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Abstract

:

In this paper, a new type of convexity is defined, namely, the left–right-(k,h-m)-p IVM (set-valued function) convexity. Utilizing the definition of this new convexity, we prove the Hadamard inequalities for noninteger Katugampola integrals. These inequalities generalize the noninteger Hadamard inequalities for a convex IVM, (p,h)-convex IVM, p-convex IVM, h-convex, s-convex in the second sense and many other related well-known classes of functions implicitly. An apt number of numerical examples are provided as supplements to the derived results.
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1. Introduction


From the time when Gauss, Cauchy, Chebyshev, to mention the most important, gave a theoretical background on the approximative methods, the big theory of inequalities started to develop. At the end of the 19th century and the beginning of the 20th century, a large number of inequalities were proven, and some of them became the classics we know today, while the rest of them remained isolated results. The first book to connect all the inequalities and make them formally as the field we know today is the book Inequalities, written by Hardy et al. [1]. The book Inequalities was the first of its kind to be dedicated solely to inequalities and therefore was an instrumental book to the field. This paper concerns itself with convex inequalities, the ones using the notion of convexity introduced by Jensen. Since Jensen discovered the first convex inequality [2], various inequalities have been discovered as a consequence of Jensen’s inequality [3]. A variety of applications of convex inequalities exist in, for example, the fields of numerical analysis, physics and optimization problems. The following books can be referred to for more information [4,5,6,7,8,9,10,11,12].



Hadamard [13] gave the following:



Let   L : I → R   be a convex function on  I  in  R  and    ω 1  ,  ω 2  ∈ I   such that    ω 1  <  ω 2   , then


  L     ω 1  +  ω 2   2   ⩽   1   ω 2  −  ω 1     ∫   ω 1    ω 2   L  ( t )  d t  ⩽   L  (  ω 1  )  + L  (  ω 2  )   2  .  











Various generalizations have been reported over the years [14,15,16]. The Hermite–Hadamard inequality has been obtained using many different convex generalizations of the Jensen’s inequality, see [17,18,19]. We apply the set-valued function setting (IVM) in tandem with convexity properties along with noninteger integral operators.



In 1695, l’Hopital sent a letter to Leibniz. In his message, an important question about the order of the derivative emerged: What might be a derivative of order   1 2  ? That letter sparked the interest of many upcoming mathematicians to investigate further into the matter of noninteger derivatives. Then, in 1822, Fourier suggested an integral representation in order to define the derivative, and his version can be considered as the first definition of the derivative of an arbitrary positive order. Abel in 1826 solved an integral equation associated with a tautochrone problem, which was the first application of FC (noninteger calculus). After Abel, many mathematicians proceeded to work in the field such as Riemann, Grünwald and Letnikov, Hadamard, Weyl and many more. In the late half of the 20th century, Caputo formulated a definition, more restrictive than the Riemann–Liouville one but more appropriate to discuss problems involving noninteger differential equations with initial conditions. Noninteger calculus was found to be useful in physics as well; for example, Whatcraft and Meerschaert (2008) described a noninteger conservation of mass, acoustic wave equations for complex media and many others. Different types of noninteger integrals and derivatives have been defined throughout the years; we refer the interested reader to the following books [20,21] for more information on the matter. Generalizations and the usage of the noninteger calculus in the field of inequalities is also widespread, see [22,23,24,25,26,27,28] for more information.



One of the highly influential papers in the last year was the paper written by Khan et al. [29], which brought the notion of fuzzy convex inequalities and as such is worth to mention. The notion itself is a broad field which can be investigated further on. See the cited paper for more information thereon.



The motivation behind this paper is to introduce a new class of IVM, namely left–right-(k,h-m)-p-convex inequalities. The defined IVM inequality generalizes previously defined IVM convex inequalities. Namely, it contains in itself a previously defined p,h-convex IVM. For more information about noninteger calculus, see the following [20,21,30,31].




2. Preliminaries


We require the following definitions and monograph in the sequel:



The following notion of IVM is used, which contains sets in itself.


   K c  =   [  S *  ,  S *  ]  :  S *  ,  S *  ∈ R  a n d   S *  ⩽  S *   .  











The range   [  S *  ,  S *  ]   is a positive range if    S *  ⩾ 0   and is given as follows


   K  c  +  =   [  S *  ,  S *  ]  :  S *  ,  S *  ∈ R  a n d   S *  ⩾ 0  .  











The elementary operations for    [  T *  ,  T *  ]  ,  [  S *  ,  S *  ]  ∈  K c    and    ω 6  ∈ R   are defined as follows:


   [  T *  ,  T *  ]  +  [  S *  ,  S *  ]  =  [  T *  +  S *  ,  T *  +  S *  ]  ,  










   [  T *  ,  T *  ]  ·  [  S *  ,  S *  ]  =  [ min   T *   S *  ,  T *   S *  ,  T *   S *  ,  T *   S *   , max   T *  ,  S *  ,  T *   S *  ,  T *   S *  ,  T *   S *   ]   








and


   ω 6  ·  [  T *  ,  T *  ]  =       [  ω 6   T *  ,  ω 6   T *  ]  ,  (  ω 6  > 0 )  ,        0  ,  (  ω 6  = 0 )  ,        ω 6   T *  ,  ω 6   T *   ] ,   (  ω 6  < 0 )       ,  








respectively, and the difference is given by


  T − S =  [  T *  ,  T *  ]  −  [  S *  ,  S *  ]  =  [  T *  −  S *  ,  T *  −  S *  ]  .  











The mathematical notion   S ⊇ T   gives us


  S ⊇ T  i f  a n d  o n l y  i f  [  S *  ,  S *  ]  ⊇  [  T *  ,  T *  ]   i f  a n d  o n l y  i f  [  T *  ⩾  S *  ,  S *  ⩾  T *  ]   











Remark 1 

([32]). The relation “  ⩽ p  ” defined on   K c   by


   [  T *  ,  T *  ]   ⩽ p   [  S *  ,  S *  ]   








⇔   T *  ⩽  S *  ,  T *  ⩽  S *    for all    [  T *  ,  T *  ]  ,  [  S *  ,  S *  ]  ∈ R   is a pseudo-order relation; for more details, see [32].





The integral given by Moore [32] is introduced as:



Theorem 1 

([32]). Given   L :  [  ρ 1  ,  ρ 2  ]  ⊂ R →  K c    a set-valued function such that


  L  (  ψ 5  )  =  [  L *   (  ψ 5  )  ,  L *   (  ψ 5  )  ]  .  








Then,  L  is Riemann integrable over [   ρ 1  ,  ρ 2   ] ⇔   L *   and   L *   are both Riemann integrable over [   ρ 1  ,  ρ 2   ].


   I R   ∫   ρ 1    ρ 2   L  (  ψ 5  )  d  ψ 5  =   ( R )   ∫   ρ 1    ρ 2    L *   (  ψ 5  )  d  ψ 5  ,  ( R )   ∫   ρ 1    ρ 2    L *   (  ψ 5  )  d  ψ 5    













Definition 1 

([33]). For the set   Y ⋆   in  R , a function   F :  Y ⋆  → R   is convex on   Y ⋆   if


  F  (  ω 6   ψ 5  +  ( 1 −  ω 6  )   ψ 6  )  ⩽   ω 6  F  (  ψ 5  )  +  ( 1 −  ω 6  )  f  (  ψ 6  )    








for all    ψ 5  ,  ψ 6  ∈  Y ⋆    and    ω 6  ∈  [ 0 , 1 ]    holds and is a concave function if the inequality is of the opposite sign.





Khan et al. [34] proposed the following:



Definition 2. 

The set-valued function   L :   W  ⋆  →  K  c  +    is left–right-convex set-valued on a convex set    W  ⋆   in all cases    ρ 1  ,  ρ 2  ∈   W  ⋆    and    ω 6  ∈  [ 0 , 1 ]   , we have


  L  (  ω 6   ρ 1  +  ( 1 −  ω 6  )   ρ 2  )   ⩽ p    ω 6  L  (  ρ 1  )  +  ( 1 −  ω 6  )  L  (  ρ 2  )   .  








If the inequality is of the opposite sign, then  L  is left–right-concave on    W  ⋆  . Moreover,  L  is affine on    W  ⋆  ⇔ it is both left–right-convex and left–right-concave on    W  ⋆  .





Now, we introduce the concept of the Katugampola noninteger integral operator for a set-valued function.



Definition 3. 

Let   q ⩾ 1  ,   c ∈ R   and    χ  c  q   ( u , v )    be the set of all complex-valued Lebesgue integrable set-valued functions Q on   [  ψ 5  ,  ψ 6  ]   for which the norm    | | Q | |   χ  c  q    is introduced by


    | | Q | |   χ  c  q  =    ∫  u  v    |  n c  Q  ( n )  |  q    d n  n    1 q   < + ∞   








for   1 ⩽ q < + ∞   and


    | | Q | |   χ  c   + ∞   = e s s  sup  u ⩽ n ⩽ v    n c   | Q  ( n )  |  .   








Katugampola [35] presented a new noninteger integral to generalize the Riemann–Liouville and Hadamard noninteger integrals under certain conditions.



Let   p ,  ξ ⋆  > 0   and   F ∈ L [  ψ 5  ,  ψ 6  ]   be the collection of all complex-valued Lebesgue integrable IVMs on   [  ψ 5  ,  ψ 6  ]  . Then, the set of left and right Katugampola noninteger integrals of   F ∈ L [  ψ 5  ,  ψ 6  ]   with order    ξ ⋆  > 0   are introduced by


    J   ψ  5  +    p ,  ξ ⋆    F  ( x )  =   p  1 −  ξ ⋆     Γ (  ξ ⋆  )    ∫   ψ 5   x    (  x p  −  μ p  )    ξ ⋆  − 1    μ  p − 1   F  ( μ )  d μ     ( x >  ψ 5  )  ,   










    J   ψ  6  −    p ,  ξ ⋆    F  ( x )  =   p  1 −  ξ ⋆     Γ (  ξ ⋆  )    ∫  x   ψ 6     (  μ p  −  x p  )    ξ ⋆  − 1    μ  p − 1   F  ( μ )  d μ    ( x <  ψ 6  )    








where   Γ  (  ξ ⋆  )  =  ∫  0   + ∞    e  − x    x   ξ ⋆  − 1   d x   is the Euler gamma function [36]





Zhang and Wang [37] established the concept of p-convex functions given below.



Definition 4. 

Let   p ∈ R   with   p ≠ 0  . Then, the set   Y ⋆   is p-convex if


     [ ρ  x p  +  ( 1 − ρ )   y p  ]   1 p   ∈  Y ⋆    








for all   x , y ∈  Y ⋆  , ρ ∈  [ 0 , 1 ]   , where   p = 2 n + 1   and   n ∈ N   or p is an odd number.





Definition 5. 

Let  I  be a p-convex set. A function   F : I → R   is a p-convex function or belongs to the class PC(I), if


   F    ( ρ  x p  +  ( 1 − ρ )   y p  )   1 p    ⩽  ρ F ( x ) + ( 1 − ρ ) f ( y )    








for all   x , y ∈ [  ψ 5  ,  ψ 6  ]  ,   ρ ∈ [ 0 , 1 ]  . If the inequality is of the opposite sign, then  F  is called a p-concave function.





The following definition is utilized by Khan et al. to produce generalizations of the HH inequality [38,39,40].



Definition 6. 

The IVM   L :  [  ψ 5  ,  ψ 6  ]  →  K  c  +    is a left–right-p-convex IVM in all cases    τ 2  ,  τ 3  ∈  [  ψ 5  ,  ψ 6  ]    and   ρ ∈ [ 0 , 1 ]   and we have


   L    [ ρ  τ  2  p  +  ( 1 − ρ )   τ  3  p  ]   1 p     ⩽ p   ρ L  (  τ 2  )  +  ( 1 − ρ )  L  (  τ 3  )   .   








If the inequality is of the opposite sign, then  L  is left–right-p-concave on   [  ψ 5  ,  ψ 6  ]  . The set of all left–right-p-convex (left–right-p-concave) IVMs is denoted by


   L e f t − R i g h t S X  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )       ( L e f t − R i g h t S V  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )  )  .   













Definition 7. 

Let   J ⊂ R   be a set having in itself   ( 0 , 1 )   and let   τ : J → R   be a positive function, including zero. Let   I ⊂ ( 0 , + ∞ )   be a set and   p ∈ R − 0 .   A function   L : I → R   is   ( k , h  -  m )  -p convex, if


   L    [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p    ⩽ τ  (  ξ  ⋆  k  )  L  ( x )  + m τ  ( 1 −  ξ  ⋆  k  )  L  ( y )    








holds provided     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p   ∈ I   for all    ξ ⋆  ∈  [ 0 , 1 ]    and   ( k , m ) ∈ [ 0 , 1 ]  . If the inequality is of the opposite sign, then  L  is said to be   ( k , h  -  m )  -p-concave. The set of all   ( k , h  -  m )  -p-convex (concave) functions is denoted by


   K H M P X ( I , p )  ,  K H M P V ( I , p ) ,   








respectively. The set of all   ( k , h  -  m )  -p-convex (concave) functions defined on closed, positive and bounded sets of  R  is given, respectively, by


   K H M P X  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )  ,   K H M P V  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )  .   













The motivation behind defining the   ( k , h  -  m )  -p-convex IVM is the definition given by [41] above.



Now we define a new type, namely a   ( k , h  -  m )  -p-  c o n v e x   I-V-F.



Definition 8. 

Let   J ⊂ R   be a set containing   ( 0 , 1 )   and let   τ : J → R   be a positive function including zero. Let  I  be a positive subset of  R  and   p ∈ R − 0 .   The IVM   F :  [  ψ 5  ,  ψ 6  ]  →  K  c  +    is a left–right-  ( k , h  -  m )  -p-convex IVM if


   F    [  u p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   v p  ]   1 p     ⩽ p  τ  (  ξ  ⋆  k  )  F  ( u )  + m τ  ( 1 −  ξ  ⋆  k  )  F  ( v )    








holds, provided     [  u p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   v p  ]   1 p   ∈ I   for all    ξ ⋆  ∈  [ 0 , 1 ]    and   ( k , m ) ∈ [ 0 , 1 ]  . If the inequality is of the opposite sign, then  F  is a left–right-  ( k , h  -  m )  -p-concave IVM. The set of all left–right-  ( k , h  -  m )  -p-convex (left–right-  ( k , h  -  m )  -p-concave) IVMs is denoted by


   L e f t − R i g h t S K H M P X  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )       ( L e f t − R i g h t S K H M P V  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )  )  .   








 F  is left–right-(k,h-m)-p-affine ⇔ it is both left–right-(k,h-m)-p-convex and left–right(k,h-m)-p-concave.



The set of all left–right-(k,h-m)-p-affine IVMs is denoted by   L e f t  -  R i g h t S K H M P A  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p ) )  .





Remark 2. 






	
Setting   k , m = 1  , we get the p,h-convex IVM introduced by Khan et al. [42] given by


   F    [  x p   ξ ⋆  +  ( 1 −  ξ ⋆  )   y p  ]   1 p     ⩽ p  q  (  ξ ⋆  )  F  ( x )  + q  ( 1 −  ξ ⋆  )  F  ( y )  .   











	
Setting   k , m = 1 , q ( t ) = t  , we get a p-convex IVM.



	
Setting   p , m = 1 , q ( t ) = t , k = 1   we get a convex IVM, namely we obtain


   F  (  ω 6   ρ 1  +  ( 1 −  ω 6  )   ρ 2  )   ⩽ p    ω 6  F  (  ρ 1  )  +  ( 1 −  ω 6  )  F  (  ρ 2  )   .   


















In the following, we obtain new HH type inequalities and as a consequence of the said generalization in the IVM sense, we obtain the results reported in the recent literature.




3. Main Results


Theorem 2. 

Let   J ⊂ R   be a set containing   ( 0 , 1 )   and let   τ : J → R   be a positive function including zero. Let   I ⊂ ( 0 , + ∞ )   be a set,   p ∈ R − 0   and   F :  [  ψ 5  ,  ψ 6  ]  →  K  c  +    be an IVM introduced by   F  ( x )  =  [  F *  ,   F  *  ]   , for all   x ∈ [  ψ 5  ,  ψ 6  ]  . Then,   F ∈ L e f t − R i g h t S K H M P X (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )  ⇔,    F *  ,   F  *  ∈ K H M P X  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )   .





Proof. 

Assume that    F *  ,   F  *  ∈ K H M P X  (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )   . Then, for all   x , y ∈  [  ψ 5  ,  ψ 6  ]  ,   ξ ⋆  ∈  [ 0 , 1 ]    and   ( k , m ) ∈ [ 0 , 1 ]  , we have


   F *     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p    ⩽ τ  (  ξ  ⋆  k  )   F *   ( x )  + m τ  ( 1 −  ξ  ⋆  k  )   F *   ( y )  ,  








and


    F  *     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p    ⩽ τ  (  ξ  ⋆  k  )    F  *   ( x )  + m τ  ( 1 −  ξ  ⋆  k  )    F  *   ( y )  .  








From the inequality defined in Definition 8 and the order relation   ⩽ p  , we have


   F *     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p    ,   F  *     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p     










   ⩽ p   τ  (  ξ  ⋆  k  )   F *   ( x )  + m τ  ( 1 −  ξ  ⋆  k  )   F *   ( y )  , τ  (  ξ  ⋆  k  )    F  *   ( x )  + m τ  ( 1 −  ξ  ⋆  k  )    F  *   ( y )   ,  










  = τ  (  ξ  ⋆  k  )   [  F *   ( x )  ,   F  *   ( x )  ]  + m τ  ( 1 −  ξ  ⋆  k  )   [  F *   ( y )  ,   F  *   ( y )  ]  ,  








that is


  F    [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p     ⩽ p  τ  (  ξ  ⋆  k  )  F  ( x )  + m τ  ( 1 −  ξ  ⋆  k  )  F  ( y )  ,  f o r  a l l  x , y ∈  [  ψ 5  ,  ψ 6  ]  ,  ξ ⋆  ∈  [ 0 , 1 ]  .  











Hence,   F ∈ L e f t  -  R i g h t S K H M P X (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )  .



Conversely, let   F ∈ L e f t  -  R i g h t S K H M P X (  [  ψ 5  ,  ψ 6  ]  ,  K  c  +  , p )  . Then, for all   x , y ∈  [  ψ 5  ,  ψ 6  ]  ,   ξ ⋆  ∈  [ 0 , 1 ]    and   ( k , m ) ∈ [ 0 , 1 ]  , we have


  F    [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p     ⩽ p  τ  (  ξ  ⋆  k  )  F  ( x )  + m τ  ( 1 −  ξ  ⋆  k  )  F  ( y )  ,  








that is


    F *     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p    ,   F  *     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p      ⩽ p   










  τ  (  ξ  ⋆  k  )   [  F *   ( x )  ,   F  *   ( y )  ]  + m τ  ( 1 −  ξ  ⋆  k  )   [  F *   ( y )  ,   F  *   ( y )  ]   










  =  τ  (  ξ  ⋆  k  )   F *   ( x )  + m τ  ( 1 −  ξ  ⋆  k  )   F *   ( y )  , τ  (  ξ  ⋆  k  )    F  *   ( x )  + m τ  ( 1 −  ξ  ⋆  k  )    F  *   ( y )   .  











Hence, we have


   F *     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p     ⩽ p  τ  (  ξ  ⋆  k  )   F *   ( x )  + m τ  ( 1 −  ξ  ⋆  k  )   F *   ( y )  ,  








and


    F  *     [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p     ⩽ p  τ  (  ξ  ⋆  k  )    F  *   ( x )  + m τ  ( 1 −  ξ  ⋆  k  )    F  *   ( y )  .  











□





Remark 3. 

If    F *  =   F  *    then the left–right-(k,h-m)-p-convex function becomes a   ( k , h  -  m )  -p-convex function.



If   k , m = 1  , then the left–right-(k,h-m)-p IVM becomes a left–right-(p,h)-convex IVM [42].



If    F *  =   F  *  , m , p , k = 1 ,    h  (  ξ ⋆  )  =  ξ  ⋆  s    and   s ∈ ( 0 , 1 ]  , then the left–right-(k,h-m)-p-convex IVM becomes an s-convex function in the second sense, see [43].



If   m = 1 , k = 1   and   h  (  ξ ⋆  )  =  ξ ⋆    we get a p-convex IVM.



If    F *  =   F  *    with   m = 1 , p = 1 ,  ξ ⋆  = 1  , then the left–right-(k,h-m)-p-convex IVM reduces to an h-convex function, see [44].



If    F *  =   F  *    with   h (  ξ ⋆  ) = 1   and   m = 1 , p = 1  , then the left–right-(k,h-m)-p-convex IVM reduces to the a p-convex function, see [45].



If    F *  =   F  *    with   k , p , m = 1   and   h  (  ξ ⋆  )  =  ξ ⋆   , then left–right-(k,h-m)-p-convex IVM reduces to the classical convex function.





Theorem 3. 

Let   F :  [ a , b ]  →  K  c  +    be an IVM that is left–right-  ( k , h  -  m )  -p-convex. Then, the inequality holds in one of the cases:




	1.

	
   a > 0 , b > a , 0 < m <  a b    




	2.

	
   a > 0 , b < a , 0 < m ⩽ 1   











   F       a p  +  m p   b p   2    1 p     ⩽ p    Γ  ( β + 1 )   p β     (  a p  −  m p   b p  )  β     χ   a −    p , β   F  ( m b )  τ   1  2 k    +  m  p β + p   τ  1 −  1  2 k     χ   b +    p , β   F   a m      










    ⩽ p  β p ·  τ   1  2 k    F  ( a )  +  m p  τ  1 −  1  2 k    F  ( b )    ∫  0  1   t  β p − 1   τ  (  t   ξ ⋆  p   )  d t   










   + β p ·  τ   1  2 k     m p  F  ( b )  + τ  1 −  1  2 k    F  ( a )    ∫  0  1   t  β p − 1   τ  ( 1 −  t   ξ ⋆  p   )  d t .   













Proof. 

From the statement of a left–right-(k,h-m)-p-convex IVM, we have


  F    [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p     ⩽ p  τ  (  ξ  ⋆  k  )  F  ( x )  + m τ  ( 1 −  ξ  ⋆  k  )  F  ( y )  .  








Setting    ξ ⋆  =  1 2  , m →  m p   , we obtain


  F    [    x p  +  m p   y p   2  ]   1 p     ⩽ p  τ   1  2 k    F  ( x )  +  m p  τ  1 −  1  2 k    F  ( y )  .  








Setting    x p  =  m p   ( 1 −  t p  )   b p  +  t p   a p  ,  y p  =  ( 1 −  t p  )    a p   m p   +  b p   t p   , we obtain


  F    [    a p  +  m p   b p   2  ]   1 p     










   ⩽ p  τ   1  2 k    F     m p   ( 1 −  t p  )   b p  +  t p   a p    1 p    +  m p  τ  1 −  1  2 k    F     ( 1 −  t p  )    a p   m p   +  b p   t p    1 p    .  








It follows from the statement of the IVM


   F *     [    a p  +  m p   b p   2  ]   1 p     










  ⩽ τ   1  2 k     F *      m p   ( 1 −  t p  )   b p  +  t p   a p    1 p    +  m p  τ  1 −  1  2 k     F *      ( 1 −  t p  )    a p   m p   +  b p   t p    1 p    ,  








and


    F  *     [    a p  +  m p   b p   2  ]   1 p     










  ⩽ τ   1  2 k      F  *      m p   ( 1 −  t p  )   b p  +  t p   a p    1 p    +  m p  τ  1 −  1  2 k      F  *      ( 1 −  t p  )    a p   m p   +  b p   t p    1 p    .  











Multiplying the inequalities with   t  β p − 1    and integrating with respect to the variable used, we get


     F *     [    a p  +  m p   b p   2  ]   1 p      β p   ⩽  










   ∫  0  1   t  β p − 1   τ   1  2 k     F *      m p   ( 1 −  t p  )   b p  +  t p   a p    1 p    d t  










  +  ∫  0  1   t  β p − 1    m p  τ  1 −  1  2 k     F *      ( 1 −  t p  )    a p   m p   +  b p   t p    1 p    d t ,  








and


      F  *     [    a p  +  m p   b p   2  ]   1 p      β p   ⩽  










   ∫  0  1   t  β p − 1   τ   1  2 k      F  *      m p   ( 1 −  t p  )   b p  +  t p   a p    1 p    d t  










  +  ∫  0  1   t  β p − 1    m p  τ  1 −  1  2 k      F  *      ( 1 −  t p  )    a p   m p   +  b p   t p    1 p    d t .  








Focusing towards the right and setting    ( 1 −  t p  )   m p   b p  +  t p   a p  =  k p    in the first integral and    ( 1 −  t p  )    a p   m p   +  b p   t p  =  k p    in the second integral, we obtain


  =   τ   1  2 k       (  a p  −  m p   b p  )  β    ∫  m b  a   F *   ( k )    (  k p  −  m p   b p  )   β − 1    k  p − 1   d k  










  +   τ  1 −  1  2 k     m  p + p β      (  a p  −  b p   m p  )  β    ∫  b   a m    F *   ( k )      a p   m p   −  k p    β − 1    k  p − 1   d k ,  








and


  =   τ   1  2 k       (  a p  −  m p   b p  )  β    ∫  m b  a    F  *   ( k )    (  k p  −  m p   b p  )   β − 1    k  p − 1   d k  










  +   τ  1 −  1  2 k     m  p + p β      (  a p  −  b p   m p  )  β    ∫  b   a m     F  *   ( k )      a p   m p   −  k p    β − 1    k  p − 1   d k .  











What we get when we recognize it in terms of a Katugampola integral is


  =   Γ  ( β )   p  β − 1      (  a p  −  m p   b p  )  β     χ   a −    p , β    F *   ( m b )  τ   1  2 k    +  m  p β + p   τ  1 −  1  2 k     χ   b +    p , β    F *    a m    ,  








and


  =   Γ  ( β )   p  β − 1      (  a p  −  m p   b p  )  β     χ   a −    p , β     F  *   ( m b )  τ   1  2 k    +  m  p β + p   τ  1 −  1  2 k     χ   b +    p , β     F  *    a m    ,  








which together yields


    F *     [    a p  +  m p   b p   2  ]   1 p    ,   F  *     [    a p  +  m p   b p   2  ]   1 p      ⩽ p   










  (   Γ  ( β )   p  β − 1      (  a p  −  m p   b p  )  β     χ   a −    p , β    F *   ( m b )  τ   1  2 k    +  m  p β + p   τ  1 −  1  2 k     χ   b +    p , β    F *    a m   ,   










    Γ  ( β )   p  β − 1      (  a p  −  m p   b p  )  β     χ   a −    p , β     F  *   ( m b )  τ   1  2 k    +  m  p β + p   τ  1 −  1  2 k     χ   b +    p , β     F  *    a m    ) ,  








from which we get the original left part of the inequality.



Now to obtain the upper inequality, we use the left–right-(k,h-m)-p-convexity and apply the IVM property to the following expression


  τ   1  2 k    F     m p   ( 1 −  t p  )   b p  +  t p   a p    1 p     










  +  m p  τ  1 −  1  2 k    F     ( 1 −  t p  )    a p   m p   +  b p   t p    1 p     








and multiply it with   t  β p − 1   , while integrating the expression; hence, we obtain


    Γ  ( β )   p  β − 1      (  a p  −  m p   b p  )  β     χ   a −    p , β     F  *   ( m b )  τ   1  2 k    +  m  p β + p   τ  1 −  1  2 k     χ   b +    p , β     F  *    a m    ⩽  










   τ   1  2 k      F  *   ( a )  +  m p  τ  1 −  1  2 k      F  *   ( b )    ∫  0  1   t  β p − 1   τ  (  t   ξ ⋆  p   )  d t  










  +  τ   1  2 k     m p    F  *   ( b )  + τ  1 −  1  2 k      F  *   ( a )    ∫  0  1   t  β p − 1   h  1 −  t   ξ ⋆  p    d t ,  








and


    Γ  ( β )   p  β − 1      (  a p  −  m p   b p  )  β     χ   a −    p , β    F *   ( m b )  τ   1  2 k    +  m  p β + p   τ  1 −  1  2 k     χ   b +    p , β    F *    a m    ⩽  










   τ   1  2 k     F *   ( a )  +  m p  τ  1 −  1  2 k     F *   ( b )    ∫  0  1   t  β p − 1   τ  (  t   ξ ⋆  p   )  d t  










  +  τ   1  2 k     m p   F *   ( b )  + τ  1 −  1  2 k     F *   ( a )    ∫  0  1   t  β p − 1   h  1 −  t   ξ ⋆  p    d t ,  








From which we get the original right-hand side inequality. Connecting the left- and right-hand side inequalities, we obtain the original inequality


  F       a p  +  m p   b p   2    1 p     ⩽ p    Γ  ( β + 1 )   p β     (  a p  −  m p   b p  )  β     χ   a −    p , β   F  ( m b )  τ   1  2 k    +  m  p β + p   τ  1 −  1  2 k     χ   b +    p , β   F   a m     










   ⩽ p  β p ·  τ   1  2 k    F  ( a )  +  m p  τ  1 −  1  2 k    F  ( b )    ∫  0  1   t  β p − 1   τ  (  t   ξ ⋆  p   )  d t  










  + β p ·  τ   1  2 k     m p  F  ( b )  + τ  1 −  1  2 k    F  ( a )    ∫  0  1   t  β p − 1   τ  ( 1 −  t   ξ ⋆  p   )  d t .  











□





Setting   p = 3 , k =  1 2    in the theorem, we obtain a new inequality of the left–right-(k,h-m)-p-convex type.



Corollary 1. 



   F       a 3  +  m 3   b 3   2    1 3     ⩽ p    Γ  ( β + 1 )   3 β     (  a 3  −  m 3   b 3  )  β     χ   a −    3 , β   F  ( m b )  h   1  2  1 2     +  m  3 β + 3   h  1 −  1  2  1 2      χ   b +    3 , β   F   a m      










    ⩽ p  3 β ·  h   1  2  1 2     F  ( a )  +  m 3  h  1 −  1  2  1 2     F  ( b )    ∫  0  1   t  β 3 − 1   h  (  t  3  ξ ⋆    )  d t   










   + 3 β ·  h   1  2  1 2      m 3  F  ( b )  + h  1 −  1  2  1 2     F  ( a )    ∫  0  1   t  3 β − 1   h  ( 1 −  t  3  ξ ⋆    )  d t .   













Theorem 4. 

If the conditions are the same as in Theorem 3, then, the inequality holds in the following case with   a ⩾ 0 , b > a ,  a b  < m ⩽ 1  


   F    [    a p  +  m p   b p   2  ]   1 p     ⩽ p  τ   1  2 k      Γ  ( β + 1 )   2 β     p  − β     (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p   F   a m     










   + τ     2 k  − 1   2 k       m   p β  + p    2 β  Γ  ( β + 1 )     p  − β     (  m p   b p  −  a p  )  β     χ        a p  2  +    b p   m p   2    1 p    +    β , p   F  ( m b )    










    ⩽ p   β p   τ   1  2 k    F  ( a )  +  m p  τ     2 k  − 1   2 k    F  ( b )    ∫  0  1  h      t p  2    ξ ⋆     t   β p  − 1   d t   










   +  β p   τ   1  2 k     m p  F  ( b )  + τ     2 k  − 1   2 k    F  ( a )    ∫  0  1  h  1 −     t p  2    ξ ⋆     t   β p  − 1   d t .   













Proof. 

From the statement of the left–right-(k,h-m)-p-convex IVM, we have


  F    [  x p   ξ ⋆  + m  ( 1 −  ξ ⋆  )   y p  ]   1 p     ⩽ p  τ  (  ξ  ⋆  k  )  F  ( x )  + m τ  ( 1 −  ξ  ⋆  k  )  F  ( y )  .  








Setting    ξ ⋆  =  1 2  , m →  m p   , we obtain


  F    [    x p  +  m p   y p   2  ]   1 p     ⩽ p  τ   1  2 k    F  ( x )  +  m p  τ  1 −  1  2 k    F  ( y )  .  








Setting    x p  =    ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p  ,  y p  =    ( b t )  p  2  +   ( 2 −  t p  )  2    (  a m  )  p    in the inequality, we get the following


  F    [    a p  +  m p   b p   2  ]   1 p     ⩽ p  τ   1  2 k    F       ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p    1 p     










  +  m p  τ  1 −  1  2 k    F       ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p    1 p    .  








It follows from the statement of the IVM that


   F *     [    a p  +  m p   b p   2  ]   1 p    ⩽ τ   1  2 k     F *        ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p    1 p     










  +  m p  τ  1 −  1  2 k     F *        ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p    1 p    ,  








and


    F  *     [    a p  +  m p   b p   2  ]   1 p    ⩽ τ   1  2 k      F  *        ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p    1 p     










  +  m p  τ  1 −  1  2 k      F  *        ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p    1 p    .  











Multiplying the inequalities with   t  β p − 1    and integrating with respect to the variable used, we get


     F *     [    a p  +  m p   b p   2  ]   1 p      β p   ⩽  ∫  0  1   t  p β − 1   τ   1  2 k     F *        ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p    1 p    d t  










  +  ∫  0  1   t  β p − 1    m p  τ  1 −  1  2 k     F *        ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p    1 p    d t ,  








and


      F  *     [    a p  +  m p   b p   2  ]   1 p      p β   ⩽  ∫  0  1   t  β p − 1   τ   1  2 k      F  *        ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p    1 p    d t  










  +  ∫  0  1   t  β p − 1    m p  τ  1 −  1  2 k      F  *        ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p    1 p    d t .  








Focusing on the lower end point function   F *   and introducing the following substitution to the first integral    k p  =    a p   t p   2  +    m p   ( 2 −  t p  )   2   b p    while nothing that   m b ⩾ a  , we get


   ∫  0  1   t  p β − 1   τ   1  2 k     F *        ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p    1 p    d t  










  =   2 β    (  m p   b p  −  a p  )  β    ∫    (    a p  +  b p   m p   2  )   1 p     b m    F *   ( k )    (  m p   b p  −  k p  )   β − 1    k  p − 1   d k  










  =    2 β  Γ  ( β )   p  β − 1      (  m p   b p  −  a p  )  β    χ    (   (    a p  +  m p   b p   2  )   1 p   )  +    p , β    F *   ( b m )  .  








Introducing a substitution to the second integral, namely,    k p  =    ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p   , we get in a similar manner


   ∫  0  1   t  β p − 1    m p  τ  1 −  1  2 k     F *        ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p    1 p    d t  










  =  ∫   a m       b p  2  +   a p   2  m p      1 p     F *   ( k )     k p  −   a p   m p     β − 1    k  p − 1   d k ·  1   (   b p  2  −   a p   2  m p    )  β    










  =    m  p β   Γ  ( β )   2 β     p  1 − β     (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p    F *    a m   .  








We obtain similar equalities with the upper end function, namely,


   ∫  0  1   t  p β − 1   τ   1  2 k      F  *        ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p    1 p    d t  










  =   2 β    (  m p   b p  −  a p  )  β    ∫    (    a p  +  b p   m p   2  )   1 p     b m     F  *   ( k )    (  m p   b p  −  k p  )   β − 1    k  p − 1   d k  










  =    2 β  Γ  ( β )   p  β − 1      (  m p   b p  −  a p  )  β    χ    (   (    a p  +  m p   b p   2  )   1 p   )  +    p , β     F  *   ( b m )  .  










   ∫  0  1   t  β p − 1    m p  τ  1 −  1  2 k      F  *        ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p    1 p    d t  










  =  ∫   a m       b p  2  +   a p   2  m p      1 p      F  *   ( k )     k p  −   a p   m p     β − 1    k  p − 1   d k ·  1   (   b p  2  −   a p   2  m p    )  θ    










  =    m  p β   Γ  ( β )   2 β     p  1 − β     (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p     F  *    a m   .  








Hence, we obtain


      F *     [    a p  +  m p   b p   2  ]   1 p      β p   ,     F  *     [    a p  +  m p   b p   2  ]   1 p      β p    ⩽  










  ( τ   1  2 k       p  β − 1   Γ  ( β )   2 β     p  −  β + 1      (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p    F *    a m    










  + τ     2 k  − 1   2 k       m   p β  + p    2 β  Γ  ( β )     p  −  β + 1      (  m p   b p  −  a p  )  β     χ        a p  2  +    b p   m p   2    1 p    +    β , p    F *   ( m b )  ,  










  τ   1  2 k       p  β − 1   Γ  ( β )   2 β     p  −  β + 1      (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p     F  *    a m    










  + τ     2 k  − 1   2 k       m   p β  + p    2 β  Γ  ( β )     p  −  β + 1      (  m p   b p  −  a p  )  β     χ        a p  2  +    b p   m p   2    1 p    +    β , p     F  *   ( m b )  )  








and the left inequality follows.



Using the definition of the left–right-(k,h-m)-p-convex function towards the right


  τ   1  2 k    F       ( a t )  p  2  +    m p   ( 2 −  t p  )   2   b p    1 p     










  +  m p  τ  1 −  1  2 k    F       ( b t )  p  2  +   ( 2 −  t p  )  2     a m   p    1 p    ,  








while using the definition of the IVM property, multiplying with   t  p β − 1    and integrating with respect to the variable used, we obtain


  τ   1  2 k      Γ  ( β )   2 β     p  −  β + 1      (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p   F   a m    










  + τ     2 k  − 1   2 k       2 β   m   p β  + p   Γ  ( β )     p  −  β + 1      (  m p   b p  −  a p  )  β     χ        a p  2  +    b p   m p   2    1 p    +    β , p   F  ( m b )   










  ⩽  τ   1  2 k    F  ( a )  +  m p  τ     2 k  − 1   2 k    F  ( b )    ∫  0  1  h      t p  2    ξ ⋆     t   β p  − 1   d t  










  +  τ   1  2 k     m p  F  ( b )  + τ     2 k  − 1   2 k    F  ( a )    ∫  0  1  h  1 −     t p  2    ξ ⋆     t   β p  − 1   d t .  








Now, connecting the left- and right-hand sides, we obtain the original inequality. □





Setting   p = 3 , k =  1 2   , we get a new IVM noninteger inequality.



Corollary 2. 



   F    [    a 3  +  m 3   b 3   2  ]   1 3     ⩽ p  h   1  2  1 2       Γ  ( β + 1 )   2 β     3  − β     (  m 3   b 3  −  a 3  )  β     χ        a 3   2  m 3    +   b 3  2    1 3    −    β , 3   F   a m     










   + h     2  1 2   − 1   2  1 2        m   3 β  + 3    2 β  Γ  ( β + 1 )     3  − β     (  m 3   b 3  −  a 3  )  β     χ        a 3  2  +    b 3   m 3   2    1 3    +    β , 3   F  ( m b )    










    ⩽ p   3 β   h   1  2  1 2     F  ( a )  +  m 3  h     2  1 2   − 1   2  1 2     F  ( b )    ∫  0  1  h      t 3  2    ξ ⋆     t   3 β  − 1   d t   










   +  3 β   h   1  2  1 2      m 3  F  ( b )  + h     2  1 2   − 1   2  1 2     F  ( a )    ∫  0  1  h  1 −     t 3  2    ξ ⋆     t   3 β  − 1   d t .   













Corollary 3. 

Setting    F *  =   F  *  , h  ( t )  = t , m , k ,  ξ ⋆  = 1  , we get a classical noninteger p-convex inequality, namely,


   F    [    a p  +  m p   b p   2  ]   1 p    ⩽   Γ  ( β + 1 )   2 β    2  p  − β     (  b p  −  a p  )  β     χ        a p  2  +   b p  2    1 p    −    β , p   F  a    










   +    2  β − 1   Γ  ( β + 1 )     p  − β     (  b p  −  a p  )  β     χ        a p  2  +    b p   m p   2    1 p    +    β , p   F  ( b )    










   ⩽  β p    1 2  F  ( a )  +  1 2  F  ( b )    ∫  0  1     t p  2    t   β p  − 1   d t   










   +  β p    1 2  F  ( b )  +  1 2  F  ( a )    ∫  0  1   1 −    t p  2     t   β p  − 1   d t .   













Example 1. 

Setting   k = 1 , h ( t ) = t , m = 1  , we recover a left–right-p-convex IVM, which is also a left–right-(k,h-m)-p-convex IVM.



Using a similar construction as in the paper [23] and setting   p = 1 , β =  1 3  , k ,  ξ ⋆  = 1  :


   F    [    a p  +  m p   b p   2  ]   1 p     ⩽ p  τ   1  2 k      Γ  ( β + 1 )   2 β     p  − β     (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p   F   a m     










   + τ     2 k  − 1   2 k       m   p β  + p    2 β  Γ  ( β + 1 )     p  − β     (  m p   b p  −  a p  )  β     χ        a p  2  +    b p   m p   2    1 p    +    β , p   F  ( m b )    










    ⩽ p   β p   τ   1  2 k    F  ( a )  +  m p  τ     2 k  − 1   2 k    F  ( b )    ∫  0  1  h      t p  2    ξ ⋆     t   β p  − 1   d t   










   +  β p   τ   1  2 k     m p  F  ( b )  + τ     2 k  − 1   2 k    F  ( a )    ∫  0  1  h  1 −     t p  2    ξ ⋆     t   β p  − 1   d t .   










    F *     [    a p  +  m p   b p   2  ]   1 p    =  1 2  ,   










   τ   1  2 k      Γ  ( β + 1 )   2 β     p  − β     (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p    F *    a m     










   + τ     2 k  − 1   2 k       m   p β  + p    2 β  Γ  ( β + 1 )     p  − β     (  m p   b p  −  a p  )  β     χ        a p  2  +    b p   m p   2    1 p    +    β , p    F *   ( m b )  =  1 2  ,   










    β p   τ   1  2 k     F *   ( a )  +  m p  τ     2 k  − 1   2 k     F *   ( b )    ∫  0  1  h      t p  2    ξ ⋆     t   β p  − 1   d t   










   +  β p   τ   1  2 k     m p   F *   ( b )  + τ     2 k  − 1   2 k     F *   ( a )    ∫  0  1  h  1 −     t p  2    ξ ⋆     t   β p  − 1   d t =  1 2  .   








Therefore, we get


    1 2  ⩽  1 2  ⩽  1 2  .   








Now evaluating the top point function, we achieve


   F    [    a p  +  m p   b p   2  ]   1 p    = 1.648 ,   










   τ   1  2 k      Γ  ( β + 1 )   2 β     p  − β     (  m p   b p  −  a p  )  β     χ        a p   2  m p    +   b p  2    1 p    −    β , p   F   a m     










   + τ     2 k  − 1   2 k       m   p β  + p    2 β  Γ  ( β + 1 )     p  − β     (  m p   b p  −  a p  )  β     χ        a p  2  +    b p   m p   2    1 p    +    β , p   F  ( m b )  = 1.712 ,   










    β p   τ   1  2 k    F  ( a )  +  m p  τ     2 k  − 1   2 k    F  ( b )    ∫  0  1  h      t p  2    ξ ⋆     t   β p  − 1   d t   










   +  β p   τ   1  2 k     m p  F  ( b )  + τ     2 k  − 1   2 k    F  ( a )    ∫  0  1  h  1 −     t p  2    ξ ⋆     t   β p  − 1   d t = 1.859 .   











Hence, we achieve


     1 2  , 1.648   ⩽ p    1 2  , 1.712   ⩽ p    1 2  , 1.859  ,   








which verifies our result.





Theorem 5. 

Using the same conditions as in Theorem 3 and   a ⩾ 0 , b > a ,  a b  < m ⩽ 1   results in the following inequality:


   F    [    a p  +  m p   b p   2  ]   1 p     ⩽ p    










     τ   1  2  ξ ⋆      2 θ   p θ  Γ  ( θ + 1 )     (  b p   m p  −  a p  )  θ    χ       q 2   (  a p  −  m p   b p  )  +   a p  2  +    b p   m p   2    1 p    +    θ , p   F     q 2   (  a p  −  b p   m p  )  +  m p   b p    1 p      













   +   τ  1 −  1  2  ξ ⋆      m  p +  θ p     2 θ   p θ  Γ  ( θ + 1 )     (  b p   m p  −  a p  )  θ    χ       q 2   (  b p  −   a p   m p   )  +   a p   2  m p    +   b p  2    1 p    −    p , θ   F     q 2   (  b p  −   a p   m p   )  +   a p   m p     1 p      










    ⩽ p     τ   1  2  ξ ⋆     F  ( a )  + τ  1 −  1  2  ξ ⋆      m p  F  ( b )    ∫  0  1  h      q +  t p   2   k    t   θ p  − 1   d t   θ p     










   +   τ   1  2  ξ ⋆     F  ( b )   m p  + τ  1 −  1  2  ξ ⋆     F  ( a )    ∫  0  1  h  1 −     q +  t p   2   k    t   θ p  − 1   d t   θ p  .   













Proof. 

Since  F  is left–right-(k,h-m)-p-convex, we have the following inequality


  F    t  x p  + m  ( 1 − t )   y p    1 p     ⩽ p   h  (  t  ξ ⋆   )  F  ( x )  + m h  ( 1 −  t  ξ ⋆   )  F  ( y )   .  








Setting   t =  1 2  , m →  m p    and    x p  =   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  ,  y p  =   q +  t p   2   b p  +  1 −   q +  t p   2      a p   m p     in the inequality, we achieve


  F    [    a p  +  m p   b p   2  ]   1 p     ⩽ p   τ   1  2  ξ ⋆     F    (   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  )   1 p      










  + τ  1 −  1  2  ξ ⋆      m p  F    (   q +  t p   2   b p  +  1 −   q +  t p   2     a p   m p   )   1 p    .  








It follows from the statement of the IVM that


   F *     [    a p  +  m p   b p   2  ]   1 p    ⩽  τ   1  2  ξ ⋆      F *     (   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  )   1 p      










  + τ  1 −  1  2  ξ ⋆      m p   F *     (   q +  t p   2   b p  +  1 −   q +  t p   2     a p   m p   )   1 p    ,  








and


    F  *     [    a p  +  m p   b p   2  ]   1 p    ⩽  τ   1  2  ξ ⋆       F  *     (   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  )   1 p      










  + τ  1 −  1  2  ξ ⋆      m p    F  *     (   q +  t p   2   b p  +  1 −   q +  t p   2     a p   m p   )   1 p    .  








Multiplying the inequalities with   t  θ p − 1    and integrating with respect to the variable used, we get


     F *     [    a p  +  m p   b p   2  ]   1 p      θ p   ⩽  ∫  0  1   t  p θ − 1    τ   1  2  ξ ⋆      F *     (   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  )   1 p     d t  










  +  ∫  0  1   t  p θ − 1   τ  1 −  1  2  ξ ⋆      m p   F *     (   q +  t p   2   b p  +  1 −   q +  t p   2     a p   m p   )   1 p    d t ,  








and


      F  *     [    a p  +  m p   b p   2  ]   1 p      θ p   ⩽  ∫  0  1   t  p θ − 1    τ   1  2  ξ ⋆       F  *     (   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  )   1 p     d t  










  +  ∫  0  1   t  p θ − 1   τ  1 −  1  2  ξ ⋆      m p    F  *     (   q +  t p   2   b p  +  1 −   q +  t p   2     a p   m p   )   1 p    d t .  








Introducing the substitution    z p  =   q +  t p   2   a p  +  ( 1 −   q +  t p   2  )   b p   m p    in the first integral and    z p  =   q +  t p   2   b p  +  ( 1 −   q +  t p   2  )   a p   m p    in the second integral, we get for the first and second integrals, respectively,


   ∫  0  1   t  p β − 1    τ   1  2  ξ ⋆      F *     (   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  )   1 p     d t =  










   ∫     q 2   (  a p  −  b p   m p  )  +   a p  2  +    m p   b p   2    1 p       q 2   (  a p  −  m p   b p  )  +  b p   m p    1 p     F *   ( z )    (  b p   m p  +  q 2   (  a p  −  b p   m p  )  −  z p  )    θ k  − 1    z  p − 1   d z ·   2 θ    (  b p   m p  −  a p  )  θ    










  =   τ   1  2  ξ ⋆      2 θ  Γ  ( θ )     p  1 − θ     (  b p   m p  −  a p  )  θ     χ       q 2   (  a p  −  m p   b p  )  +   a p  2  +    b p   m p   2    1 p    +    θ , p    F *      q 2   (  a p  −  b p   m p  )  +  m p   b p    1 p    ,  








and


   ∫  0  1   t  p β − 1   τ  1 −  1  2  ξ ⋆      m p   F *     (   q +  t p   2   b p  +  1 −   q +  t p   2     a p   m p   )   1 p    d t  










  =  ∫     q 2    b p  −   a p   m p    +   a p   m p     1 p       q 2    b p  −   a p   m p    +   a p   2  m p    +   b p  2    1 p     F *   ( z )     z p  −  q 2   (  b p  −   a p   m p   )  −   a p   m p     θ k   ·    2 θ   m  θ p      (  m p   b p  −  a p  )  θ    










  =    2 θ   m  p θ   Γ  ( θ )     p  1 − θ     (  b p   m p  −  a p  )  θ     χ       q 2   (  b p  −   a p   m p   )  +   a p   2  m p    +   b p  2    1 p    +    θ , p    F *      q 2   (  b p  −   a p   m p   )  +   a p   m p     1 p    .  








Using a similar technique leads us to the equalities for the upper end point functions,


   ∫  0  1   t  p β − 1    τ   1  2  ξ ⋆       F  *     (   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  )   1 p     d t  










  =  ∫     q 2   (  a p  −  b p   m p  )  +   a p  2  +    m p   b p   2    1 p       q 2   (  a p  −  m p   b p  )  +  b p   m p    1 p      F  *   ( z )    (  b p   m p  +  q 2   (  a p  −  b p   m p  )  −  z p  )    θ k  − 1    z  p − 1   d z ·   2 θ    (  b p   m p  −  a p  )  θ    










  =   τ   1  2  ξ ⋆      2 θ  Γ  ( θ )     p  1 − θ     (  b p   m p  −  a p  )  θ     χ       q 2   (  a p  −  m p   b p  )  +   a p  2  +    b p   m p   2    1 p    +    θ , p     F  *      q 2   (  a p  −  b p   m p  )  +  m p   b p    1 p    ,  








and


   ∫  0  1   t  p β − 1   τ  1 −  1  2  ξ ⋆      m p    F  *     (   q +  t p   2   b p  +  1 −   q +  t p   2     a p   m p   )   1 p    d t  










  =  ∫     q 2    b p  −   a p   m p    +   a p   m p     1 p       q 2    b p  −   a p   m p    +   a p   2  m p    +   b p  2    1 p      F  *   ( z )     z p  −  q 2   (  b p  −   a p   m p   )  −   a p   m p     θ k   ·    2 θ   m  θ p      (  m p   b p  −  a p  )  θ    










  =    2 θ   m  p θ   Γ  ( θ )     p  1 − θ     (  b p   m p  −  a p  )  θ     χ       q 2   (  b p  −   a p   m p   )  +   a p   2  m p    +   b p  2    1 p    +    θ , p     F  *      q 2   (  b p  −   a p   m p   )  +   a p   m p     1 p    .  








Hence, we achieve


     F *     [    a p  +  m p   b p   2  ]   1 p      θ p   ,     F  *     [    a p  +  m p   b p   2  ]   1 p      θ p    










   ⩽ p  (   τ   1  2  ξ ⋆      2 θ   p  θ − 1   Γ  ( θ )     (  b p   m p  −  a p  )  θ    χ       q 2   (  a p  −  m p   b p  )  +   a p  2  +    b p   m p   2    1 p    +    θ , p    F *      q 2   (  a p  −  b p   m p  )  +  m p   b p    1 p     










  +   τ  1 −  1  2  ξ ⋆      m  p +  θ p     2 θ   p  θ − 1   Γ  ( θ )     (  b p   m p  −  a p  )  θ    χ       q 2   (  b p  −   a p   m p   )  +   a p   2  m p    +   b p  2    1 p    −    p , θ    F *      q 2   (  b p  −   a p   m p   )  +   a p   m p     1 p    ,  










    τ   1  2  ξ ⋆      2 θ   p  θ − 1   Γ  ( θ )     (  b p   m p  −  a p  )  θ    χ       q 2   (  a p  −  m p   b p  )  +   a p  2  +    b p   m p   2    1 p    +    θ , p     F  *      q 2   (  a p  −  b p   m p  )  +  m p   b p    1 p     










  +   τ  1 −  1  2  ξ ⋆      m  p +  θ p     2 θ   p  θ − 1   Γ  ( θ )     (  b p   m p  −  a p  )  θ    χ       q 2   (  b p  −   a p   m p   )  +   a p   2  m p    +   b p  2    1 p    −    p , θ     F  *      q 2   (  b p  −   a p   m p   )  +   a p   m p     1 p    ,  








from which we achieve the left inequality.



Now, we obtain the right side. Using the definition of the left–right-(k,h-m)-p-convex function towards the right, we achieve


  τ   1  2  ξ ⋆     F    (   q +  t p   2   a p  +  1 −   q +  t p   2    b p   m p  )   1 p     










  + τ  1 −  1  2  ξ ⋆      m p  F    (   q +  t p   2   b p  +  1 −   q +  t p   2     a p   m p   )   1 p     ⩽ p   










   τ   1  2  ξ ⋆     F  ( a )  + τ  1 −  1  2  ξ ⋆      m p  F  ( b )   h      q +  t p   2   k    t   θ p  − 1    










  +   τ   1  2  ξ ⋆     F  ( b )   m p  + τ  1 −  1  2  ξ ⋆     F  ( a )   h  1 −     q +  t p   2   k    t   θ p  − 1    .  








Multiplying the inequality with   t   θ p  − 1    and integrating the expression, then using the IVM property, we obtain the right-hand side. Now, taking the product with the constant from the left part, we achieve the original inequality


  F    [    a p  +  m p   b p   2  ]   1 p     ⩽ p   










    τ   1  2  ξ ⋆      2 θ   p θ  Γ  ( θ + 1 )     (  b p   m p  −  a p  )  θ    χ       q 2   (  a p  −  m p   b p  )  +   a p  2  +    b p   m p   2    1 p    +    θ , p   F     q 2   (  a p  −  b p   m p  )  +  m p   b p    1 p     













   +   τ  1 −  1  2  ξ ⋆      m  p +  θ p     2 θ   p θ  Γ  ( θ + 1 )     (  b p   m p  −  a p  )  θ    χ       q 2   (  b p  −   a p   m p   )  +   a p   2  m p    +   b p  2    1 p    −    p , θ   F     q 2   (  b p  −   a p   m p   )  +   a p   m p     1 p      










    ⩽ p     τ   1  2  ξ ⋆     F  ( a )  + τ  1 −  1  2  ξ ⋆      m p  F  ( b )    ∫  0  1  h      q +  t p   2   k    t   θ p  − 1   d t   θ p     










   +   τ   1  2  ξ ⋆     F  ( b )   m p  + τ  1 −  1  2  ξ ⋆     F  ( a )    ∫  0  1  h  1 −     q +  t p   2   k    t   θ p  − 1   d t   θ p  .   











□





Corollary 4. 

Setting   p = 3 ,  ξ ⋆  = 3  , we achieve a new noninteger HH type inequality


   F    [    a 3  +  m 3   b 3   2  ]   1 3     ⩽ p    










     h   1  2 3     2 θ   3 θ  Γ  ( θ + 1 )     (  b 3   m 3  −  a 3  )  θ    χ       q 2   (  a 2  −  m 3   b 3  )  +   a 3  2  +    b 3   m 3   2    1 3    +    θ , 3   F     q 2   (  a 3  −  b 3   m 3  )  +  m 3   b 3    1 3      










   +   h  1 −  1  2 3     m  3 +  3 θ     2 θ   3 θ  Γ  ( θ + 1 )     (  b 3   m 3  −  a 3  )  θ    χ       q 2   (  b 3  −   a 3   m 3   )  +   a 3   2  m 3    +   b 3  2    1 3    −    3 , θ   F     q 2   (  b 3  −   a 3   m 3   )  +   a 3   m 3     1 3      










    ⩽ p    h   1  2 3    F  ( a )  + h  1 −  1  2 3     m 3  F  ( b )    ∫  0  1  h      q +  t 3   2   3    t   3 θ  − 1   d t   3 θ    










   +   h   1  2 3    F  ( b )   m 3  + h  1 −  1  2 3    F  ( a )    ∫  0  1  h  1 −     q +  t 3   2   3    t   3 θ  − 1   d t   3 θ  .   














4. Conclusions


We introduced a novel type of IVM, namely the left–right-(k,h-m)-p-convex function, which generalized the previously defined p,h-convex IVM given by Khan et al. As a consequence of the generalization, many new inequalities followed. We achieved new variations of the Hermite–Hadamard inequality in combination with noninteger operators which generalized the previous HH type results. Because of the IVM environment, by letting the upper and lower bound be the same, we recovered previous results from the (k,h-m)-p-convexity to the classical convexity.
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