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Abstract: The effect of track geometry on vehicle vibration is a major concern in high-speed rail
(HSR) operation from the perspectives of ride comfort and safety. However, how to quantitatively
characterize the relation between them remains a problem to be solved in track quality assessment.
By using fractal analysis, this paper studies the detailed correlation between track surface and
alignment irregularities and car body vertical and lateral acceleration in various wavelength ranges.
The time-frequency features of the track irregularity and car-body acceleration are first analyzed
based on empirical mode decomposition (EMD). Then, the fractal features of the inspection data are
determined by calculating the Hurst exponent of their intrinsic mode functions (IMFs). Finally, the
fractal dimensions of the track irregularity and car-body acceleration are obtained, and the correlation
between their fractal dimensions with respect to different IMFs is revealed using regression analysis.
The results show that the fractal dimension is only related to the roughness of the IMF waveforms
of the track irregularity and car-body vibration and is irrelevant to the amplitude of the time series
of the data; the correlation coefficient of the fractal dimension of the track irregularity and car-body
acceleration is greater than 0.7 for wavelengths greater than 30 m, indicating that the relationship
between track irregularity and car-body vibration acceleration is more obvious for long wavelengths.
The findings of this research could be used for optimizing HSR track maintenance work from the
viewpoint of the ride quality of high-speed trains.

Keywords: track irregularity; car-body acceleration; empirical mode decomposition; fractal dimen-
sion; correlation analysis

1. Introduction

In the past few decades, high-speed rail (HSR), characterized by excellent operation
safety and ride comfort, has developed rapidly all over the world. In high-speed rail
(HSR) systems, the ride comfort and safety of high-speed train are closely related to the
track irregularities, which is the main excitation source of the vehicle–track system. To
ensure the requirement of high ride quality of HSR, the geometric condition of the track
structure should be maintained carefully [1]. In HSR track maintenance, the requirements
for the control of track geometry deviation and vehicle vibration are strict. For example, in
Chinese HSR, the control limits of track surface and alignment irregularities are ±2 mm,
whilst the control limits of car body vertical and lateral acceleration are ±1 m/s2 and
±0.6 m/s2, respectively [2]. In most cases, the newly built lines can satisfy these require-
ments. However, for the lines which have operated for more than ten years, though the
geometric condition remains good, the car-body acceleration always exceeds the limit,
according to the inspection results. Note that the track irregularity is the main excitation
source of the vehicle–track system [3–5] and can even affect the dynamic performance of
the pantograph-catenary system [6]. Therefore, to reveal the root cause of the deterioration
of ride quality, it is necessary to conduct in-depth research on the relationship between
track geometry and vehicle vibration.
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In recent years, the relationship between track geometry and car-body acceleration
has been intensively studied, either by modeling of the vehicle–track system or by the
analysis of track inspection data. The main purpose of establishing the vehicle–track model
is to assess the effect of track irregularity on the dynamic response of the vehicle system
with respect to different wavelengths [7] and formulate the corresponding management
limits for track irregularities [8,9]. To further consider the long-term dynamic performance
of the vehicle–track system, some novel methods are used, such as the spectral evolu-
tion model [10], the wheel-rail surrogate model [11], the neural network model [12], etc.
However, these studies mainly focus on the feature of the vehicle–track system response,
rather than the detailed correlation between the track irregularity and vehicle response. In
addition, due to the limited accuracy of the dynamic models, it is difficult to quantitatively
analyze the correlation between track irregularity and vehicle vibration. The research on
the correlation between the two is mainly based on the analysis of the track inspection data,
thanks to the rapid development of advanced high-speed track inspection trains. With the
masses track irregularity and car-body vibration acceleration data, which are synchronously
acquired, the correlation analysis can be easily conducted. These studies are mainly carried
out from the aspects of track defect detection [13,14], serviceability assessment for rail in-
frastructure [15,16], track maintenance scheduling [17,18], etc. In these studies, the feature
and distribution of the track irregularity and vehicle vibration are mainly discussed in the
time domain. Yet, the detailed relationship between the two at different frequency ranges
has not attracted sufficient attention. Consequently, the excessive vibration excited by the
track irregularity at sensitive wavelength bands has not been revealed adequately.

An effective solution to this problem is to conduct time-frequency analysis of the track
inspection data. Among the time-frequency analysis methods, empirical mode decomposi-
tion (EMD), an adaptive function which does not require predetermined basis functions,
has been proven to be suitable for non-stationary signals, such as track irregularities and
vehicle responses [13,19]. However, the meso-feature at different frequency ranges of the
inspection data needs further study to quantitatively analyze the relationship between the
track irregularity and corresponding car-body vibration.

In view of this, this research studies the fractal characteristics of the track irregularity
and car-body acceleration, and the correlation between their fractal dimensions in various
wavelength bands. The rest of this paper is organized as follows: Section 2 analyzes the
time-frequency characteristics of track irregularity and car-body vibration acceleration
based on EMD. In the Section 3, the fractal characteristics of track irregularity and car-body
vibration acceleration are determined, and the calculation method of fractal dimension is
given. In the Section 4, the mapping relationship between track irregularity and car-body
acceleration with respect to fractal dimension is established in a quantitative manner. Lastly,
some concluding remarks of this paper are given in the Section 5.

2. Time-Frequency Analysis of Track Geometry and Car-Body Vibration Data

Track irregularity is the excitation of vehicle vibration, and the relationship between
them has been intensively studied based on the vehicle–track coupling models developed
by previous studies [20]. However, because the track irregularity is a random process [21],
the vibration response of the vehicle–track system also presents strong randomicity, so the
car-body vibration acceleration cannot be expressed by a deterministic function. As a result,
the response features have rarely been quantitatively expressed in previous research. For
the purpose of exploring the relationship between track irregularity and car-body vibration,
this paper uses empirical mode decomposition (EMD) [19], an effective time-frequency
analysis method, to calculate their IMFs. It has been found by previous research that
the track surface and alignment irregularities are the excitation sources of the vertical
and lateral vibration of the car body, respectively; the two types of track irregularities
can be considered uncorrelated [11,22]. In this regard, this paper mainly analyzes the
correlation between the surface irregularity of the track and the vertical acceleration of the
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car body, and that between the track-alignment irregularity and the lateral acceleration of
the car body.

The samples of track irregularities and car-body accelerations were collected by a
high-speed track geometry car running on the Chinese high-speed rail networks. Track
irregularities were measured under wheel load at a sampling interval of 0.25 m. The car
body responses, including vertical and lateral accelerations, were collected synchronously
with the track irregularities. Figure 1 shows the time series of the track surface irregu-
larity, car-body vertical acceleration, track-alignment irregularity, and car-body lateral
acceleration. The data, which correspond to an HSR line section with a length of 200 m,
were collected by a high-speed track inspection train. This train, named Comprehensive
Inspection Train (CIT), can conduct inspection of both track geometry and vehicle vibration
at high speed (>200 km/h). The sampling rate is 4 per meter.
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Figure 1. Time series of track irregularity and car-body acceleration.

It can be seen in Figure 1 that there is no obvious correlation between the track
irregularity and car-body acceleration in the time domain. This is probably because of the
strong damping effect of the secondary suspension system of the high-speed train, which
increases the complexity of the car body’s dynamic responses. However, in essence, the car-
body vibration is caused by track irregularity, and the suspension system only reduces the
car-body vibration energy in some frequency ranges. Consequently, the car-body vibration
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energy is redistributed in different frequency ranges, and the relationship between track
irregularity and car-body vibration acceleration becomes unclear in the time domain.

With the recognition of this, an effective time-frequency analysis method is necessary
to explore the correlation between track irregularity and car-body vibration in differ-
ent frequency ranges. The time-frequency analysis method is superior to conventional
time-domain and frequency-domain analysis in determining the time-space distribution
characteristics of track irregularity and car-body vibration. EMD, which has obvious advan-
tages in dealing with non-stationary data, is used to decompose both the track irregularity
and car-body acceleration data. The decomposition results are shown in Figures 2 and 3. It
can be seen in Figures 2 and 3 that eight IMFs of track irregularity and car-body vibration
acceleration were obtained by EMD. Each IMF was adaptively decomposed from the in-
spection data in the order of short wave to long wave. The IMFs represent the time series
at the corresponding frequency ranges, which can be determined by calculating the power
spectral densities (PSDs) of the IMFs.
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By comparing the IMFs of track irregularity and car-body vibration acceleration, it
can be seen that some peak values of the acceleration data are found at the time when the
track irregularity also reaches a large amplitude, but the detailed patterns of the waveforms
have great differences. This indicates that a large amplitude of track irregularity at certain
frequency ranges can cause an increase in the dynamic response of the car body, but it is
difficult to establish a one-to-one mapping relationship directly from the IMF waveforms.
Therefore, the meso-variance in the time series of the IMFs should be studied to explore
inherent characteristics of irregularity and acceleration data.
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3. Fractal Properties of Track Geometry and Car-Body Acceleration
3.1. Self-Similarity Analysis

Fractal analysis, as a nonlinear theory, has attracted a great amount of attention in
recent years. In fractal theory, the irregularity of fractal objects can be described as the
fractal dimension [23,24]. It is generally believed that fractal objects need to have the
properties of self-similarity and scale-invariance [25,26]. Therefore, before calculating the
fractal dimensions, it is necessary to determine whether the track irregularity data and
car-body acceleration data satisfy such fractal properties.

Considering that the track irregularity and car-body vibration acceleration data are
mostly statistically self-similar fractals, this paper uses the Hurst exponent, which is based
on statistical parameters, to analyze the similarity of the inspection data. Based on the
definition of fractal geometry, this paper adopts the R/S analysis method [27,28] to calculate
the Hurst exponent, and to determine whether the calculated scale (sub-series size) and
measure (rescaled range) satisfy the power-law relation. The main calculation procedure is
as follows:

Step 1. Divide the original time series of track irregularity {yi|i = 1, 2, 3 . . . N} into M
sub-series with data length n: (y1, y2, . . . , yn), (yn+1, yn+2, . . . , y2n), . . . ,(

y(M−1)n+1, y(M−1)n+2, . . . , yMn

)
, where M = N/n, M is an integer, and n > 2.

Step 2. Calculate the mean value of different sub-series.

yn,m =
1
n

n

∑
i

yi,m (1)

where yn,m is the mean value of the m-th sub series.
Step 3. Calculate the cumulative deviation Rn,m:

Rn,m =

[
max

1≤k≤n

k

∑
i=1

(yi,m − yn,m)− min
1≤k≤n

k

∑
i=1

(yi,m − yn,m)

]
(2)

Step 4. Calculate the standard deviation Sn,m:

Sn,m =

[
1
n

n

∑
i=1

(
yi,m − yn,m

)2
] 1

2

(3)

Step 5. Rescale the range:
R
S
∼ CnH ∼ nH (4)

The logarithm of both sides of Equation (4) is:

log
R
S

= log C + Hlogn (5)

where: C is constant, H is Hurst Exponent, and R
S is the rescaled range.

Step 6. Change the value of n to obtain different R
S values. In the double logarithmic co-

ordinate system, the Hurst Exponent can be obtained by linear regression of
(

log n, log R
S

)
using the least-square method (the slope of the regression line is the Hurst exponent).

Using the same data source in Section 2, the Hurst exponent was calculated for the
track irregularity and vehicle body vibration acceleration data. The results are shown in
Figure 4. It can be seen in Figure 4 that the correlation coefficient values of the regression
analysis are all greater than 0.9, indicating that the calculation results of Hurst exponents
are reliable. In addition, the Hurst exponent values of track irregularity and car-body
vibration acceleration are both greater than 0.8, indicating that the series on the selected
scales are positively correlated with statistical self-similarity.
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Figure 5 shows the Hurst exponent calculation results of the corresponding IMF. It is
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which further proved that the track irregularity and car-body vibration acceleration data
have significant statistical self-similarity.
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The scale-invariance of the inspection data can be discussed from the perspective of
the track irregularity spectrum. The essence of track irregularity spectrum analysis is to
study the distribution of measurement (power spectral density) at different scales (spatial
frequencies) by changing the measurement scale. From the track-irregularity spectrums
formulated by various countries with different railway lines, there is an obvious linear
relationship between the track irregularity spectrums of different lines within a certain scale
interval. This shows that the track irregularity has scale-invariance and is not affected by the
type of track structure or foundation. Similarly, the car-body vibration acceleration data also
present scale-invariance, according to their PSD curve. From the above analysis, it can be
concluded that the track irregularity and car-body acceleration have typical fractal features.

3.2. Fractal Dimension of Track Irregularity and Car-Body Acceleration

The fractal dimension is a commonly used index to measure the complexity and
irregularity of geometric patterns [29]. Due to the different measures and scales that
characterize fractals, different fractal dimension algorithms are proposed. Compared with
other methods—the box method, power spectral method, etc.—the variogram method has
the advantages of good robustness and strong adaptability [30]. In this regard, we used the
variogram method to calculate the fractal dimensions of the track irregularity and car-body
vibration data. The calculation process was as follows [31,32]:

Step 1. Create a rectangular window with a width of w that can cover a certain amount
of the inspection data. Note that the data point in the rectangular window should be no
less than two.

Step 2. Divide the track inspection data to form a matrix according to the rectangular
window with width w. The height h of each rectangle can then be determined as the
difference between the maximum value and the minimum value of the data points in each
column of the matrix.

Step 3. Calculate the areas of all rectangles under the current rectangle width w, and
define S as the sum of these areas.

Step 4. Change the width w to get different S(w), and divide S(w) by w2 to get
N(w). Plot (log

(
1
w

)
, log N(w) data points in the double logarithmic coordinate system,

and perform least-squares linear regression on their linear region to obtain the slope k of
the regression line. The fractal dimension can then be defined as D = 2 − k.

4. Correlation between Track Irregularity and Car-Body Acceleration

Using the proposed calculation process, the fractal dimensions of track irregularity
and car-body acceleration can be obtained, and the results are shown in Figure 6. It can be
seen in Figure 6 that the fractal dimension of track irregularity decreases as the wavelength
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increases. The fractal dimensions of different IMFs of the surface irregularities decrease
from 1.41 to 0.99, and the fractal dimensions of the IMFs of the alignment irregularity
decrease from 1.45 to 0.99. This indicates that the waveform of the IMFs is more complex
at the shorter wavelengths. In contrast, at longer wavelengths, the variation in the IMF
waveform is smooth, and the fractal dimension is relatively small. Similar results were
also found in the car-body acceleration data. In addition, the variation trends of the fractal
dimension of the car-body vertical acceleration and the track surface irregularity, and the
fractal dimension of the car-body lateral acceleration and the track-alignment irregularity,
are nearly the same. This confirms the relationship between car-body acceleration and the
corresponding types of track irregularities.
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Through the above analysis, it can be concluded that the fractal dimension can ef-
fectively present the detailed variation in the track irregularity and car-body acceleration.
The fractal dimension is independent of the amplitude of the track inspection data but
only related to the roughness of the curve. Therefore, the fractal dimension can reflect
the inherent features of the track irregularity and car-body acceleration. In view of this,
to explore the mapping relationship between track irregularity and car-body vibration
acceleration, we conducted regression analysis of their fractal dimensions.

The track irregularity and car-body vibration data subject to regression analysis were
collected at the same rail line section in Section 2, but the length of the data was increased to
2 km, so the total number of the samples was 100. The regression formula can be defined as:

Y = Ax + B (6)



Fractal Fract. 2022, 6, 727 9 of 13

where Y is the fractal dimension of car-body acceleration; x is the fractal dimension of track
irregularity; A and B are the regression coefficients.

The regression results are shown in Figures 7 and 8, and the regression parameter
values are listed in Tables 1 and 2.
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Table 1. Regression analysis results of surface irregularity and car-body vertical acceleration.

Parameter A Parameter B Correlation Coefficient

IMF1 0.7220 1.7139 0.5916
IMF2 0.6696 1.6529 0.5553
IMF3 0.8792 1.4533 0.7164
IMF4 0.8513 1.4597 0.6476
IMF5 0.8174 1.2856 0.7302
IMF6 0.9150 1.0526 0.7014
IMF7 0.9601 0.9709 0.9286
IMF8 0.8499 0.9360 0.5370

Table 2. Regression analysis results of alignment irregularity and car-body lateral acceleration.

Parameter A Parameter B Correlation Coefficient

IMF1 0.8615 1.7329 0.6195
IMF2 0.9059 1.4273 0.6097
IMF3 0.9063 1.7812 0.6365
IMF4 0.9560 1.4062 0.7071
IMF5 0.8255 1.4256 0.7085
IMF6 0.8166 1.2584 0.7793
IMF7 0.8479 1.1284 0.7326
IMF8 1.0084 2.0957 0.7530

It can be seen in Figures 7 and 8 and Tables 1 and 2 that:
(1) The correlation coefficient of surface irregularity and car-body vertical vibration

acceleration is greater than 0.7 in IMF 3–IMF 7 except for IMF 4 (the lower limit of the
corresponding wavelength range is 13 m), and the correlation coefficient of alignment
irregularity and car-body lateral vibration acceleration is greater than 0.7 in IMF 4–IMF
8 (the lower limit of the corresponding wavelength range is 30 m). This indicates that
with long wavelengths, the track irregularity and car-body vibration are highly correlated.
Similar results were also found in [1,3], which state that track-surface irregularities at long



Fractal Fract. 2022, 6, 727 11 of 13

wavelengths have a strong influence on car-body acceleration. This finding is also in line
with the operation practice of HSR that the excessive vibration of the car body generated
during HSR operation is mostly caused by the deterioration of the track geometry with
long wavelengths.

(2) By contrast, with the short wavelengths, the correlation coefficient is smaller. There
are two main reasons for this phenomenon: (i) The waveform of the track irregularity at
smaller wavelength ranges is more complex, and the amplitude of track irregularity at short
with is relatively small. (ii) The vibration at higher frequency ranges is easier to be reduced
by the vehicle suspension system. Consequently, unlike the long wavelength ranges, the
track irregularity in short wavelength ranges can hardly generate the car-body vibration
with a clear correspondence with the excitation source.

(3) Compared with the correlation between track surface irregularity and car-body
vertical acceleration, the correlation between alignment irregularity and car-body lateral
acceleration is higher, indicating that the vehicle’s lateral vibration is largely determined by
the track alignment. This finding is consistent with the results presented in reference [19],
which revealed the strong correlation between the IMFs of track alignment irregularity and
car-body lateral acceleration.

5. Conclusions

This paper explored the correlation between the track geometry and car-body vibration
at different wavelength ranges in a quantitative manner. To this end, the EMD, as an
effective method to deal with the non-stationary signals, was used to decompose the
irregularity data and the acceleration data. To investigate the detailed correlation between
the IMFs’ track irregularity and the corresponding IMFs of car body responses, the theory
of fractal geometry was adopted to calculate their fractal features. On this basis, the
correlation between track surface irregularity and car-body vertical acceleration, and the
correlation between track alignment irregularity and car-body lateral acceleration revealed
via regression analysis. The main conclusions of this research are as follows:

1. The relationship between the time series of track irregularity and the corresponding
car-body acceleration is not obvious, but on the IMF waveform, the peaks of the
irregularity data match well with those in the acceleration data;

2. Both the track irregularity and car-body vibration acceleration satisfy the fractal
features based on the calculation results of the Hurst exponent, so the features of their
waveforms can be characterized by their fractal dimensions;

3. With an increase in wavelength, the fractal dimensions of both track irregularity and
car-body acceleration decrease gradually; the variation trends of the fractal dimensions
of vertical acceleration and surface irregularity are the same; similarly, the variation
trends of the fractal dimensions of lateral acceleration and alignment irregularity are
the same; the fractal dimension is only related to the roughness of the waveform and
is irrelevant to the amplitude of the time series;

4. The corresponding relationship between the fractal dimensions of the track irregularity
and the car-body vibration acceleration is clear in the long wavelength region, through
a large correlation coefficient.

The main contribution of this research is revealing the detailed relationship between
track geometry and car-body vibration in various frequency ranges. This can help to explain
the excessive vibration of high-speed trains, which is frequently reported in operation,
especially for the sections where the track irregularity does not exceed the tolerance limit.
The findings have implications for optimizing the track maintenance work by focusing on
the sensitive wavelength ranges of the track geometry. Meanwhile, this research also opens
good perspectives to the effective assessment of track quality which could further enhance
the ride quality of high-speed trains.

However, it is worth noting that the samples of track irregularity and car-body acceler-
ation used in this research were collected on a single HSR line. Whether the results can be
applied to other lines with different operation speeds and different types of infrastructure
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needs further discussion. It is necessary to further study the fractal features of various track
inspection data to reveal the effects of the potential factors on the fractal dimensions of the
data. In addition, though the fractal theory has been proven feasible in characterizing the
detailed time-frequency features of the track inspection data, the use of fractal analysis in
track quality assessments is scarce. To facilitate the use of fractal analysis in maintenance
work, future research needs to focus on the association of the fractal dimensions with the
maintenance plan of the HSR track.
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