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Abstract: In the present work, we address a nonlinear boundary value problem that models frictional
contact with prescribed normal stress between a deformable body and a foundation. The body
is nonlinearly elastic, the constitutive law being a subdifferential inclusion. We deliver a three-
field variational formulation by means of a new variational approach governed by the theory of
bipotentials combined with a Lagrange-multipliers technique. In this new approach, the unknown of
the mechanical model is a triple consisting of the displacement field, a Lagrange multiplier related to
the friction force and the Cauchy stress tensor. We obtain existence, uniqueness, boundedness and
convergence results.
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1. Introduction

Everywhere around us we can see deformable bodies in interaction. However, even
though very common, the contact phenomenon is not a trivial one; in addition, in en-
gineering, handling the interactions between deformable bodies and obstacles is very
important and requires advanced applied mathematics. The contact phenomenon can
be mathematically modeled by means of boundary value problems governed by partial
differential equations. Actually, the topic is very complex, involving continuum mechanics,
differential equations, function spaces, calculus of variations, nonlinear analysis, control
theory and numerical analysis. The importance and the abundance of the applications of
contact problems in the real world has motivated a large number of scientists to investigate
this kind of model. It is worth underlining that, due to their complexity, contact models
do not have classical solutions. Thus, the variational methods play a crucial role in the
qualitative and quantitative analysis.

In the present paper, we focus on the well-posedness and approximation results ad-
dressing a stationary frictional contact problem with prescribed normal stress, for materials
governed by a multi-valued elastic operator. Using the bipotential theory, we deliver a
variational formulation of the mechanical model in a form of a variational system consisting
of three inequalities. Placing us in an appropriate functional setting governed by Lebesgue
and Sobolev spaces for vector functions including fractional spaces on the boundary, we
apply the saddle point theory and a minimization technique in order to prove the existence
of at least one solution. We also pay attention to the uniqueness of the solution. Firstly, we
draw attention to a partial uniqueness result related to the uniqueness in the first compo-
nent. Subsequently, we discuss a global uniqueness result, not for the original problem,
but for a perturbed version of it. After we investigate the boundedness of the solution of
the perturbed problem, we prove a convergence result allowing an approximation of a
weak solution of the contact model under consideration. The present study can be seen
as a continuation of [1]; there, a two-field variational formulation for the same model was

Fractal Fract. 2022, 6, 651. https:/ /doi.org/10.3390/ fractalfract6110651

https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract6110651
https://doi.org/10.3390/fractalfract6110651
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0002-4831-9059
https://doi.org/10.3390/fractalfract6110651
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract6110651?type=check_update&version=2

Fractal Fract. 2022, 6, 651

2 of 20

delivered; with the well-posedness of the model being studied under a more restrictive
hypothesis for the prescribed normal stress. In [1], the weak solution is a pair consisting
of the displacement vector and the Cauchy stress tensor. In the present study, the weak
solution is a triple by considering a Lagrange multiplier related to the friction force as a
component of the weak solution, in addition to the displacement vector and the Cauchy
stress tensor. From the mathematical point of view, the new study is more complex. Besides
the theory of bipotentials and the minimization techniques, the present study requires a
saddle point technique, fractional Lebesgue and Sobolev spaces, weak topologies and a
convergence of the Mosco type. It is worth emphasizing that the variational approach we
propose leads to a new class of variational problems governed by Lagrange multipliers.
From the mechanical point of view, the new variational approach we propose is important
because it makes possible an estimation of the friction force, even a numerical computation,
after passing from the qualitative study to the quantitative analysis in a future investigation.

Let us specify some helpful references for background knowledge: for the mechanics
of deformable solids/contact mechanics see, e.g., [2-9]; for bipotential theory, we refer to,
e.g., [10-15]; for the saddle point theory see, e.g., [16-20]; and for the functional spaces the
reader can consult, e.g., [21-27]. For recent results related to the topic of the present work,
we refer, for instance, to [28-30]. However, in order to increase the clarity of the exposure,
we specify herein some mathematical tools that will play a crucial role.

Let (X, (-, ")x, || - |lx) be a Hilbert space.

Definition 1. A bipotential is a function B : X x X — (—o0, co| with the following three properties:

(i) B is convex and lower semicontinuous in each argument;
(ii) For each x, y € X, we have B(x,y) > (x,y)x;
(iii) Foreach x, y € X,y € 9B(-,y)(x) < x € dB(x,-)(y) < B(x,y) = (x,y)x.

Recall that the Fenchel conjugate of a functional ¢ : X — (—oo0, 00| is the functional

¢ X = (—oo,00],  ¢7(x") = sup{(x",x) — p(x)}.
xeX
Always, the Fenchel conjugate is a convex and lower semicontinuous functional, see,
e.g., [22].

Theorem 1. Let ¢ : X — (—o0, 00| be a proper, convex, lower semicontinuous functional. Then:

(i) For each x, y € X, we have ¢(x) + ¢*(y) > (x,y)x;

(ii) Foreach x, y € X,y € 9¢p(x) < x € 90p*(y) & ¢(x) + ¢*(v) = (x,y)x.

Notice that if ¢ is a proper, convex, lower semicontinuous functional, then its Fenchel
conjugate has all these properties too, see, e.g., [22]. For some details and additional
elements in the convex analysis, we refer to, e.g., [18,31-34].

In addition, we shall need the following theorem.

Theorem 2 (See, e.g., [35]). Let (X, || - ||x) be a reflexive Banach space and let K C X be a
nonempty, convex, closed, unbounded subset of X. Suppose ¢ : K — R is coercive, convex and
lower semicontinuous. Then, ¢ is bounded from below on K and attains its infimum in K. If ¢ is
strictly convex, then ¢ has a unique minimizer.

We recall that ¢ : K — R is coercive if, for all u € K, we have ¢(u) — co as ||u||x — oo.
Theorem 3. Let (X, (-, )x, || - llx), (Y, (-, )y, || - lly) be two Hilbert spaces and let A C X,

B C Y be nonempty, closed, convex subsets. Assume that a bifunctional L : A x B — R satisfies
the following conditions
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v — L(v, ) is convex and lower semi-continuous forall u € B,
u — L(v,u) is concave and upper semi-continuous forall v € A.

Moreover, we assume that

A isbounded or lim  L(v,ug) = co forsome py € B
|v]| x =00, vEA

and

B is bounded or lim inf L(v,p) =
[|lt|ly—>o0, ueBVEA

Then:

(a)  The bifunctional L(-,-) has at least one saddle point;

(b)  The set Ay x By of the saddle points of L is convex, where Ay C A and By C B;

(c) Ifv— L(v,u) isstrictly convex forall y € B, then Ay contains at most one point;
(d)  Ifu— L(v,u) is strictly concave for all v € A, then By contains at most one point.

For a proof of (a), see [18] (p. 176). For a proof of (b), (¢c), (d), see [18] (p. 169).

The rest of the paper has the following structure. In Section 2 we provide the functional
setting we use. In Section 3 we describe the mechanical model and deliver its three-field
variational formulation. In Section 4 we obtain existence, uniqueness, boundedness and
convergence results. The last section provides some conclusions and final comments.

2. Functional Setting
Let O C RN (N > 1) be a bounded domain with a regular enough boundary denoted
by I'. We use standard notation for L? (Q2), Wl'V(Q), LP(T), Hl(Q), see, e.g., [21-27].
Let 2 < p < co. Recall that, according to the trace theorem—see, e.g., [6] (p. 34)—there
exists a unique linear continuous operator « : W7 (Q) — LP(T') such that
(@) ~yu=ulrifu e Cl(Q);
®) lvullprr < Ctr||”||wln () With ¢ty = cr(p, Q) > 0;
(© Ifl<p < o0, then ¢ (W7 (Q)) = W-1/PP(T);
(d) If1<p < N,theny: W'P(Q) — L’(T) is compact for any r such that 1 < r < I\Il\lpi:’f.
The function y u is called the trace of the scalar function u on I' and the operator
v : WLP(Q) — LP(T) is called the trace operator. The trace operator is neither an injection,
nor a surjection from W?(Q) to LP(T). However, according to, e.g., Theorem 1.5.1.2

in [23], there exists a unique linear continuous and surjective operator from W7 (Q) to
Y(WLP(Q)) = WI=V/PP(T). Therefore, there are some d = d(p, ), such that

| dllullypoy  forall u e WP (Q).

W)
Furthermore, there exists a map called the right inverse of y, denoted here by ¢,

C:WIVPP(T) 5 WIWP(Q), (L) = forall e WIV/PP(T);

see, e.g., [36]. Notice that the right inverse operator is a linear and continuous map.
The space

WI=1/PP(T) = {u € LP(T) | 3v € W (Q) such that u = yv a.e. on T}

is a normed space endowed with the following norm

y)l? v
llhwr-veoy = (Il + [l dsoasty))
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see, e.g., [26], (p. 43). Actually, the space (W!=1/PP(T), || - || y1-1/p,» (T)) is a Banach space,
see, e.g., [24], (p. 332).

If p =2, y(H(Q)) = HY?(T). The space H'/?(T) is a Hilbert space endowed with
the inner product

<ummWD:mwmm+AA““*”ﬁ%ﬁﬁ‘mwhnmaw>

and the corresponding Sobolev-Slobodeckij norm

- —0 2 1/2
ol = (IolBer, + [ =  armar)

Notice that
el 2ry < llull gprzry forall u € HY2(I),

so H'/2(T) is continuously embedded in L?(T). The space H'/(T) is called the image of
H'(Q) by the trace operator .

To proceed, we consider N = 3. The fields in R? will be typeset in boldface. The inner
product and the Euclidean norm on R? will be denoted by - and || - ||, respectively.

Let us introduce the vector spaces

L2(GRY) = {w=(w;) | w; € L2(Q), 1<i<3);
HY(R?Y) = {w=(w)]|w; € H(Q), 1<i<3};
HY2(T;R%) = 4(HY(GRY)) = {w = (w;) | w; € H/?(T), 1<i<3}.

The spaces L?(Q;R3) and H'(Q;R3) are Hilbert spaces endowed with the inner
products

3

3
(u,v)Lz(Q;R3> = Z/QMivi dx, (u,U)Hl(Q,.Ra) = Z(ui, vl')Hl(Q)/
i=1 i=1

and the associated norms || - [[2(qrs) = 1/ () 2(qrey and || - | amsy = 1/ () i me)
respectively. The space H'/2(T;R?) is also a Hilbert space endowed with the inner product

3

(U, W)Hl/Z(r;RS) == ; (Ul', wi)Hl/z(r)
= izzl(vi’ wi)LZ(F) + 1; A/r (Ul( ) Uz(Hy;)_(Z;l”(?’ ) wl(y))dr(x)dl’(y)

and the corresponding Sobolev-Slobodeckij norm

H H _ H ||2 + Hw(x) _w(y)szr( dar 12
W2y = |\ 1WI72(r;R) s x—y[P x)dr (y) .
We easily observe that
[ll 2(riga) < lll sz (ryes) forall u € HY2(T;R), @)
so H/2(T;R%) is continuously embedded in L?(T; R).
The trace operator for vector functions - : H'(Q; R3) — L2(T;R3) is a linear, continu-

ous and compact operator, but it is neither an injection nor a surjection; see, e.g., [37].

v ulli2cms) < Curllullpnamrsy forallu € HY (R (& > 0).
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Notice that
v HY(;R®) — HY2(I;R3)

is a linear, continuous operator but it is not a compact operator. Let us point out that there
are some ¢ > 0 such that

vl gprzrpsy < Cllullmapsy forallu € H'(Q;R?), )

Furthermore, there exists a linear, continuous operator £ : H'/2(T';R3) — H!((;R3)
such that
y(£(§)) =& forall & € H'/(T;R%).

The operator £ is called the right inverse of the trace operator «y.

Let S® be the space of second-order symmetric tensors on R3. Every field in S? is
typeset in boldface. By : and || - ||z we denote the inner product and the Euclidean norm
on S°.

We introduce now two tensor Lebesgue spaces, as follows.

L2(S%) = {u=(uj) : pyj € L*(Q) foralli,j € {1,2,3}};
LIS?) = {u=(uyj) : pyj € L*(Q), wij = pji foralli,j € {1,2,3}}.
The space L?(Q); S?) is a Hilbert space endowed with the inner product
3
(1, D)0 = [, 1 1)) dx;
Q=
the space L2(Q); S?) is a Hilbert space endowed with the inner product
(n, T)Lg(n;ss) =(m T)LZ(Q;S3)‘
Next, we introduce the following space,
Hy = {u € L2(O;R?) | e(u) € L2((3; %)},

where
e: HY(;R?) — L2(();S?)

is the linear operator

e(u) = (gj(u)), ej(u) = %(”i,}' +uj;);

the index that follows a comma indicates a weak partial derivative with respect to the
corresponding component of the independent variable.
The space H; is a real Hilbert space endowed with the inner product

(w,0) = (u,0) 23y + (6(w),€(9)) 12(09)-

The associated norm on the space H; is denoted by || - ||, . According to, e.g., [38],
Hy = H'(Q;R?) algebraically and the norms | - ||, and || - || g1 (qgs) are equivalent.

Notice that ¢ is a linear and continuous operator from H!(Q; R3) to L2((); S?).

Let I'y be a measurable part of I' with positive surface measure.

We consider the space

V ={v € H; | yv = 0 almost everywhere on I'; }. ©)]
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This is a closed subspace of H'((;R3), so V. () mamey |- Imre)) is a
Hilbert space.
Let us recall Korn's inequality: there exists cx = cx (€, I'1) > 0 such that
le(®) 200, = exllollsy,  forallo € V3

see, e.g., [38,39]. Using this inequality, it can be proved that the space V is a Hilbert space
endowed with the following inner product,

()W VxV=R, (uo)y= (e(u),s(v))Lg(Q;S3) forallu,v € V, 4)
and the corresponding norm
lollv = le(@) 20 forall v € V.

Notice that, since the norms || - |, and [| - [| 1 ;g3 are equivalent, then there exists
cx = cx(Q,T1) > 0 such that

HZJHV > EKHUHH](Q;R3) forallv € V. (5)
We proceed by introducing a closed subspace of H!/2(T;R%) as follows:
(V) = {o € HY?(I;R?) | % = yo for some v € V}. (6)

According to [40], the space (V) is a closed subspace of Hr = H'/?(T;RR%). Thus,
(V) is a Hilbert space endowed with the inner product

(o dyy 1 V) X AV) 5 Ry (o @)o() = (€ @)z forall &, ¢ € 1 (V).
We note that

y(£(yv)) =qv forallv € V.
As

L(f) eV forallf € y(V),
we can introduce an operator as follows
R: y(V) =V, R(Z)=£(@Q)

The operator R is a linear and continuous operator. Hence, there are some ¢ > 0
such that
[R||v < clo]lpparmsy forallv € y(V). (7)

3. The Model and Its Three-Field Variational Formulation

The physical setting is as follows: a deformable body occupies a bounded domain
Q C R3 with smooth enough boundary T, partitioned in three measurable parts 'y, T’ and
I's with positive surface measures. The body is clamped on Iy, body forces of density f, act
on (), surface tractions of density f, act on I'; while on I' the body is in frictional contact
with a foundation.

According to this physical setting, we state the following boundary value problem.

Problem 1. Findu : Q — R3and o : Q — S5, such that
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Dive(x) + fo(x) = 0inQ, 8)

o(x) € dw(e(u)(x))inQ, )

u(x) = 0onTy, (10)

o(x)v(x) fo(x)on Ty, (11)

—oy(x) = F(x)onTs, (12)

ool <KW @], oel) = k@) o] i uelx) £0onT, (13)

As usual, u = (u;) denotes the displacement field, e = &(u) = (e;j(#)) denotes the in-
finitesimal strain tensor, o = ((Tij) denotes the Cauchy stress tensor, w is a constitutive map,
v stands for the unit outward normal to I, the normal and the tangential components of the
displacement vector on the boundary are defined by the formulas u, = u - v, ur = u —u,v
and the normal and the tangential components of the Cauchy vector on the boundary are
defined by 0y, = (ov) - v, 0¢ = ov — oy v.

Due to the condition

—oy =F,

according to the engineering literature, the frictional contact model we treat is a bilateral
frictional contact problem. In this context, we have to mention that the bilateral frictional
contact phenomenon can be found in many components of mechanical equipment. Thus,
many real-world examples can be envisaged. The mathematical and the engineering litera-
ture contains relevant applications of bilateral frictional contact models; see, e.g., [41,42].
Referring to the behavior of the materials, for significant examples of nonlinearly elastic
constitutive laws described by means of subdifferential inclusions for various constitutive
maps w, see, e.g., [38] and the references therein. For the convenience of the reader, we
indicate here an example of such a constitutive map:

1 k
w:S$ SR, w(t)= E.AT: r—l—§||r—731<'r||é3, (14)
where 4:S% - S3, A = (-Aijkl)r -Aijkl = /\051']'5](1 + yo(éikéﬂ + 5il‘5jk)r 1<4,7,k 1 <3, with
Ao, o and k small enough positive material coefficients, and Pk : S* — K denotes the
projection operator on the closed and convex set K C S® which contains Ogs.

In order to study Problem 1, we make the following assumptions.

Assumption1. w: S® — R is a convex and lower semicontinuous functional. In addition, there
exist a, B such that 1 > B> o > 0and B|le|3; > w(e) > a3, forall e € S°.

Assumption 2.
fo € L2(uR%) and f, € L*(Ty;R3).

Assumption 3. F € LT (T'3) (0<d <1)and F(x) > 0a.e x € T3.
Assumption 4. The coefficient of friction satisfies k € L*(T'3) and k(x) > Oa.e. x € T'3.
Notice that the example in (14) fulfills Assumption 1.

Let (u,0) be a pair of smooth-enough functions that verify Problem 1. Using
Green'’s formula

(0,€(v))12(ss3) + (Div 0, 0) 12 m3) = /ra(x)v(x) -yo(x)dl  forallv € HY((;R3),

(see, e.g., [3], (p. 145)), by taking into account (8), (10) and (11) we obtain, forallv € V
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(@ e@)ia) = o 2w + [ )@+ [ (v yol)dr, (15)

where V is the space defined in (3).
As
o(x)v(x) - yo(x) = oy (x)vy(x) + o7 (x) - v-(x) a.e. onT,

then by (15) we infer that
(¢ 600w = Fo0ham) + [ Fx) 0@+ [ @) -ocx)dr ~ [ Fxjox)r.
2 3 3
Herein and everywhere below, v, (x) = yv(x) - v(x) and v (x) = yv(x) — v, (x)v(x)
a.e. x € I'. By taking into consideration H3, H4, using the trace theorem for N = 3 and

p = 2 and the Holder’s inequality, it follows that F(-)o,(-) € L}(T3) forallv € V.
Since

V50 (fyoiam + [ o) @ dr - [ Fuar e B

is a linear and continuous map, according to Riesz’s representation theorem, there exists a
unique element f € V such that

(f,0)v = (fo9) 120 +/r2 £ (%) ~'yv(x)drf/ F(x)oy(x)dT  forallo € V.

I3
Therefore,
(0, ¢(0)) 2(0) = (f,0)v + /r o) velx)dr. (16)

Let D be the dual of the space y(V) defined in (6).
We define A € D such that

(A7) = —/r oo(x) -Te(x)dT,  forall@ € y(V), (17)

where (-, -) denotes the duality pairing between D and (V) and
vr(x) = 0(x) — vy (x)v(x), Uy(x) =9(x) -v(x) a.e. x € ['3. (18)
Furthermore, we define a form ¢(-, -) as follows,
c:VxD—=R, c(v,u)=(uyv), forallveV,ueD. (19)
Important properties of the form c(-, -) are given by the following lemma.

Lemma 1. The form c(-, ) is bilinear. In addition,

e c(-,-) is continuous of rank M. > 0 i.e.,
c(0,0)] < Mc[lo|lv[iElip forallo € V, § € D,
e ¢(-,-) verifies the inf-sup property:
c(,0)

inf sup = > & for some x; > 0.
{eD,L#0p vev,v£0y lollv IZ]lp ‘ ¢

Proof. The bilinearity of (-, -) is obvious keeping in mind the linearity of the trace operator 7.



Fractal Fract. 2022, 6, 651 9 of 20

Letv € V and { € D be arbitrarily given.

c(0,0)]

Il llvoll iz rms)

IN A

ciZliplloll g ogrs)

IN

¢
gﬂﬂdww
4

We can consider M, = % where ¢ > 0 appears in (2) and cx > 0 appears in (5).
Next, we prove that c(-, -) verifies the inf-sup property, or equivalently, there are some
ac>0 such that ||C]|p < v%c SUPyey, v20y % forall{ € D,T # Op.
Indeed, let { € D, T # Op.
<fw>

= su _— .
IElo = S Tl
wey(V), w#0,y) ;

As (g, w) = (T, y(€w)) = (7, y(Rw))), then

Hg”D = sup M — sup M _ sup C(Rﬁ],g)

@er(v), w40, ) | Pl @eyw), w0, ., 1PI2mme)  @eyw) ko, 1@

Using (7), we can write

IClp <¢  sup TRal, =€, Sup

we/)/(v)/ Rﬁ]?/:OV

Thus, we can take a, = O

o =

Using the hypotheses H3, H4, as yv € L?>7(T;R3) and |[v¢(x)| < |lyv(x)| ae. x €T,
we deduce that k(-) F(-) |v:(-)|| € L'(T3) for all v € V using the generalized Holder’s
inequality.

Let us introduce the following subset of D,

A={teD: (7)< /rsk(x) F) [ae()lldr forallzeq(V)};  (0)

see (18) for the definition of v+.
It is easy to observe that A € A by using (17) and (20).

Lemma 2. The set A is a closed convex bounded subset of D that contains Op.

Proof. It is easy to observe that Op € A. In addition, the convexity can be easily obtained
by means of the definition of the convex sets.
Let ({,) C A be a convergent sequence,

C,—C inDasn — co.

We have to prove that { € A. As the sequence ({,) converges strongly to , then
0, — Cin D asn — co and then

{,~"CinDasn — oo.
Using the definition of the weak* convergence, we infer that

(C,, ) = (¢, v)asn — oo forallv € y(V).
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Since ({,,) C A, then
€, 7)< /r k(x) F(x) |5 (x)|| dT  forall & € y(V).

Passing to the limit n — oo in the previous inequality, we conclude that { € A. Asa
result, A is a closed set.
Let { € A be arbitrarily fixed.

IZlo = (£, 9)

sup N L A
776')’(‘/),%7750/),(‘/) Hv||H1/2(r;R3)

Letv € ’Y(V),% # O'Y(V)

(¢,0) _ I KE@)|[F () 4T

B

191l 2 (rjms)
Jr, K()F(x)[[o(x) || dT

||5||H1/2(F;]R3)

[l oo (r5) ||FHL%;‘ . 90l 2-5(r;m3)

12172 me)
IKlleo(ry) 1Ell 2zg c(meas(T), 0)[[]] 2(rps)

1-0(T3)

IN

H%HH]/Z(F;Rs)
As
190l g2 rray = 1912 rm3),
see (1), then

{¢,9)

—_ < k|7 F B T ,5 '
B I[kell Lo () I \IL%(Fs)c(meas( ),5)

As a result,

I2ln = -

sup

= < lklloy) IE|l 2-6  c(meas(T),0).
567(V)r777é07(v) HvHHl/Z(r;R?s) L>(T3) L173 (T5)

Therefore, A is a bounded set. O

Next, we claim that
c(,2) = [ k(x) F(x) e(x) T (21)
3

Indeed, since c(u,A) = (A, yu) = — fl“s o¢(x) - ur(x)dl, in order to justify (21), we
have to prove that

—o¢(x) - ur(x) = k(x)F(x)||uc(x)| a.e. on Is. (22)

To prove (22), we consider x € I'; arbitrarily fixed.

e Ifu;(x) = 0then 0 = 0 and, thus, (22) holds true.
e Ifur(x) # 0then

oe(x) ur(x) = k(x)F(x)‘W — k() () e (2)]].

Hence, (22) holds true in this situation too.
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As a result, (21) is fulfilled.
On the other hand, by (20),

c(u,0) < /r k(x)E(x)|uc(x)||dT  forall € A. (23)

J13
Therefore, by (21) and (23), we obtain
c(u,f —A) <O0forallZ € A. (24)
Let w* be the Fenchel conjugate of the constitutive function w,

w*: S = (—o0,00], w*(T)=sup{t: &—w(?]}.
Ges?

This is a proper, convex and lower semicontinuous functional.
Notice that

1
(1-B)|7|]* < w*(7) < EHTH2 forall T € %, (25)
where «, B are the constants in the hypothesis H1; see [43] for a proof of (25).

Due to (25),
w*(t()) e LY(Q) forall T € L2(();S?), (26)

and, due to the hypothesis H1,
w(t(:)) e LYQ) forall T € L2(();S?).

Thus,
w(e(v(-)) € LY(Q) forallv € V. 27)

Let us introduce the bifunctional B : S° x S° — R,
B(t,p) = w(t) +w*(u) forallT,uc S> (28)

Using Theorem 1 for X = S% and ¢ = w, we deduce that B(-, -) is a bipotential in the
sense of Definition 1.
By (27) and (26) we are lead to

B(e(v(-)),7(-)) € LY(Q) forallv € V, T € L2(();S®).

This regularity allows us to define a form b(-, -) as follows,

bV x2S 5 R b(o,u) = /Q B(e(v(x)), u(x)) dx. (29)
Since o (x) € dw(e(u)(x)) in O and B(-,-) defined in (28) is a bipotential, then a.e.
x €,
B(e(u)(x),0(x)) = o(x): e(u)(x),
B(e(v)(x),u(x)) > p(x) : e(o)(x

After integration over (), we obtain
bu,0) = (0,e() 20, (30)
blo,u) = (me(v))paey forallveV,pe L2(0;S%). (31)

In particular, setting in (31) v = u and u = o, respectively, the following inequalities
can be written:



Fractal Fract. 2022, 6, 651 12 of 20

(me(u)) () forallpe L2(0;S?); (32)
(a,e(v))Lg(Q;Sg) forallv € V. (33)

(AVARLY]

Hence, by (32) and (30), we arrive at
b(u,p) = b(u,0) > (p — 7, 8(u)) 2 09)- (34)
Consider now a variable subset of L2((); S) defined as follows: given { € A,
2(0) = {p € L2(%S) : (P‘/S(v))Lg(Q;g3) +c(v,0) = (f,v)y forallve V}.
Lemma 3. Let { € A. The set ¥.({) is a nonempty, convex, closed, unbounded subset of L2((); S3).
Proof. Let { € A and let us define

o V=R, ¢(v)=c(v,0).

As c(-,-) is a bilinear form, then the linearity of ¢; is obvious. Let us prove its
continuity. In order to do this, we have to prove that there exists K > 0 such that

lpz(v)] < K||v||y forallv € V.

Indeed, letv € V.
¢
lpz(v)] = [c(v, T < a”ZIHD”v”%

We can set K = %, where ¢ is the constant in (2) and ¢k is the constant in (5). As a
result, ¢; is a linear and continuous map. Then, due to Riesz’s representation theorem,
there exists a unique G; € V such that

c(v,0) = (Gg,v)y forallvc V.

Hence,
(f,o)v —c(l,v) = (f,v)v — (G, v)y = (f — Gg,v)y,
and keeping in mind the definition of the inner product on V, (4), actually we can write

(f,o)v —c(f,0) = (e(f — Gg),€(v)) 12(09)-

Let us take p = &(f — G¢) to conclude that X({) is a nonempty subset of LZ(€);S?).
The convexity can be easily proved by using the definition of the convex sets.

In order to prove that £({) is a closed subset of L2(€2; S*), we consider (u,) C %()
such that #, — p in L2(;S%) as n — oo and we prove that u € £({). As

(1, €(0))12(083) T ¢(0,8) = (f,v)y forallv € V (35)

and
(yn,s(v))Lg(Q;S3) — (y,e(v))Lg(Q;S3) asn — oo foreachv € V

then, passing to the limit n — oo in (35), we obtain
(m,&(0)) 2(q3) T ¢(v,§) = (f,v)y forallo € V.

Hence, u € () and, thus, %({) is a closed set.
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Finally, let us prove that £({) is an unbounded subset. Indeed, there exist at least
one sequence (p, ), C A such that ||p, HLE(Q;S?,) — o0 as n — oco. We can construct such a

sequence as follows: we take T € (V) and for each positive integer n we define
p#y = e(f = Gg) +nT, (36)

where e(V)+ = {t € [2((;S?) | (r, 7)2iasy =0 forallo € e(V)}, withe(V) = {e(v) |v € V}.
Recall that &(V) and e(V)! are closed subspaces of the space L2(();S®) and
L2(0);S%) = e(V) @ &(V)1, see, e.g., Theorem 1.16 in [8]. As f — G; € Vand T € &(V)*,
by using (36) it follows that ,, € L2(Q);S?) for all positive integer n. Moreover,

(s (0)) 2(05%) + (6, 79) = (£(), €(0)) 2i0r0-
Taking into consideration (4) we can write
(10, €(0)) 12(083) + (L 10) = (f,0)v.

Thus, (1,)n € £(0).
Furthermore, |, || 12(0;8%) —* % as n — co. Indeed,

e(f) —e(Gg)

n

+T

Il r2089) L2(Q)S3)

and

n

(A=) | )

is a bounded sequence. Therefore, the subset £.({) is unbounded. O

We observe that o € £(A).
Letu € £(A). Then, (y,e(u))Lg(Q;S3) = (e(f) —e(Gy),u)y = (O',S(u))Lg(Q;Ss). Hence,

(n— ‘Tfe(u))Lg(Q;SB) =0.
By (34), we obtain
b(u,pu) —b(u, o) >0 forally € £(A). (37)
On the other hand, by (33) and (30) combined with (16), (17) and (19), we can write

b(v,0) —b(u,o0) > (0,e(v)— 8(”))L§(Q;S3)
= (f,o—u)y — (A, yv—qu)
= (f,o—u)y—c(v—u,A).

As a consequence,
b(v,0) —b(u,0)+c(v—uA) > (f,v—u)y forallveV. (38)
Keeping in mind (38), (24) and (37), we are led to the following variational problem.
Problem 2. Findu € V,A € A, o € ¥(A) such that

b(v,0) —b(u,o)+clo—u,A) > (f,o—u)y forallveV
c(lu,{—A) < 0 forallT e A
b(u,p) —b(u,oc) > 0 forallp e X(A).
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Each solution (u,A, o) € V x A X £(A) of Problem 2 is called a weak solution of Problem 1.
Keeping in mind (29) and (28), the bifunctional b(-, -) can be written by means of two
functionals J(-) and J*(-) as follows,

b(o,p) = J(v) + ] (m),

where

[V SR, ](v):/nw(e(v)(x))dx

and

LS SR, T () = [ @ (u(x))dx

Then, we observe that

b(v,0) =b(u,0) = J(v)—]J(u),
b(u,p) —b(u,0) = J(p)—J (o).

In consequence, Problem 2 can be equivalently written as follows.

Problem 3. Findu € V,A € A, o € ¥(A) such that

J(v)=J(u)+c(vo—uA) > (f,o—u)y forallveV (39)
c(lu,{—A) < 0 forallT e A (40)
J*(w) =] () > 0 forallpeX(A).

The weak solvability of Problem 1 will be studied by means of the variational formula-
tion stated in Problem 3.

4. Well-Posedness and a Convergence Result

This section is devoted to the solvability of Problem 3.

Theorem 4. Assume that the hypotheses H1-H4 hold true. Then, Problem 3 has at least one
solution (u,A, ) € V. x A x Z(A). If w is, in addition, strictly convex, there is uniqueness in the
first component.

Proof. Let us introduce the following bifunctional:
L:VxA—=R, L(v,0)=]w)—(fv)v+c(v,0).

A pair (u,A) € V x A verifies (39) and (40) if and only if it is a saddle point of the
bifunctional L(-,-), i.e.,

L(u,l) < L(u, L) <L(v,A), forallveV, forall € A. (41)

Indeed, (40) is equivalent with the first inequality in the chain above. On the other
hand, using the definition of L(+, -), by a similar technique with that used in [44], we deduce
that (39) is equivalent with the second inequality in (41).

Keeping in mind H1, we immediately conclude that J(-) is a convex lower semicontin-
uous functional such that

J(v) > a|v||? forallv e V.

Furthermore, according to Lemma 1, ¢(, -) is a bilinear continuous form. Therefore,
L(-,-) fulfills the conditions in Theorem 3. Moreover, according to Lemma 2, A is a closed
convex bounded set which contains 0p. In addition, we note that

L(v,0p) = J(v) +¢(v,0p) = (f,0)x = alloll§, = [Ifllv]ollv,
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which allows us to write

lim £(v,0D) = oQ.
[0]ly—>e0

Therefore, applying Theorem 3, we conclude that the functional £(, -) has at least one
saddle point (u*,A") € V x A.

Let us introduce the set £(A*). According to Lemma 3, this is a nonempty closed
convex unbounded subset of Lg (o S3). Moreover, due to (25), we infer that J*(-) is convex,
lower semicontinuous and

I (1) 2 (1= Bl 0

Using Theorem 2, we conclude that J*(+) has a unique minimizer ¢* on £(A*). Conse-
quently, the triple (u*, A%, 0*) € V x A x £(A") is a solution of Problem 3.

Finally, if w is, in addition, strictly convex, using Theorem 3 we immediately conclude
that Problem 3 has at least one solution which is unique in its first component. [

In order to obtain a global uniqueness result, one option could be to perturb Problem 3
as follows.

Problem 4. Lete > 0. Findue € V, Ac € A, 0¢ € L(A¢) such that

J(©) = J(ue) +c(v —ue,Ae) > (f,v—ue)y forallveV (42)
c(ue,§—Ac) —e(llglh — IAelp) < 0 forallge A (43)
() —J*(ce) > 0 forallu € Z(Ae). (44)

Let us introduce the following perturbed bifunctional.
Le:VXA=R, L©,0)=]0)-(fo)v+c(])—elt]h (e>0).

Using similar techniques with those used in [44], it can be verified that a pair (¢, A¢) €
V x A verifies (42) and (43) if and only if it is a saddle point of the bifunctional Lc(-, ), i.e.,

Le(ue,0) < Le(te,Ae) < Le(v,Ae), forallv e V, T € A.
We observe that L¢(-, -) is strictly concave in the second argument.

Theorem 5. Let € > 0. Assume H1-H4 hold true. In addition, we assume that w and w™* are
strictly convex functionals. Then, Problem 4 has a unique solution (ue, Ae, 0c) € V X A X L(A¢).
Moreover, if w is Lipschitz continuous of rank L then

[uellv < @; (45)
el < W; (46)

1 Mc(lIfllv +L)
loell 2e3) < 4(X(l_ﬁ)(HvaJr%V>- (47)

Proof. Lete > 0. We observe that Lc(-, -) is strictly convex in the first argument and strictly
concave in the second argument. We apply Theorem 3 in order to conclude that there exists
aunique (u}, A7) € V x A such that (42) and (43) are fulfilled. Let 2(A7). As J*(+) is strictly
convex, lower semicontinuous and coercive we deduce that it has a unique minimizer
b € Z(A%). The triple (uf, A%, of) € V x A x £(A}) is the unique solution of Problem 4.
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In order to prove the boundedness of the solution, let us set v = Oy in (42) and { = Op
in (43). With this choice, (42) and (43) lead us to

J(ue) < (frue)v,

since, due to H1, J(0y) = 0. Additionally, from this,

wluellyy < 1£llvivellv-

Hence, (45) holds true.
By (42), setting v = u, — w with w € V arbitrarily chosen, we immediately obtain

c(w,Ae) < (f,w)y + J(ue — w) — J(ue).

As w is Lipschitz continuous of rank L, | is Lipschitz continuous of the same rank L.
Therefore,
c(w,Ae) < ([Ifllv+L)||w|y forallw € V.

Let w # Oy. Then
c(w, Ae)
sup ————

< fllv +L.
wWeV,W#0y [[wllv

By using the inf-sup property of the form c(-, -), we can write
ac|[Aellp < [ fllv + L.

As a result, we obtain (46).
According to (44) and keeping in mind (25),

% % 1
(1= Bl elanze) < (06 < () < g lulPaeoy forall g € S(Ae). (48)
Let G, be the unique element of V such that
c(v,Ae) = (G, v)y forallve V.

Using G,_ we define
p=e(f) —&(Gy).

Then,
Il < le(Hllzase) + 118Gl 2
$(QS?) F(QS?) $(QS?)
= [Ifllv+IGrllv.
As
(Ga.,0)v c(v, Ae)
— S el /7 — — T
G llv SUPyev,v£0, o]y SUPyev,v£0, o]y < Mc|Aellp,

then

Il 20 < I£llv + MellAellp.
and from this, keeping in mind (46), we deduce that

Mc(lflv +1)

c

Il 2 < Ifllv +
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Using now (48), we can write

1
loellzass) < N 171l 2 9

Combining this last inequality with the previous one, we immediately obtain (47). O

With these preliminaries, an approximation result can be obtained. Everywhere below,
we keep the assumptions H1, H2, H3, H4. In addition, we assume that w and w™ are strictly
convex. In addition, we assume that w is Lipschitz continuous of rank L and w* is upper
semicontinuous.

Theorem 6 (A convergence result). Let € > 0 and let (ue, Ae, o) be the unique solution of
Problem 4. Then, passing eventually to a subsequence ((ue/, Aet, O )) of the sequence ((ue, Ae, 0'6)> ,
the subsequence ((uel, Aer, (Te/)> is weakly convergent to a solution of Problem 3 as € — 0.

Proof. Let e > 0 and let (ue, A¢, 0¢) be the unique solution of Problem 4. Let G A be the
unique element of V such that c(v,A¢) = (G, v) forallv € V. As

Gy, ’
IGally = sup GV Ay Mlflv D)

VEV,U£0y Iollv VEV, 40y lollv &e
then, (G,,) is a bounded sequence. This conclusion together with the boundedness re-
sults (45)—(47) allow us to assert that ((ue, Ae, O, Ge)) is a bounded sequence. Thus, pass-

ing eventually to a subsequence ((uer, Ao, 0o, G Ay )) of the sequence ((ue, Ae,0e, G )\e)) ,
we can write

uy — wu'inVase —0;
A — AfinDasée —0; (49)
oo — o inL2((;S%) ase’ = 0;

G,, — G'inVasée —0.

To proceed, we prove that (u*, A", c*) is a solution of Problem 3.

Passing to the limit ¢ — 0 in (42) and (43), we observe that (u*,A*) € V x D
verifies (39) and the inequality in (40). Moreover, A being a convex and closed set, it
is weakly closed too. Therefore, A* € A. Thus, (40) is verified.

Next, we claim that

Gy, =Gy inVase —0, (50)

where G- is the unique element of V such that ¢c(v,A*) = (Gy+,v) forallv € V. In-
deed, (49) implies that A, — *A™. Therefore,

(Aer,0) = (A*,0) as€’ — Oforallo € (V).
Let v € V be arbitrarily fixed. As (A, yv) — (A", yv) as€’ — oo forall v € V, then
c(v,Ae) = c(v,A*) as€’ — Oforallv € V.

and from this,
(Ga,,v)v — (Gy+,v)y ase’ — Oforallv € V.

Hence, (50) holds true.
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Next, by (50) we can prove that
&(Gy,) = &(Gy-) in L3(0;8%) as €’ — 0. (51)

Indeed, € being a continuous operator, it is also a lower semicontinuous and upper
semicontinuous operator. On the other hand, ¢ is a linear operator so it is also a convex
operator. Therefore, € is a weakly lower semicontinuous operator and a weakly upper
semicontinuous operator as well. Hence, keeping in mind (50), we can write

limsup &(G,,) < &(Gy+) < liminf (G, ) ase’ — 0.

As aresult, (51) is true.
Let u € Z(A*). Then, there exists p, € &(V)* such that

= e(f) — e(Gae) + iy
We claim that there exists (p./) C L2(€2;S?) such that
#o €X(Aer), po — pinL2(Q;S%) ase’ — 0. (52)

Indeed, let us define

He = S(f) - S(G/\E/) + Ho.
Clearly, u. € Z(Ay).
Due to (51), we immediately observe that (52) holds true.
Passing to the superior limit €’ — 0 in

I (#er) = J*(0er) 20,

we obtain
J*(m) —J*(¢") 2 0.

As p was arbitrarily chosen in £(A*), we conclude that
J*(u) —J*(¢*) >0 forally € £(A").

It remains to justify that
ot eX(A).

Indeed, as
oo —oc*ase —0,

Ao — Afase =0,

keeping in mind the definition of £(A./) and £(A*), we obtain the conclusion passing to
the limit e’ — 0in
(Cere(0)) 20 +c(0,2e) = (f,0)v.
O

5. Conclusions and Final Comments

In the present paper, we address a frictional contact model with prescribed normal
stress. We deliver a new weak formulation that is a three-field variational formulation
governed by a bipotential related to the constitutive function w and a Lagrange multiplier
related to the friction force 0. We establish existence, uniqueness, boundedness and
convergence results. Theorem 6 indicates us that the unique solution of the perturbed
Problem 4 helps us to approximate a weak solution of Problem 1. Delivering uniqueness
results by omitting a perturbation technique is left open.

The advantage of the approach we propose is twofold. On the one hand, the new
approach allows the inclusion of the friction force in the unknown in addition to the
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displacement field and the Cauchy stress tensor. On the other hand, the qualitative analysis
we perform allows moving on to the quantitative analysis in order to efficiently approximate
the triple weak solutions.
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