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Abstract: The Navier—Stokes (NS) equations involving MHD effects with time-fractional derivatives
are discussed in this paper. This paper investigates the local and global existence and uniqueness of
the mild solution to the NS equations for the time fractional differential operator. In addition, we
work on the regularity effects of such types of equations which are caused by MHD flow.
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1. Introduction

Applied Mathematics is a sub-branch of fractional calculus with ordinary derivatives
and integrals of arbitrary orders. It has become increasingly popular thanks to demon-
strated applications in science [1-3]. These types of equations are widely used in fluid
flow [4], diffusion, anomalous diffusion [5], transmutation of distribution [6], turbulence,
rheology, and many other physical processes. To explain the existence and uniqueness of
boundary conditions, we consider the entire summary of mathematics.

Electromagnetic influencers or Magnetohydrodynamics (MHD) deal with the elec-
tronic conduction of conductive liquids in a magnetic field. A magnetic field carries currents
in a moving liquid. A current passing through a a carrier can create forces on the liquid and
affect the magnetic flux. Similar to electrokinetics, the effects of MHD represent multiple
physics problems, which require the different domains to be connected. The effects of MHD
can be explained by the NS equations of mobile dynamics and Maxwell’s equations of
Electromagnetism [7].

The full form of MHD is Magnetohydrodynamics. MHD is an analysis of the charac-
teristics and magnetic properties of electroconductive fluids. Liquefied metals, plasma, salt
water, and electrolytes all involve magnetic-liquid properties.

The term Magnetohydrodynamics is derived from magneto, meaning a magnetic
field, hydro, meaning water, and dynamics, meaning fluctuation or flux. Hannes Alfvén, a
Swedish electrical engineer, inaugurated the field of MHD, receiving the Nobel Prize in
Physics because of his work on MHD. The basic concept of MHD involves magnetic fields
that can produce currents in movable conductive liquids, which successively generate
forces on the fluids and convert the entire field. Magnetohydrodynamics is described by a
set of equations that are a combination of the NS equations of fluid dynamics and Maxwell’s
equations for electromagnetism. These differential equations (DE) must be resolved at the
same time, either analytically or numerically. Abbas et al. [8] solved ordinary differential
equations. Shafqat et al. [9], Alnahdi et al. [10], and Abuasbeh et al. [11,12] investigated
the existence and uniqueness of the fuzzy fractional evolution equations.
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Euler’s original equation is as follows:

0
022 4 (w.V)w = —VP, (1)
9
where w is the fluid velocity vector, P is the fluid pressure, p is the fluid density, and V
indicates the gradient differential operator.
The Navier-Stokes equation of Magnetohydrodynamic flow in modern notation is

1Y (%Z: + (wV)w) = —VP + uV?w — cBy*v, ()

where w is the velocity vector, P is the fluid pressure, p is the fluid density, ¢ is the electrical
conductivity, # is the dynamic viscosity, and V? is the Laplacian operator.

The Magnetohydrodynamic (MHD) Effect is a physical phenomenon that explains the
motion of a conductive fluid flowing under the impact of an exterior magnetic field.

The Cauchy problem for solving the incompressible NS equation incorporating MHD
effects is provided by

v —wAv+ (v.V)o=-Vp+ (—0302%), ¢ >0,

V.o =0, ®3)
Z)|8(-2 =0,
v(0,x) =a,

where 9! denotes the fractional order Caputo derivative at x € (), where () is the smooth
boundary and time ¢ > 0, v = (v1(g, x),v2(g, x), ..., vn (g, x)) shows the velocity field, the
pressure is p = p(g, x), 0 is the electrical conductivity, and By is the magnetic field strength.
Thus, MHD is the body force and the initial velocity is defined by a [13].

First, by applying the Helmholtz-Leray projector P to Equation (3), we can remove
the pressure term, which converts Equation (3) to

9lv —wPAv+ P(v.V)v = ( - PUBOZZ), ¢>0,

V.o=0, (4)
v‘aQ =0,
v(0,x) = a.

The term —wPA, having Dirichlet boundary conditions, refers to the Stokes opera-
tor A, which is evaluated in divergence-free function space. Thus, the abstract form of
Equation (3) is

‘Dlv(¢) = —Av+ F(v,w) — PUB()Z%/ ¢>0, )
v(0) =a,
whereas (v, w) = —P(v.V)w. If someone making sense to the Helmholtz—Leray projec-

tor P and Stokes operator A are sensible, then the result of Equation (5) is the result of
Equation (2). The main purpose of this paper is to demonstrate the existence and unique-
ness of local and global mild solutions to problem (5) in H"".

Additionally, we determine the regularity outcomes, which express significantly that

v
if B> E (¢) is Holder continuous, at that point v(¢) is a unique classical solution in order

for Av and °D]v(g) to be Holder continuous in J;.

The basic idea behind the MHD is that magnetic fields in a movable conductive fluid
can initiate currents, which results in the liquid being polarized and changes the magnetic
field by itself. A combination of the NS equations of fluid dynamics and Maxwell’s
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equations for electromagnetism provide the mathematical explanation of MHD. There have
been several productive studies related to MHD effects and fluid dynamics [4,14-18].

2. Preliminaries

In this section, we define the Gamma function, fractional order integral, Riemann-
Liouville fractional derivative, Caputo fractional derivative, and additional definitions,
lemmas, and theorems. For a brief review of fractional calculus definitions and properties,
see [19,20].

Let the half space in R" as Q= H =(x1,...,%,) : x, > 0 be the open subset of R”,
whereas n > 3. Let 1 < r < co. Then, we have the Hodge-projection, which is a bounded
projection P on (L"(Q2)"), of which the range is the conclusion of:=

CO(H) = (v € (C®(H))": Vo= o), ©6)
to which null space is the conclusion of

ve(CP(H))":v=V.9, p € C(H). (7)
For a suitable approach, let J,=C>(#) ", which is a closed subspace of (L"(#))", with
A = —vPA the Stokes operator in the J,-containing domain D,(A) = D,(A) N J,. Stokes,
an Irish-English physicist and mathematician, defined the unbounded linear operator,
named the Stokes operator, which is used in the theory of partial differential equations and
specifically in the fields of fluid dynamics and electromagnetics.

I-Ir

Dy(A) =v € (W (H)") : v]ay = 0.

Now, we have to introduce the definitions of fractional power spaces that are related to
—A. For vy > 0and v € |, we define

1 (o)
A " = —/ T e Aydec.
I Jo © °

Therefore, A~7 is bounded [21], just as the injective operator on ;. Suppose A~ is the
inverse of A™7; for v > 0, we symbolize the space H""" by the extent of A~ with the
following norm:

|| = |AT),.

Here, we consider K, L, M, and N as four Banach spaces with norms | |g,| [L,| |m,
and | |n. All these spaces are continuously inserted in common topological vector space;
here, e denotes semigroup Cy on X, with the following properties.

SG1*: for each ¢ > 0, ¢4 is a bounded map K — L. For certain a > 0, there are positive
constants C* and T* such that

eS|l < C*'¢ | f|kY f €K and ¢ < (0,9].

SGy*: for each ¢ > 0, ¢4 extends to a bounded map L — M. For certain > 0, there are
positive constants C* and T* such that

e flm < C*¢PIfILY feLl and ¢e(0,9].

Moreover, ¢ — e f is continuous into M for ¢ > 0 and lin}) PlecAflm =0Vf € L.
G—

SG3*: for each ¢ > 0, ¢4 extends to a bounded map L — N. For certain ¢ > 0, there are
positive constants C* and 3* such that

e fln < C*¢ IS
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V feLandg e (0,T].
Besides, ¢ — ¢/ f is continuous into N for ¢ > 0 and lirr(l) ¢70es fly = 0Vf € L.
c—

Definition 1. The fractional integration of order v > O for a function f is defined as

() = Nl

S [ =90 ¢ >0

The Riemann-Liouville (RL) [22] fractional derivative for a function v : [0,00) — R of
order y € Ris defined by

d}’l
éng(g) = @(gn,fy*v)g, c>0, n—1<y<n.

The RL fractional order integral is defined as

JT0(c) = gy *0(c) = F(l

7 /Og(g — 5)7_1v(s)ds, ¢ €10,9].

Thus, by derivation from the definitions of the RL fractional integral, we can construct the
Caputo fractional order differential operator.

Definition 2 ([22]). The Caputo fractional order derivative is defined as follows:

d

d 1
8ng(§) = aTg (

170000 =00 ) = 52 (e [ (6= o) —o(0)las ), ¢ >0

Definition 3 ([23]). The Mittag-Leffler function was introduced by the Swedish mathematician
Magnus Gustaf (Gosta) Mittag-Leffler in 1902. It is a simple conclusion of the exponential function.
Recently, researchers have been attracted to the study of the Mittag-Leffler function because of its
use in the analysis of fractional differential equations (FDE). It occurs often in the solutions of FDE
and fractional integral equations. The Mittag-Leffler function with one parameter E. () is defined
as follows:

k

- G
E = —-—, C € (C, R > 0.
+(5) k;of(’r"“) G (7)

Now, let us consider the generalized Mittag-Leffler functions

Ey(=¢74) = [ My () 4ds,

and
By (—674) = [ 9sMy (s)e=*"ds,
where 00
Pp— _gn
My (¢) == ng%) n!(L)[—y(n) + (1 —7)]

The function M, is known as the Mainardi function. To distinguish between the fundamen-
tal solutions for certain standard boundary value problems, Mainardi introduced a type
of functions which are a special type of Wright-type functions. The Mainardi function is
impressively adept at playing the role of a bridge between classical abstract theories and
fractional theories.

. . 1 _
Proposition 1. (i)  Ey(=6"A) = 5— Jr, By (=p6") (I + A) Yy,
1

(i) ATEq(—=6TA) = 5 [, 17 Eqn (—pe”) (ul + A) g
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Proof. See results [24]. O

Proposition 2. Let v € (0,1) and —1 < r < oo, A > 0; then, the Mainardi function possesses
the following properties:

() My(c) > 0forall g > 0;
@) i ¢My (e = Fot
(iii) L{ycMy(¢)}(z) = Eqp(=2);

(iv) L{My(¢)}(z) = Ey(—2);

W) L{ye THIMy (¢7M)F(A) = e M

Proof. The proof of this proposition can be found in [25,26]. O

Lemma 1. For ¢ > 0, the operators E,,(—¢7 A) and E., ,,(—¢7 A) in the uniform operator topology
are continuous and well defined from X to X. Then, continuity is uniform on [r, o0) for every r > 0.

Lemma 2 ([27]). Let 0 < v < 1. Then,

(i) VYoeXlim_,g Ey(—¢TA)o =71;

(i) YoeD(A)andg >0, “DIE,(—¢"A)v = —AE,(—¢"A)v;

(i) VoeX, El(—¢"A)v = —¢" 1AE,,(—¢"A)v;

(iv) forg>0,Ey(—¢TA)o =1 T{(¢" 1Ey,(—cTA)u)}.

Lemma 3. Suppose 1 < r < oo and 1 < <y,. Then, there exists a constant C = C(y1,72)

such that
le7540| yrpr < Cc™ 2 0] oy, as ¢ >0, forve HN,

Moreover, lirré (2= |64y yrpr = 0.
C—

Lemma 4. Suppose 1 < r < oo and 1 < 7,. Forany & > 0, there exists a constant C; =
C1(7v1, 72) such that
|Ey (=67 A) s < Crg™ 27" 0] r;

and
|Eqy (=67 A)[pmr < C1c 7210y,

forallv € H"" and ¢ € (0,3]. Therefore,

lim ¢*(2=1)||E, (=¢" A)v| ynr = 0.
¢—0

Proof. The proof of this lemma can be found in [24]. O

Theorem 1. If f(¢) defined on the interval [c,d] is Riemann-integrable, then |f(g)| is Riemann-
integrable defined by the interval [c,d], and

[ rterae] < [Mirtee

Theorem 2. Suppose that f : [a,b] — R is continuous and g : I — R is continuously differen-
tiable with image g(I) C [a, b], where I C R is some open interval showing that the function

(s)
Fo == [ flo)de.

is continuously differentiable on 1.
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Theorem 3 (Theorem 1.17 of [28]). Let 3(g) : ¢ > 0 C X be a Cy semigroup on X. Then,

(i)  The infinitesimal generator of I(g) : ¢ > 0;if C : D(G) C X — X, then G is said to be
dense and close and is defined by a linear operator. Therefore, ¢ € [0,00) — (g)x € X is
continuously differentiable for any x € D(G).

—3(g)x = GS(g)x = S(g)Gx, for ¢ > 0.
(i) Then, there exists o > 0 such that Re(A) > 0, meaning that A € p(C), and we have
(A—=1IC)~ x—/ ¢)xdg forall x € X.

Theorem 4 ([29], Lemma 9). Let v € (0,1] and suppose that the positive sectorial operator is
A :D(A) C X — X. Thus, the operators {E(—¢7A) : ¢ > 0} and {E, ,(—c¢?A) : ¢ > 0} are
as follows:

Ey(=¢74) = [~ M, (5)3°"4ds, ¢ >0,

and .
Eyy(—¢"A) = / vsM,,(5)3%¢"ds, ¢ > 0.
0

Whereas () : ¢ > 0 defines the Cy semi-group, which is generated by —

Proposition 3 ([28]). Let v € (0,1) and consider A : D(A) C X — X to be a positive sectorial
operator. Then, for any x € X, it holds that

L{E,(=¢"A)x}(A) = AT (AT + A) 7
L{Ey (=T A)x}HA) = (AT + A)"'x
Proof. The first equality can be proven analogously, meaning that the second equality is

as follows.
For any x € X, we can observe that per Theorem 3,

L{Eys (=" A)xHA) = [ e Mg (~¢7 A)dg
= / 67)\59771(/ YsM, (s)S(s¢7)xds) dg.
0 0

Now, using s = wg™7, we can conclude that
L{Er (=T} (N) = [T e m ([T (we )My (w )

&
/ (/ ¢~ M, (wg™ /\gdg) w)xdw.

/ ve MM, (wgT)e .

(w)x¢ Vdw)dg

Choose

By taking ¢ = w7 of Proposition 2, that is,
8] 1
H* = / 'Y(Tw%)*(HW)MV(w(Tw%)*7)67)‘(“‘”)w%dl’
0

) 1
— wil/o rYT*(lJr’Y)MV(T*’Y)e*(/\w”’)dT

—1 —AY
= w eV,
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According to Theorem 4, we have
LBy (=" A} () = [ e M OS(w)adw = (AT + A) !
0
O

Lemma 5. If

o(e) = a o [ (6= )" 1 (Av(s) + h(s))ds, ¢ >0

holds, we have
G
v(g) = Ey(—¢"A)a+ /0 (¢c— s)'yflEaW( — (¢ —s)YA)h(s)ds.

Proof. Using the above lemma to rewrite the problem in (5), we have

o(c) = ”(‘)Hr(ly)/; (c—s)7" (= Av(s) + F(v(s), w(s)) fPaBozg(s))ds, c>0,
v(g) = a+ L/g( —8)7 Y (—=Auv(s) + F(v(s), w(s)) — PoB 22(5))ds >0
RN ' Tp e =T

Applying Laplace transformation,

0(1) = 4+ 37 (=400} + 1 LFo(), wh)} + 55 {—PoB 2 (1),
Then, by simplifying,
(AT + A)o(A) = aA"7 !+ F(o(A),w(A)) — P(TBOZZ(/\)
v(A) = aA" AT+ A) T+ F(u(A), w(A)) (AT + A) ! — PUBO2%(/\) (AT + A)™
o(A) = aA" N AT+ A) T+ F(o(A), w(A)) (AT + A) 7! - PaBozz(A) (AT + A)!

By taking the inverse Laplace transform and applying convolution theorem, we obtain

o6) = Ey(~c" A+ [ (6= 97y~ (¢ - 5)7A) E(u(s), w0(s) s
[t (e —g)Y 20
/0 (Q S) E'y,'y( (g S) A) (P(TBO p(S))dS
O

Definition 4. A function v : [0,00) — H"" is said to be a global mild solution of problem 5 in
HY" ifv € C([0,00), H?") for ¢ € [0,00):

o(e) = Ey(~s"A)a+ [ (6 =97 Eys (- (6 —5)7A) Flo ®)

— [ 6= 57 By (— (6 = 5)74) (PoBy? Q)
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Definition 5. Let 0 < S < oo. A function v : [0, 3] — HY" is supposed to be a local mild solution
of problem (5) in H"" if v € ([0, 3], H"") and if v satisfies the above equation for ¢ € [0, ].
Conveniently, we can define two operators ¢(¢), @ (v, w)(¢):

9lc) = /09 (6 =8)" " Eyy(— (¢ —9)74) ( - PUBOZUE)S))dS,

@(©,w)(e) = [ (6 =97 Eyy(— (6 =5)TA)F(o(s), w(s))ds.

Lemma 6. Suppose that (X, ||.||x) is a Banach space with the positive real number L and the
bilinear operator G : X * X — X such that

1G (v, w)|[x < Li[o]|x|[w]],

. 1 . . )
then, for any vy € X with ||vol|x < i the equation v = vy + G(v,v) has a unique solution
veX

Proposition 4. : Let | < r < coand iy < B. For any ¢ > 0, ¢ there is a bounded map between
HY" — HP'. Further, for each S > 0 there is a constant C depending on r, B, 7y such that

e flper < Co™ B[l

forall HY" and ¢ € (0, J]. Moreover,

im c(B=7) |14 —
él_%g | flpgs.r = 0.

3. Global and Local Uniqueness and Existence in H""

For the uniqueness and existence of the mild solution to problem (5) when solving
with H7", we have to discuss adequate circumstances for the solution. We assume that

- PUBOZE(G) is continuous, for¢ > 0and | — P(TBozvfog)|r =o(g7"17P), (9

for0< <1 as ¢—0.

Theorem 5. Let 1 < r < ocoand 0 < v < 1, and let (9) hold for every a € H"". Suppose that

1
Cilalgrr + BiMe < i’

whereas Mo = sup (57(1/5) (—PUBO2U(S))>; then, ifE _1 < B, there subsequently exists
s€(0,00) Y 2r 2
1
a unique function v : [0,00) — H?" and & > max (ﬁ, 2) satisfying the following:
(i) ©:[0,00) — HY" is continuous and v(0) = a;
(i) ©:[0,00) — H"" is continuous and lirr(l) "B |o(c)|gar = 0;
c—

(ili) v satisfies (8) for ¢ € [0, 00).
1+ 8 . s
Proof. Suppose & = — then, we can describe X, which is the space of all the curves

v: (0,00) — H?". Moreover, Xo = X[co] such that:
(i) v:[0,00) = HY" is continuous and bounded;
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(ii) v: (0,00) — H*" is continuous and bounded, therefore, hm TP |o(c)|gar =0,

and its common form is provided by

llollx., = max (sup [0(6) s, 5up 6" o (¢) 1er ).
=0 ¢=0

It is clear that X« is a non-empty complete metric space. Now, because we know that
F: H*" x H*" — ], is bounded and a bilinear mapping, there exists M such thatv, w € H*”,

|F(v, w)]
|F(v,v) — F(w,w)|,

S M|'0|H1x,r|"(/l)|Ha,r
S M(|’U|Huc,r+‘w‘Hmr)"{)—W|Hzx,r.

Step 1

Let v,w € Xo. The operator @(v(g), w(g)) is a part of C ([0, J], H?") along with C(0, ),
HY". Now, randomly considering ¢o > 0 be fixed and &€ > 0 to be very small, and again
supposing that ¢ > ¢o (and analogously, ¢ < ¢p), we have

@ (v(g),w(g)) — @(v(go), w(Go)) | rrrds
= / (6= 8)" " Eyy (= (¢ —5)YA)F(v(s), w(s))|rds

[Tl = 97 = (o= 9 By~ (6~ 9)TA)F(o(s), w(s)
£ [ o= 9T B (— (6 = 9)7A) = By = (60— 5)7A) F(0(s), 0(s)) s

[ 60 =) v (= (6 = 5)"4)  Exa (50— ) AV F(0(s), 0(s)) - ds

= T11(¢) + Tia(c) + T13(¢) + Tra(c).

ds
Hrr

To consider every term individually, in view of Lemma 4 for 711 (¢), we have

IN

Tn(g) < G /g g (g — )" 1P| (u(s), w(s)) | ds

< MG /g g (¢ = )P 1| (0(s) g, [0(5)) | gor ] s

< MG /g (¢ — )" 17270 =P)gs sup {27 |u(s)]ar w0 ()| por }
5o s€(0,6]

1
MCl/ (1—5)"0=P1s=20=P)gs sup {s27(=F) |0 ()| par|w(s)| por }-
c0/¢ s€(0,6]

By applying the properties of 8 function, 3 § > 0is very much less, such that 0 < ¢ —¢p <
J, and we have

/1/ (1= $)71-B)-15-21=B) g5 _,
0/6

for which it follows that as ¢ — g9 — 0, Z11(g) approaches 0.
Now, for Z15(¢),

Tale) = €1 [ ((ea=97 = (c=9)7) (6 =) PIIF(o(s) w(s)) s

IN

My [ (o097 = (6 =71 (e 9) 15 20 s

sup {27 )0 (s) | par [w ()| g }-
56(0&0}
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It is interesting to note that

J " g0 =57 = (657 (g — 5) P15 s
0 S0 1 B o

< /O (c—s)" (g —s)Prs~2(e=Plgs
+ /Ogo (co—s)" V(¢ —s) Prs~27(@=P)gs
= 2/% (co—s)" 1PN (g —5)Prs 2Pl
0
2B(y(1-B)),1—27(a —B).

We can prove this using Lebesgue’s dominated convergence theorem:

/GO ((Go —s)T = (g — S)“) (¢ —s)Prs~21=Plds — 0, as ¢ — o,
0

now, we can conclude that lim Z1,(¢) = 0.
660

For Z;3(¢), because
Ti3(g) < /090*6 (60 =) Eyn (= (6 = 8)TA) = Eqy (= (60— )T A)F(0(s), w(s)) | rrds
< _/OQH (c0—5)7"1((c =) 7+ (g0 — ) PT)|F(0(s), w(s))lrds
< 2MCy /Ogo (co—s)"'s 21 Pds sup (s Plo(s)|per [w(s) | prer)-

s€(0,60]

Again applying Lebesgue’s dominated convergence theorem, the uniform continuity factor
from Lemma 1 shows that

glgrglozl:%(g) = /0'90*5 (6o — 5)7_1|E%7( —(¢=5)TA) = Eyy(— (60 —5)7A)
XF(v(s),w(s))|grrds
= 0.

For 714(¢), by calculation we can approximate

Tule) < /g P (o)L ((c = 5)PT + (60 — 5)P7) [F(o(s), w(s)) s

0—€

IN

5
2MC1/ ’ (co—s)"'s727Flds  sup (527("‘_5)|v(s)|Ha,r|w(s)|Ha,r) =0
0 se(g0—e/50]

as ¢ — 0. Hence, we can say that
|@(0(c),w(c)) — @(v(go), w(go))[mrrds — 0 as ¢ — co.

The operator’s continuity @(v, w) estimated in C((0, o0), H*") are in accordance with the
above discussion.
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Step 2
Next, we must prove that the operator @ : X * Xoo — Xwo is the bilinear continuous
operator. Applying Lemma 4, we have

@((@) w(e) i = | [ (=517 Eys (= (6 =) A)F(o(s), w(s))|, ds

Hvr
“ /og (¢ = )" =P E(o(s), w(s)) lrds

IN

< MG / * (g — 5)1 0B 1g2v(a—P) g
0
x sup (s277P)|o(s)] s ()] o)
s€(0,¢]

MC1B((y(1=B)),1 = 27(a = B)) [0l x|l | x.,

and
¢
@(o(e),w(e)) = | [ (6 =) By (= (6 = )T A)F(o(s), w(s))], ds
< & [ e 9N wls) )
< MC, / © (g — s)11-0) 1 g=21(eB) gg
0
x sup (s27P)o(s)|gar [w(s)| gar)
se(0,6]
= MCig " FIB((y(1 - ), 1 - 27(a — B))| [0l | x.. |0 x..-
Observe that
SEJP ) " Plo(o(),w(c))|f; < MCiB(y(1—a)),1—27(x — B)|[o]|x.||@]|x-
c€|0,00
More specifically,

lim ¢ (o(g), w(g))|pur = 0.
¢—0

Hence, @ (v, w) € Xe and [|@(v(6), w(6))lx. < LI[ol]x.[|w]]x.-

Step 3
Let 0 < ¢p < ¢. Because

lp(c) — @(co) | < /gz (c—s)71 Eyq ( —(¢— S)"YA) (_PO'BQZUE)S)) des
+ Ogo <(€0 )7 — (g - 5)71) Eyqy ( —(c— S)WA)
(—PUB()Z@) ds
HYr

+ _/;076 (60— 8)" MEyq (= (6 =8)7A) = Eyq(— (60 —5)7A)

ols
(—PoBy? fo)) | g rdls

S0

+ e (6o — S)W_lyE%v( —(c—5)TA) —Ey o (— (g0 —5)7A)
(PUBOZUS’)) | s
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ds

r

<G /g (g—s)70-P~1

s 7 (=97 = =97 (6 -5) (P2

(—PaBOZS)(s))

+ G /050*6 (6o —5) Y Epq(— (¢ —5)YA) = Eqq(— (o —5)7A)

¢
X (—PaBoz‘E)s) (5)) | rrds +2C / ’

Go—€

(co— S)v(lfﬂ)*1|

x(—PaBozl(Os)(s))| ds

r

¢
(g)/g (c —s)70=PF)=15=1(1-F) g
0

IA
0
=

+ C1M(g) /;0 ((g — )71 = (go— S)"r—l) (c— S)_ms_"Y(l_ﬁ)ds

Go—€
+ M) [ (60— ) By (— (6= 5)74) -
XEqq (= (0 = 5)"A) |rrds
+20M(g) [ (o= 9P 10 P,
Go—€

These tend to 0 as ¢ — g9 combined with ¢ — 0 when the § function properties are applied
to the first two terms and the last term. Using Lemma 1, the third term similarly approaches
0 when ¢ — gg. This suggests that

|(P(g) - q)<g0)|H7,r — 0 when ¢ —Go

in order to calculate that the continuity of ¢(¢) in H*" obeys the same pattern as in H"".
On the contrary,

ds

9@lie = | [ (6= Er(— (= 5)7a)(—PoB? )|

P

IN

ds

r

C /0g (g~ 51| (paBOZZ’(pS))

IN

CIM(c) /Og (c — 5)71=B)~15=7(1=B) gg
= CiM(g)B((v(1 = B)), (1 —7(1-B))) (10)

(@)l = ‘/Og (6=8)" " Eqn( = (Q—S)“A)(—UPBOW(;’))‘

G /Og (c —5)7(1_“)_1](—0PBOZUPS))|rds

Hr

IN

IN

CiM(g) /Og (¢ —s)70-0 s 0F)gs
= ¢ P M()B((7(1 - a)), (1= 7(1 - B)))-

More accurately,

P lg() e < M) (71— 0), (1= 91 B)) >0, whens = .
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As we know that M(¢) — 0 when ¢ — 0 owing to supposition 9, we can make sure that
() € Xoo and [|¢(¢)]|eo < B1Meo.
Fora € H"", per Lemma 1 we can conclude that

E,(—¢"A)a € C([0,00), H"") and E,(—¢"A)a € C([0,00), H*").
Combined with Lemma 4, this signifies that for every ¢ € (0, 3],

Ey(=¢"A)a € Xo
g’y(“*ﬁ)Ey(—g'yA)a c C([O, oo),H“'r)
|Ey(=¢"A)allx, < Cila|gor.

The inequality defined by Theorem 5,

1
Ey (=" A)a+ () lIx. = [|Ey(=¢"A)all +llo(e)[lx < 57

continues to hold, implying that F has a unique fixed point.
Step 4:
To demonstrate that v(g) — a in H?" when ¢ — 0, we must first check that

lim g(g—s)%lE (—(g—s)7A)—PUBO2E(s)ds =0
2 Jo Y 0

éi_r)% Og (¢c— s)'yflE%y( —(g—s)YA)F(v(s),w(s))ds = 0

in H”". In fact, lim ¢(¢g) = 0( lim M(g) = 0) due to Equation (10). Thus,
¢—0 ¢—0

| =7 By (= (6 = )T A)F(0(6), 0(5)) 5
Ci [ (6 =)D F(o(s), o(6)

MCy [ (6 =) 07P) o (o) e s
0

IN

ds

r

IN

IN

'
MC1/0 (¢ —s)71=A)~1s=21(e=B)gs sup (527(“_5)|v(s)|%{a,y)
s€(0,¢]

= MC1B((v(1—B)),1—27(a —B)) sup (s> Plo(s)[3u:) = 0 as ¢ — co.
s€(0,¢]

O

4. Local Existence in J,

This section examines the local mild solution [30] to problem (5) in |, using the iteration
1
methodology. Suppose that & = %‘B

Theorem 6. Let 1 < r < o0, 0 < v < 1 and assume that (9) holds. Let a € H"" with

1
% -5 < Then, problem (5) has a unique mild solution v in ], for a € HV". In addition, v is

continuous on [0, Y], A%v shows continuity in (0, ], and ¢7 (« — B) A*v(g) shows boundedness
when ¢ — 0.

Proof. Step 1. Now, let
x(g) = sup s"7F)[A%(s)|,
s€(0,¢]
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together with

(6) = 0(0,0)(0) = [ (6 =) Eyn(— (6= 5)TA)F(0(s),0(s))ds

As a consequences of (Step 2) in Theorem 5, {(¢) is continuous in [0, 3], A% (¢) exists and
is similarly continuous in (0, ¥], and

A*Z()lr < MCIB(Y(1 = ), 1 = 27(a — B))x’g 7P, 1)
considering the integral ¢(¢). Thus,
v(s _
I(—PaBOZ;)Hr < M(g)s™1 P
is satisfied by the continued function M(¢). As A*¢(g) is continuous in (0, J], we find that

|A%p(c)]r < CIM()B(v(1—a),1—(1—B))g 7P, (12)

Because = 0(¢~"®=P)) when ¢ — 0, we have M(¢) = 0. Here,

<—Pa302”§')<g>>

r
|A%Z(¢)|;y = 0(¢~7@~P)), as ¢ — 0 by means of Equation (12). We show that ¢ is continued
in J;. Actually by taking 0 < ¢gp < ¢ < J, we obtain

ds

r

l9(c) — ¢(co)lr < G /gj (c—s)ra-p)-1

(7P0’B()2?)

ds

7

+G [ (=57 = (e =9 ) g —5) P

<7pr02@>

+C3 /090—6 (60— 5)" "V Eqpq(— (¢ —35)YA) — Eyq(— (g0 —5)7A)

w(—PoB2 YN as 120 [ (co— )70 B1 (—PeB22)y| 4
( " )| s 3'/%76(9'0 s) ( 0, )r s
< CGM(c) / * (g — 5)11-B)1g=1(1-B) gg
Go
+C3M(c) /Ogo ((6=9)7"" = (60 —5)""") (g —s5) 15771 Phds
Go—¢€

+CaM(e) [ (60— )7 Eyy(— (6= 5)74)

—Eyq(— (g0 —8)7A) [rs™ Y1 =Pds + 2C3M(¢)

x / ® (o — 5)71A1=1(1-B) g

Go—¢€

Step 2
Now, we find a solution using the successive approximation approach:

w(¢) = Ey(=¢"A)a+ ¢(c)

Un11(¢) = vo(g) +¢(vn,vn)(g), n=0,1,2.... (13)

We know that, x,(¢) = sup s7(*~P)|A%v,(s)|, are continuous functions as well as increas-
s€(0,]

ing functions on [0, ¥] with «,(0) = 0. Additionally, by means of (11) and (13), «,(c)

satisfies the next inequality:

Kn41(6) < Ko(g) + MC1B((v(1 —«)), 1 —27(a — B))xu*(g)- (14)
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For xy(¢) = 0, set & > 0 such that

AMCiB((v(1—a)),1 = 27(a = B))xo(g) < 1. (15)

In order to be sure that the sequence «, (3) is bounded, a basic deliberation of (14) is needed,
which we accomplish by applying a quadratic formula on (14), i.e.,

kn(g) < p(S), where n=0,1,2,...,

as

oo \/1—4MC1B((v(1 - @), 1 —27(a — B))xo )
e 2MCiB((v(1 = a)),1 = 27(x - B))

Likewise, ,(¢) < p(g) holds for any ¢ € (0, 3]. Similarly, p(¢) < 2x((g). Assume that the
following equality exists:

G
gnt1(6) = /O (6=5)" " Eqyq(— (6= 5)YA) [F(v41(5), 0ns1(5)) — F(vn(s), vu(s))]ds,
whereas g, = vy41 — vy for ¢ € (0,3] and n=0,1,2,...,

Gn(g) = sup sT@P)|A%g,(s)],.
s€(0,6]

According to Theorem 5,

[F(0011(5),0n41(5)) = F(0a(5), 0a(s)

<M (xnﬂ(s) + Kn(g)> G (5)s~27(@P)

which proceeds from (Step 2):

& (@ — B)| A% (0 < 2MclB(<v<1 — ) 11— ﬁ))p<g>Gn(9)-

This provides

Gurn(3) < 2MCB( (7(1 — a)),1— (1 - ﬁ))p(%)Gn(%)

< 4MCiB( (7(1 - )1~ 29(1 = ) ) a(3)G (3). (16)
Per (15) and (16), we have
tim 24 <m0 - ), 12901 ) Jofe) < 1

As a result, the series Y%, G,,(3) converges. This verifies that the series Y, ¢7(*~#) A%g, (¢)
uniformly converges for ¢ € (0,3, therefore, in (0, 3] the sequence {c7(*~F) A%v,(c)}
uniformly converges as well. This results in nlgn vn(g) = v(g) € D(AY) and

lim A%, (c) = ¢7@ P ATy(c).

n—o0

As we know that A% is closed and A™* is bounded, correspondingly, x(¢) = sup
s€ (0]

s7@=P)| A%, (s)|, is verified:

x(g) < p(g) <2xo(g), as ¢ € (0,¢] (17)
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along with
on = sup s27 ‘F va(s),vn(s)) — F(v(s), v(s))
s€(0,3] r
< Mk, (S) +%(S))s7 |A”‘ vn(s) —(s))|, =0, asn — co.

Now, it is necessary to confirm that v has a mild solution of problem (5) in (0, 3]. Because
: o521 B) gs — P
(00, 0)(©) ~@(©,0)(0)ls < [ (6= )T 0us 1 Pds = 67 g, 50, as m - oo,

we have g(v,,v,)(g) — g(v,0)(g). If we take the limits of integration on both sides of
Equation (12), we obtain

v(g) = vo(g) +@(v,v)(g)- (18)

We observe that (18) holds for ¢ € (0, 3] when considering v(0) = 4, and similarly for
v € C((0,3], Jr). The continuity of A*v(¢) on (0, ] is attained by the uniform convergence
of ¢7@=F) A%, (¢) to ¢7*~P) A%v(¢). From xp(0) = 0 and Equation (17), it is clear that
|A*0(g)|r = 071 F).

Step 3.

Now, we demonstrate that the mild solution is unique. First, we assume that v and w are
the mild solutions to problem 5. Letting ¢ = v — w, we once again examine the equality

8(¢) = /0g (6 =) Eyn( = (¢ —8)TA)[F(v(s), v(s)) — F(w(s), w(s))]ds.

Now, we can describe the functions:

& = max sup s7@=F)| A% (s)),, sup sT@=B)| A%w(s)],.
se(0,¢] s€(0,6]

Per Theorem 5 and Lemma 4, we have
S — — — _
14%(6)lr < MCix(g) [ (¢ =)0 17107 P) | Avg(s) s,

It is simple to understand that for ¢ € (0,3], the Gronwall inequality A%k(g) = 0.
This shows that for ¢ € (0,3, x(g) = v(g) —w(g) = 0. As a result, the mild solution
is unique. O

5. Regularity Outcomes for MHD Flow

In this final section, we assume the regularity [31] of a solution v which satisfies the
problem from Equation (5). Throughout this part, we consider that

—P(TBozg (¢) is Holder continuous [32] along with power 6 € (0, (1 — «)), especially

(romt?) = (remy?)

Definition 6. A function v : [0,3] — ], is said to be a classical solution of problem (5) if
v € C([0,8],Jr) with °Dg € C([0,S], J;), which values are taken in D(A) and satisfy (5)
vV ¢ e (0,9].

<Llg-sl’ v0<gs<S. (19)

r

Lemma 7. Let (19) be satisfied. If

2€) = [ (697 By (— 697 A) (~PoB ), (~pon ™€), forc € 0,9),
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therefore, p1(c) € D(A) and Agy(g) € CY([0, 3], J,).

Proof. For the fixed ¢ € (0, 3] from Lemma 4 and (19), we have

r

(6 =371 AEy (— (6= 5)74) (—Pobe ), (~Pob ™) )

r

S Cl(g - s)1|(_PU'BO2E)S)) — (_PUBOZ;Q)”

<G L(g—s)1teLl([0,9],]). (20)
Afterwards,
Apel < [ 69 |AB (~ (6 =9 A)(~PoB ™)), (~Poni? “EL)| as
< ClL/Og (c— )" ds
< %99
< oo,

From closeness properties A, we obtain ¢1(g) € D(A). We must ensure that A¢1(g) is
Holder continuous. Because

i . B
£(g” YEy o (—1g7)) = (¢"2Ey —1(—pg")),

then,
d -1 ,
?g(g AE%?(*Q A))
1 - —_
= %/F (Q,Y ZE’X"X*l(_ﬂg’X))A(]lI—i-A) 1d‘u
0
1 .
- — ')’_2 _ v _ 7_2 . , B
" /rg (6" Eqy-1(=pe"))dn — 5— /rg (67 2Eq 1 (— e ) A(ul + A) "Ly
1 ) . ! - ¢ g 1
- g 1. 1 o I 1
Because of )
I+A)7 Y < —,
et +4) 71 < -
we obtain

d, . _ _
IIET(D_(G7 PAEy,(—¢"A))|[ £ Cy6 7% 0< g <3

Applying the mean value theorem, for every 0 <s < ¢ < G,

_ _ cd,
(67 AEy 5 (=¢TA)) = (577 AEy (=57 A)) | H/S T (77T AEy (=77 A))dT]|

e d -
| 1 (7 4B (<27 ) ax

IN

IN
—
Na)
~
'l\)
U
~

(21)

I
(@)
=
—
©
R
I
"
R
—
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ForO0<¢<¢+h < leth > 0; then,

Ag1(c+h) — Agi(g)
/Og (6+h—=5)"" AE, (= (¢ +h —5)7A) (pm&@) - PPaB&@))ds

(e 9T A (-5 ) (-Poni? ™)) - (-poB ) )as

6 - +h
[ e = AR (e =57 ) (-Pone? UED) — (pom? MR o
+ /“h (c+h—3) T AE, ,(—(c+h—s)TA) ((—paB&@) - (—OPBOZM))ds
s % %
= hi(g) +ha(g) +hs(c)- (22)
For convenience, we solve each term individually by applying (19) and Equation (22).
For hy(g), we find that
S
(@)l < [T lle+h=5)T T AE, (~(c+h—s)74)
_ v v
— (=9 AEy (= (6 - S)”A)Hr((—PUBozE(S)) - (_PUBOZE(Q)))dS
¢
< C,th/ (c4+h—s)"1(c—s)lds
0
¢ -1 6-1
< Cth/ (s+h)"1(c— )" ds
0
b h ® s
< -1 / -1
< CnyL/O h—l—ss ds + CyLh ’ h—l—ss ds
< C, LK. (23)

For hy(¢), per (19) and Lemma 4, we have

o)l < [ (et k=" | AE 1 (— (= )74) ((-PoBe* (c)
+(PaBozg(g+h)))‘rds
<G /Og (g—l—h—s)*l‘(—PaBozg(g)) — (—P(fBozg(g+h)) ds
< C1h"/0g (g +h—s)"'ds
= CiL[Inh —In(c + h)]H°. (24)

Now, for h3(¢), we have

1h3(g)]r

IN

/gg+h (c+h— s)'y*l‘AEﬂw( —(g+h—s)TA) ((—PaBozg(s))

ds

r

+(P(75’02%(€ +1)))

IN

ds

r

G /j% (=)' (= PoBe? 2 (5)) = (= PoBo™ (e + 1)

IN

G+h
C1L/ (c+h—s)"ds
¢

hG
CiL-. (25)
0

In order to merge all the above results, we can say that Ag;(¢) has the Holder continuity
property. Hence, A¢1(g) is Holder continuous. [
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Theorem 7. Supposition that Theorem 6 is satisfied. For each a € D(A), if (19) holds, then there
is a mild solution to Equation (5) which is a classical one.

Proof. Consider a € D(A). We have E(—¢7A)a, which is said to be a classical solution of
the following problem:

Cng(g) =—Av, ¢ >0,
v(0) = a.

We can verify that
5 _ %
P(6) = || (6= )7 "y~ (6= 5)7A) (~PoBo™ 2 (5))ds
is a classical solution for the problem

“DYo(c) = —Av+ (~PeBi’ (©), ¢ >0,
v(0) =0.

Per Theorem 6, we have ¢ € C([0, 3], Jr). Thus, we can write ¢(g) = ¢1(¢) + ¢2(¢), while

p1(6) = [ (6 =) Eya(— (6~ 5)7A) (~PoB2 (5)), (~PoBy® (c)))ds

72(6) = [ (6= 5 Eya(— (6~ 5)7A) (- PoBe*S (e) .

We know that according to Lemma 7, ¢1(g) € D(A). In order to justify the identical results
considering Lemma 2(iii) we conclude that for ¢,(g),

Aga(g) = <—Po-Bozg<g>> - Ev(—GVA)(—PUBOZE(G))
It then follows from (19) that
|Aga(c)| < <1+c1>!(fPaB02§(g))!f

Now, we can say that ¢,(¢) € D(A) and ¢2(g) € C°((0,S], Jr) for ¢ € (0,S].
Furthermore, we have to prove that ‘D] (¢) € C((0,3], J;).
On account of ¢(0) = 0 and Lemma 2(iv), we now have

“Dlg(c) = ddgué‘%o@)) - ddgusy(—aA) « (~PoBR2 ().

Now, we prove that E, (—¢7A) * (—P(TB&% (¢)) is continuous differentiable in J,. Consid-

ering 0 < h < & — g, we can derive the following conclusion:
(B (~(6+1)7A) (~PoBy? 1(6))) = (Ey(~¢"A) x (~PeBe? (0)))]
= [ B (=97 A)(=PoBE () — (B (~(c — 5)7A) (~PoBiE (5)) s

e 7 e 9a) pon 6.
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Keeping in mind that
A T (Ey(~ G+ = )1 A)(=PoBy? 1 (5)) = (Ex(~(c = 5)" A)(—~PoBe” 1(5)))
< & [ E e+ n-974)Pes2()

N % /0€ ’(Ev(_g _ S)VA)(—PO‘B()'ZE(S))) ‘rds‘

ds

r

ds

r

In view of Lemma 4,

1 r¢ 1 /¢
< ClM(g)ﬁ/o (g+h—s)*Vs*V(lfﬁ)ds+C1M(g)E/0 (c—s) s~ 70-P)gs

IN

ClM(Q)%(Q +h)T+¢TB(1 -, 1= (1 - B))L.

The dominated convergence (DC) theorem is then used to obtain
1 v PX4 ¥ PX4
[} LB+ =) A) (~PoB2? (5))) = (B (6 —5)74) (~PoBy? () s

[} (6= )T A (— (e — )7 A) (~PoBe (9)ds

= Ag(g).
Conversely,
1 fsth 20
ﬁ/ E,(—(¢+h—s)TA)(— PoBy E(s))ds.
S
Let s* = ¢ +h —s; thus, ds* = —ds and after setting limits [s = ¢ implies s* = k] and

[s = ¢ + h implies s* = 0], we have
10 )Y 20 * *
o | B (=) A) (—oB S g b= 7)) (—ds").
h Ju 0
By replacing s* — s, we have
1/hE (—s"A)(—PoB 22( +h—s))ds
nle ©Y 0 0 9
= 1/hE (—sTA)[(—PoB 22( +h—s))—(—PoB 22( —5s))
T n)y B 0 0 ¢ 0 0 ¢
v v v
+ (=PoBy* (¢ =) — (~PoBo® [(6)) + (~PoBy™ (c))]ds
1 h 20 20
= ﬁ/o Ey(=s"A)((—PoBo E(€+h—5))—(—P¢TBo E(G—S)))ds
1 h v v
+ 1 | Ed(=sTA) (—PeBe?2 (g =) — (~PoBe* 2 (c)))ds
0 P p
1 h v
z —sYA)(— 2Z
+ h./o Ey(~74)(—PoBe” ) (6))ds
From Lemmas 1, 4, and (19), we have

ds

r

A
0
~
=
>

‘% /Oh EV(—SWA)((—PUBozg(Q +h—s))— (—PaBozs(g —5)))

< .
rds - C1L9+1

5 [ B A ((=PoBo e =) ~ (-t 2(e)
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From Lemma 1(i),

11m1/h15 (—s7A)(—PoB2Y (c))ds = (— PoBe?2(c))
n—oh Jo 7 0 1Y 0 P

1 peth v v
im — —5)7 — 2Z = (= 2Z
%Tbh/g Ey((c+h—s)TA)(~PoBy* [(¢))ds = (-~ PoBy’ (c)),

we can deduce that E, (¢7A) * (—PUBOZE (¢)) is differentiable at ¢+ and

d v v
ac Er(c7A) (—PUBOZE(G)))JF = Ag(g) + (_PUBOZE(Q))'
Similarly, E,(¢7A) * (—PUBozg (¢)) is differentiable at ¢ and

jg@wm . <—P0302§<g>>>_ = Ag(g) + <—PoBozg<g>>.

This verifies that A9 = Ag; + A¢gx € C((0,3],];). It can be easily seen that ¢2(g) =
(—PUB()Z% (¢)) —E4(¢c7A) (—PUBOZE (¢)) because of Lemma 1(iii) and that this lemma is

continuous in terms of Lemma 1. Furthermore, A¢1(g) is continuous in view of Lemma 7,
resulting in ‘D] ¢ € C((0,S], J;).

Step 2:

Consider v the mild solution of Equation (5). In order to demonstrate that F(v,v) €
C?((0,9], J;), on account of Theorem 5, we must prove that A*v possesses the Holder
continuity property in J,. For 0 < ¢ < ¢+ h, we consider i > 0. We denote ®(g) :=
E,(—¢"A)a; then, by Lemma 2(iv) and 4,

r

c+h
|A*® (g +h) — AT®(g)| = ‘ / —sV LAYE, o (—s7 A)ads
S

c+h
/ ST A% — B, (—574) AP ds
G T

h
G /ng 57(1+/3*“)*1ds|A/5a|
r
9

- C M‘¢((g + h)w(lﬂiw) _ g7(1+ﬁ*a))

~ (4B -w)
_ |2 e
= clﬁhm(l + B —«).

Thus, A*® € C%((0,S], J)-
Taking h such thate < ¢ < ¢+ h < G, every small € > 0, because

|AYD(g +h) — ATD(g)|,

IN

cth 1 g 20
| (s A (g ) A) (—PoBo™ D (5))ds,
S

+

[ A% (=) (e 1= )7 A) — (6 — ) Eg ({5 —)7A))
x(—PoBozg(s))ds

@1(g) + Pag)-

r
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Using Lemmas 4 and (9), we have
cth 1-a)-1 v
®y(c) < Cl/,; (c+h—s)70™ |(~PoBo” " (5))] s

+h
< ClM(G)/g (g+h—s)"070 T gr(1-0)-14
9

Ci o q1-a) (1)1
Cq
< M(g)———p7(1-a)g=r(1=0)=1,
= MOTa—w

To estimate @;, we have the following inequality:

d, . _ 1 _ _
G €T A (€7 A)) = g [T E () Al + A)

S e 6 a1
- 2m /r' (gv) (¢ E%%l(g))( g71+A) g“ng
which yields
;g(g’YlA“E,WY(_g'YA)) < Cryg'y(lﬂx)—Z'

Now, applying the mean value theorem,

(67T A Ey 5 (=67 A)) = (87T AYEq 4 (=sTA))|| = II/ (7T AYEy (T A))dT]|

IN

[ @ At~ a) e

< / (=) =2 4.
JS

_ Cv(s'y(lftx)fl _ g'y(lftx)fl).

o
N
o
A

[ A (6 + =97 By (6 + B = 9)7) = (6 = 57y (s = 5)74))

(—PaBozg(s))ds‘r

IN

) (e =097 g 5)70707) | (PB4 s

M(g)cv</0€(g_S)’Y(l—a)—ls—y(l—ﬁ)ds_/o

+h
£ MG, [T (g — sy Plgs
S

c+h

IN

(g + h — 5)7(1_a)_1s_7(1_ﬁ)ds)

< M(Q)Cy (677 — (¢ +m)P %) B(v(1 —a), 1~ 7(1~ ) + M(c)Cy
pY(1-0) —r(1-p)
< M(¢)C @B [e(e + )] " 4 M(c)C (101 (1-P),

This shows that A"‘qD € C%[e, 3], Jr). Therefore, A*p € C%((0,3],],) due to arbitrary e.

Recollectthat@ fo ¢ —5)V 1E, o (—(g — )Y A)F(v(s),v(s))ds, as we know that
|F(o( ,U(s)fr < MK (c)s~27(@=P), whereas k(¢) = sup s7(*P)|A%(s)|, is both continu-
s€(0,6]

ous and bounded in (0, 3]. Analogously, the same logic allows A¢ € C?((0, 3], ]r) to be
Holder continuous. For this reason, we have A%v(g) = A%(g) + A*®(g) + A*{(g) €
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C%((0,3],],). As F(v,v) € C%((0,3],],) has been proven, in the manner of (Step 2),
this results in DI € C((0,9], ), A € C%(0,9],];) and °DJ{ = —A{ + F(v,0).
Thus, we have CD7§ € C%(0,3],],), Av € C%((0,3],],) and CDWU = —Av+ F(v,0) +

(—PoBy? ;(g)) Therefore, we can say that v is a classical solution. []

6. Application

Assume that X € L2(0,27) and e, (x) = 3v/3/2mcosx, n =1, 2, .... Then, (e;,n =
1,2,...) is an orthonormal base of X. We define an infinite dimensional space U = X and
consider the following system governed by the semilinear heat equation:

Y(0,x) = Yp(x),0 < x < 2r, (26)

CD3/5Y(g,x) =¢ D§/3Y(g,x) + (g, Y(g,x)) +Bu(g,x),0< ¢ <b0<x<2m,
Y(g,O) = Y(g,Zrc),O <¢< b,

where the nonlinear function f is considered as an operator satisfying hypothesis H; and
for each u € L?(0,b; U) of the form Y° ; i1,0(g)en; here, we define

= Z ﬁno(g)enr
n=1
where )
R _[00<g<b(1—),
o) ={ o0 d So<s @7)
Because

1Bull2(0,6,x) < 14l r2(0,5,%)

the operator B is bounded from U into L?(], X). In fact, it is not difficult to check that
BU # L?(], X). Next, let ¢ be an arbitrary element in L?(0,b, X) and h € X be defined by

h=E,(=b—s)"Y(0)x + Ob(b —5)T7 1G4 (b — )¢ (s)ds.

5

Assume that

G)= ilfn(g)en,

and -
n=1
Then, we claim that for every given ¢ € 12 (0,b, X), there exists u € U such that
G
E,(—b—s)7Y(0)x + / (b—5)""S4(b—5)Bu(s)ds
0

=E,(=b—s)7Y(0)x+ Og(b — 5)7*194 (b—s)p(s)ds,

5

which means that condition H; is satisfied, as assumptions Hj and H, are satisfied.

7. Conclusions

This study uses Helmholtz-Leray projection to demonstrate the existence and unique-
ness of fractional order Navier—Stokes equations of the solution to the Cauchy problem.
Meanwhile, we offer a local viable solution in S,. The Navier-Stokes equations (NSEs) with
time-fractional derivatives of order y € (0,1) are used to simulate anomaly diffusion in
fractal media. We demonstrate the existence of regular classical solutions to these equations
in S,. The concept put forth in this article may be expanded upon in future work through
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the inclusion of observability and the generalization of other activities. Much research
is being done in this fascinating area, which may result in a wide range of applications
and theories.
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