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1. Introduction and Preliminaries

Convex Analysis is the branch of mathematics in which we study the properties
of convex sets and convex functions. The theory of convexity has played a vital role in
different branches of pure and applied sciences through its numerous applications, and has
played a significant role in the development of the theory of inequalities. Here, we recall
the notions of convex sets and convex functions as follows:

A set C C Rissaid to be convex if

(1-7)p1+102€C, Vo1, €C,TE[01].
A function X7 : C — R is said to be convex if

N1 ((1=71)p1 +192) < (1= 7)R1(p1) + TR (92), V1,02 €C,T€I0,1].

Many famous inequalities known to us today are direct consequences of the applica-
tions of the convexity property of functions. A very useful result which has many appli-
cations in different fields of applied and engineering sciences is the Hermite-Hadamard
inequality, which provides a necessary and sufficient condition for a function to be convex.
This result was obtained independently by Hermite and Hadamard, and reads as follows:

Let Ny : I := [p1, p2] € R — R be a convex function; then,

§2
Nl(@1+@2> < 1 /Nl(x)dx < Nl(@l)Jer(@z)_
@2-@1@1

2 2
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In recent years, many different novel approaches have been used to obtain new
variants of these inequalities. For example, Sarikaya et al. [1] obtained the first fractional
analogue of the Hermite-Hadamard inequality. In 1985, Ramik [2] deduced inequalities
through fuzzy numbers and used the inequality in fuzzy optimization. In [3], the authors
established Jensen-type inequalities for the notion of fuzzy interval valued mappings.
Costa et al. [4] used the concept of interval-valued fuzzy convex mappings to compute
new integral inequalities. Zhao et al. [5] presented the idea of generalized interval-valued
convexity to investigate inequalities of the Jensen and Hermite-Hadamard types. In [6],
Liu et al. studied the modular inequalities of interval-valued soft sets with the aid of
J-inclusions. In 2021, Yang et al. [7] formulated new inequalities of the Hermite-Hadamard
type in association with exponential fuzzy interval-valued convex mappings. In [8], the
authors used the idea of interval-valued mappings to compute Ostrowski-type inequalities
and apply them to numerical integration. In [9], Santos-Gomez investigated coordinated
inequalities via interval-valued fuzzy pre-invex functions. In [10], Khan et al. derived
new Hermite-Hadamard-like inclusions involving harmonically interval-valued fuzzy
mappings. In [11], the authors concluded that certain Hermite-Hadamard inequalities
and their weighted forms, known as Fejer-type inclusions, involve generalized fractional
operators with an exponential kernel. For recent developments and applications pertaining
to the Hermite-Hadamard inequality, see [12-19].

Before we proceed further, let us first recall several well known concepts and results
from fuzzy interval analysis.

First of all, suppose K, is the space of all closed and bounded intervals of R and let
x € K¢ be defined as

X=X ={peRx, <u<x"}, (xox" €R).

If x« = x*, then x is said to be degenerate. Throughout the sequelae of this paper, all
intervals are non-degenerate intervals. If x. > 0, then [x«, x*] is called a positive interval.
The set of all positive intervals is denoted by KI and is defined as K := {[x«, x*] :
(X« x*] € Ke A x« > 0}

Let « € R and a.x be defined as

[y, ax*] if « >0,
ax =
[ax*, ax.] if a <O.

Then, the Minkowski difference v — yx, addition x + 7y, and x x y for x,v € K, are
defined by

[V Y] = Do X°] = s — X0 Y = X7]
[V, Y]+ Do X°] = s +x0 Y° X7
and
[V Y] % X XF] o= [min e, ¥ X, VX5 Y X} max{ e X, Y X vXT Y X}

Definition 1 ([20]). The relation “<,” defined on K, is provided by

[ 7] <p X0, X71,
if and only if
Yo < Xor V<X

for all [+, v*], [x+, X*] € K. is a pseudo-order relation. The relation [v.,v*] <, [x« X*] is
coincident to [y«, v*] < [x«, x*] on K, where “<" is partial order relation on K..
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It can be seen that “<," looks like “left and right” on the real line R, thus, we say that “<,”
is the “left and right” order (or “LR” order, in short).

Remark 1 ([20,21]). A fuzzy set of R is a function of A : R — [0,1]. For each fuzzy set ¢ € (0,1],

O-level sets of A are denoted and defined as follows: Ay = {@ € R : A(@) > 8}, and by supp(A)

or A, its support set, i.e., supp(A) = cl{@ € R Mw) > 0}.

Let F(R) be the family of all fuzzy sets and A € F(R) be a fuzzy set. Then, we define the following:

o Aissaid to be normal if there exists @ € R and A(@) = 1;

o Aissaid to be upper semi-continuous on R if, for given y € R, there exist € > 0 and there
exist § > 0 such that A(@) — A(y) < € forall ® € R with |@ — y| < 6;

o Aissaid to be fuzzy convex if Ay is convex for every ¢ € [0,1];

o Ais compactly supported if supp(A) is compact.

A fuzzy set is called a fuzzy number or fuzzy interval if it satisfies the above-mentioned
four properties, and [y denotes the family of all fuzzy intervals.

Let A € g be a fuzzy interval if, and only if, d-levels [A]? is a nonempty compact
convex set of R. From these definitions, we have

[A]? = [A(8),A%(8)],
where
A(9) :=inf{@w € R: A(@) > 8}, A*(9) :=sup{w € R: A(@) > 8}.

Thus, a fuzzy interval can be identified by a parameterized triplet. For more details,
see [22] .

(AL (8),A%(9); 6 € [0,1]}.
where the two end point functions A, (¢) and A*(¢) are used to characterize a real fuzzy interval.

Proposition 1. If v, x € [y, then the relation “<” is defined on Fy by

< x ifand only if [v]® <, [x]° forall ¢ € [0,1].
this relation is known as the partial order relation.

For vy, x € Foand v € R, the sum y+x, product v X x, scalar product ¢ - x, and sum with
scalar are defined by

[y Fal® = n°+ K°
[yx)° = [7)° x [X]°,
[c-v]” =c-[7]°,
[cF9]° =c+ [7]°.

For Xy € Fy such that v = x+Xq, by this result we have the existence of a Hukuhara
difference of y and x; we can say that Ny is the H-difference of y and x, denoted by y=x. If an
H-difference exists, then

—
z
2
SN—
*
—~
(v
|
—
<
| 2
=
S—
*
—
(v=Y
S—
Il

7+(8) = x+(9).

Definition 2 ([23]). A fuzzy map X : [@1, @3] C R — Fy is a fuzzy interval valued function for
each 8 € [0, 1] for which the 9-levels define the family of .V.F. Ny : [@01,@;] C R — K. are
provided by Ny5(p) = [R1, (1, 0),N1*(u, 9)] for all u € [@1,@,]. Here, for each ¥ € [0,1], the



Fractal Fract. 2022, 6, 565

4 of 27

left and right real valued functions X1, (u,9), X1* (i, 9) : [@1, @3] — R are called the lower and
upper functions of Ry.

Definition 3 ([24]). Let X; : [@1,@2] C R — Fy be a fuzzy interval-valued function. Then,
the fuzzy Riemann integral of Ny over (@1, @,), denoted by (FR) | (D‘Dl 2 Ny (p)du, is provided level-
wise by

R [T sian]” = am) [ g0an

1
forall & € [0,1], where R (|, «o,),9) denotes the collection of Riemannian integrable functions of
interval-valued functions. Ny is FR-integrable over [©01, @3] if (FR) gf Nig(p)dp € Fo.

@2
/ Ny (p, @)dp = Rq(p, 9) € R([col,wz],ﬂ)}/

@1

Theorem 1 ([22]). Let Ry : [01,@2] C R — Fy be a fuzzy interval-valued function, and for
all ¥ € [0,1], O-levels define the family of interval valued functions Ry : [@1,@2] C R — K,
provided by Ry9(pu) = [Ny, (1, 9),R1"(u, 9)] for all u € [@1,@,). Then, Xy is fuzzy Riemann
integrable (F R-integrable) over [D1, @;] if and only if Ny, (1, 9) and R1* (u, ¢) both are Riemann
integrable (R-integrable) over 1, @,]. Moreover, if Ny is FR-integrable over [, @3], then

R [Tsian]” = [0 [T w00, @) (5 00)]

@1 1 1

@2
= (IR) [ " Ng(u)dp
@1
or all 9 € |0,1], where IR represent interval Riemann integration of Ni4(u). For all 9 €

p 8 H
[0,1], FR (e, 0,],9) denotes the collection of all FR-integrable fuzzy interval-valued functions over
(@1, @).

Remark 2 ([22]). IfN; : [@1, @3] C R — Fy is a fuzzy interval valued function, then Ny (pt) is
called a continuous function at y € [@1,@,] if, for each ¥ € [0,1], both the left and right real
valued functions Ny, (u, 9) and N1 (1, 9) are continuous at y € |1, @3].

Definition 4 ([25]). Let « € [0,1] and L[, p2] be the collection of all Lebesgue measurable
functions on o1, ©2]. Then, the fractional integral related to the new fractional derivative with a
nonlocal kernel of a mapping is defined as follows:

ABIEN () = g(‘“‘)"ww + 5T /p ” Ry (x) (1 — 1) d,

where o1 < p < o, « € [0,1].
The right-hand side of the integral operator is as follows:

1—a
ABIgle(nu) = B(D()

R (1) + / R () (xr — ) dx.

B(a)T'(a)

Here, T'(«) is the gamma function and B(x) > 0 is called the normalization function, which
satisfies the condition B(0) = B(1) = 1. For more details, see [26,27].

Now, we define the fuzzy left and right AB fractional integral based on the left and
right end-point functions.
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1—a

Ba)
L

B(a)

Definition 5. Let « € [0,1] and L([p1, 2], R} ) be the collection of all Lebesgue-measurable
interval valued functions on [p1, p2]. Then, the fuzzy fractional integral related to the new
fractional derivative with a nonlocal kernel of a mapping is defined as follows:

N1o(0) + ey [, o) (n )"
Ry, (1, 8), 8y " (1, 8)] + W /@ ” Ry, (%, 8), R0 (x,8)] (4 — )" 'dx, (92 > 1),
where

ngIﬁNl*<.u/ 19) = 1B(_(X;CNI*<#/ 19) + m g):l N1*<X, 19)(# - x)!X71dx
and

o o H
Ny (1,0) + ———— [ Ry (x, ) (5 — x)* du.
Here, T'(«) is the gamma function and B(«) > 0 is called the normalization function.
Similarly, the left and right end point functions can be used to define the right AB frac-
tional integral.

* 1-—
or L (w, 9) =

Definition 6 ([20]). The fuzzy interval valued function Xy : [@01, @3] — Fy is called an LR—
convex fuzzy interval valued function on (@1, @3] if

Ny (tp+ (1= 1)y) <o ™R (1) F(1 = 7)R1(y), (1)

forall w,y € [@1,@], T € [0,1], where Ry () = 0 for all y € (@1, @,)]. If it is reversed, then Ry
is called an LR—concave fuzzy interval valued function on [@1, @3]

Definition 7 ([28]). Let K be a non-empty set in real Hilbert Space H. Let Xy : K, — R be a
continuous function and let ¢(- — -) : Ky x Ky — R be an arbitrary continuous function. Then,
the set K, in real Hilbert space H is said to be a bi-convex set with respect to an arbitrary bifunction

o( ), if
p+te(y—u) €Ky, Yy €Ky tel01].

The biconvex set K, can be called a ¢-connected set.

The main motivation of this paper is to derive generalization fractional integral in-
clusions involving a new class of convexity called LR-bi-convex fuzzy interval-valued
functions. Our paper is organized as follows: in Section 2, we derive new fractional ana-
logues of Hermite-Hadamard inequalities involving a new fractional integral called an
LR-AB fractional integral. We discuss several special cases that demonstrate that our
results are quite unifying. In order to check the validity of our outcomes, we discuss several
non-trivial numerical examples. In Section 3, we present an application of our proposal
to special means for positive real numbers. It is our hope that the technique presented in
this paper will inspire interested readers and stimulate further research in following the
same direction.

2. Main Results

In this section, we discuss our main results. First, we introduce the class of LR-bi-
convex fuzzy interval-valued functions.
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Definition 8. The fuzzy interval-valued function Xy : [@1, @2 — Fy is called an LR-bi-convex
fuzzy interval-valued function on [@1, @] if

Ni(p+ Ty —p)) <o ™1 (1) +(1 = 1)V (y), 2)

forall w,y € [@1,@],T € [0,1], where Ry () = 0 for all y € @1, @,)]. If it is reversed, then Ry
is called an LR-bi-concave fuzzy interval-valued function on [@1, @3].

Remark 3. If ¢(y — ) = y — u, then we have inequality (1).

IF Ry, (1, 0) = Ny*(u, 9) with © = 1, then we have the definition of a classical bi-convex function.
IF R, (1, 0) = X" (u,0) with o(y — ) =y — pand & = 1, then we have the definition of a
classical convex function.

Therefore, we need the following condition to obtain new results.
Condition M.
Assume that the bifunction ¢(, -) satisfies the following assumption:

e(yely —w) = vy — 1), Yuy €Ky, v €R.
p(y—p—vply—n)=A-7)ely—n), Yuye€ K.

For more details regarding condition M, see [28].

Theorem 2. Let K, be a bi-convex set and Ny : [@1, @3] — Fo be a fuzzy interval-valued function
such that

Rig(p) = [N (1, 0), X" (1, 9)], Vi €K,

forall u € Ky and ¢ € [0,1]. Then, Ry is an LR-bi-convex-fuzzy interval-valued function on K, if
and only if Ny, (u, ) and R1* (u, ®) both are fuzzy bi-convex functions.

Proof. Assume that Nq,,N;* are fuzzy bi-convex functions. Then, for all y,y € Ky,
T € [0,1], we have

N, (4 1oy —p) < ™R (1) + (1= 7)1, (y)

and

Ny (p41oy —p) < (1) + (1= 1)R ().

From Definition 8 and order relation <,, we have

N+ 1oy — 1), X" (1 + 1oy — 1)) <p [TR1 (), TR ()] + [(1 = T)R1,(y), (1 — TR " (y)],

that is,

Ny(p+70(y — 1) <p ™1(p) + (1 =1)N1(y), Yp,y € Ky, T €[0,1].

Hence, X1 is an LR-bi-convex fuzzy interval-valued function.
Conversely, let X; be an LR-bi-convex fuzzy interval-valued function. Then, for all
1,y € Ky and 7 € [0,1], we have

Ny(p+ 7oy — 1) <o ™1(p) + (1 —7)Rq(y),

that is,
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N (p+ 1oy — 1), R (0 + Ty — 1)) <o [T (), TR ()] + [(1 = T)R1(y), (1 = T)R " (v)],
thus, it follows that

Ny, (4 1oy —p) < ™R (1) + (1= T)R1,(y)

and

Ni*(n+ 1oy —p) < R (0) + (1= 1)R ().

This completes the proof. [

Now, we present the Hermite-Hadamard ineqaulity for an LR-bi-convex fuzzy-

interval valued function.

Theorem 3. Let X; : [@1, @1 + ¢(@2 — @1)] — Fo be an LR-bi-convex fuzzy interval-valued
function on [@1, @1 + ¢(@2 — @1)] — Fo, with its O-levels defining the family of interval-valued
functions Ry : [@1,@1 + ¢(@ — @1)] C R — K provided by Ry 5(p) = [Ny, (1, 9), R (1, 9)]
forall y € [@1,@1 + ¢(@; — @1)] and for all ® € [0,1]. If ¢ satisfies Condition M and
Ny € L([C’Dl, w1 + ¢((02 — L’Dl)],ﬂ‘?o), then

R, (2@1 + (@0, — w1)>

2
B(a)I'(« N _ .
o 2(@(60?—(@)1))“ P TR@1+ 9@~ @) FPTY ooy o Ni(@1)
~M{N1(W1)$N1(w1+¢(wzwl))}}
<p (

2

N N — N N
( 1(@1)+ 1(6012+CP(@2 @1))) <p( 1(@1)F 1(@2)>.

If Xq () is an LR-bi-concave fuzzy interval-valued function, then

2

B(OC)F([X) AB 70 ~ AB 1o
7P 2p(@2 —@1))* [wl IRy (@1 + @(@2 = @) F4P1E 4 oy N1 (@1)

;;(;;‘{Nl(wl)q—m(c@l + (@ — @1))}}

- (Nl(@ﬂ:%?‘zl(@l + ¢(@ —@1))> - (Nl(wl)q‘Nl(wz))_

R, (2(01 + (@2 — fDl))

2 2

Proof. Let Ny : [@1, @ + ¢(@2 — @1)] — Fo be an LR-bi-convex fuzzy-interval valued
function. If Condition M holds true, then by hypothesis, we have

2%, (zwl : g0(2(172 - w1)> <p Ri(@1 + (1 = 7) (@2 — @1)) + ¥y (@1 + T9(@2 — @1))-

Therefore, for every ¢ € [0,1], we have

2Ry, <2w1 i (P(zwz — wl),l?) <Ny (@01 + (1 —1)p(@2 — @1),8) + Ny, (@1 + TP(@ — @1),9),

2R, (2‘”1 + "’(2‘02 - ‘”1),19) <R (@1 + (1= T)p(@r — @1),8) + Ry * (@1 + T9(@2 — @1), 0).
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Multiplying both sides of the above inequalities by 7! and then integrating the
obtained result with respect to T over (0, 1), we have

1 _ 1
2/0 T“_1N1*<2w1+¢(2w2 wl),ﬁ)drg/o IRy, (@1 4+ (1 = T) (@2 — @1), 8)dT

1
+ / TN, (@01 4 To(@2 — @7), 8)dT,
0

1 _ 1
2 [o iy (PR ZO phar < ety @ 4 (1= T)g(@r - @), O)de
0 0

1
+ / T‘X_lNl*((Dl + T(P(C’Dz — (Dl), l9)dT
0

Lety =@+ (1 —1)p(@0y — @1) and y = @1 + T@(@, — @1). Then, we have

%Nl* (2c01 + (P(zcoz — 601),19> < M Af1+¢(wzw1)(wl + (@2 — @) 1Ry, (y, 9)dy
i M /:M(wwl)(ﬂ — @) Ny (1, B)dp,

%Nl* (2@1 + <P(2a72 - wl),ﬂ) < M /:1+<p(w2—w1)(wl + p(@ — 1)) IRy (v, 9)dy
i (fp(wzl—wl))“ /:M(wz_wn(ﬂ — @) 'R * (1, 8)dp.

44

By multiplying both sides of the last inequality by B Ve obtain

2(p(@y — @1))" 21 + ¢(@, — @1)
BT (a) 1*( 2 'l’>

< c/i-‘)lBI;le*((Dl + (P(COZ - @1),19) + ABIZ;1+¢((927(91)N1*(@1/ 19)

- %‘{Nl*(whﬂ) + Ry, (@1 + ¢(@2 — @1),9)}

and

2(p(@ — 1)), & (201 + ¢(@2 — @1)
s ( 2 )

< 2?13?‘21*(@1 + q)(@z — (271),19) + ABIgl—&-qo((Dz—wl)Nl*(wl’ﬂ)

_ 2(_f’ét)x{?‘11*(&71,1‘/’) + N (@1 + ¢(@2 — @1),9)}.

That is,

[Nl* <2(D1 + qo(Z(Dz — (Dl),ﬂ),?‘h* <2a>1 + cp(zwz - w1),19>}

B(a)T'(a) [ABIa
P 2(p(@y — @q))x L9 H

ABI(% B
1+¢(@2—@1)

Ry, (@1 + (@2 — @1),08) + Ny, (@1,8)

- ﬁ{?‘zn(@l,ﬂ) + Ny, (@1 + @(@2 — @1),9)},

SPIN (@1 4 9l@2 = @0),0) + M1, o 1" (@1,0)
11—« . *
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Hence,
N (2@1 + @(@ — (Dl)>
! 2
B(a)T'(a) AB B
<0 So(ms — o JF 4 R (@1 + 0@ = @) FIE o, o Ni(@) ()

ll—a

B(a) {Nq(@1) Ry (@1 + @@ — @1))}} )

In a similar way as above, we have

m [gflgNl(wl +¢(@2 - wl));ABIf%]JrfP(wszl)Nl (@1)
;13(;‘;‘{&1@1);&1(@1 + ol _wl))}} @
Ny (@1)FRy (@1 + ¢(@2 — @1)) - <N1(w1)—FN1(@2)>
Y4 5 <p > )

Combining inequalities (3) and (4), we obtain the result. O

Remark 4. From Theorem 3, we can clearly see that
If p(@0y — @1) = @3 — @1, then from Theorem 3, we have the following result in fuzzy
fractional calculus:

(2592 ) <, HOT Tt (o) #4715, s () = T (o) i (@)} <, (RO,

Tnking « = 1 in Theorem 3, we obtain the result for an LR-bi-convex fuzzy
interval-valued function:

N (2(,’01 + QD(CDZ —6’01))
! 2
- 1 </@1+€0(@2—‘Dl) (y)dy+ @1+<P(¢02—¢91)N (w)d )
<, —— w)dw
# 2p(@2 — @1)) N 1

(] @1
Nl((Dl)—T-Nl ((Dl + q)((Dz — (D]))
<p 5 .

Choosing « = 1 and ¢(@, — @1) = @, — @; in Theorem 3, we then obtain the result for an
LR—-convex fuzzy interval-valued function:

e L ([Tnma [ Ni(@1) F (@2)
Nl( 2 >$P 2(@—@1)( o N1 (y)dy+ o Nl(w)dw) <p 5 .

Example 1. Let « = 1 and consider a fuzzy interval valued function with y € (@1, @1 + ¢ (@2 —
@) =[1,1+ ¢4 —1)] — Fo, where Fy is the family of all fuzzy intervals. Now, we can define
the fuzzy interval valued function by

0;}45#/ 9 e [ey’ 26’4},
Ry(u)(0) =S 22, 0 € (2, 4et],

2elt

0, otherwise.
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Then, for each ® € [0,1], we have Ry 4(p) = [(1 + 8)e*,2(2 — &)e*]. Because the end point
functions Ry, (u, ), R1*(u, ®) are bi-convex functions with respect to ¢(@, — @1) = @y — @1,
foreach © € [0,1], 8y (p) is bi-convex fuzzy interval-valued function. Then,

5
and
M[ABFXN ((D +¢(@2_w)19)+ABIa R (CD 19)}
2(p(@ — @y))x Lo v @1+g(@2—ap) "1\ Py
1 I+¢(4-1) 14¢(4-1)
B # i
aEl oo [T s o)
=17.29(1+ 9),
B(a)I'(a) ABqayy * ABa *
2(¢(@ — @1))* {wl LR (@1 + @(@2 = @1),9) + i 4 (- N1 (@1"9)}
1 I+¢(4-1) 14+¢(4-1)
- AT —8)eH
aelh oo [T e ol
= 34.58(2—0),
and
(Nl*(wl’ﬂ) + Nl*(‘zl + ¢(@2 — wl)"”) =28.66(1+10),
(m (@1,8) + ¥y (a;l + ¢(@2 — col),ﬁ)> _ 57322 9).
Therefore,

[12.18(1 + 9),24.36(2 — 9)] <, [17.29(1 + 8),34.58(2 — 8)] <, [28.66(1 + 9),57.32(2 — 9)].

Hence, Theorem 3 is verified.

Theorem 4. Let X; : [@1,@1 + ¢(@y — @1)] — Fo be an LR-bi-convex fuzzy interval-valued
function with @1 < @,, the V-levels of which define the family of interval valued functions
Nig : [@1,@1+ @(@y — @1)] C R — K provided by R19(p) = [Ny, (p, 9), X" (p, 9)] for all
[ZS [(,’01,(,’01 + 47((02 — 6’01)} and for all ¢ € [0, 1]. Let N, € L([(Dl,d)l + gD((Dz — (Dl)],Fo),‘
Ny : (@1, @1 + ¢(@2 — @1)] = R, No(p) > 0, and is symmetric with respect to w.
If ¢ satisfies Condition M, then

AN Ry (@1 + @@ — @1)) FAPIL

c1l—a
@1+ (@2—@1)

NNy (@1) B(a) N Ry (@1 + (@2 — @1))FR R (@1) }

Ny (@1) Ry (@1 + @(@02 — @
<, D@ L 9(@2 — @1)) (A2 (@1 + p(@2 = @1)) + 421 L) Ra(@1)

S1- ]

_WS{NZ(@ + (@ —@1)) + Nz(ff’l)}_
Ny (@1)FRq (@

<, w (48181 + (@2 = @1)) + P15 o) Ra(@1)

ll—a

B(«)

{N2(@1 + @(@2 — @1)) + NZ(‘OI)}_ .
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If Xy is an LR-bi-concave fuzzy interval-valued function, then the above inequalities are
reversed.

Proof. Let X be an LR-bi-convex fuzzy interval-valued function. Then, for each ¢ € [0, 1],

we have
IR (@1 + (1= T) (@2 — @1), )Xo (@1 + (1 — 1) (02 — @7))
sz— (TNl*(Col, ) -+ (1 — T)N1*((Dl + gD((Dz — @1),19)N2((Dl + (1 — T)(p(c’Dz — (D])), (5)
IR (@01 4+ (1= 1) (@2 — @1), )R (@1 + (1 — 1) (@2 — 1))
< TN (@1, 8) 4 (1 — )R ¥ (@1 + ¢(@2 — @1), 9) Ry (@1 + (1 — 1) (@2 — @1))

and

™ 1N1 (@1 + T(@2 — @1), 9)No (@1 + T(@2 — @1))

TR, (@1, 8) + TRy, (@1 + @(@2 — @1), 8)Ra (@1 + (1 - T) (@2 — @1)),  (6)
™ 1N1*( @1 + TP(@2 — @1),0)Np (@1 + T(@2 — @1))

LR (@1, 0) + TR (@1 + (@2 — @1), 8)Ro (@1 + T(@2 — @1)).

After adding the above inequalities (5) and (6) and integrating with respect to T over
[0,1], we have

[ @1+ (- D)g(er @), (@ + (1~ Dgl@z - on)de
+ /O1 IRy, (@ + T(@2 — @1), )Xo (@1 + T (@ — @7 ))dT
< [ @ )@ + (1 - D)gp(@r — @) + (1 - (@1 + To(@2 — @1)))
+T R (@1 + @(@2 = @1), O){(1 = TNa(@1 + (1= T)p(@2 — @1)) + TR (@1 + Tg(@2 — @1)) } T

and

[ (@14 (1 D@2~ @1), ORa(@r + (1 - D)g(@z — @1))dx
+ /01 IR (@) + T(@2 — @1), 9)Ro(@1 + T(@2 — @1))dT
< [ [t @ 0 {ma(@r + (1 - D)g(@r — @) + (1 - a(@ + To(@ — @1)))
PR (@1 + pl@z — @), 8){(1— Na(@1 + (1 - T)p(@2 — @) + TR (@1 + Tg(@ — @1)))]d.

Because X, is symmetric, we have the following successive equalities:
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1
=[Nl*«ohﬁ)4—N1*oo1+-¢<wz—»w1»ﬂ>y4 1 (@1 + T(@r — @1))dr,

1
= [Nl*((ﬂl, 19) + N1*((D1 + GD((DZ — (2)1),19)] /0 T“ilNz((ﬂl + TQO((DZ — (Dl))d”[.

_ R (@1,9) + Ry, (@1 + @(@2 —@1),9)  B(a)I'(a) [

2 a(g(@2 — @1))*

o 1- 1
+ABIw1+<v(wz—w1)N2(wl) - W{NZ(@ + ¢(@2 — @1)) + Nz(@ﬁ}_ p

ANy (@1 + (@) — 1)) )

N1*(@1,9) + X" (@1 + @(@2 — @1),8)  B(a)T'() N
_ N (@ 1 21 2 1 @) [gFIyNz(col—Hp(ch—(ol))

1—a 1
HAPIE oy R2(@1) W{NZ(wl + (@2 —@1)) + Nz(@)}_ :

Because
1
/0 TR (@1 + (1= 1)g(@2 — @1), B)Rp (@1 + (1= T) (@2 — @1))dT

1
+ /0 IR, (@01 4 T@(@2 — @1), 0)R2 (@1 + T@(@2 — @1))dT

1 @1+ ¢@(@y—@1) ael
/ (1 —@1)" N1, (201 + @(@2 — @1) — p, )N (p)dp

~ (p(@2 — @))"
N /101+<P(¢02—¢01)

@1

<y—@w1mxwmwwm4

@1

(1 — @1)" IR, (1, )Xo (201 + @(@r — @1) — p)dp

_ 1 /wﬁq)(wszl)
(¢ —@))*
@1+¢(@—@1)
+]

@7

(n— @) N, (1, ﬁ)Nz(ﬂ)dV} :

@1

By multiplying both sides of the last inequality by W and then adding the term
é(—aos {Nl*Nz(a)l) + Nl*NZ((Dl + QU(COZ — (Dl))}, we obtain

B(a)I'(«
)T() {éfIﬁNuNz(Q+4’((92—(Dl))+ABI“ (03— N1 R2(@1)

a(g(@2 — @1))* T et
—B(_at)x{Nl*NZ(@“L(p(wz_wl))+N1*N2(‘91)} ®)
—Z(_“;‘{Nl*Nz(fm + (@2 —@1)) + Nl*Nz(wl)}_ .

From equalities (7) and (8), we have

1—«a
(’gfIﬁNl*Nz(@ + (@ —@1)) + ABI(”Z‘,1+(P(@2,@1)N1*N2((D1) - W{Nl*NZ(wl + @(@2 — @1)) + Ny, Ra(@1) }

< Np, (@1, 0) + Ny, (@1 + @(@ — @1),0) [ABIDC

< > oy LiRa(@1 + ¢(@2 = @1)) +APIL o o Ra(@1)
1—a

_ Ba) {Rp(@1 + ¢(@ —@1)) + Nz(wl)}]

and
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1—ua

oy LR Ra (@1 + @(@2 — @1) +APIE o) oy R Ra (1) — W{Nl*NZ(wl + ¢(@2 — @1)) + R "No (1) }
< M (@1, 8) + Nl*(? T o(@2 =), ) [éfIﬁNz(cm + (0 —@1)) + A3121+¢(w2_@1)N2(w1)
—13(_“1;{&2(@1 + ¢(@2 — @1)) + Nz(wl)}]-
That is,

{éflﬁNl*Nz(wl + (@2 = @1) +YPI5 oy N1 R2(@1) — %(_(X?{Nu?“z(@ + ¢(@2 — @1)) + Ry, Rp (1)},
oy LR R (@1 + (@2 — @1)) +APIL o) oy R Ra(01) — é(;‘;‘{m*bzz(wl + @(@2 — @1)) + R *Np(07) }
<, [Nu(@l,ﬂ) + Nl*(a;l + (@2 — @1)119)’ Ny (@1, 9) + Nl*(‘Zl + (@2 — @1)49)} [zngIﬁNz(cOl + ol — @)

I tonon 2 (@1) — T (ol + pl@2 — @) + M@} .
Hence,
|:£F13N1N2(w1 + (@2 — wl))JFABI$1+(p(@2wl)NlNz(wl)lw{MNz(@l + (@2 — @1)) FR1 Ry (@1) }

Ny (@1) R (@1 + @(@2 — @1)) |:ABItX

<P 2 [ yNz(wl + (P((DZ - wl)) + ABIZ%1+¢(@27@1)N2((01)
~1l—u
= Dl + (@2~ @) + Na(en))]
Ry (@1)F N (@
< NOOTRD) (481 (0, 4 (@3 — @0)) + A1, Nale01)
~1l—u

B(a) {No (@1 + @(@r — @7)) + Nz(cih)}].

Example 2. Let « = 1 and consider a fuzzy interval valued function with y € [, @1 + ¢ (@2 —
@1)] = [1,1+ ¢(4 — 1)] — Fy, defined by

Sk, 9 e et 2et],

Ry (1) (9) = ¢ 4572, O € (2e,4e],

0, otherwise.

Then, for each ¢ € [0,1], we have Rq4(u) = [(1 + 0)e!,2(2 — ®)e!]|. Because end point
functions Ry, (4, 9), R1* (i, ) are bi-convex functions with respect to ¢(@; — @1) = @, — @1 for
each © € [0,1], Ny (u) is a bi-convex fuzzy interval-valued function. If

p—1, v€[L3],
No(u) =
4—u, 0€ (34

then Ny (2 — p) = No(pu) > 0forall p € [1,4]. Ifa =1, then
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o iR (@1 + (@2 —@1) + PG oo, o)

N1, R (1)
= 65.90(1 + 8),

oL LR R (@1 + (@2 = @1)) +APIL o o R R (1)
—131.81(2 — 9)
and
(MO0 0+ (2000 sy o,
oy iR (@1 + 9(@2 — @1)) + ABIféﬁ(P(wz,wl)Nz(@l) =4.5.
Therefore,

65.90(1 + 9),131.81(2 — 8)] <, [128.97(1 + 8),257.94(2 — 9)].

Hence, Theorem 4 is verified.

Theorem 5. Let X; : [@1, @1 + ¢(@y — @1)] — Fo be an LR-bi-convex fuzzy interval-valued
function with @1 < @, the V-levels of which define the family of interval valued functions
Rig: [@1,@1 + @(@2 — @1)] C R — K provided by Rq1(p) = [Ny, (p, 9), X" (p, 9)] for all
U E [@1,@1 + @(@y — @1)] and for all ¥ € [0,1]. Let Xy € L([@1, @1 + ¢(@7 — @1)],Fo) and
Ny : (@1, @1 + ¢(@2 — @1)] = R, No(p) > 0, and is symmetric with respect to w
If @ satisfies Condition M, then

201 + @(@02 — @
Nl( 1 4’(2 1)) [éfIﬁNz(wl + (@2 = 1)) + L, o0,y R2(@1)

1—a

Ba) {Np(@1 + @(@r — @1)) + Ro(@1) }

- ~1—a -
#p |:£1313N1N2(@1 + go(coz — (Dl))+ABIZ;1+¢((027(01)N1N2((D1)—W{le‘zz(wl + QD((DZ — (Dl))‘l‘NlNz(@l)} .
If Ny is LR-bi-concave-fuzzy interval valued function, then above inequality is reversed.

Proof. Because X is an LR-bi-convex fuzzy interval-valued function, then for ¢ € [0,1],

we have
201 + @(wy — @ 1
Nl*( ! 4)(2 2 1)rl9> S E(Nl*(wl_F(1_T)¢((D2_wl)/l9)+Nl*(@l+T¢((D2_(Dl)/ﬁ)/
o 201 + (@0 — @ 1. . %
Ry ( 1 (”(2 2 1),19) < E(Nl (@14 (1= 1)p(@ — @1),8) + Ry * (@1 + T9(@2 — @1),9).

Because Ny (@1 + (1 — T)¢(@2 — @1)) = No(@1 + T (@2 — @1)), by multiplying above
inequalities by TRy (@; + T(@; — @1)) and integrating it with respect to T over [0, 1],
we obtain

_ 1
N (2@1 + qo(zwz wl),19> /O ™I, (@1 + T@(@; — @1))dT

1 1
< 3 |:/0 T“ilNl*(ah + (1 — T)([)((Dz — 601), 19)N2(091 + T¢((Dz — (Dl))d’l’

1
+/0 IR, (@1 + T(@2 — @1), O)Rp (@1 + Tp(@2 — @71))dT|,
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R, (2&71 + (@, — wl),z?)

1
: [ v (@ + Tg(@2 — @)de

0
1 1
< 5 |:/0 T'XﬁlNl*(ah +(1- T)q)((ﬂz —@1),9)Ny (07 + ’rq)((DQ —@1))dt
1
+/0 TN (@1 + (@2 — @1), 9)Ra(@1 + To(@2 — 1))dT|.

Let 4 = @1 + T1(@; — @1). Then, we have

. 1
/0 IRy (@1 + (@) —@1))d7+/0 (@1 + T9(@2 — @1))dT

1 @1+¢(@,01)
B W/wl (= @1)" R0, (201 + (@2 — @1) — p, ) Ra()dp
+ M /(:Hsv(@wl)(y — @1) IRy, (1, 8) o ()
- M /c:lw(wz,wl) (1 — @) "Ry (1, 9)R2 (201 + (@2 — @1) — p)dp
+ (4;(@21_@1))06 /:H‘P(@zf@l)(y — @1)" N, (p, ) Ro () dpe.

By multiplying both sides of the last inequality by W, and then adding the term
By IR1R2(@1) + Ris (@1 + @(@2 — @1))}, we obtain

_ B(a)T' () AB AB
= a(p(@2 —@1))* [col LRy, R (@1 + @(@2 = @1)) + 2PI5 | oy oy N1eNa(@1)

_B(_l;;c{Nl*Nz((Dl+¢(@2—@1))+N1*N2(w1)}]

__ B@T(®)  [appey - A )

= Tl — @) o N1+ (@2 = @) I g1
1-«

*W{lez((ﬂl + (@ —@1)) + Nl*Nz(@ﬂ}]-

Now,

2001 + @(@02 — @
N1*< ! (P(Z 2 1),l9> [g?lﬁz‘h(&h+(P((D2—601))+ABIZ§)1+¢(@2_@1)N2((01)

_1B(_“§‘{N2((ol + (@ — @) + Nz(wl)}]

11—«
< {gfIﬁNl*Nz(@ + (@2 = @1) +YPIE |0y R R2(@1) — {R.Ra(@1 + ¢(@2 — @1)) + N1*Nz(@1)}] ,

B(a)
R, (2@1 + @(@02 — 601)/l9> [ABIa

5 o LN (@1 + @(@2 —@1)) + ABI(%lJr(,,(@z_@l)Nz(wl)

_;(_“l;{z\tz(wl + (@ —@1)) + Nz(wl)}]

* o * 1—u * *
< |:£1BIﬁN1 Nz((@l + gD((Dz - 601)) +ABIc01+(p((D27(i71)N1 Nz(C’O1) - W{Nl Nz(CDl + (p(CDZ - 6'01)) + Ny Nz(wl)}]/

from which we have
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201 + @(wy — @ * 201 + (@ — @
() o ()

" 1-«a
HAPIE | (@0 R2(@1) = e {Ro (@1 + 9(@2 — @1)) + Nz(wl)}]

B(a)
11—«
<p [gfIﬁNl*Nz(wl + ¢(0y —@1)) + ABlg;lJrgo(wz—wl)Nl*NZ(@l) — W{Nl*NZ(wl + (@3 —@1)) + Ry, Np(07) },
* * 1-«a * *
ngIﬁNl Nz((@l + QD(COQ — @1)) +ABI¢D£C)1+¢(CDZ—@1)N1 Nz((@l) - W{Nl Nz((ih + @(@2 - (171)) + Ny Nz((@l)} ’
that is,
201 + (@0 — @
N1( ! q)<2 2 1)) {ng[ﬁNz(wl + (@2 — @1)) +ABI§)1+¢(@T@1)N2(@1)
1—«a
—W{Nz(wl + @(@2 — @1)) + Ra(@1) }
- 11— N
—\<P [éfIﬁNlNZ(wl + (p((Dz — wl))+ABI$1+¢(LDZ—@1)N1N2(@1)_W{N1N2<(Dl + 4)(6@2 - (Z)]))+N1N2((ﬂl)} .

This completes the proof. [
Remark 5. If Ny (pt) = 1, then from Theorem 4 and Theorem 5, we obtain Theorem 3.

Example 3. Let « = 1 and consider a fuzzy interval-valued function with y € [, @1 + ¢ (@2 —
@)] = [1,14 ¢(4 — 1)] — Fy, defined by

Ol 9 [eM,2eH],

et 7
Ry(u)(0) = 222, 0 € (2, 4et],
0, otherwise.

Then, for each ¢ € [0,1], we have Rq4(u) = [(1 + 0)e!,2(2 — ®)e!]. Because end point
functions Ry, (4, 9), R1*(u, ®) are bi-convex functions with respect to ¢(@y — @1) = @, — @1 for
each © € [0,1], Ny (p) is bi-convex fuzzy interval-valued function. If

then Ny (2 — ) = No(u) > 0forall u € [1,4]. Ifx =1, then

- (2@1 n <p(2wz - w1)119> . (i,g) — 1218(1 4 8),
R, <2w1 + cp(zcoz - w1)/19> — R, <g19> =2436(2—9),

wl)Nz((Dl) =45

A1 (01 + @(@r — @1)) + P12

@1 "y @1+ (@2~
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and
ABIIN,Ro (@1 + (@2 —@1)) +ABI8 oo N1 R (@)
= 65.90(1 + 9),
AB o *N ((i) + ((D —(D))—O—ABI“ RN (CD)
[ ] 1 2 1 4’ 2 1 w1+(’)(wz_wl) 1 2 1
= 131.81(2 — 9).
Therefore,

[54.81(1 + ©),108.81(2 — 8)] <, [65.90(1 + ©),131.81(2 — 8)].
Hence, Theorem 5 is verified.

Theorem 6. Let Xq,Y : [@1, @1 + ¢(@2 — @1)] — Fo be two LR-bi-convex fuzzy interval-
valued functions with @1 < @y, the ¥-levels of which define the family of interval valued functions
Ri1g, Yy : [@1,@1 + @(@3 — @1)] € R — K provided by R19(p) = [Ny, (1, 9),N1" (1, 9)]
and Yo(p) = [Yo(u,9),Y*(u,0)] forall y € (01,01 + ¢(@2 — @1)] and for all ¢ € [0,1]. Let
Ry XY € L([w1, @1 + ¢(@3 — @1)],Fo) and let ¢ satisfy Condition M; then,

m [gfIﬁN (@14 (@2 = @1)) XX (@1 + (@2 = @1)+ABI$1+¢((92 R (@1) XY (@1)
LlB( ) {Nl(ah + (p(wz - 601))>~<Y((Dl + q)((z)z — @1))‘T‘N1(@1)>~<Y*((Dl)}
p <; B MM) A (@1, @1+ @(@2 — ‘91))71<(a+1)a(0‘+2)> V(@1, @1 + (@2 — @1)),

where

A (@1,@1 + @(@2 — @1)) := R (@1) XY (@1) F Ry (@1 + (@2 — @1)) XY (@1 + ¢(@2 — @1)),
V(@1,@1 + ¢(@2 — @1)) := Ny (@1) XY (@1 + (@2 — @1)) +R1 (@1 + ¢(@2 — @1)) XY (@1),
Dg (@1,@1 + @(@2 — @1)) = [84 ((@1,@1 + @(@2 — @1)),8), 8" ((@1,@1 + ¢(@2 — @1)), F)],
Vo(@1,@1 + @(@2 — @1)) = [Vi((@1,@1 + (@2 — @1)),8), V' ((@1, @1 + @(@2 — @1)), )].

Proof. Because X, Y are both LR-bi-convex fuzzy interval-valued functions and Condition
M holds for ¢, for each @ € [0, 1] we have

N1*<(Dl =+ (1 — T)q)(wz — &71),19) < TNl*((Dl, l9> + (1 — T)Nl*((ﬂl + q)((Dz — (Dl), 19),
Ni* (@1 + (1= 1)p(@2 — @1),8) < TR ™ (@1, 8) + (1 = T)® " (@1 + @(@2 — @1), 9)

and

Yi(@1 4 (1= 1)p(@2 — @1),8) < TYs(@1,9) + (1 = 7)Yu(@1 + (@2 — @1),9),
Y* ((Dl + (1 — T)QD((OQ — 6’01),19) < TY* ((Dl, 19) + (1 — T)Y* (6’01 + (p((Dz — 6'01), 19)

From the definition of LR-bi-convex fuzzy interval-valued functions, it follows that
0 < Ry(p) and 0 < Y(p), thus,



Fractal Fract. 2022, 6, 565 18 of 27

—~

Ni, (@01 + (1 =71)p(@02 —@1),08) X Y,
< (R (@1, 8) + (1 = T)R, (@1 + ¢
= TRy, (@1,8) x Yi(@,0) + (1 -7

+17(1—17)N1,(01,9) X Yu(01 + ¢
Ni"(@01+ (1=71)p(@02 —@1),08) x Y*
< (R (@1,8) + (1= TR (@1 + ¢
= 2R *(@1,8) x Y (@, 0)+ (1 -7

+7(1—1)R"(01,9) X Y (01 + ¢

@+ (1—1)p(@0; —@1),9)

@ = @1),9))(TY«(@1,8) + (1 = T)Ys(@1 + @(@2 — @1),9))

2Ry, (@1 + @(@2 — @1),8) X Ya (@1 + @(@ — @1),8)

@ — @1),0) +T(1 = T)N1, (@1 + ¢(@2 — @1),8) x Yi(@1, ), ©)
@1+ (1—1)p(@2 —@1),0)

@ —@1),8)) (Y (@1, 8) + (1 = 7)Y (@1 + ¢(@02 — @1),8))

2N (@1 + @(@2 — @1),8) x Y (@1 + (@2 — @), 9)

@ —@1),9)+T(1 —1)8 " (01 + ¢(D2 — @1),8) X Y (@1, 9).

P

— — o~

Analogously, we have

N, (@1 + T@(02 — @1),8) X Ys(@1 + (@07 — @1),0)
< (1=1)2Rq,(@1,8) % Yau(@1,8) + 1281, (@1 + ¢(@2 — @1),8) X Ys(@1 + ¢(@r — @1),8)
+T(1 = 7)1, (@1,8) X Ys (@1 + @(@2 — @1),8) + T(1 = 7)1, (@1 + @(@2 — @1),8) X Yo (@1, 0), (10)
Ry (@1 + Te(@2 — @1),8) x Y (@1 + T9(D2 — @1),9)
< (1—1)2R % (@1,8) x Y (@1,9) + 2R (@01 + (@3 — @1),8) x Y (@1 + ¢(@r — @1),9)
+7(1—7)X (@1, 0) x Y (@01 + @(@02 — @1),8) + T(1 — )X " (@01 + @(@ — @1),9) x Y* (@1, 9).

Adding the above inequalities (9) and (10), we have

Ry, (@1 + (1 —1)p(@2 —@1),8) X Ye(@1 + (1 — T) (@2 — @1),0)
+ Ny, (@1 + T9(@2 — @1),8) X Yo (@1 + (@2 — @1), 8)
<[P+ (1= 1)?)[R1u(@1,8) X Yu(@1,8) + Ry (@1 + ¢(@2 — @1),8) X Yo (@1 + (@2 — @1), )]
+27(1 = T) [Ny, (@1 + @(@2 — @1), ) X Ya(@1,8) + Ry, (@1, 8) X Yi(@1 + @(@2 — @1),9)],
R1* (@01 + (1 —1)p(@2 — @1),8) X Y (@01 + (1 — T) (@2 — @1),9)
+ R (@1 + T9(@2 — @1),8) x Y* (@01 + T9(03 — @1),0)
<[P 4 (1= 1) [R1*(@1,8) X Y* (@1, 8) + Ry (@1 + (@2 — @1),8) x Y (@1 + ¢(@r — @1), 9)]
+27(1 — 1) [R1* (@1 + ¢(@2 — @1),8) X Y (@1,8) + Ry (@1, 9) X Y (@1 + (@3 — @7),9)].

By multiplying the above inequality by 7! and integrating the obtained result with
respect to T over (0,1), we have

'/: TN (@1 + (1= 1) (@2 — @1),8) X Yu(@1 + (1 — T)p(@0 — @1), )dT

1
+ /O IR (@ + To(@2 — @), ) X Yo (@) + Tp(@2 — @), 9)dT
1

<A, (01,01 + @@ — @), 8) /0 122 4 (1 - 7)]dt

1
42V, (01, @1 + ¢(@r — @7)), 8) /O lr(1 - 1)dt
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and
1
/0 T"‘_lNl*(a)l +(1—1)p(@r —@1),8) x Y (@01 + (1 —71)p(@y — @1),0)dT

1
+ /0 IR (@01 4 T(@y — @1),8) X Y (@1 4 T(@; — @1), 0)dT
1

<A* (@1, @1 + (@2 — @1)), 8) /0 122 4 (1 - 7)2dt

1
+2V* (@01, @1 + ¢(@2 — @1)),0) /O (1 — 1)dr.

It follows that

vm (AP 1N (@1 + @(@2 — @1), 8) X Y. (@1 + pl(@2 — @1), 8)

+A31z1+¢(w2_w1)b21*(c01,19) X Y.(@1,0)
11—«

_W{Nl*(wl + (@ — @1),9) X Yi(@1 4+ ¢(@02 — @1),8) + N1, (@1, 0) X Yi(@1,0)}

and

om A1 (@1 + p(@2 — @1), 8) X Y (@1 + pl@2 — @1), 8)

+AB12>1+(P((92*(D1)N1*(@1/ 19) xY* ((Dl’ﬂ)
1-— . * * -
~ By B (@1 9(@2 = @1),8) X Y (@1 + pl@2 — @1),8) + R (@1,8) x Y (@1,8)}
2/(1 o *
<: (z - <a+1><a+2>> A @u @@= d)

2 o *
t (e )7 (@ens@ a0

That is,

m {gflﬁm*(@ + (@2 = @1),8) X Yu(@1 + ¢(@2 — @1), 8)

1—a
“ B {R, (@1 + @(@2 — @1),8) X Yy (@1 + @(@ — @1),0) + Ry, (@1,8) x Yi(@1,0)},
:ngI;le*((Dl + QD(CDZ — (Dl), 19) X Y*((D1 + 47((02 — (171), 19) + ABIg)lJrgo(wszl)Nl*(wl’ﬁ) X Y*((,’Dl,ﬂ)
1—w " . i} .
B {R1" (@01 + @(@2 — @1),8) X Y (@1 + @(@3 — @1),0) + V1" (@1, 0) x Y*(@1,0)}
1 o
< i — _ * .
= (z (uc+1)(oc+2)> (24 (@1, @1 + ¢(@2 — @1)),9), 27 (@1, @1 + ¢(@2 — @1)), 9)]

i <<+1><+2>) [Ve((@1, @1+ 9(@2 = @1)),8), V' (@1, @1 + ¢(@2 = @1)), ).
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Thus,

AB ItX

@1+<P(w2*£01)N1 (@1) %Y (1)

wﬁi’?%[éf IR (@1 + 9(@2 — @1)) XY (@1 + 9z — 1) F

= e @1+ 9(@2 — @0) XX (@1 + (2 — @1) P (@1) XY (@)}
< (; B m) A (@11601+(P((D2_CD1))_F<(“_‘_1;((“_|_2)>V((D1’@1 + ¢(@2 — @1)).

This completes the proof. [

Example 4. Let « = 1 and consider a fuzzy interval-valued function with y € [©01, @1 + ¢ (@2 —
@1)] = [0,1+ ¢(2 = 0)] = Fo, and define Ny (n) = [, 2u], and X () = [p, 3p] by

g 8eou,
M) (9) = 22, 6 e (n2u],
0, otherwise,
5, 802,
Y(u)(8) = 42, 6 e (20,44,
0, otherwise.

Then, for each ¢ € [0,1], we have Ny () = [Ou, (2 — O)u] and Yo(pu) = [20u,2(2 — 9)p].

Because left and right end point functions Ry, (1, 9) = Ou, R1" (1, 9) = (2 — O)pand Y. (p, 9) =
20u,Y*(u,8) = 2(2 — 9)u are bi-convex functions with respect to (@, — @1) = @p — @1 for
each ¢ € [0,1], Xy (i) and Y (p) are bi-convex fuzzy interval-valued functions. Then,

m [2?1;1‘&1*(@1 + @(@2 — @1),9) x Yi(@1 + @(@2 — @1), 9

_|_AB ¢

@1+ ¢(@—@1) Nl* ((Dlr 19) X Y* (C’Dl, 19)

_ B@T(&)  [ABjay. + - . B
2(g(02 — 1)) [wl IRy (@1 + @(@2 — @1),8) X Y* (@1 + ¢(@2 — @1), 8)
+ABIDé

@1+¢(@2—

)

)

o1 (@1,8) x Y* (@1, 8)] = 2.67(2— 8)°
and

Dx (@1,@1 + @(@2 — @1),8) = Ry (@1,8) X Yo (@1,8) + Ry (@1 + @(@2 — @1),8) X Yi(@1 + @(@2 — @1),8)
= N1 (0,8) X Y. (0,8) + Ry (04 9(2—0),8) x Y, (0+ p(2—0), 8)
= 867,

A (@1, @1 + @(@2 — @1),8) = Ry (@1, 0) X Y (@1,0) +R1* (01 + ¢(@ — @1),9) X Y (@01 + ¢(02 — @1),0)
=81"(0,8) x Y*(0,0) + R;"(0+ ¢(2—0),0) x Y*(0+ ¢(2—0),9)
=8(2—0)?
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Vi(@1,@1 + @(@2 — @1),8) = Ry, (@1, 8) X Yu(@1 + @(@2 — @1),8) + Ry (@1 + @(@2 — @1),8) X Y (@1, 8)
=N1,(0,0) XY, (0+¢(2—-0),9) +R1,(04+ ¢(2—-0),8) x Y.(0,9)
=0,

V* (@1, @1 4+ @(@2 — @1),0) = Ry*(@1,8) x Y (@1 4+ ¢(@2 — @1),0) + X" (@1 + ¢(@ — @1),8) x Y (@1,0)
=0,

and

G _ M"M) By (@1,@1 + ¢(@2 — @1),9) + (M"M) V@1, @1 + (@ — @1), 9)

1 1
= g(8192) +(0) = 2.67¢?,
(2~ Griary) & @t o@n-a0.0) (g )7 @ e oo
1 1
= 3(8(2- 9)?) + ¢(0) =267(2— )2,
Thus,
[2.670%,2.67(2 — ©)?] <, [2.676%,2.67(2 — 0)?].

Hence, Theorem 6 is verified.

Theorem 7. Let R1,Y : [@1,@1 + ¢(@2 — @1)] — Fo be two LR-bi-convex fuzzy interval-
valued function with @, < @,, the ¥-levels of which define the family of interval valued functions
Nig, Yy @ [@1,@01 + @(@ — @1)] C R — K provided by Nyg(p) = [Ry,(1,9), 81" (u, 9)]
and Yo(p) = [Y« (1, 8),Y*(u, 0)] for all y € [@1, @1 + @(@ — @1)] and for all ¥ € [0,1]. Let
Ry XY € L([w1, @1+ ¢(@3 — @1)],Fo) and let ¢ satisfy Condition M; then,

Xy (2@1 + (@ — wl)> ><Y<2‘Dl + q)(z(oz - @1))
B(ﬂc)F(W)

<0 T~ |

L1B<‘X‘)X{Nl((91+(l)(@2 ))XY(CDl—{—q)(wz—@l) VIR (@1) XY (@7)}

élBlﬁN ((Dl + q)((ih — (Dl)) >2Y((Z71 + QD((Dz - (271)) ABIiﬁil-&-(p(wz >N1((Dl) QY((Dl)]

Jr1 Lo * )y V(@y, @1 + ¢(@02 — @ 1 A (@1, @1 + @(@ — @1))
S (a+1)(a+2) 1,1402 1 2 a+1 1, W1 T PlW2 1)),

where A (C’Dl,@l + (P(C’Dz — (D])),V(wl,@l + (p(éDz — (D])), Ay ((D],(D] + gO(CDz — C’Dl)),
Vo(@1, @1 + @(@2 — @7)) are defined as in Theorem 6.

Proof. Consider 81,Y : [@1, @1 + ¢(@; — @1)] — Fy are LR-bi-convex fuzzy interval-
valued functions. Then, by hypothesis, for each ¢ € [0,1] we have



Fractal Fract. 2022, 6, 565 22 of 27

<2w1+(p @y — @1) > Y<2w1+(p(c02—wl) 19)
* 2 7

< 310 (@ + (1 - 1)g(@2 — @), 8) X V(@1 + (1 - 7)g(@2 — @), 8)
N1, (@1 + (1 = T)p(@2 — @1), 8) Y (@1 + T@(@D2 — @1), 8)]

+ 1R (@ + Tp(@2 — @1),8) X Ya(@1 + (1 - D)p(@2 — @), 9)
4R, (@1 + T@(@2 — @1),8)Ys (@1 + TQ(@3 — @1), )],

R, (2@1 + (p(2w2 _wl),ﬁ) Y (2@1 + q)(zwz - (01),19)

< 3R @1+ (1 D)@ @1),8) x Y (@1 + (1 - D)@ @), 9)
AR (@01 + (1 — 1) @(@2 — @1),8)Y (@1 + T (@ — @1), 9)]
1IN (@1 + (@2 — @1), ) x Y (@1 + (1 - 1) p(@2 ~ @1), )
Ry (@1 + T9(@2 — @1), 9)Y (@1 + T (@2 — @1), F)].

< 310 (@ + (1 - 1)g(@2 — @), 8) x Y@ + (1~ T)g(@2 — @), 8)

R, (@1 + TP(@2 — @1),8) x Ry, (@1 + T@(@2 — @1), )]
+ i[(ml*(wl,é‘) + (1= 1)1, (@1 + @(@2 — @1),8)) X (1 = T)Ys(@1,8) + TY (@1 + @02 — @1),8))
(1= )R, (@1,9) + TRy, (@1 + @(@2 — @1),8)) X (TY+(@1,8) + (1 — T)Yi(@1 + @(@2 — @1),9))].

(
< 3@+ (1 D)@~ @1),8) x Y (@ + (1 D)@~ @), 9)
+N1 (@1 + T@(@2 — @1),8) X Ry* (@1 + T (@2 — @71),9)]
+ i[(TNl*(c’Ol,ﬂ) + (1 =1)R " (@1 + @(@2 — @1),9)) x (1 = 7)Y*(@01,8) + TY" (@01 + @03 — @1),0))
(1= 1)R (@1, 8) + TN (@1 + ¢(@2 — @1), 8)) x (TY*(@1,8) + (1 = T)Y* (@1 + ¢(@2 — @1), 8))].
= 1R (@1+ (- 1)g(@2 — @1),8) x Ya(@1 + (1 - 7)g(@2 — @), 8)
+ Ry, (@1 + TP(@ — @1),8) x Ry, (01 + T9(02 — @1), 8
+ E[Tz + (1= 1))V ((@1,@1 + ¢(@2 — @1)),8) + [T(1 = T) + (1 = 7)) Ax (@1, @1 + (@2 — @1)), 8)].
_ %[Nl*(cfol + (1= 1)p(@2 — @1),8) x Y (@1 + (1 — T) (02 — 1), )
+ 8" (@1 + TP(@2 — @1),8) X Ry (@1 + T@(@2 — @1), )]

+ j;[TZ + (1= 1]V ((@1,@1 + @(@2 = @1)),8) + [T(1 = 7) + (1 = 7)7] &" (@1, @1 + p(@2 — @1)), 8)]-

By multiplying the last inequalities by 7! and integrating over (0, 1), we obtain
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;Nl*<2w1+<p(2w2—w1),l9> y Y*<2wl +(p(2w2—col)’l9)

< 1 [/wlw(@z@l)( + ol ) — 1) IR, (1, 9) X Yo (p, 0)d
- - @ @ — @1) — U)X Xy
< Mo = o 1+ ¢(@2 1)~ H 1 (H H e

@1+ (@2 —@1)
+f (5= @1)* . 3,8) ¥ Y(3,0)]
1

1 o
+ (2 Gy (@ e+ ole—an).o

1
2u
1 o
“m(@mary) & (@rote@—ono)
- 404(41,3(((21;(21)“) [gf;lﬁm*(@l + ¢(@2 — @1),0) x Yi(@1+ @(@02 — @1),09)
+ ABI‘%lJF‘P((Uz*
1B(_tx{;{N1*(wl + @02 — @1),8) X Yi(@1 + @(@2 — @1),9) + Ny, (01, 8) X Ys(@1,0)}

+ 2 (2~ Ty 7 @ver ol a0
- - )> Dy (@1, @1 + @@ — @7)),9)

o) N14(@1,8) X Yy (@1, 9)

Zac((a—f—l)(oc—f—z

and

%Nl* (2@1 + <P(26’02 — (D1),l9> Y <2C’01 + fP(sz — 6’01)119)

<1 [/mlﬂp(wzwl)( + (@2 —@1) — 1) IR (1, 8) x Y*(p, 0)d
[ @ ) , U)X ’
~ 4A(p(@ — @1))* | oy 1T Pl vTH L K .
@1+ ¢(0—@1)

T W—QWﬁwwmemm@}

@1

1 /1 o *
+ 52 G )@ e -e0)
1
20

+

(Grers) & (@t s -an.o

404(;(((21;(21)“) [gflfle*(@l + @@ — @1),8) X Y (@01 + (@ — @1),9)

)Nl*((Dl,ﬂ) X Y*((’O],ﬁ)

1-— “ * * *
770‘“{2‘21 (601+§0((’02*6’01),19) XY (C’O1+(P(C’02*601),19)+N1 (6’01,19) XY ((01,19)}

(s w7 (@@ o @)).0)

+

2u ((«x+1)(a+2)> 2" (@ @1 + ¢(@2 = @1)), 9).

That is,
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o 2

~P 4oc((f((£2r—(i‘z))l)a) {‘IgflﬁN (@14 ¢(@2 — @1)) XY (@1 + @(@2 — @1))F

i ;(a‘;‘{m(m + (@ — 1)) XY (@1 + @@ — 1)) FRy (@) XY (01)}
n©

;% (; _ M’M)V(C@p(@l + (@, — wl));zla((zx—i—l)(oc—l—Z)> A (@1, @1 + ¢(@2 — @1)).

This completes the proof. [

lNl <2a71 + ¢(@p — cfol)) >~<Y<2w1 + (p(zwz - w1)>

FAPIE s N (@1) XY (@1)]

Example 5. Under the assumptions of Example 4, we have

Ry, (2‘01 + 9(@2 ‘01),19) Y. (2@1 T ol@ = wl)w) =262,

2 2
R, (2@1 + (p(2c02 - @1)’19) Y <2c@1 + (p(zwz —w1)119> _ 20— o)
and
B)I'(&)  [aBja _ _
(s — o)) [ TR (@1 4 9(@2 = @1),8) X Y.(@1 + 9@~ @1),9)
FAPIE  otorn N1 (@1,8) X Y. (@1, 8)| = 133562,
B(D‘)r(“) AByayg. * o * .
Tolor— o (AP (@1 + p(@2 — @1),8) X Y (@1 + p(@3 — @1), 8)
FBIE + otorn 1 (@1,8) X Y (@1, 8)] =1.335(2 - 0)?,
and

Dx (@1,@1 + @(@2 — @1),8) = Ry, (@1,8) X Yo (@1,8) + Ry (@1 + @(@2 — @1),8) X Y (@1 + @(@2 — @1),8)

= 86,
A (@1, @1 + @(@2 — @1),8) = Ry (@1, 0) X Y (@1,0) + X" (01 + ¢(@2 — @1),9) X Y (@01 + (@2 — @1),0)
:8(2_19)2/
Vi(@1, @1+ (@2 — @1),8) = Ny, (@1, 8) X Y (@1 + ¢(@2 — @1),8) + Ry (@1 + ¢(@2 — @1),8) X Ys(@1,0)
:0’
V*(Cﬂl,@1 + (p((i)z —6’01),19) = Nl*((i)l,ﬂ) X Y*(CU1 + (P((i)z —601),19) + Nl*(wl + ([)(092 —601),19> X Y*(wl,ﬁ)
:O,
and
<1—“)A (1,01 + ¢(@ —co)19)+(“)v (1,01 + @(@2 — @1),9)
2 a+)(at+2)) AT ACTO) (@ D)(at2)) T E@RTO)
PO N 2
= 3(89%) + 2(0) = 26787,
<1—“) A* (o1, @01+ ¢(@ —co)19)+(“)v*(co @1 + ¢(@; — @1),9)
2 (a+1)(a+2) RO A (a+1)(x +2) 1 @1 §1%2 = 1)

1 1
=3(82- 9)?) + (0)=267(2— 8)2.
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Therefore,
[2.676%,2.67(2 — ©)%] <, [2.676%,2.67(2 — 0)?].
Hence, Theorem 7 is verified.

Remark 6. If we take ¢p(@; — @1) = @7 — @1, © = 1 = aand A (u,0) = A*(u,0) in our
results, then we obtain classical results.

3. Applications to Special Means

The following notations are used for special means of two non-negative numbers
@1, @ with @1 < @»

1. The arithmetic mean A := A(@7, @;) = 952

1
2. The p-logarithmic mean L := L, (@1, @2) = ((HU(‘W) ’ p € R\{-1,0}

Proposition 2. Because A € L([@1, @1 + ¢(@2 — @1)],Fp), then
pAl@1,@2) <p E(ewl,e‘oz) <p A(e(m,e@z)'

Proof. The assertion follows from Theorem 3 for & = 1 and the fuzzy interval val-
ued function Ag(p) = [(1 + 6)e#,2(2 — 0)e#] for each 6 € [0,1]. End point functions
A« (n,0), A*(u,0) are bi-convex functions with respect to ¢ (@, — @1) = @, — @ for each
6 € [0,1]. We have

@1 + @7 1 /‘”2 . [P2 A1) +A(@2)
A< 2 >$p 2(@2(91)< @ Ay @ A(w)dw) e 2 ’

then

@1 +w@y @1 +w@y :|

{(1+9)e 72,2(2—0)e 2
1
Wy — (N
[(1 +0)(e9 4 e2) 2(2 — 0) (e +e‘02)]
2 ’ 2

[(1+6)(e2 — e1),2(2 - 0) (e — 2]

implying that
+0)eA(@1@) 2(3 _ §)Al@1@)]

[(146)L(e”1,e72),2(2 — 0) L (e, e2)]
[(146)A(e”1,e%2),2(2 — 0) A(e1, e%2))].

[

—~
—_

IN A

Thus,
eAl@L@2) < £(e®1,092) 5, A1, e2).
O

4. Conclusions

In this paper, we have introduced a new class of convexity called LR-bi-convex
fuzzy interval-valued functions. We studied this class from the perspective of fractional
Hermite-Hadamard inequalities, involving a new fractional integral called the LR-AB
fractional integral. We discussed several special cases, demonstrating that our results are
quite unifying. The novelty of our work is that we have derived new fractional Hermite—
Hadamard and Fejér-type fractional Hermite-Hadamard inequalities by introducing the
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concept of a new generalized class of convexity called LR-bi-convex fuzzy interval-valued
functions, fuzzy interval valued-functions, and fuzzy AB-fractional integrals based on left
and right end points. Moreover, we provide several non-trivial numerical examples to
check the validity of our outcomes. We would like to mention here that the AB-fractional
derivatives were introduced by Atangana and Baleanu to overcome the deficiency of
Caputo-Fabrizio fractional derivatives in terms of not meeting initial conditions at & =1,
making AB-fractional derivatives and integrals quite different from classical Riemann—
Liouville fractional operators. Because the class of fuzzy interval-valued functions has
large applications in many mathematical areas, they can be applied to obtain several results
in convex analysis, related optimization theory, and mathematical inequalities, and may
stimulate further research in different areas of both pure and applied sciences. In future, we
shall try to obtain new variants of Hermite-Hadamard-type inequalities using a modified
form of the AB-fractional operator involving different kernels. Studies relating convexity
and preinvex functions (as contractive operators) may have useful applications in complex
interdisciplinary studies, including maximizing likelihood from multiple linear regressions
involving Gauss-Laplace distributions. For more details, see [29-33].
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