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Abstract: This paper focuses on the approximate controllability of Hilfer fractional neutral Volterra
integro-differential inclusions via almost sectorial operators. Almost sectorial operators, fractional dif-
ferential, Leray-Schauder fixed point theorem and multivalued maps are used to prove the result. We
start by emphasizing the existence of a mild solution and demonstrate the approximate controllability
of the fractional system. In addition, an example is presented to demonstrate the principle.
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1. Introduction

Controllability is a well-known (quantitative and qualitative) feature of a control sys-
tem that is important in many control issues in finite and infinite dimensional domains. In
recent decades, researchers have been drawn to control problems, and substantial contribu-
tions to theory and applications have been made. Controllability is a fundamental quality
of a control system that aids in solving various control problems, such as the stabilization
of unstable systems via feedback control. As a result, difficulties in controllability for vari-
ous linear, nonlinear stochastic, and deterministic dynamic systems have garnered much
attention. Furthermore, approximate controllability is becoming increasingly common,
and approximate controllability is frequently sufficient in applications. For further details,
consult the articles in [1–5].

In modern mathematics, the fundamentals of fractional computation and the fractional
differential equation have taken center stage. The idea of fractional computation has now
been tested in various social, physical, signal, image processing, biological, control theory,
engineering, etc., challenges. However, it has been demonstrated that fractional differential
equations may be valuable for describing various situations. For many realistic applications,
fractional-order models are superior to integer-order models. The research articles in [6–13]
are concerned with the theory of fractional differential systems, and readers will find
several fascinating findings about fractional dynamical systems.

Neutral functional differential systems have received a lot of interest recently since
they are used in many areas of applied mathematics, biological models, electronics, fluid
dynamics, and chemical kinetics. Neutral structures with delays or without delays, in
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particular, serve as a summary association of a vast number of partial neutral structures
that emerge in issues with heat flow in substances, viscoelasticity, and a range of natural
processes. The most effective neutral structures have received a lot of attention in the
recent generation because neutral systems are prevalent in many applications of applied
mathematics. Neutral fractional differential systems with or without delays have lately been
produced by a large number of researchers who have made use of a variety of fixed-point
techniques, mild solutions, noncompactness measures, nonlocal conditions and stochastic
systems. We can refer to [14–20] for more information.

Other fractional derivatives were introduced by Hilfer [21], including the Riemann-
Liouville (R–L) derivative and Caputo fractional derivative. Many scholars have recently
shown tremendous interest in this area, which has sparked effort such as those in [22–27],
where the researchers established their results with the help of the fixed point method.

Zhou et al. [28] focused on the existence of a mild solution of Hilfer fractional dif-
ferential equations with the order λ ∈ (0, 1) and the type ν ∈ [0, 1] in the abstract sense,
as follows:

H Dλ,ν
0+ y(t) = Ay(t) + g(t, y(t)), t ∈ (0, T],

I(1−λ)(1−ν)
0+ y(0) = y0,

where A denotes the almost sectorial operator of the analytic semigroup and Schauder
fixed point theorem is used.

Zhang and Zhou [29] demonstrated the existence of fractional Cauchy problems using
almost sectorial operators of the following type:

LDq
0+x(t) = Ax(t) + f (t, x(t)), t ∈ [0, a],

I(1−q)
0+ x(0) = x0,

where LDq
0+ is the R− L derivative of order q, 0 < q < 1, I(1−q)

0+ is the R− L integral of
order 1− q, and A is an almost sectorial operator on a complex Banach space. We refer
to [30–33] for more information.

Prior conclusions from the literature are expanded based on these discoveries to a
class of Hilfer fractional differential systems where the closed operator is almost sectorial.
However, few articles have reported on the study of Hilfer fractional differential (HFDtial)
inclusions with almost sectorial operators, so we are interested in its study.

This article will examine the Hilfer fractional neutral Volterra integro-differential
inclusion, which contains almost sectorial operators

Dκ,ε
0+
[
q(y)−K(y, q(y))

]
∈ Aq(y) +Bv(y) + F

(
y, q(y),

∫ y

0
h
(
y, s, q(s)

)
ds
)

, y ∈ I ′ = (0, d], (1)

I(1−κ)(1−ε)
0+ q(0) = q0, (2)

where A is an almost sectorial operator of the analytic semigroup
{
T(y), y ≥ 0

}
on Y.

Dκ,ε
0+ denotes the Hilfer fractional derivative (HFDve) of order κ, 0 < κ < 1 and type

ε, 0 ≤ ε ≤ 1. Let q(·) be the state in a Banach space Y with norm ‖ · ‖ and v(·) be the
control function in L2(I , U), where U is the Banach space. Here, B : U → Y is an operator
in the control term. Let I = [0, d], F : I × Y × Y → 2Y\{0} be a nonempty multivalued
mapping, which is closed, bounded and convex, K : I × Y → Y and h : I × I × Y → Y
are the required mappings.

This study aims to prove that HFDtial inclusions (1) and (2) in Banach space become
approximately controllable under fundamental system operator assumptions, in particular
that the corresponding linear system is approximately controllable. The major goal of
this work is to find enough circumstances for HFDtial inclusions to be approximately
controllable. The article is divided into the following sections. In Section 2, we cover the
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principles of fractional calculus, semi-group, sectorial operators and multivalued maps.
In Section 3, initially, we establish the existence of the mild solution and then continue to
examine the approximate controllability of the system. In Section 4, we cover an illustration
of our key concepts. Finaly, Section 5 provides some conclusions.

2. Preliminaries

In this section, we introduce basic definitions, theorems and results applied throughout
the article.

Set d > 0, and consider I = [0, d] and I ′ = (0, d]. Let C(I , Y) = { be the set of all continu-
ous functions from I to Y. LetX =

{
q ∈ C(I ′, Y) : limy→0 y

(1−ε+κε−κϑq(y) exists and finite
}

,
be a Banach space with the norm on ‖ · ‖X and ‖q‖X = supy∈I ′

{
y1−ε+κε−κϑ‖q(y)‖

}
. Set

BP(I) =
{

u ∈ { such that ‖u‖ ≤ P
}

. Let q(y) = y−1+ε−κε+κϑy(y), y ∈ (0, d]; then,
q ∈ X i f f y ∈ { and ‖q‖X = ‖y‖.

Definition 1 ([34]). The integral of fractional order κ for the function F : [d, ∞) → R with the
lower limit d is given by

Iκ
d+F(y) =

1
Γ(κ)

∫ y

d

F(δ)

(y− δ)1−κ
dδ y > 0; κ ∈ R+.

Definition 2 ([34]). The R-L fractional derivative of a function (F : [d,+∞) → R) with order
κ > 0 , m− 1 ≤ κ < m, m ∈ N is given by

LDκ
d+F(y) =

1
Γ(m− κ)

dm

dym

∫ y

d

F(δ)

(y− δ)κ+1−m dδ, y > d, δ ∈ R+.

Definition 3 ([34]). The Caputo fractional derivative of a function (F : [d,+∞)→ R) with order
κ > 0, m− 1 ≤ κ < m, m ∈ N is presented as

CDκ
d+F(y) =

1
Γ(m− κ)

∫ y

d

Fm(δ)

(y− δ)κ+1−m dδ = Im−κ
q+ Fm(y), y > d, δ ∈ R+.

Definition 4 ([21]). The HFDve of a function (F : [d,+∞)→ R) with order 0 < κ < 1 and type
0 ≤ ε ≤ 1 is given by

Dκ,ε
d+F(y) = [I(1−κ)ε

d+ D(I(1−κ)(1−ε)
d+ F)](y).

Remark 1 ([21]).

1. If ε = 0, 0 < κ < 1, and d = 0, then the HFDve corresponds to the classical R-L
fractional derivative:

Dκ,0
0+G(z) =

d
dz

I1−κ
0+ G(z) =

L Dκ
0+G(z).

2. If ε = 1, 0 < κ < 1, and d = 0, then the HFDve corresponds to the classical Caputo
fractional derivative:

Dκ,1
0+G(z) = I1−κ

0+
d
dz
G(z) =C Dκ

0+G(z).

Definition 5 ([35]). For 0 < ϑ < 1, 0 < ϕ < π
2 , we denote Θ−ϑ

ϕ as the family of closed linear
operators, the sector Sϕ =

{
θ ∈ C\{0} with | arg θ| ≤ ϕ

}
and A : D(A) ⊂ Y → Y such that
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(i) σ(A) ⊆ Sϕ ;
(ii) There exists ∆δ that is a constant such that∥∥(θ I − A)−1∥∥ ≤ ∆δ|y|−ϑ, for all ϕ < δ < π;

then, A ∈ Θ−ϑ
ϕ is called an almost sectorial operator on Y.

Lemma 1 ([35]). Consider 0 < ϑ < 1 and 0 < ϕ < π
2 , A ∈ Θ−ϑ

ϕ (Y). Then, we obtain

1. T(y1 + y2) = T(y1) + T(y2), for every y1, y2 ∈ S0
π
2 −δ

;

2. there exists ∆0 > 0 that is a constant such that ‖T(y)‖{ ≤ ∆0y
ϑ−1, for any y > 0;

3. R(T(y)) is the range of T(y), y ∈ S0
π
2 −δ

contained in D(A∞). Specifically, R(T(y)) ⊂ D(Aθ)

for all θ ∈ C with Re(θ) > 0,

AθT(y)y =
1

2πi

∫
Γγ

zθe−yzR(z; A)ydz, f or all y ∈ Y,

and hence, there exists a constant ∆′ = ∆′(β, θ) > 0 such that∥∥AθT(y)
∥∥

B(Y) ≤ ∆′y−β−Re(θ)−1, f or all y > 0;

4. If θ > 1− ϑ, then D(Aθ) ⊂ ΣT = {y ∈ Y : lim
y→0+

T(y)y = y};

5. R(κ′, A) =
∫ ∞

0 e−κ′yT(y)dy, for all κ′ ∈ C with Re(κ′) > 0.

Consider the operator families {Sκ(y)}y∈S π
2 −ϕ

, {Qκ(y)}y∈S π
2 −ϕ

defined as follows:

Sκ(y) =
∫ ∞

0
Wκ(ξ)T(yκξ)dξ,

Qκ(y) =
∫ ∞

0
κξWκ(ξ)T(yκξ)dξ.

We have the Wright-type function Wκ(β):

Wκ(β) = ∑
k∈N

(−β)k−1

Γ(1− κk)(k− 1)!
, β ∈ C. (3)

Consider −1 < ι < ∞, p > 0, the succeeding properties are satisfied.

(a) Wκ(θ) ≥ 0, y > 0;

(b)
∫ ∞

0 θιWκ(θ)dθ = Γ(1+ι)
Γ(1+κι)

;

(c)
∫ ∞

0
κ

θ(κ+1) e−pθWκ(
1
θκ )dθ = e−pκ

.

Definition 6 ([27]). Let F be a multivalued map known as an u.s.c. on Y if, for each q0 ∈ Y, the
set F(q0) is a nonempty, closed subset of Y, and if for each open set D of Y containing F(q0), there
exists an open neighborhoodW of q0 such that F(W) ⊆ D.

Lemma 2. System (1) and (2) is identical to an integral inclusion presented by

q(y) ∈q(0)−K(0, q(0))
Γ(ε(1− κ)

y((1−κ)(ε−1)+κ) +K(y, q(y)) +
1

Γ(κ)

∫ y

0
(y− δ)κ−1AKK(0, q(0))dδ

+
1

Γ(κ)

∫ y

0
(y− δ)κ−1

[
Aq(δ) + Bv(δ) + F

(
δ, q(δ),

∫ δ

0
h(δ, s, q(s))ds

)]
dδ.
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Definition 7. The mild solution of the Cauchy problem in (1) and (2) is a function q(y) ∈ C(I ′, Y)
that satisfies

q(y) =Sκ,ε(y)
[
q(0)−K(0, q(0))

]
+K(y, q(y)) +

∫ y

0
Kκ(y− δ)AK(δ, q(δ))dδ

+
∫ y

0
Kκ(y− δ)Bv(δ)dδ +

∫ y

0
Kκ(y− δ)F

(
δ, q(δ),

∫ δ

0
h(δ, s, q(s))ds

)
dδ, y ∈ I ,

where Sκ,ε(y) = Iε(1−κ)
0 Kκ(y), Kκ(y) = yκ−1Qκ(y).

Proposition 1 ([27]). Let 0 < κ < 1, 0 < µ ≤ 1, and for all q ∈ D(A), there then exists a
constant ∆µ > 0 such that

∥∥AµQκ(y)q
∥∥ ≤ κ∆µΓ(2− µ)

yκµΓ(1 + κ(1− µ))
‖q‖, y ∈ (0, d).

Lemma 3 ([28]). For any fixed ν > 0, Qκ(y), Kκ(y) and Sκ,ε(y) are linear operators, and for
any q ∈ Y,

‖Qκ(y)q‖ ≤ L′y−κ+κϑ, ‖Kκ(y)q‖ ≤ L′y−1+κϑ‖q‖, ‖Sκ,ε(y)q‖ ≤ L′′y−1+ε−κε+κϑ‖q‖,

where

L′ = ∆0
Γ(ϑ)

Γ(κϑ)
, L′′ = ∆0

Γ(ϑ)
Γ(ε(1− κ) + κϑ)

.

Lemma 4 ([28]). Let {T(y)}y>0 be equicontinuous; then, {Qκ(y)}y>0, {Kκ(y)}y>0, and
{Sκ,ε(y)}y>0 are strongly continuous, i.e., for any q ∈ Y and ν2 > y1 > 0,∥∥Qκ(y2)q−Qκ(y1)q

∥∥→ 0,
∥∥Kκ(y2)q−Kκ(y1)q

∥∥→ 0,∥∥Sκ,ε(y2)q− Sκ,ε(y1)q
∥∥→ 0, as y2 → y1.

Lemma 5 ([4]). Suppose that Pbd,cv,cl(Y) is denoted by the collections of all nonempty, bounded,
closed and convex subset of Y. Let F be the L1-Caratheodory multivalued map, measurable to y for
each q ∈ Y, u.s.c. to q for each y ∈ C(I , Y), where the set

SF,q =

{
f ∈ L1(I , Y) : f (y) ∈ F

(
y, q(y),

∫ y

0
h
(
y, s, q(y)

)
ds
)

, y ∈ I
}

, (4)

is nonempty. Consider the linear continuous function Ξ from L1(I , Y) to {; then,

Ξ ◦ SF : {→ Pbd,cv,cl({), q→ (Ξ ◦ SF)(q) = Ξ(SF,q), (5)

is a closed graph operator in {× {.

Lemma 6 ([36]). [Non-Linear Alternative Leray–Schauder Fixed Point Theorem]
Let Y be a Banach space, C be a closed convex subset of Y, and D be an open subset of C and

0 ∈ D; suppose that F : D̄ → Pcp,cv(C) is an u.s.c. compact map. Then, either

(a) F has a fixed point in D̄, or
(b) there is a q ∈ ∂D and 0 < λ < 1 with q ∈ λF(q).

3. Approximate Controllability

We need the following succeeding hypotheses:
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Hypotheses (H1). The almost sectorial operator A generates an analytic semi group
T(y), y ≥ 0 in Y such that ‖T(y)‖ ≤ M, for some positive value M and ‖αR(α,Td

0)‖ ≤ 1
for α > 0.

Hypotheses (H2). Let F : I × Y × Y → Pbd,cv,cl(Y) be measurable to y for each fixed q ∈ Y
and upper semi continuous to q for each y ∈ I , and for each q ∈ {,

SF,q =

{
f ∈ L1(I , Y) : f (y) ∈ F

(
y, q(y),

∫ y

0
h(y, s, q(s))ds

)
, y ∈ I

}
is nonempty.

Hypotheses (H3). For y ∈ I , F(y, ·, ·) : Y × Y → Y, h(y, s, ·) : Y → Y are continuous
functions, and for each q ∈ X , F

(
·, q,
∫

h
)

: I → I and h(·, ·, q) : I × I → Y are strongly
measurable.

Hypotheses (H4). Let P > 0, q ∈ X such that ‖q‖X ≤ P and LF,P(·) ∈ L1(I ′,R) satisfying

lim
y→0

y1−ε+κε−κϑ IκϑLF,P(y) = 0,

sup
{
‖F‖ : F(y) ∈ F

(
y, u(y),

∫ y

0
h(y, s, q(s))ds

)}
≤ LF,P(y),

for all u(y) ∈ BP.

Hypotheses (H5). For any y ∈ I , a multivalued map K : I × Y → Y is a continuous function
and there exists 0 < µ < 1 such that K ∈ D(Aµ), and for all q ∈ Y, y ∈ I , AµK(y, ·) satisfies
the following: ∥∥∥∥AµK(y, q(y))

∥∥∥∥ ≤ MK

(
1 + y1−ε+κε−κϑ‖q(y)‖

)
, (y, q) ∈ I ×Y.

Hypotheses (H6). Let K be the completely continuous, and for any bounded set D subset of {, the
set {y→ K(y, q(y)), q ∈ D} is equicontinuous in Y.

Before looking into the approximation of controllability of the non-linear control
system, we first examine its linear component in (1) and (2),{

Dκ,ε
0+ ∈ Aq(y) + (Bv)(y), y ∈ (0, d],

I(1−κ)(1−ε)
0+ q(0) = q0.

(6)

Here, B : U → Y is a linear bounded operator v ∈ L2(I , U).
Now, we go through some key terms:

Td
0 =

∫ d

0
(d− δ)κ−1Qκ(d− δ)BB∗Q∗κ(d− δ)dδ,

R(α,Td
0) = (αI + Td

0)
−1, α > 0,

where B∗ andQ∗κ are the adjoint of B andQκ , respectively, and Td
0 is the linear bounded operator.

Now, for every α > 0, and q1 ∈ Y, consider

v(y) = B∗Q∗κ(d− y)R(α,Td
0)P(q(·)),

where
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P(q(·)) =q1 − Sκ,ε(d)[q0 −K(0, q(0))]−K(d, q(d))−
∫ d

0
(d− δ)κ−1Qκ(d− δ)F(δ)dδ

−
∫ d

0
(d− δ)κ−1Qκ(d− δ)AK(δ, q(δ))dδ.

Theorem 1. Assume that (H1) − (H6) holds; then, the HFDtial system in (1) and (2) has a
solution on I , provided

M

d1−ε+κε−κϑ

[
M∗∗ + d−κ(1+2ϑ)(∆p MB)2

α(−κ(1+2ϑ))
[q1 −M∗∗]

] > 1,

where

M∗∗ = L′′d−1+ε−κε+κϑ
(
q(0)−M0MK

)
+ M0MK

(
1 + P

)
+ ∆1−µ

dκµΓ(1 + µ)

µΓ(1 + κµ)

(
MK(1 + P)

)
+ L′LF,P(d)

dκϑ

κϑ
.

and q(0) ∈ D(Aθ) with θ > 1− ϑ.

Proof. Consider the multivalued map Ψ : X → P(X ), defined as

Ψ(q(y)) =

{
z ∈ X : z(y) =y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q(δ)

)
dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)F

(
δ, q(δ),

∫ δ

0
h(δ, s, q(s))ds

)
dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)Bv(δ)dδ

]
, y ∈ (0, d]

}
.

Show that Ψ has a fixed point. Let

z(y) =y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)R(α,Td

0)

×
(
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, q(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)AK

(
r, q(r)

)
dr

−
∫ d

0
(d− r)κ−1Qκ(d− r)F

(
r, q(r),

∫ r

0
h(d, r, q(r))

)
dr
)

dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)F

(
δ, q(δ),

∫ δ

0
h(δ, s, q(s))ds

)
dδ

]
.

Step 1: For every q ∈ BP(I), Ψ(q) is convex.
Consider z1, z2 ∈

{
Ψq(y)

}
and F1,F2 ∈ SF,q such that y ∈ I . We know
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zi =y1−ε+κε−κϑ

(
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)R(α,Td

0)

×
[
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, q(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)AK

(
r, q(r)

)
dr

−
∫ d

0
(d− r)κ−1Qκ(d− r)Fi(r)dr

]
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)Fi(δ)dδ

)
, i = 1, 2.

Take 0 ≤ χ ≤ 1; then, for each y ∈ I , we have

χz1 + (1− χ)z2(y)

=y1−ε+κε−κϑ

(
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
d, q(d)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)R(α,Td

0)

×
[
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, q(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)AK

(
r, q(r)

)
dr−

∫ d

0
(d− r)κ−1Qκ(d− r)

[
χF1 + (1− χ)F2

]
dr
]

dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)

[
χF1 + (1− χ)F2

]
dδ

)
.

We know that SF,q is convex. Therefore, χF1 + (1− χ)F2 ∈ SF,q.
Furthermore,

χz1 + (1− χ)z2 ∈ Ψq(y).

Hence, Ψ is convex.
Step 2: Ψ is bounded on bounded sets of BP(I). It is adequate to show that there

exists a I∗ > 0 that is a constant such that, for each q ∈ BP(I), one has ‖z(y)‖ ≤ M∗.
Consider that, for every q ∈ BP(I), we have
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∥∥z(y)
∥∥ ≤ sup y1−ε+κε−κϑ

∥∥∥∥Sκ,ε(y)
[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q(δ)

)
dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, u(s)

)
ds
)

dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)R(α,Td

0)

[
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, q(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)AK

(
r, q(r)

)
dr

−
∫ d

0
(d− r)κ−1Qκ(d− r)F

(
r, q(r),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dr
]

dδ

∥∥∥∥
≤ d1−ε+κε−κϑ

(
sup

∥∥Sκ,ε(y)
[
q(0)−K(0, q(0))

]∥∥+ ∥∥K(y, q(y)
)∥∥

+ sup
∫ y

0
(y− δ)κ−1∥∥A1−µQκ(y− δ)

∥∥∥∥AµK
(
δ, q(δ)

)∥∥dδ

+ sup
∫ y

0
(y− δ)κ−1∥∥Qκ(y− δ)

∥∥∥∥F(δ, q(δ),
∫ δ

0
h
(
δ, s, q(s)

))∥∥∥∥dδ

+
∫ y

0
(y− δ)2κϑ−κ−1L′2M2

B
1
α

[
q1 − sup

∥∥Sκ,ε(d)
[
q(0)−K(0, q(0))

]∥∥
− ‖K

(
d, q(d)

)
‖ −

∫ d

0
(d− r)κ−1‖A1−µQκ(d− r)‖‖AµK

(
r, q(r)

)
‖dr

−
∫ d

0
(d− r)κ−1‖Qκ(d− r)‖‖F

(
r, q(r),

∫ r

0
h
(
d, r, q(r)

))
‖dr
]

dδ

≤ d1−ε+κε−κϑ

[
M∗∗ +

dκ(2ϑ−1)(L′MB)
2

κ(2ϑ− 1)
[
q1 −M∗∗

]]
< M∗,

where

M∗∗ = L′′d−1+ε−κε+κϑ
(
q(0)−M0MK

)
+ M0MK(1 + P)

+ ∆1−µ
dκµΓ(1 + µ)

µΓ(1 + κµ)

(
MK(1 + P)

)
+ L′LF,P(d)

dκϑ

κϑ
.

Hence, it is bounded.
Step 3: Equicontinuity of Ψ on the set of BP(I). Consider 0 < y1 < y2 ≤ d and that

there exists F ∈ SF,q; we have
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∥∥∥∥z(y2)− z(y1)

∥∥∥∥
≤
∥∥∥∥y1−ε+κε−κϑ

2

(
Sκ,ε(y2)

[
q(0)−K(0, q(0))

]
+K

(
y2, q(y2)

)
+
∫ y2

0
(y2 − δ)κ−1Qκ(y2 − δ)AK

(
δ, q(δ)

)
dδ

+
∫ y2

0
(y2 − δ)κ−1Qκ(y2 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

+
∫ y2

0
(y2 − δ)κ−1Qκ(y2 − δ)Bv(δ)dδ

)
− y1−ε+κε−κϑ

1

(
Sκ,ε(y1)

[
q(0)−K(0, q(0))

]
+K

(
y1, q(y1)

)
+
∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)AK

(
δ, q(δ)

)
dδ

+
∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

+
∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)Bv(δ)dδ

)∥∥∥∥
≤
∥∥∥∥[y1−ε+κε−κϑ

2 Sκ,ε(y2)− y1−ε+κε−κϑ
1 Sκ,ε(y1)

][
q(0)−K(0, q(0))

]∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2 K(y2, q(y2))− y1−ε+κε−κϑ

1 K(y1, q(y1))

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y1

0
(y2 − δ)κ−1Qκ(y2 − δ)AK

(
δ, q(δ)

)
dδ

+ y1−ε+κε−κϑ
2

∫ y2

y1

(y2 − δ)κ−1Qκ(y2 − δ)AK
(
δ, q(δ)

)
dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)AK

(
δ, q(δ)

)
dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y1

0
(y2 − δ)κ−1Qκ(y2 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

+ y1−ε+κε−κϑ
2

∫ y2

y1

(y2 − δ)κ−1Qκ(y2 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

))
dδ

∥∥∥∥
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+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y1

0
(y2 − δ)κ−1Qκ(y2 − δ)Bv(δ)dδ

+ y1−ε+κε−κϑ
2

∫ y2

y1

(y2 − δ)κ−1Qκ(y2 − δ)Bv(δ)dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)Bv(δ)dδ

∥∥∥∥
≤
∥∥∥∥[y1−ε+κε−κϑ

2 Sκ,ε(y2)− y1−ε+κε−κϑ
1 Sκ,ε(y1)

][
q(0)−K(0, q(0))

]∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2 K(y2, q(y2))− y1−ε+κε−κϑ

1 K(y1, q(y1))

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y2

y1

(y2 − δ)κ−1Qκ(y2 − δ)AK
(
δ, q(δ)

)
dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y1

0
(y2 − δ)κ−1Qκ(y2 − δ)AK

(
δ, q(δ)

)
dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y2 − δ)AK

(
δ, q(δ)

)
dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y2 − δ)AK

(
δ, q(δ)

)
dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)AK

(
δ, q(δ)

)
dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y2

y1

(y2 − δ)κ−1Qκ(y2 − δ)F
(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y1

0
(y2 − δ)κ−1Qκ(y2 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y2 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y2 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y2

y1

(y2 − δ)κ−1Qκ(y2 − δ)Bv(δ)dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
2

∫ y1

0
(y2 − δ)κ−1Qκ(y2 − δ)Bv(δ)dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y2 − δ)Bv(δ)dδ

∥∥∥∥
+

∥∥∥∥y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y2 − δ)Bv(δ)dδ

− y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1Qκ(y1 − δ)Bv(δ)dδ

∥∥∥∥
=

11

∑
i=1

Ii.

By the strong continuity of Sκ,ε(y)(q(0)−M0MK), we have I1 tends to 0 as y2 → y1.
The equicontinuity of K ensures that I2 tends to 0, as y2 → y1.
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I3 =

∥∥∥∥y1−ε+κε−κϑ
2

∫ y2

y1

(y2 − δ)κ−1Qκ(y2 − δ)AK
(
δ, q(δ)

)
dδ

∥∥∥∥
≤ y1−ε+κε−κϑ

2 ∆1−µ MK(1 + P)
Γ(1 + µ)

µΓ(1 + κµ)
(y2 − y1)

κµ.

Then, I3 tends 0 as y2 → y1.

I4 ≤
∥∥∥∥(y1−ε+κε−κϑ

2

∫ y1

0
(y2 − δ)κ−1 − y1−ε+κε−κϑ

1 (y1 − δ)κ−1
)
Qκ(y2 − δ)AK

(
δ, q(δ)

)
dδ

∥∥∥∥
≤ κ∆1−µ MK(1 + P)

Γ(1 + µ)

µΓ(1 + κµ)∥∥∥∥ ∫ y1

0

(
y1−ε+κε−κϑ

2 (y2 − δ)κ−1 − y1−ε+κε−κϑ
1 (y1 − δ)κ−1

)
(y2 − δ)κ(µ−1)dδ

∥∥∥∥.

We havethat I4 tendstoward 0 as y2 → y1. Additionally,

I5 ≤ y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1∥∥[Qκ(y2 − δ)−Qκ(y1 − δ)

]∥∥∥∥AK(δ, q(δ)
)∥∥

≤ M′0MK(1 + P)y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1∥∥[Qκ(y2 − δ)−Qκ(y1 − δ)

]∥∥.

By Theorem 4 and strong continuity o f Qκ(y), I5 tends to 0, as y2 → y1.

I6 ≤ L′
∣∣∣∣y1−ε+κε−κϑ

2

∫ y2

y1

(y2 − δ)κϑ−1LF,P(δ)dδ

∣∣∣∣
≤ L′

∣∣∣∣y1−ε+κε−κϑ
2

∫ y2

0
(y2 − δ)κϑ−1LF,P(δ)dδ− y1−ε+κε−κϑ

1

∫ y1

0
(y1 − δ)κϑ−1LF,P(δ)dδ

∣∣∣∣
≤ L′

∫ y1

0

[
y1−ε+κε−κϑ

1 (y1 − δ)κϑ−1 − y
(1+κϑ)(1−κ)
2 (y2 − δ)κϑ−1

]
LF,P(δ)]dδ.

Then, I6 tends to 0 as y2 → y1 by using (H4) and the Lebesgue’s dominated
convergent theorem.

I7 ≤ L′
∫ y1

0
(y2 − δ)−κ+κϑ

∣∣∣∣y1−ε+κε−κϑ
2 (y2 − δ)κ−1 − y1−ε+κε−κϑ

1 (y1 − δ)κ−1
∣∣∣∣LF,P(δ)dδ.

Consider

(y2 − δ)−κ+κϑ

∣∣∣∣y1−ε+κε−κϑ
2 (y2 − δ)κ−1 − y1−ε+κε−κϑ

1 (y1 − δ)κ−1
∣∣∣∣LF,P(δ)

≤
[
y1−ε+κε+κϑ

2 (y2 − δ)κϑ−1 + y1−ε+κε−κϑ
1 (y1 − δ)κ−1(y2 − δ)−κ+κϑ

]
LF,P(δ)

≤
[
y1−ε+κε−κϑ

2 (y2 − δ)κϑ−1 + y1−ε+κε−κϑ
1 (y1 − δ)κϑ−1

]
LF,P(δ)

≤ 2y1−ε+κε−κϑ
1 (y1 − δ)κϑ−1LF,P(δ)

and that
∫ y1

0 2y(1+κϑ)(1−κ)
1 (y1 − δ)κϑ−1LF,P(δ)dδ exists (δ ∈ (0, y1]); then, using the domi-

nated convergence theorem, we have

∫ y1

0
(y2 − δ)−κ+κϑ

∣∣∣∣y1−ε+κε−κϑ
2 (y2 − δ)κ−1 − y1−ε+κε−κϑ

1 (y1 − δ)κ−1
∣∣∣∣LF,P(δ)dδ→ 0 as y2 → y1,

so we conclude lim
y2→y1

I7 = 0.

For any ς > 0, we have
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I8 ≤
∫ y1−ς

0
y1−ε+κε−κϑ

1

∥∥Qκ(y2 − δ)−Qκ(y1 − δ)
∥∥(y1 − δ)κ−1LF,P(δ)dδ

+
∫ y1

y1−ς
y1−ε+κε−κϑ

1

∥∥Qκ(y2 − δ)−Qκ(y1 − δ)
∥∥(y1 − δ)κ−1LF,P(δ)dδ

≤ y1−ε+κε−κϑ
1

∫ y1−ς

0
(y1 − δ)κ−1LF,P(δ)dδ sup

w∈[0,y1−ς]

∥∥Qκ(y2 − δ)−Qκ(y1 − δ)
∥∥

+ L′
∫ y1

y1−ς
y1−ε+κε−κϑ

1 [(y2 − δ)−κ+κϑ + (y1 − δ)−κ+κϑ](y1 − δ)κ−1LF,P(δ)dδ

≤ y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1LF,P(δ)dδ sup

δ∈[0,y1−ς]

∥∥Qκ(y2 − δ)−Qκ(y1 − δ)
∥∥

+ 2L′
∫ y1

y1−ς
y1−ε+κε−κϑ

1 (y1 − δ)κϑ−1LF,P(δ)dδ.

From Theorem 4 and lim
y2→y1

I6 = 0, we have I8 → 0 independently of q ∈ BP(I) as

y2 → y1, ς→ 0.

I9 =

∥∥∥∥y1−ε+κε−κϑ
2

∫ y2

y1

(y2 − δ)κ−1Qκ(y2 − δ)Bv(δ)dδ

∥∥∥∥
≤ y1−ε+κε−κϑ

2 L′MB

∥∥∥∥ ∫ y2

y1

(y2 − δ)κϑ−1v(δ)dδ

∥∥∥∥.

I9 tends to zero as y2 → y1.

I10 =

∥∥∥∥ ∫ y1

0
y1−ε+κε−κϑ

2
[
(y2 − δ)κ−1 − y1−ε+κε−κϑ

1 (y1 − δ)κ−1]Qκ(y2 − δ)Bv(δ)
∥∥∥∥

≤ L′MB

∫ y1

0
y1−ε+κε−κϑ

2
[
(y2 − δ)κ−1 − y1−ε+κε−κϑ

1 (y1 − δ)κ−1](y2 − δ)−κ+κϑv(δ)dδ,

I11 =

∥∥∥∥y1−ε+κε−κϑ
1

∫ y1

0
(y1 − δ)κ−1[Qκ(y2 − δ)−Qκ(y1 − 1)

]
Bv(δ)dδ

∥∥∥∥
≤ MB y1−ε+κε−κϑ

1

∫ y1

0
(y1 − δ)κ−1v(δ)dδ sup

∥∥∥∥Qκ(y2 − δ)−Qκ(y1 − δ)

∥∥∥∥.

Similar to the proof of I7 and I8, we have that I10 and I11 tend to zero.
Hence, ‖z(y2) − z(y1)‖ → 0 independently of q ∈ BP(I) as y2 → y1. Therefore,{

Ψq(y) : q ∈ BP(I)
}

is equicontinuous on I .

Step 4: The relatively compact of E(y) = {z(y) : z ∈ Ψ(q(y)), y ∈ BP(I)} in Y
Set 0 < α < y and a positive value q, and let z(y) be the operator from BP(I),

defined as
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zα,q(y) = y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)
+
∫ y−α

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q(δ)

)
dδ +

∫ y−α

0
(y− δ)κ−1Qκ(y− δ)Bv(δ)dδ

+
∫ y−α

0
(y− δ)κ−1Qκ(y− δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

]
= y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)
+
∫ y−α

0

∫ ∞

q
κθMκ(θ)(y− δ)κ−1T((y− δ)κθ)AK

(
δ, q(δ)

)
dθdδ

+
∫ y−α

0

∫ ∞

q
κθMκ(θ)(y− δ)κ−1T((y− δ)κθ)Bv(δ)dθdδ

+
∫ y−α

0

∫ ∞

q
κθMκ(θ)(y− δ)κ−1T((y− δ)κθ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dθdδ

]
= y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)]
+ κy1−ε+κε−κϑT(ακq)

∫ y−q

0

∫ ∞

q
θMκ(θ)(y− δ)κ−1T((y− δ)κθ − ακq)

×
[
AK
(
δ, q(δ)

)
+ F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)
+ Bv(δ)

]
dθdδ.

Therefore, Eα,ϑ(y) =
{
(z(y))α,q : y ∈ BP(I)

}
is precompact in Y for all α ∈ (0, y),

since T(ακq) is compact. For every q ∈ BP(I), we have
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∥∥∥∥z(y)− zα,q(y)

∥∥∥∥
≤
∥∥∥∥κy1−ε+κε−κϑ

∫ y

0

∫ q

0
θMκ(θ)(y− δ)κ−1T((y− δ)κθ)[

AK
(
δ, q(δ)

)
+ F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)
+ Bv(δ)

]
dθdδ

∥∥∥∥
+

∥∥∥∥κy1−ε+κε−κϑ
∫ y

y−α

∫ ∞

q
(y− δ)κ−1θMκ(θ)T((y− δ)κθ)

[
AK
(
δ, q(δ)

)
+ F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)
+ Bv(δ)

]
dθdδ

∥∥∥∥
≤ κ∆0y

1−ε+κε−κϑ

( ∫ y

0

∫ q

0
θMκ(θ)(y− δ)κ−1(y− δ)κϑ−κθϑ−1

×
[
M′0MK(1 + P) + LF,P(δ) + MB‖v‖

]
dθdδ

+
∫ y

y−α

∫ ∞

q
(y− δ)κ−1θMκ(θ)(y− δ)κϑ−κθϑ−1[M′0MK(1 + P) + LF,P(δ) + MB‖v‖

]
dδ

)
≤ κ∆0y

1−ε+κε−κϑ

( ∫ y

0
(y− δ)κϑ−1[M′0MK(1 + P) + LF,P(δ) + MB‖v‖

]
dδ
∫ q

0
θϑ Mκ(θ)dθ

+
∫ y

y−α
(y− δ)κϑ−1[M′0MK(1 + P) + LF,P(δ) + MB‖v‖

]
dδ
∫ ∞

0
θϑ Mκ(θ)dθ

)
≤ κ∆0y

1−ε+κε−κϑ

( ∫ y

0
(y− δ)κϑ−1[LF,P(δ) + MB‖v‖

]
dδ
∫ q

0
θϑ Mκ(θ)dθ

+
Γ(1− ϑ)

Γ(1− κϑ)

∫ y

y−α
(y− δ)κϑ−1[M′0MK(1 + P) + LF,P(δ) + MB‖v‖

]
dδ

)
→ 0 as α→ 0, q→ 0.

So, Eα,q(y) =
{

zα,q(y) : y ∈ BP(I)
}

is arbitrary closed to E(y) =
{

z(y) : y ∈ BP(I)
}

.
Therefore, using the Arzela–Ascoli Theorem, {z(y) : y ∈ BP(I)} is relatively compact. The
continuity and relatively compactness of

{
z(y) : y ∈ BP(I)

}
imply that z(y) is a completely

continuous operator.
Step 5: Ψ has a closed graph.
Considering that qk → q∗ as k→ ∞, zk(y) ∈ Ψ(qk) and zk → z∗ as k→ ∞, we have to

show z∗ ∈ Ψ(q∗). Since zk ∈ Ψ(qk), then there exists a function Fk ∈ SF,qk such that

zk(y) = y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, qk(y)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, qk(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)Fk(δ)dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)R(α,Td

0)

[
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, qk(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)

[
AK
(
r, qk(r)

)
+ Fk(r)

]
dr
]

dδ

]
.

We need to show that there exists F∗ ∈ SF,q(0),
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z∗(y) = y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q∗(y)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q∗(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)F∗(δ)dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)R(α,Td

0)

[
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
− K

(
d, q∗(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)

[
AK
(
r, q∗(r)

)
+ F∗(r)

]
dr
]

dδ

]
.

Clearly,

∥∥∥∥zk(y)− y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K

(
0, q(0)

)]
+K

(
y, qk(y)

)
+
∫ y

0
(y− δ)y−1Qκ(y− δ)AK

(
δ, qk(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)

× R(α,Td
0)

(
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, q(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)AK

(
r, qk(r)

)
dr
)]

−
[

z∗(y)− y1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)− K

(
0, q(0)

)]
+K

(
y, q∗(y)

)
+
∫ y

0
(y− δ)y−1Qκ(y− δ)AK

(
δ, q∗(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)

× R(α,Td
0)

(
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, q(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)AK

(
r, q∗(r)

)
dr
)]]∥∥∥∥→ 0 as n→ ∞.

Next, we define an operator Ξ : L1(I , Y)→ X ,

Ξ(F)(y) =
∫ y

0
(y− δ)κ−1Qκ(y− δ)F(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗R(0,Td

0)

×
( ∫ d

0
(d− r)κ−1Qκ(d− r)Fk(r)dr

)
.

We have, by Lemma 5, that (Ξ ◦ SF,q) is a closed graph operator. Therefore, by referring
to Ξ, we have[

zk(y)− y1−ε+κε−κϑ

(
Sκ,ε(y)

[
q(0) +K

(
0, q(0)

)]
+K

(
y, qk(y)

)
+
∫ y

0
(y− δ)y−1Qκ(y− δ)AK

(
δ, qk(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)

× R(α,Td
0)

[
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, qk(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)AK

(
r, qk(r)

)
dr
)]
∈ Ξ(SF,qk ),
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since Fk → F∗, it follows from Lemma 5 that[
z∗(y)− y1−ε+κε−κϑ

(
Sκ,ε(y)

[
q(0)−K

(
0, q(0)

)]
+K

(
y, q∗(y)

)
+
∫ y

0
(y− δ)y−1Qκ(y− δ)AK

(
δ, q∗(δ)

)
dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)

× R(α,Td
0)

[
q1 − Sκ,ε(d)

[
q(0)−K(0, q(0))

]
−K

(
d, q∗(d)

)
−
∫ d

0
(d− r)κ−1Qκ(d− r)AK

(
r, q∗(r)

)
dr
)]
∈ Ξ(SF,u(0)).

Hence, Ψ is a closed graph.
Step 6: The operator Ψ has a solution. It is enough to prove that the given set is

bounded.

Λ =

{
q ∈ ∂BP(I) : q = λΨ(q) for some λ ∈ (0, 1)

}
.

Let q ∈ Λ. Then, q ∈ λΨ(q) for some 0 < λ < 1. Thus, there exists F ∈ SF,q in ways
that, for each y ∈ [0, d], we have

q(y) =λy1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q(δ)

)
dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)

dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)Bv(δ)dδ

]
.

By assumptions (H3)− (H6), we have

|q(y)| =
∣∣∣∣λy1−ε+κε−κϑ

[
Sκ,ε(y)

[
q(0)−K(0, q(0))

]
+K

(
y, q(y)

)
+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK

(
δ, q(δ)

)
dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)F

(
δ, q(δ),

∫ δ

0
h
(
δ, s, q(s)

)
ds
)]

dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)Bv(δ)dδ

∣∣∣∣.
From step 2, we have

|q(y)| ≤ d1−ε+κε−κϑ

[
M∗∗ +

dκ(2ϑ−1)(L′MB)
2

a(−κ(1 + 2ϑ))
[q1 −M∗∗]

]
.

Then, by our assumption, there exists M > 0 as a constant such that q(y) 6= M. Set
D = {q ∈ BP(I) : ‖q‖ ≤ M + 1}. Comprehensibly, D is a closed subset of BP(I). Based
on D’s selection, there is no q ∈ ∂D such that q = λΨ(q) for some 0 < λ < 1. Then,
the statement (ii) in Lemma (6) does not hold. As a result of the Leray–Schauder type’s
nonlinear alternative, we are able to determine that the statement (i) of Lemma (6) is
true. Hence, the operator Ψ has a fixed point, which is the mild solution of the systems
(1) and (2).
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Definition 8 ([27]). The Cauchy problem (1) and (2) is known to be approximately controllable on I for all q0 ∈
Y; there issomecontrol v ∈ L2(I , U), R(d, q0) = Y,whereR(d, q0) = {q(d, v); v ∈ L2(I , U), q(0, v) =
q0}, which is the reachable set of system (1) and (2) with the initial value q0 at the terminal time d.

Theorem 2. Suppose that (H1)− (H6) hold and multivalued mapping F is uniformly bounded.
Furthermore, assume that the corresponding linear system (6) is approximately controllable on I ;
then, the system in (1) and (2) is approximately controllable on I .

Proof. Assume that qα(·) is a fixed point of Ψ in BP(I). From (1), any fixed point of Ψ is
the mild solution of (1)–(2). Furthermore, from the results on the Dunford–Pettis Theorem,
we conclude that there is a subsequence {Fα(δ)} that converges weakly to F(δ) in L1(I , Y).
For every α > 0, there exists Fα ∈ SF,q,

qα(y) =Sκ,ε(y)[q0 −K(0, uα(0))] +K(y, uα(y))

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)AK(δ, qα(δ))dδ +

∫ y

0
(y− δ)κ−1Qκ(y− δ)Fα(δ)dδ

+
∫ y

0
(y− δ)κ−1Qκ(y− δ)BB∗Q∗κ(d− δ)R(α,Td

0)P(qα(y))dδ,

where

Vα(y) = B∗Q∗κ(d− y)R(α,Td
0)P(qα)(y),

and

P(qα) =q1 − Sκ,ε(d)[q0 −K(0, qα(0))]−K(d, qα(d))−
∫ d

0
(d− r)κ−1Qκ(d− r)Fα(r)dr

−
∫ d

0
(d− r)κ−1Qκ(d− r)AK(r, qα(r))dr.

Taking note of
(

I − Td
0R(α,Td

0)
)
= αR(α,Td

0), we obtain

qα(d) = Sκ,ε(d)[q0 −K(0, uα(0))] +K(d, uα(d))

+
∫ d

0
(d− δ)κ−1Qκ(d− δ)AK(δ, qα(δ))dδ +

∫ d

0
(d− δ)κ−1Qκ(d− δ)Fα(δ)dδ

+
∫ d

0
(d− δ)κ−1Qκ(d− δ)BB∗Q∗κ(d− δ)R(α,Td

0)P(qα(d))dδ

= Sκ,ε(d)[q0 −K(0, uα(0))] +K(d, uα(d)) +
∫ d

0
(d− δ)κ−1Qκ(d− δ)AK(δ, qα(δ))dδ

+
∫ d

0
(d− δ)κ−1Qκ(d− δ)Fα(δ)dδ + Td

0R(α,Td
0)P(qα)

= Sκ,ε(d)[q0 −K(0, uα(0))] +K(d, uα(d)) +
∫ d

0
(d− δ)κ−1Qκ(d− δ)AK(δ, qα(δ))dδ

+
∫ d

0
(d− δ)κ−1Qκ(d− δ)Fα(δ)dδ + P(qα)− αR(α,Td

0)P(qα)

= q1 − αR(α,Td
0)P(qα), for all F ∈ SF,q.

Furthermore, by our assumptions, there exists a constant LF,P < ∞ such that ‖Fα(δ)‖ ≤
LF,P. Consequently, the sequence {Fα(δ)} has a subsequence still denoted by {Fα(δ)}, that
weakly converges to F(δ).
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Take

W = q1 − Sκ,ε(d)[q0 −K(0, uα(0))] +K(d, u1)

−
∫ d

0
(d− δ)κ−1Qκ(d− δ)AK(δ, qα(δ))dδ−

∫ d

0
(d− δ)κ−1Qκ(d− δ)F(δ)dδ,

and

‖P(qα)− δ‖ =‖K(d, qα
1)−K(d, q1)‖+

∥∥∥∥ ∫ d

0
(d− δ)κ−1Qκ(t− δ)[Fα(δ)− F(δ)]dδ

∥∥∥∥
+

∥∥∥∥ ∫ d

0
(d− δ)κ−1AQκ(d− δ)[K(d, qα

1)−K(δ, qα(δ))]dδ

∥∥∥∥.

The compactness of the operator {Qκ(y), y > 0} is deduced, and the uniform bound-
edness of Fα(δ) suggests that there exists some F(δ) ∈ L(I , Y) such as α→ 0+,

Qκ(d− δ)Fα(δ)→ Qκ(d− δ)F(δ).

Hence, for every y ∈ [0, d], we have ‖P(qα)− δ‖ → 0. Additionally, by approximate
controllability of system (6), we have αR(α,Td

0)→ 0 as α→ 0+ in the strong topology. As
a result, we have that α→ 0+,

‖qα(d)− q1‖ =
∥∥αR(α,Td

0)P(qα)
∥∥

≤
∥∥αR(α,Td

0)δ
∥∥+ ∥∥αR(α,Td

0)
∥∥∥∥(P(qα)− δ)

∥∥
≤
∥∥αR(α,Td

0)δ
∥∥+ ∥∥(P(qα)− δ

)∥∥→ 0.

As a result, the system in (1) and (2) is approximately controllable on I .

4. Example

Consider the following HFDtial system:

D
2
3 ,ε
0+
[
ρ(y, τ)−K(y, ρ(y, τ))

]
∈ ρyy(y, τ) + β(y, τ) + e−y

1+e−y

[
sin(ρ(y, τ))

+
∫ y

0 sin(ys)ρ(y, τ)ds
]

y ∈ (0, d], τ ∈ [0, π],

ρ(y, 0) = ρ(y, π) = 0, y ∈ [0, d],
I(1−

2
3 )(1−ε)q(ρ, 0) = q0(τ),

(7)

where D
2
3 ,ε
0+ is the HFDve of order 2

3 and type ε, I(1−
2
3 )(1−ε) is the R-L integral of order

3
7 (1− ε), and β(y, τ) and K̄(y, ρ(y, τ)) are the required functions. Let U = Y = L2[0, π] and
A be an almost sectorial operator defined by Aρ = ρyy with the domain

D(A) =

{
ρ ∈ Y : ρy, ρyy being absolutely continuous in Y, such that ρ(y, 0) = ρ(y, π) = 0

}
.

The operator A generates an analytic semigroup T(y) and is defined by

T(y)q =
∞

∑
k=0

e−k2y〈q, ek〉, q ∈ Y.

Moreover, A has a discrete spectrum, the eigen values k2, k ∈ N agree with orthogonal

eigen vectors ek(q) =
√

2
π sin(kq). Then,
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Aq =
∞

∑
k=0

k2〈q, ek〉ek, q ∈ Y.

Specifically, T(·) is a uniformly stable semigroup and ‖T(y)‖ ≤ e−y.
Consider q(y)(τ) = ρ(y, τ), y ∈ I = [0, d], a ∈ [0, π] and bounded linear operator

Bv(y)(τ) = β(v, τ), 0 < τ < π, where β : I × [0, π] → [0, π] is continuous in y. Now, for
any q ∈ Y = L2[0, π], τ ∈ [0, π], we define the function F : I ×Y×Y → Y,

F
(
y, q(y), (Hq)(y)

)
=

e−y

1 + e−y

[
sin
(
ρ(y, τ)

)
+
∫ y

0
sin(ys)ρ(s, τ)ds

]
,

where

(Hq)(y)(τ) =
e−y

1 + e−y

[ ∫ y

0
sin(ys)ρ(s, τ)ds

]
.

Additionally, K : I × Y → Y is completely continuous mapping, defined as
K(y, q(y)) = K(y, ρ(y, τ)). Therefore, fractional system (7) is written as the nonlinear
Cauchy problems (1) and (2).

Clearly, F
(
y, ρ(y, τ), (Hρ)(y, τ)

)
is uniformly bounded. Then, the hypotheses

(H1)− (H6) are satisfied. However, the linear system that corresponds to (7) is approxi-
mately controllable; thus, the Theorem 1 is true. As a result, the requirements of Theorem 2
are met in full. Therefore, the HFDtial inclusion in (1) and (2) is therefore approximately
controllable on [0, d].

5. Conclusions

This paper concentrated on the approximate controllability of Hilfer fractional neutral
Volterra integro-differential inclusions via an approximately sectorial operator. The major
conclusions are established by applying the results and ideas belonging to almost sectorial
operators, fractional differential, multivalued map and fixed point method. We first proved
the existence of the mild solution of the fractional system and then looked into the approxi-
mate controllability. Finally, to explain the principle, we offered an example. In the future,
the authors will use a fixed point technique to study the exact controllability of the Hilfer
fractional derivative using almost sectorial operators and will try to develop some real-life
applications related to Hilfer fractional differential systems because there are only a few
studies with real-life applications.
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