.75; (b) σ = 0.75.

(a) (b)

Figure 3. Evolution plots of Equation (48) by choosing α = 2, β = −4, a1 = 1, a2 = −1, a3 = 2, a5 =

1, a6 = 0, a9 = 1, a10 = 1, a11 = 1. (a) σ = 0.5; (b) σ = 0.5.
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4.2. Multiple Soliton Solutions of the (4 + 1)-Dimensional Time-Fractional Fokas Equation

Based on the Hirota bilinear transformation introduced above, the multiple solution
of Equation (39) is constructed by using Equation (44). First, we can suppose that there is a
single soliton solution of Equation (39). Its form is

u(ζ, z, w, T) = R(ln f )ζζ , R = β2 − α2, (49)

where the auxiliary function f (ζ, z, w, T) is calculated by

f (ζ, z, w, T) = 1 + eρ1(ζ,z,w,T) = 1 + e
r1

{
c1ζ+p1z+q1w−

[
1
4 β(β2−α2)c4

1r2
1−

3p1q1
2c1α

]
T

}
, (50)

and c1, p1, q1 are constant.
Thus, the soliton solution of the (4 + 1)-dimensional Fokas equation is

u(ζ, z, w, T) = (β2 − α2)
[

ln(1 + eρ1)
]

ζζ
=

1
4

r2
1(β2 − α2)sech2 ρ1

2
, (51)

where

ρ1 = r1

{
c1ζ + p1z + q1w−

[1
4

β(β2 − α2)c4
1r2

1 −
3p1q1

2c1α

]
T
}

.

Then, the soliton solution of the (4 + 1)-dimensional time-fractional Fokas equation is:

u(ζ, z, w, t) = (β2 − α2)
[

ln(1 + eρ1)
]

ζζ

=
1
4

r2
1(β2 − α2)sech2

r1

{
c1ζ + p1z + q1w−

[
1
4 β(β2 − α2)c4

1r2
1 −

3p1q1
2c1α

]
tσ

Γ(1+σ)

}
2

.

(52)

Assuming ζ = 3x + 5y, Figure 4a–c obtain isolated wave motion images with different
T values under integer solutions. In order to study the soliton solution in the fractional
model, we assume that σ = 0.2, σ = 0.5, σ = 0.8 at t = 2 to obtain the motion of the bell
soliton in Figure 5.
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Figure 4. In the case of integer order solution, evolution plots of single soliton solution created by
choosing c1 = 1, r1 = 1, α = 3, β = 5, p1 = 2, q1 = 3, z = 0, w = 0. (a) T = 1; (b) T = 0; (c) T = −1.
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Figure 5. In the case of fractional solution,evolution plots of single soliton solution by choosing
c1 = 1, r1 = 1, α = 3, β = 5, p1 = 2, q1 = 3, z = 0, w = 0. (a) t = 2, σ = 0.2; (b) t = 2, σ = 0.5; (c)
t = 2, σ = 0.8.

We can see from the figure that the bell solitary wave is moving in the negative
direction of the x-axis. Figure 5 illustrates the solution of the (4 + 1)-dimensional time-
fractional Fokas model with similar wave form of integer order form. As σ increases, the
bell wave moves along the negative X-axis. For the double-soliton solution, we suppose

f (ζ, z, w, T) = 1 + eρ1 + eρ2 + eρ1+ρ2+A12 . (53)

According to Definition 5, we can obtain eA12 in the above equation as:

eA12 =
αβ
(

β2 − α2)(r2 − r1)
2 + 2(p2 − p1)(q2 − q1)

αβ(β2 − α2)(r2 + r1)
2 + 2(p2 − p1)(q2 − q1)

.

Substitute Equation (53) into

u = (β2 − α2)(ln f )ζζ (54)

We obtain the two-soliton solution of (4 + 1)-dimensions Fokas as follows

u = (β2 − α2)[ln(1 + eρ1 + eρ2 + eρ1+ρ2+A12)]ζζ , (55)

where

ρi(ζ, z, w, T) = ri{ciζ + piz + qiw + [−1
4

β(β2 − α2)c4
i r2

i +
3piqi
2αci

]T}, i = 1, 2. (56)

Then we obtain the two-soliton solution of the (4 + 1)-dimensional time-fractional
Fokas equation.

u = (β2 − α2)[ln(1 + eρ1 + eρ2 + eρ1+ρ2+A12)]ζζ ;

ρi = ri

{
ciζ + piz + qiw

+
[
− 1

4
β(β2 − α2)c4

i r2
i +

3piqi
2αci

] mtσ

Γ(1 + σ)

}
, i = 1, 2.

(57)
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Next, we find the three-soliton solution. Assuming that

f =1 + eρ1 + eρ2 + eρ3 + eρ1+ρ2+A12 + eρ1+ρ3+A13

+ eρ2+ρ3+A23 + eρ1+ρ2+ρ3+A12+A13+A23 .
(58)

Substituting into Equation (54), the three-soliton solution of the (4 + 1)-dimensional
time-fractional Fokas equation is obtained.

u =
(

β2 − α2
)[

ln
(

1 + eρ1 + eρ2 + eρ3 + eρ1+ρ2+A12 + eρ1+ρ3+A13

+eξρ2+ρ3+A23 + eρ1+ρ2+ρ3+A12+A13+A23
)]

ζζ
,

(59)

where

ρi = ri

{
ciζ + piz + qiw +

[
− 1

4
β(β2 − α2)c4

i r2
i +

3piqi
2αci

] mtσ

Γ(1 + σ)

}
, i = 1, 2.

and

eAij =
αβ
(

β2 − α2)(rj − ri
)2

+ 2
(

pj − pi
)(

qj − qi
)

αβ(β2 − α2)
(
rj + ri

)2
+ 2
(

pj − pi
)(

qj − qi
) .

Similarly, we assume:

fn = ∑
µ=0,1

e∑n
i=1 µiξi+A ∑n

1≤i<l µiµj Aij , (60)

We can obtain the formula of n-soliton solution of the (4 + 1)-dimensional time-
fractional Fokas equation:

u =
(

β2 − α2
)[

ln

(
∑

µ=0,1
e∑n

i=1 µiξi+A ∑n
1≤i<l µiµj Aij

)]
ζζ

, (61)

where i, j = 1, 2, . . . , n.

5. The Numerical Solutions of the Time-Fractional Fokas Equation

Definition 6 ([49]). The Riemann–Liouville fractional integral operator of order σ > 0 for a
function ξ(x) is defined as

Φαξ(x) =
1

Γ(σ)

∫ x

0
(x− t)σ−1ξ(t)dt, σ > 0, x > 0, (62)

and some properties are given as follows:

ΦσΦ$ξ(x) = Φ$Φσξ(x),

ΦσΦ$ξ(x) = Φα+$ξ(x),

Φσxγ =
Γ(γ + 1)

Γ(σ + γ + 1)
xσ+γ.

(63)

Lemma 1. If u(t) ∈ C2[0, T],

Iσ
o+µ(tk+1)− Iσ

o+µ(tk) =
τσ

Γ(γ + 1)
[µ(tk+1) +

k−1

∑
j=0

(ωj+1 −ωj)µ(tk−j)] + Rk,σ, (64)

in which
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|Rk,σ| ≤ CωKτ1+σ,

1 = v0 > v1 > . . . > vk > 0,

vj = (j + 1)σ − jσ.

(65)

Additionally, Iσ
0+µ(tk) is referred to as the Riemann–Liouville fractional integral of order σ.

5.1. Time Discretization

The time-fractional Fokas equation is regarded as

4Dσ
t ux − uxxxy+uxyyy + 12uxuy + 12uuxy − 6uzw = 0,

0 < t ≤ T, (x, y) ∈ Ω.
(66)

After dimensionality reduction, the equation becomes

Dσ
t uζ +

1
4

β(β2 − α2)uζζζζ +
3β

2
(u2)ζζ −

3
2α

uzw = 0, (67)

with the boundary condition being extracted from the exact solution given in Equation (52)
as follows:

(ζ, z, w, t) = h(ζ, z, w, t)

=
1
4

r2
1(β2 − α2)sech2( r1(c1ζ + p1z + q1w)− ( 1

4 β(β2 − α2)c4
1r2

1 −
3p1q1
2c1α ) tσ

Γ(1+σ)

2
)
,

(68)

and the initial condition

u(ζ, z, w, 0) = η(ζ, z, w) =
1
4

r2
1(β2 − α2)sech2(

r1(k1ζ + p1z + q1w)

2
), (69)

According to Lemma 5.1, Equation (66) becomes

Iσ
0+

∂u(ζ, z, w, tk+1)

∂x
− Iσ

0+
∂u(ζ, z, w, tk)

∂x

+
1
4

β(β2 − α2)[
∂4u(ζ, z, w, tk+1)

∂ζζζζ
− ∂4u(ζ, z, w, tk)

∂ζζζζ
]

+
3β

2
[
∂2u2(ζ, z, w, tk+1)

∂ζζ
− ∂2u2(ζ, z, w, tk)

∂ζζ
]

− 3
2α

[
∂2u(ζ, z, w, tk+1)

∂z∂w
− ∂2u(ζ, z, w, tk)

∂z∂w
] = 0.

(70)

Then, we have

∂uk+1

∂x
+

1
µ
[
1
4

β(β2 − α2)
∂4uk+1

∂ζζζζ
+

3β

2
∂2(uk+1)2

∂ζζ
− 3

2α

∂2uk+1

∂z∂w
]

=
1
µ
[
1
4

β(β2 − α2)
∂4uk

∂ζζζζ
+

3β

2
∂2(uk)2

∂ζζ
− 3

2α

∂2uk

∂z∂w
]−

1

∑
j=0

(λj+1 − λj)
∂uk−j

∂x
,

(71)

in which

µ =
τσ

Γ(1 + σ)
, λj = (j + 1)σ − jσ. (72)

5.2. Radial Basis Function Meshless Method

In R2, we assume that Ω is an arbitrary domain. The following are approximate
expansion of u(xi, yi, tn):

u(ζi, zi, wi, tn) =
<
∑
j=1

cn
j Φ
(
rij
)
, (73)
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in which

ϕ
(
rij
)
=
√(

ζi − ζ j
)2

+
(
zi − zj

)2
+
(
wi − wj

)2
+ c2 =

√
r2 + c2. (74)

We denote

Φj(ζ, z, w) =
√(

ζ − ζ j
)2

+
(
z− zj

)2
+
(
w− wj

)2
+ c2 =

√
r2

j + c2, (75)

in which rj is the Euclidean norm given by rj =‖ ζ − ζ j ‖ + ‖ z− zj ‖ + ‖ w− wj ‖ and c
is the shape parameter. According to Equation (70), for k = 0, we can obtain

∂u1

∂x
+

1
µ
[
1
4

β(β2 − α2)
∂4u1

∂ζζζζ
+

3β

2
∂2(u1)2

∂ζζ
− 3

2α

∂2u1

∂z∂w
]

=
1
µ
[
1
4

β(β2 − α2)
∂4u0

∂ζζζζ
+

3β

2
∂2(u0)2

∂ζζ
− 3

2α

∂2u0

∂z∂w
],

(76)

and for 1 ≤ k ≤ N − 1, we have

∂uk+1

∂x
+

1
µ
[
1
4

β(β2 − α2)
∂4uk+1

∂ζζζζ
+

3β

2
∂2(uk+1)2

∂ζζ
− 3

2α

∂2uk+1

∂z∂w
]

=
1
µ
[
1
4

β(β2 − α2)
∂4uk

∂ζζζζ
+

3β

2
∂2(uk)2

∂ζζ
− 3

2α

∂2uk

∂z∂w
]−

1

∑
j=0

(λj+1 − λj)
∂uk−j

∂x
.

(77)

Now, substituting Equation (73) into Equations (76) and (77), we can obtain the
following matrix in the following format:

Qck+1 = Pk+1, k = 0, 1, . . . , N + 1, (78)

where

Q =



Φ(r1,1) Φ(r1,2) · · · Φ(r1,n+1) · · · Φ(r1,N)
Φ(r2,1) Φ(r2,2) · · · Φ(r2,n+1) · · · Φ(r2,N)

...
...

. . . · · ·
...

Φ(rn,1) Φ(rn,2) · · · Φ(rn,n+1) · · · Φ(rn,N)
L(Φ(rn+1,1)) L(Φ(rn+1,2)) · · · L(Φ(rn+1,n+1)) · · · L(Φ(rn+1,N))

...
... · · · . . .

...
L(Φ(rN,1)) L(Φ(rN,2)) · · · L(Φ(rN,n+1)) · · · L(Φ(rN,N))


, (79)

L
(
Φ
(
rij
))

=
∂Φj(ζ j, zj, wj)

∂ζ
+

1
µ
[
1
4

β(β2 − α2)
∂4Φj(ζ j, zj, wj)

∂ζ4

+
3β

2
∂2(Φj(ζ j, zj, wj))

2

∂ζ2 − 3
2α

∂2Φj(ζ j, zj, wj)

∂z∂w
]|(ζ,z,w)=(ζi ,zi ,wi)

,

(80)

n + 1 ≤ i ≤ N, 1 ≤ j ≤ N − 1,

ck+1 =
[
ck+1

1 , ck+1
2 , . . . , ck+1

N

]T
, Pk+1 =

[
pk+1

1 , pk+1
2 , . . . , pk+1

N

]
,

in which

p1
i = η(ζ, z, w)|(ζ,z,w)=(ζi ,zi ,wi)

, n + 1 ≤ i ≤ N,

and also
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pk+1
i =

1
µ
[
1
4

β(β2 − α2)
∂4Φ(rij)

∂ζ4 +
3β

2
∂2(Φ(rij))

2

∂ζ2 − 3
2α

∂2Φ(rij)

∂z∂w
]−

1

∑
j=0

(λj+1 − λj)
∂Φ(rij)

∂x

n + 1 ≤ i ≤ N, 1 ≤ k ≤ N − 1,

bk+1
i = h(ζ, z, w)|(ζ,z,w)=(ζi ,zi ,wi)

, 1 ≤ i ≤ n, 1 ≤ k ≤ N − 1.

5.3. Discussion of the Solutions

We use the numerical solution obtained by the RBF method and the exact solution
obtained by the bilinear method. Next, we will discuss the absolute error of the two
solutions. To ensure the method’s correctness, we took the absolute errors when σ = 0.75,
σ = 0.5 and σ = 1 respectively, as shown in Tables 1–3. When σ = 1, it indicates that it is in
the integer order. The numerical results of the time-fractional Fokas equation determined
using the RBF approach are correct, as shown in the table.

Table 1. The absolute errors obtained by the radial basis function method with regard to exact solution
obtained by the bilinear method for (4 + 1)-dimensional Fokas equation given in Equation (13) at
different points of ζ and t taking σ = 0.75; α = 1; β = 2; r1 = 2; c1 = 1; p1 = 1; q1 = 2; τ = 1/80; c = 1.

‖ uRBF(MQ)− uExact ‖
ζ t = 0.1 t = 0.2 t = 0.3 t = 0.4 t = 0.5 t = 0.6 t = 0.7 t = 0.8 t = 0.9 t = 1

0.1 4.17 × 10−2 1.11 × 10−1 1.51 × 10−1 1.63 × 10−1 1.50 × 10−1 1.16 × 10−1 6.65 × 10−2 1.01 × 10−2 4.48 × 10−2 8.95 × 10−2

0.2 1.75 × 10−2 6.93 × 10−2 1.06 × 10−1 1.28 × 10−1 1.40 × 10−1 1.43 × 10−1 1.40 × 10−1 1.34 × 10−1 1.31 × 10−1 1.34 × 10−1

0.3 6.50 × 10−3 3.07 × 10−2 4.53 × 10−2 5.37 × 10−2 5.96 × 10−2 6.65 × 10−2 7.81 × 10−2 9.78 × 10−2 1.29 × 10−1 1.73 × 10−1

0.4 9.50 × 10−3 1.60 × 10−2 1.51 × 10−2 1.03 × 10−2 5.13 × 10−3 3.65 × 10−3 1.01 × 10−2 2.87 × 10−2 6.36 × 10−2 1.18 × 10−1

0.5 8.60 × 10−3 1.04 × 10−2 5.83 × 10−3 2.44 × 10−3 1.17 × 10−2 1.87 × 10−2 1.97 × 10−2 1.02 × 10−2 1.43 × 10−2 5.82 × 10−2

0.6 7.40 × 10−3 2.19 × 10−4 2.16 × 10−3 3.05 × 10−4 5.74 × 10−3 1.21 × 10−2 1.65 × 10−2 1.50 × 10−2 3.06 × 10−3 2.43 × 10−2

0.7 4.22 × 10−2 2.15 × 10−2 6.35 × 10−3 2.96 × 10−3 6.49 × 10−3 5.06 × 10−3 6.45 × 10−4 3.41 × 10−3 2.63 × 10−3 8.12 × 10−3

0.8 9.53 × 10−2 5.73 × 10−2 2.57 × 10−2 1.99 × 10−3 1.24 × 10−2 1.74 × 10−2 1.41 × 10−2 5.46 × 10−3 4.00 × 10−3 8.87 × 10−3

0.9 1.64 × 10−1 1.08 × 10−1 5.92 × 10−2 2.13 × 10−2 3.29 × 10−3 1.36 × 10−2 1.05 × 10−2 3.39 × 10−3 2.33 × 10−2 4.34 × 10−2

1 2.47 × 10−1 1.73 × 10−1 1.09 × 10−1 5.93 × 10−2 2.70 × 10−2 1.38 × 10−2 1.91 × 10−2 3.99 × 10−2 7.14 × 10−2 1.07 × 10−1

Table 2. The absolute errors obtained by the radial basis function method with regard to exact solution
obtained by the bilinear method for (4 + 1)-dimensional Fokas equation given in Equation (13) at
different points of ζ and t taking σ = 0.5; α = 1; β = 2; r1 = 2; c1 = 1; p1 = 1; q1 = 2; τ = 1/80; c = 1.

‖ uRBF(MQ)− uExact ‖
ζ t = 0.1 t = 0.2 t = 0.3 t = 0.4 t = 0.5 t = 0.6 t = 0.7 t = 0.8 t = 0.9 t = 1

0.1 2.18 × 10−1 1.49 × 10−1 9.79 × 10−2 6.20 × 10−2 3.85 × 10−2 2.42 × 10−2 1.58 × 10−2 9.66 × 10−3 2.37 × 10−3 9.43 × 10−3

0.2 1.86 × 10−1 1.58 × 10−1 1.43 × 10−1 1.37 × 10−1 1.36 × 10−1 1.34 × 10−1 1.26 × 10−1 1.08 × 10−1 7.54 × 10−2 2.57 × 10−2

0.3 1.13 × 10−1 1.09 × 10−1 1.16 × 10−1 1.30 × 10−1 1.47 × 10−1 1.62 × 10−1 1.68 × 10−1 1.62 × 10−1 1.38 × 10−1 9.23 × 10−2

0.4 5.37 × 10−2 5.94 × 10−2 7.44 × 10−2 9.52 × 10−2 1.18 × 10−1 1.39 × 10−1 1.53 × 10−1 1.57 × 10−1 1.44 × 10−1 1.11 × 10−1

0.5 2.39 × 10−2 2.87 × 10−2 4.09 × 10−2 5.80 × 10−2 7.76 × 10−2 9.67 × 10−2 1.12 × 10−1 1.19 × 10−1 1.14 × 10−1 9.27 × 10−2

0.6 2.43 × 10−2 2.03 × 10−2 2.24 × 10−2 2.92 × 10−2 3.97 × 10−2 5.21 × 10−2 6.39 × 10−2 7.21 × 10−2 7.27 × 10−2 6.14 × 10−2

0.7 5.06 × 10−2 3.26 × 10−2 1.99 × 10−2 1.29 × 10−2 1.15 × 10−2 1.54 × 10−2 2.28 × 10−2 3.13 × 10−2 3.70 × 10−2 3.56 × 10−2

0.8 9.69 × 10−2 6.19 × 10−2 3.26 × 10−2 1.07 × 10−2 2.57 × 10−3 6.74 × 10−3 2.66 × 10−3 7.30 × 10−3 1.94 × 10−2 2.89 × 10−2

0.9 1.57 × 10−1 1.05 × 10−1 5.93 × 10−2 2.36 × 10−2 2.56 × 10−4 9.63 × 10−3 6.49 × 10−3 7.35 × 10−3 2.79 × 10−2 5.00 × 10−2

1 2.28 × 10−1 1.59 × 10−1 9.90 × 10−2 5.24 × 10−2 2.21 × 10−2 9.84 × 10−3 1.52 × 10−2 3.58 × 10−2 6.72 × 10−2 1.03 × 10−1

Table 3. The absolute errors obtained by radial basis function method with regard to exact solution
obtained by the bilinear method for (4 + 1)-dimensional Fokas equation given in Equation (13) at
different points of ζ and t taking σ = 1; α = 1; β = 2; r1 = 2; c1 = 1; p1 = 1; q1 = 2; τ = 1/80; c = 1.

‖ uRBF(MQ)− uExact ‖
ζ t = 0.1 t = 0.2 t = 0.3 t = 0.4 t = 0.5 t = 0.6 t = 0.7 t = 0.8 t = 0.9 t = 1

0.1 3.86 × 10−2 8.85 × 10−2 1.09 × 10−1 1.05 × 10−1 8.04 × 10−2 4.48 × 10−2 9.08 × 10−3 1.42 × 10−2 1.21 × 10−2 2.78 × 10−2

0.2 5.36 × 10−2 9.70 × 10−2 1.19 × 10−1 1.22 × 10−1 1.08 × 10−1 8.30 × 10−2 5.52 × 10−2 3.47 × 10−2 3.30 × 10−2 6.20 × 10−2

0.3 2.75 × 10−2 5.40 × 10−2 6.82 × 10−2 7.22 × 10−2 6.87 × 10−2 6.16 × 10−2 5.62 × 10−2 5.95 × 10−2 7.94 × 10−2 1.25 × 10−1

0.4 8.43 × 10−3 1.70 × 10−2 1.75 × 10−2 1.31 × 10−2 7.59 × 10−3 5.24 × 10−3 1.14 × 10−2 3.20 × 10−2 7.35 × 10−2 1.42 × 10−1

0.5 6.02 × 10−3 6.82 × 10−3 1.13 × 10−4 1.16 × 10−2 2.40 × 10−2 3.22 × 10−2 3.05 × 10−2 1.18 × 10−2 3.11 × 10−2 1.05 × 10−1

0.6 4.23 × 10−3 1.16 × 10−2 9.64 × 10−3 5.15 × 10−4 1.30 × 10−2 2.66 × 10−2 3.44 × 10−2 2.90 × 10−2 2.03 × 10−3 5.49 × 10−2

0.7 2.00 × 10−2 6.26 × 10−3 2.12 × 10−2 2.52 × 10−2 1.96 × 10−2 7.32 × 10−3 6.44 × 10−3 1.45 × 10−2 8.14 × 10−3 2.21 × 10−2

0.8 8.74 × 10−2 3.40 × 10−2 5.72 × 10−3 3.05 × 10−2 4.00 × 10−2 3.59 × 10−2 2.21 × 10−2 5.28 × 10−3 5.84 × 10−3 1.40 × 10−3

0.9 2.14 × 10−1 1.30 × 10−1 6.14 × 10−2 1.22 × 10−2 1.62 × 10−2 2.41 × 10−2 1.46 × 10−2 6.12 × 10−3 2.97 × 10−2 4.60 × 10−2

1 4.11 × 10−1 2.96 × 10−1 1.99 × 10−1 1.25 × 10−1 7.76 × 10−2 5.65 × 10−2 5.94 × 10−2 8.10 × 10−2 1.13 × 10−1 1.44 × 10−1
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By comparing the absolute errors of two solutions generated by the RBF method and
the bilinear method, the accuracy of the RBF method may be determined. Furthermore,
the numerical findings show that the RBF method suggested above yields a high-precision
numerical solution to the fractional differential Fokas problem.

The accuracy of the RBF approach can be measured by comparing the absolute errors
of two solutions given by the RBF method and the bilinear method. Furthermore, the
numerical results demonstrate that the RBF method proposed above offers a high-precision
numerical solution to the fractional differential Fokas issue.

6. Conclusions

In this paper, we first derived the (4 + 1)-dimensional time-fractional Fokas equation
by using the semi-inverse method and fractional variational principle, and discussed the
conservation law of the time-fractional Fokas equation by using the Lie symmetry analysis
method. Then the rogue wave solutions and soliton solutions of (4 + 1)-dimensional
time-fractional Fokas equation were obtained by using bilinear approach. Finally, the
numerical solution of the (4 + 1)-dimensional time-fractional order Fokas equation was
obtained by using the Radial Basis Function (RBF) meshless method, and the absolute
error analysis under different conditions was given. The work in this paper promotes the
research of high-dimensional integrable systems. The precise numerical solutions of the
high-dimensional fractional model we have obtained are of great significance to the study
of physical phenomena in real life.
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38. Treanţă, S. Gradient Structures Associated with a Polynomial Differential Equation. Mathematics 2020, 8, 535. [CrossRef]
39. Lie, S. Theorie der Transformationsgruppen I. Christiania 1880, 16, 441–528. [CrossRef]
40. Sun, J.C.; Zhang, Z.G.; Dong, H.H.; Yang, H.W. Dust acoustic rogue waves of fractional-order model in dusty plasma. Commun.

Theor. Phys. 2020, 72, 17. [CrossRef]
41. Gazizov, R.K.; Kasatkin, A.A.; Lukashchuk, S.Y. Continuous transformation groups of fractional differential equations. Vestn.

Usatu 2007, 9, 21. [CrossRef]
42. Sabatier, J.; Agrawal, O.P.; Machado, J. Advances in Fractional Calculus. Fract. Var. Princ. 2007, 115–126.
43. He, J.H.; Wu, G.C.; Austin, F. The Variational Iteration Method Which Should Be Followed. Nonl. Sci. Lett. A 2010, 1, 1–30.

[CrossRef]
44. Saxena, R.; Mathai, A.; Haubold, H. Space-time fractional reaction-diffusion equations associated with a generalized Riemann-

Liouville fractional derivative. Axioms 2014, 3, 320–334. [CrossRef] [PubMed]

http://dx.doi.org/10.1103/PhysRevE.86.036604
http://dx.doi.org/10.1016/j.cnsns.2021.105918
http://dx.doi.org/10.1016/j.aml.2021.107485
http://dx.doi.org/10.1016/j.camwa.2019.03.050
http://dx.doi.org/10.1016/j.physleta.2011.01.029
http://dx.doi.org/10.1016/j.chaos.2005.03.006
http://dx.doi.org/10.1016/j.chaos.2005.03.006
http://dx.doi.org/10.1016/j.chaos.2005.03.006
http://dx.doi.org/10.1016/j.chaos.2005.03.006
http://dx.doi.org/10.1016/j.chaos.2006.03.020
http://dx.doi.org/10.1016/j.amc.2007.09.024
http://dx.doi.org/10.1051/itmconf/20182201065
http://dx.doi.org/10.1142/S0217984910023062
http://dx.doi.org/10.1016/j.amc.2007.01.056
http://dx.doi.org/10.1142/S0217979219503193
http://dx.doi.org/10.1143/JPSJ.70.1505
http://dx.doi.org/10.1143/JPSJ.70.1505
http://dx.doi.org/10.1139/cjp-2013-0341
http://dx.doi.org/10.1016/j.camwa.2017.10.037
http://dx.doi.org/10.1088/1751-8113/47/35/355203
http://dx.doi.org/10.1098/rspa.2011.0640
http://dx.doi.org/10.1103/PhysRevE.87.053202
http://www.ncbi.nlm.nih.gov/pubmed/23767650


Fractal Fract. 2022, 6, 108 22 of 22
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