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Abstract: The efficient market hypothesis (EMH) assumes that all available information in an efficient
financial market is ideally fully reflected in the price of an asset. However, whether the reality that
asset prices are not informational efficient is an opportunity for profit or a systemic risk of the financial
system that needs to be corrected is still a ubiquitous concept, so many economic participants
and research scholars have conducted related studies in order to understand the phenomenon of
the financial market. This research employed attention entropy of the log-returns of 27 global
assets to analyze the time-varying informational efficiency. International markets could be classified
hierarchically into groups with similar long-term efficiency trends; however, at the same time,
the ranks and clusters were found to remain stable only for a short period of time in terms of short-
term efficiency. Therefore, a complex network representation analysis was performed to express
whether the short-term efficiency patterns have interacted with each other over time as a coherent
picture. It was confirmed that the network of 27 international markets was fully connected, strongly
globalized and entangled. In addition, the complex network was composed of two modular structures
grouped together with similar efficiency dynamics. As a result, although the informational efficiency
of financial markets may be globalized to a high-efficiency state, it shows a collective dynamics
pattern in which the global system may fall into risk due to the spread of systemic risk.

Keywords: attention entropy; international financial markets; market efficiency; adaptive market
hypothesis; clustering in machine learning; collective dynamics

1. Introduction

The dynamics of global financial markets are of interest to numerous researchers
and economists. One of the most studied topics is that informational efficiency due to
fluctuations in market prices has a large impact on the economy through various channels;
therefore, the market efficiency test is related to the appropriate price. The efficient market
hypothesis (EMH) is one of the major paradigms of financial economics and is widely
known to stock market participants in financial markets [1,2]. According to the hypoth-
esis, in an efficient financial market, all information is ideally fully reflected in the asset
price [3]. In other words, when new information about an individual asset or market
appears, traders anticipate the new asset value and immediately price it [4]. Although
the value can change according to information, the price of an asset is immediately reflected
in the price, so it is difficult to predict the future price. This idea is also frequently associated
with the concept of a random walk, in which future asset price movements move randomly
away from previous prices; therefore, an attempt to predict the future asset price with
high informational efficiency is not better than a random guess. These approaches place
significant constraints on financial trading, making it impossible to profit beyond efficiency
markets through arbitrage trading or certain trading strategies [4].

EMH is one of the very important concepts in financial economics; however, actual
financial market movements are not ideally efficient [5]. In fact, most financial assets have
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an increased autocorrelation in a short period of time and also have a higher correlation
with other assets [6]; therefore, this phenomenon is the basis for the idea that the short-term
forecasting or arbitrage of an asset is possible. Another piece of evidence showing that
financial assets are not ideally informational efficient is that the distribution of the log-return
of asset prices is not a Gaussian distribution but a fat-tailed distribution [7,8]. In addition,
it is very impractical to predict with random walk models in real short-term forecasts [9],
and there is no trading strategy that always yields profits [10]. In theory, it is believed
that economic bubbles do not exist and collapses do not occur in informational efficient
markets [11]; however, in reality, they are becoming more predictable because of the long-
range correlation that these events generate [12]. In the end, how to quantify market
efficiency by reflecting these actual market dynamics has been an important challenge for
a long time.

The reality that asset prices are not informational efficient is still a ubiquitous con-
cept for many economic players and research scholars. In order to understand the phe-
nomenon of the financial market, it is necessary to analyze whether this reality is an op-
portunity for profit or a systemic risk of the financial system that needs to be corrected.
Despite the growing number of participants that better understand the EMH of the market,
it is assumed that most assets remain constant and unchanged over the analysis period;
therefore, the realistic topic of changing the informational efficiency of assets over time
has been relatively less studied. In addition, in reality, the assumption is very improb-
able, as many factors influence and change the level of market efficiency over time [13].
Lo and MacKinlay [14] proposed a methodology used to test whether a market is efficient;
meanwhile, Lo [15] introduced the adaptive market hypothesis (AMH) based on the as-
sumption that market efficiency evolves over time in order to quantitatively estimate
market efficiency. The time-varying methodologies associated with AMH have led to
further studies to quantify market effectiveness [16–18]. These concerns and interests
can be supported by many studies that try to quantify the efficiency degree of financial
assets [19–24]. In this research, in a similar vein, through time-dependent informational
efficiency, it is possible to not only capture the collective dynamics in the evolution of
market efficiency but also to quantify the stability of various efficiency ranks or clusterings
in financial markets.

This study analyzed the collective dynamics of 27 global financial markets that have re-
sponded to various global events over the past 15 years. Attention entropy [25] was used to
analyze the time-varying informational efficiency of the asset’s log-returns. The model was
an easily comparable efficiency measure, quantifying the market efficiency across multiple
assets, time and data frequencies. In particular, in order to quantify the time-dependent
informational efficiency of financial assets, the time evolution of efficiency was defined
using attention entropy calculated by sliding time-windows to log-returns. When the value
of attention entropy is high, it implies that the randomness of peak points in the data is high
and the market is efficient; on the other hand, when the entropy is low, the randomness
of peak points decreases and the movement of the market deviates from a random walk.
Next, the hierarchical clustering procedure, one of the machine learning methodologies,
was applied using attention entropy to identify the collective dynamics of international
markets [26,27]. Using the machine learning methodology, a further understanding of how
markets are grouped and move similarly over time and how the groups are organically
connected to each other and evolve over time was expected. As a result, the results of this re-
search enable market policy makers and researchers to fully understand the characteristics
of time-varying dynamics and facilitate the realistic decision making.

The novelty of this research is that it is the first research to analyze the time-varying
informational efficiency using attention entropy as an input to hierarchical clustering,
confirming the modular structures of the complex network. This study analyzed the time-
varying structure of market efficiency in a long sample of approximately 15 years in order
to consider the effects of several global events. First, it was confirmed that the major
international financial markets can be classified hierarchically into 15 clusters according to



Fractal Fract. 2022, 6, 562 3 of 19

the similarity of long-term time-varying evolution in the degree of informational efficiency.
In the time-varying patterns of each cluster, the market efficiency is stable only for a short
period of time, and most of the time-varying patterns are unstable; however, the clustering
based on the long-term behavior may not include important characteristics of short-term
interactions between markets. Therefore, to overcome the problem, a dynamic clustering
approach was applied to confirm the short-term similar efficiency patterns using a sliding
time window. By using these time-varying clusters, secondly, the markets with similar short-
term efficiency trends were represented by similar ranks and classified clusters. According
to global events, these markets have repeatedly observed unstable movements for 1 to
2.5 years. Finally, the weighted network structure was constructed using the stochastic
block model (SBM) approach to identify the collective dynamics based on the complex
interactions between markets in time-varying clusters. Through the network, we discovered
a modular structure composed of three distinct market clusters, which include the most
influential efficiency trends. Since the networks are profoundly dense and entangled,
we demonstrated that the efficiency dynamics of global financial markets are collective
dynamics that can cause the entire financial system to operate with undoubtedly high
informational efficiencies or continue to operate under systemic risk.

This paper is organized as follows: Section 3 describes the attention entropy for mea-
suring the informational efficiency, and the hierarchical clustering and SBM, which reflect
the efficiency interactions of international markets; Section 4 describes the experiments and
the statistical explanation of the index data; Section 5 discusses the empirical results of this
paper; and Section 6 concludes.

2. Literature Review

There have been many studies carried out to determine whether the market becomes
inefficient when certain events occur in the market. For example, Gaio et al. [28] confirmed
that the Russia–Ukraine conflict had an impact on market efficiency with a multifractal
structure, and Hkiri et al. [29] demonstrated that country-specific political shocks in emerg-
ing stock markets influenced market efficiency. Since entropy quantifies the certainty of
information, various entropy-based models have been developed to measure the market
efficiency. For instance, Espinosa-Paredes et al. [30] exhibited large deviations from the ef-
ficiency of the WTI market during the COVID-19 pandemic period through singular value
decomposition (SVD) entropy, and Wang [31] combined fuzzy entropy and transfer entropy
to identify the market inefficiency of energy, metal and financial markets during extreme
events such as COVID-19. Shternshis et al. [32] confirmed that market efficiency can also
be measured through the high-frequency data with Shannon entropy in the ETF market.
Dinga et al. [33] argued that behavioral entropy better explains the behavioral efficiency of
the market.

Alternatively, as an effort to determine market efficiency, a study on a multifractal
detrended fluctuation analysis (MF-DFA) approach was also conducted. For example,
Choi [34] compared market efficiency during the global financial crisis and the COVID-
19 pandemic through MF-DFA, and Mensi et al. [35] confirmed through MF-DFA that
GCC stock markets are less efficient than global markets, demonstrating the time-varying
persistence. Han et al. [36] compared whether the 2015 stock market crash had an ef-
fect on efficiency for three sub-markets of the Chinese stock market through MF-DFA.
Mensi et al. [37] compared the market efficiency of the European stock market using
the MF-DFA approach, where Greece was the most inefficient market. The asymmetric
multifractal detrended fluctuation analysis (A-MFDFA) model considers the asymmetric
nature of the market efficiency, which is a measure used to better understand the market
Cho and Lee [38], Mensi et al. [39] measured the market efficiency of the metals’ futures
markets during financial and oil crises through the A-MFDFA. Zhuang and Wei [40] ranked
the informational inefficiency levels of green finance markets using A-MFDFA.

In order to filter out the economic information from the network structures, a min-
imum spanning tree (MST) model was widely applied. Bonanno et al. [41] constructed
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a correlation-based MST network model where the observed topology consists of a star-like
structure with one large cluster and a complex multi-cluster structure. In this study, the net-
work was composed of two modular structures and demonstrated a collective dynamic
pattern, which differs in that it is vulnerable to the spread of systemic risk. In recent
studies, Kuang [42] measured the information flow of the market through transfer entropy,
and demonstrated the risk contagion path by constructing an entropy-based network via
MST, and Shin et al. [43] discovered a huge cluster during a financial crisis with detrended
cross-correlation analysis (DCCA) and the Girvan–Newman method, which is a hierarchical
method used to detect communities in complex systems. Balcı et al. [44] confirmed a re-
markable change in the coarse graining network in an economic crisis using Voronoi regions.
Alves et al. [45] quantified the time-varying efficiency of stock markets with permutation
entropy, and demonstrated a modular structure with hierarchical clustering and network
representation.

3. Methods
3.1. Attention Entropy

Attention entropy quantifies key patterns through the distribution of intervals, whereas
classical entropies are based on the frequency of elements. Attention entropy first defines
the key pattern as peak points, which include local maxima and local minima. Then,
the intervals between the local values can be computed, and Shannon entropy [46] of the in-
tervals is calculated. For example, given a time series X = {x1, x2, . . . , xn}, we can construct
the local maxima series of X as P = {xp1 , xp2 , . . . , xpk} with the index p = {p1, p2, . . . , pk}.
Similarly, the local minima series of X can be represented as Q = {xq1 , xq2 , . . . , xql} with
the index q = {q1, q2, . . . , ql}. Then, we can compute the interval series from local values to
other local values as follows.

Imax,max ={p2 − p1, p3 − p2, . . . , pk − pk−1}
Imin,min ={q2 − q1, q3 − q2, . . . , ql − ql−1}

Imax,min =

{
p1 − q2, p2 − q3, p3 − q4, . . . if p1 ≥ q1
p1 − q1, p2 − q2, p3 − q3, . . . otherwise

Imin,max =

{
q2 − p1, q3 − p2, q4 − p3, . . . if p1 ≥ q1
q1 − p1, q2 − p2, q3 − p3, . . . otherwise

(1)

Imax,max, Imin,min, Imax,min and Imin,max correspond to the interval series from the local
maxima to next local maxima, local minima to next local minima, local maxima to next local
minima and local minima to next local maxima, respectively. In order to calculate the Shan-
non entropies of the interval series, such as when composing a histogram, we counted
the number of occurrences of unique elements in each set. Then, we can calculate the prob-
ability of each element appearing in the set based on the number of appearances. If the
probabilities are called as f = { f1, f2, . . . , fm}, we can evaluate the Shannon entropy, H( f ),
as follows.

H( f ) = −∑
i

fi ln( fi) (2)

Let fmax,max, fmin,min, fmax,min and fmin,max be the probability series of the interval series
Imax,max, Imin,min, Imax,min and Imin,max, respectively. Then, the attention entropy of the times
series X is as follows.

H(X) =
fmax,max + fmin,min + fmax,min + fmin,max

4
(3)

Yang et al. [25] proposed the attention entropy for classifying time series data, con-
structing the frequency distribution of interval series. The entropy outperforms state-
of-the-art entropy methods, and is expected to show the explanatory power of market
efficiency in our study as well. If attention entropy is high, the randomness of peak points
of the data increases; therefore, it is expected to achieve a high informational efficiency.
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On the other hand, the entropy decreases when decreasing the randomness of peak points,
so low informational efficiency is expected.

3.2. Hierarchical Clustering

In order to calculate the similarities of the efficiency degree among 27 international
markets with the attention entropy series, we utilized the correlation distance as follows:

d(Hi, Hj) =
√

2(1− ρ(Hi, Hj)), (4)

where ρ(Hi, Hj) is the coefficient of the Pearson correlation between the attention entropy
series Hi of the i-th market and the entropy series Hj of the j-th market. For the dynamical
clustering analysis, Hi and Hj were obtained by sampling the series of efficiency with
a 1-year (252-day) sliding time window. Using the correlation distance in Equation (4),
we used four linkage algorithms—“Single”, “Average”, “Complete” and “Ward”—to
determine the hierarchical clustering. The algorithms recursively merged the pair of clusters
in the direction of minimally increasing the within-cluster variance. Finally, the number of
clusters was determined by maximizing the silhouette score [47]. The higher the value of
the score, the better the cluster structure configuration.

3.3. Stochastic Block Model (SBM)

To reflect the complex interactions of markets, the network structure was constructed
using the SBM approach. We applied a total of four SBMs to 27 international markets:
SBM, degree-corrected SBM (DCSBM), nested SBM (nSBM) and nested DCSBM (nDCSBM).
Among them, the one with the smallest minimal description length was considered as
the best model. This method directly estimates the probability that each node belongs to
a certain cluster, calculating the marginal probabilities that the network will be divided
into a certain number of clusters. To evaluate the method, we used 10,000 sweeps of
a Metropolis–Hastings acceptance–rejection Markov chain Monte Carlo (MCMC) with
several moves, and collected the partitions of the hierarchical network. In addition,
the marginal probability that each market belongs to each group was also estimated.
In order to identify the centrality of the network, the PageRank centrality [48], a variant
of eigenvalue centrality, was also measured, which uncovered the influential nodes of
the network.

4. Experiments and Data
4.1. Experiments

For the experiment, from 27 international indexes, we obtained the adjusted daily clos-
ing price and took the logarithm to the return of each index. Through the log-returns and
the attention entropy, the final input for analysis was calculated. Note that we ensured that
the attention entropy could be fundamental data for long-term and short-term dynamics.
In order to confirm the long-term efficiency, we constructed a hierarchical clustering model
with the correlation distance and silhouette score. For cross-validation, 4 linkages were
applied, and we analyzed the correlation distance matrix and dendrogram of the clustering
model. Based on the sliding window model for the short-term dynamics, we observed
the Kendall rank correlation (Kendall-τ) [49] and adjusted rand index (ARI) [50]. Kendall-τ
measures the similarity of informational efficiency ranks between different time points.
If high rank correlation is maintained for a certain period of time, it means that a spe-
cific event affects the efficiency of the entire system. In order to cross-check the result
of Kendall-τ, we also observed ARI, which evaluates the correspondence between two
clusters. Furthermore, constructing the SBM network, we drew inferences of the short-
term dynamics with the network and PageRank centrality. A step-by-step scenario of
the proposed experiment is illustrated in Figure 1.
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Figure 1. Proposed market efficiency model framework using attention entropy with hierarchical clustering.

4.2. Data

The dataset used in the study was obtained from historical data of Yahoo Finance.
Since we analyzed the time-varying efficiency dynamics of 27 major finance markets over
a long period of approximately 15 years, the market efficiency results were accurate only
when all values existed at the same time. As a result, missing data or incomplete data were
preprocessed through Wall Street Journal data. A total of 27 markets were selected based
on Yahoo Finance’s World Indices category, and a total of 3912 adjusted daily closing prices
were used from March 2007 to July 2022. Therefore, our dataset covered various areas of
international financial markets over a long period of 15 years, including the recent global is-
sue of COVID-19. Figure 2 is a scaled value plot for the international financial markets used
for the analysis, and Figure 3 is the average plot for the scaled value. For the supplementary
explanation of Figure 2, scaled value plots according to geographical region are plotted
in Appendix A. Various movement patterns could be confirmed due to the sudden shock
in the global financial crisis, the increase due to quantitative easing policy and the recent
COVID-19. VIX index, the volatility index of the market, sometimes rises in global events,
but not in others, while the dynamic behavior has not clustered recently, but moves simi-
larly and diversely. In the dynamics, we used the log-return, Rt = logP(t)− logP(t− 1), of
international financial market indices as input to analyze the time-varying market efficiency,
where logP(t) and logP(t− 1) were the logarithm closing prices at time t and t− 1. Table 1
is the descriptive statistics of 27 log-returns. On average, it had a mean (Mean) value of
0.02 and a standard deviation (Stdev) of 1.58. Since the skewness was −0.52, the positive
log-return value was widely distributed, and the kurtosis was 11.01, which implies a large
difference from the normal distribution. In addition, since the null hypothesis that there
is no autoregressive conditional heteroscedasticity (ARCH) effect at lags 10 and 20 was
rejected at a significance level of 1%, the conditional heteroscedasticity existed in all market
log-returns. In addition, augmented Dickey–Fuller (ADF) also rejected the null hypothesis
of the series being stationary at 1% significance level, so the international market log-returns
did not move stably in a specific range but moved dynamically.
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Figure 2. Evolutionary dynamics of the entire samples of international financial market indices
between Q1 2007 and Q2 2022 used in the study.
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Figure 3. Time evolution of the average scaled value of all 27 market indices between Q1 2007 and
Q2 2022 used in the study (gray shaded band means the standard error of the average).



Fractal Fract. 2022, 6, 562 8 of 19

Table 1. Descriptive statistics for the entire sample of international financial log-returns.

Mean Stdev Skewness Kurtosis ARCH(10) ARCH(20) Augmented
Dickey–Fuller

S&P 500 0.07 1.55 0.16 3.53 230.1 *** 250.07 *** −29.91 ***
Dow Jones Industrial Average 0.03 1.22 −0.49 16.05 1262.23 *** 1311.84 *** −15.14 ***

NASDAQ Composite 0.05 1.38 −0.50 9.24 998.5 *** 1045.3 *** −14.49***
NYSE Composite Index 0.02 1.32 −0.68 13.41 1225.34 *** 1295.24 *** −14.79 ***

NYSE American Composite Index 0.01 1.31 −1.00 16.49 984.88 *** 1161.64 *** −15.2 ***
Russell 2000 0.03 1.62 −0.66 8.60 1146.88 *** 1214.77 *** −14.73 ***

Vix 0.00 7.70 1.05 6.14 192.18 *** 195.78 *** −25.58 ***
FTSE 100 0.00 1.20 −0.41 10.03 788.14 *** 834.46 *** −23.79 ***

DAX PERFORMANCE-INDEX 0.02 1.39 −0.23 8.39 583.26 *** 674.27 *** −22.63 ***
CAC 40 0.01 1.42 −0.28 8.25 628.1 *** 688.32 *** −23.59 ***

ESTX 50 PR.EUR 0.00 1.43 −0.32 7.99 589.85 *** 613.74 *** −29.08 ***
EURONEXT 100 0.01 1.30 −0.38 9.10 692.21 *** 759.31 *** −23.48 ***

BEL 20 −0.00 1.30 −0.65 10.77 584.09 *** 614.49 *** −12.24 ***
Nikkei 225 0.01 1.47 −0.45 8.38 1054.16 *** 1098.86 *** −63.39 ***

HANG SENG INDEX 0.00 1.48 −0.03 8.96 997.94 *** 1106.29 *** −10.72 ***
SSE Composite Index 0.00 1.53 −0.61 5.44 408.67 *** 472.35 *** −12.97 ***
Shenzhen Component 0.02 1.78 −0.55 3.45 364.1 *** 426.68 *** −14.66 ***

S&P/ASX 200 0.01 1.12 −0.69 7.80 1129.81 *** 1175.54 *** −14.4 ***
ALL ORDINARIES 0.01 1.07 −0.66 9.66 768.79 *** 817.83 *** −37.55 ***
S&P BSE SENSEX 0.04 1.37 −0.21 13.61 543.65 *** 561.24 *** −11.96 ***

Jakarta Composite Index 0.03 1.27 −0.58 9.61 508.49 *** 614.77 *** −18.47 ***
S&P/NZX 50 INDEX GROSS 0.03 0.74 −0.65 8.21 886.56 *** 947.68 *** −21.0 ***

KOSPI Composite Index 0.02 1.23 −0.55 10.44 966.23 *** 990.46 *** −12.24 ***
TSEC weighted index 0.02 1.14 −0.42 5.11 488.16 *** 541.14 *** −14.08 ***

S&P/TSX Composite index 0.01 1.15 −1.08 20.75 1126.95 *** 1262.88 *** −11.45 ***
IBOVESPA 0.02 1.74 −0.44 10.17 1174.02 *** 1267.65 *** −26.78 ***

IPC MEXICO 0.02 1.18 −0.02 7.29 724.97 *** 843.78 *** −27.88 ***
MERVAL 0.10 2.32 −2.67 50.22 37.67 *** 58.42 *** −61.87 ***

TA-125 0.02 1.09 −1.17 12.07 466.91 *** 527.72 *** −18.56 ***

Average 0.02 1.58 −0.52 11.01 - - -

*** Significant at the 1% level.

5. Results
5.1. Long-Term Efficiency with Clustering

The results are based on the adjusted daily closing price of 27 international financial
markets from March 2007 to July 2022. From these historical time series, we could esti-
mate the logarithm return, Rt, for each market price where t is the closing date. Next,
we sampled the Rt with a 252-day sliding time window, roughly corresponding to 1 year of
economic trading activity. The time window moves with daily steps, and we can estimate
the H(X) for every step. We refer to the attention entropy obtained at time t with a 252-day
sliding time window as Ht. Then, a time series for each market was created, as shown
in Figure 4 (Upper) for the S&P500, which is an influential indicator of the international
equity market. The higher the value of Ht, the more informational efficient at that partic-
ular time. Conversely, a decrease in Ht indicates a more inefficient period of the market.
We also estimated the average dynamics of the efficiency, Ht, with a daily step over all
international markets. Figure 4 (Lower) shows that the average behavior is smoother than
the behavior of the S&P500 and appears to reflect major events such as “Global Financial
Crisis (2007∼2008)”, “Chinese Stock Market Turbulence (2015∼2016)” and “COVID-19
(2020∼)”, as Ht shows more lower values around these time periods.
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Figure 4. Estimating the informational market efficiency of international markets with AMIM.
(Upper) Time evolution of the AMIM with daily step of the S&P 500. (Lower) Time evolution of
the average AMIM of all 27 markets (gray shaded band means the standard error of the average).

When a specific event occurs in the financial market, such as COVID-19, the behavior
of investors tends to be synchronized, so the attention entropy decreases with an inef-
ficient period of the market. Therefore, it is possible to identify trading opportunities
through forecasting the synchronized behavior; otherwise, their investment strategies
propagate shocks to interconnected networks globally, resulting in strong correlations
between markets. Similarly, the collective behaviors strongly affect the informational ef-
ficiency of markets and naturally cause joint movements of Ht. Accordingly, there are
groups with similar informational efficiency trends that can appear as hierarchical struc-
tures, so policy makers can manage financial risk and establish effective market policies
through the informational efficiency trends. In order to analyze the groups, we calculated
the correlation distance of the informational efficiency among all pairs of 27 international
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financial markets as shown in Figure 5. At the same time, the cluster dendrogram of
the distance was estimated using Ward’s minimum variance, divided into 15 groups as in
Figure 6. In addition, for cross validation, silhouette scores were estimated for all four
linkages. As a result, 15 clusters were determined as the optimal number by the Ward’s
algorithm. The largest cluster consists of three markets and the smallest cluster consists
of just one market. Each group of markets shows a similar long-term time evolution of
Ht. In addition, most clusters are grouped together by geographically closeness, culturally
closeness or countries of a similar economic level as shown in Table 2. In order to evaluate
whether the clustering of 15 groups is appropriate, the entropy time series for each group
is shown in the right part of Figure 5. There is no overlapping of the time series between
different groups, and different entropy series movements are confirmed for each group, so
the model is effective in distinguishing between markets with different movements. There-
fore, our results indicate that 27 international markets constitute a hierarchical structure
according to the evolution of long-term informational efficiency; however, overwhelmingly
large clustering is not observed in the correlation distance matrix. In addition, the global
long-term analysis does not capture the short-term dynamics, Ht, among the markets.

For example, by understanding the reactions of market traders to global events,
investors can manage portfolio risk and identify trading opportunities. In addition, through
predicting the inefficiency period, it is possible to provide necessary information to policy
makers, thereby contributing to the prevention of risks and the establishment of effective
market policies.

Figure 5. Long-term hierarchical clustering of informational efficiency patterns of 27 international
markets. The colored squares below the dendrogram branches indicate the 15 clusters obtained by
maximizing the silhouette score.
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Table 2. The collection of country lists according to the long-term hierarchical clustering of effi-
ciency patterns.

Cluster Market Country

1 FTSE 100 United Kingdom
DAX PERFORMANCE-INDEX Germany

2 BEL 20 Belgium

3 CAC 40 France
EURONEXT 100 France

4 IPC MEXICO Mexico

5 S&P 500 United States

6 SSE Composite Index China
Shenzhen Component China

7 Dow Jones Industrial Average United States
NYSE Composite Index United States

8 NASDAQ Composite United States
Russell 2000 United States

9 S&P/ASX 200 Australia
ALL ORDINARIES Australia

10 Nikkei 225 Japan
MERVAL Argentina

11 TA-125 Israel

12 TSEC weighted index Taiwan
IBOVESPA Brazil

13 Jakarta Composite Index Indonesia
KOSPI Composite Index Republic of Korea

14 HANG SENG INDEX Hong Kong
S&P/TSX Composite index Canada

15
S&P BSE SENSEX India
NYSE American Composite Index United States
Vix United States

5 10 15 20 25
The number of cluster

0.025

0.000

0.025

0.050

0.075

0.100

0.125

0.150

Sc
or

e

Optimal Number of Cluster: 15

WARD
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AVERAGE
SINGLE

Figure 6. Determining the optimal number of clusters using silhouette scores of four linkages.
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5.2. Short-Term Efficiency with Sliding Window

To estimate the short-term collective dynamics of the efficiency degree, we sampled
the Ht with a 1-year sliding window, and the window moves with quarterly steps so
that the periods of the extracted samples do not overlap. Next, we created a ranking of
the efficiency degree within each time window and investigated the stability of rankings
by calculating the Kendall-τ for all pairs of time windows as shown in Figure 7 (Left).
The names of rows and columns represent the last date for each time window, and the coef-
ficient values of Kendall-τ indicate how similar the rank of informational efficiency is from
the past to next quarters. In addition, the large diagonal blocks with high values mean
the stable efficiency ranks over long periods. Similar to the results of Figure 4 (Lower),
we can observe the large diagonal blocks with approximately 1∼2.5 years of the periods by
major finance events, whereas most efficiency ranks are stable for the many short periods
by the small blocks in the other periods.
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Figure 7. Short-term stability analysis of informational efficiency rankings and clusterings of 27
international markets moving with quarterly steps. (Left) Time evolution plot of the Kendall rank
correlation coefficient (kendal-τ) for all pairs of efficiency ranks at different time windows. (Right)
Time evolution plot of the adjusted rank index (ARI) for all pairs of similar efficiency clusters at
different time windows.

In order to analyze the short-term dynamics, we also calculated the efficiency degree
of the clusters for each time window using the same clustering approach of Ht. For all
clusters, the ARI was estimated to investigate the stability of the same group. ARI measures
the concordance between two clusters by counting the number of values placed in the same
cluster while controlling situations that may overlap by chance. If ARI is close to 0, the two
clusters are inferior to random partitions, and if ARI is close to 1, they are perfectly identical.
For each time window, therefore, the degree of similarity between markets was determined
based on the informational efficiency. Figure 7 (Right) shows the matrix plot by ARI of all
cluster pairs. Since the diagonal blocks of up to approximately 1 to 1.5 years are observed,
the similar efficiency collections do not remain stable over long periods of time affected by
certain events, which is similar to the result of Kendall-τ, but seems to be more conservative.
In addition, the large blocks have been observed in other events, except the Global Financial
Crisis in 2008, and the same grouping continues in the recent COVID-19 events.

5.3. Short-Term Efficiency with SBM Network

In international financial markets, Figure 7 shows that the short-term patterns of infor-
mational efficiency change with time and differ from the patterns obtained from the long-
term window data. The simple partitions of international markets found in the study may
not be sufficient to capture the complex interactions that exist in real financial markets;
therefore, we analyzed the market using a complex network to account for the entan-
gled complex interactions. The nodes of network represent the 27 international markets,
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and the links indicate that the two markets are clustered together over time at least once.
In addition, the connection between two markets is weighted according to the number
of times that those markets are grouped into the same cluster. In addition, there may
be a modular structure in which certain markets are frequently grouped into the same
cluster and exhibit high edge weights. In order to analyze the possibility, SBM was used,
and a total of four types of SBM were applied to the international financial markets, where
the nested SBM without degree correction was the best model to explain our network struc-
ture. Through the process, the aggregated short-term information was easily transformed
into a global coherent picture in which the informational efficiency dynamics of 27 markets
over some periods were highly correlated. The strength of the connections also indicates
the degree of interactions between the markets.

Figure 8 shows the complex network of the 27 international markets. The results sug-
gest that the majority are almost always allocated to the same cluster. The network consists
of three network modules, and is indicated by different node colors. In addition, through
10,000 sweeps of a Metropolis–Hastings acceptance–rejection MCMC, the probabilities of
belonging to certain clusters were measured, and they were displayed together in each par-
tition. The largest network module includes 15 markets and the second partition contains
the remaining 11 markets. Since the NYSE Composite Index is highly related to the second
cluster, it is better to view the entire system as two modules. Figure 9 demonstrates the cen-
trality ranking of the network using PageRank. The NYSE Composite index (United States),
Vix (United States) and NASDAQ Composite (United States) emerge as the most influential
international markets, whereas the TSEC weighted index (Taiwan), MERVAL (Argentina)
and SSE Composite Index (China) are the least influential for the informational efficiency
dynamics. Similar to the result of Figure 8, we can observe that the NYSE Composite Index
plays an important role in the network.

Figure 8. The network structure of international markets exhibiting similar short-tern efficiency
trends. By estimating the nested SBM without degree-corrected model, there are two network
partitions indicated by the different colors, and edge widths are proportional to the weights of
the connections.



Fractal Fract. 2022, 6, 562 14 of 19

NY
SE

 C
om

po
sit

e 
In

de
x

Vi
x

NA
SD

AQ
 C

om
po

sit
e

FT
SE

 1
00

CA
C 

40
DA

X 
PE

RF
OR

M
AN

CE
-IN

DE
X

Do
w 

Jo
ne

s I
nd

us
tri

al
 A

ve
ra

ge
Ru

ss
el

l 2
00

0
S&

P 
BS

E 
SE

NS
EX

EU
RO

NE
XT

 1
00

S&
P 

50
0

KO
SP

I C
om

po
sit

e 
In

de
x

NY
SE

 A
m

er
ica

n 
Co

m
po

sit
e 

In
de

x
AL

L 
OR

DI
NA

RI
ES

Ni
kk

ei
 2

25
S&

P/
AS

X 
20

0
S&

P/
TS

X 
Co

m
po

sit
e 

in
de

x
BE

L 
20

Ja
ka

rta
 C

om
po

sit
e 

In
de

x
IP

C 
M

EX
IC

O
HA

NG
 S

EN
G 

IN
DE

X
IB

OV
ES

PA
TA

-1
25

Sh
en

zh
en

 C
om

po
ne

nt
TS

EC
 w

ei
gh

te
d 

in
de

x
M

ER
VA

L
SS

E 
Co

m
po

sit
e 

In
de

x0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040

Pa
ge

Ra
nk

Figure 9. Centrality ranking by the PageRank suggesting the most influential international finance
markets for the informational efficiency evolution.

Although there are many exceptions, the geographical proximity or similar cultures
seems to play an important role in distinguishing the partitions. Furthermore, the network
is a complete graph since it has all possible connections for all markets. The international
finance markets, therefore, are strongly globalized with respect to their informational
efficiency, meaning that a large number of markets may have the same efficiency level
in simultaneous periods. In other words, it implies that there may be a systemic risk
that low-efficiency states propagate, and, at the same time, high-efficiency states may
also appear globally. In addition, the inequality of edge weights means that international
markets can have a modular structure. Specifically, unlike other markets, the market pairs
with high edge weights are much more grouped into clusters. Although the association of
international markets is quite entangled, the meaning of the structure suggests that some
similar market groups may become more similar to each other, and the degree of efficiency
may maintain the partitioned structures.

6. Discussion and Conclusions

The problem of quantifying market efficiency by reflecting the inefficient dynamics of
financial markets has long been a major challenge. In this paper, using attention entropy,
we examined the dynamic market efficiency of 27 global financial markets during the past
15 years. It was found that the international financial markets can be hierarchically clustered
into 15 groups with a similar long-term efficiency trend; however, the long-term clusters
may be insufficient for understanding the short-term collective dynamics of informational
efficiency. In fact, the short-term patterns of efficiency have changed over time, so there is
a difference from the long-term results. The short-term efficiency ranks are stable only for
a relatively short period, and, similarly, clusters with similar efficiency trends do not main-
tain stable movement for a long time. Therefore, based on the facts, the complex network
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representation was analyzed to understand how the collective dynamics of informational
efficiency in global financial markets interact with each other via various instabilities over
time. The network of 27 international markets is fully connected, confirming that it is
strongly globalized and entangled. In addition, the complex network demonstrates that
two modular structures are grouped together with similar efficiency dynamics, and a high
or low efficiency appear in both modules at the same time. In other words, global markets
are highly intertwined with each other in terms of efficiency; however, the degree of ef-
ficiency can be particularly pronounced for markets belonging to each group. Therefore,
the complex global financial network revealed in our study suggests that it is not only
a systemic risk that may occur due to the spread of a low efficiency, but a high efficiency
may also appear at the global level as well.

Market efficiency is not only an opportunity for profit, but it can also be an early signal
of an impending crisis in the market. Our findings will help regulators to assess the cur-
rent state of the market and predict the future in order to measure the financial risk. For
example, by understanding the reactions of market traders to global events, investors can
manage portfolio risk and identify trading opportunities. In addition, through predicting
the inefficiency period, it is possible to provide necessary information to policy makers,
thereby contributing to the prevention of risks and the establishment of effective market
policies. Therefore, the quantification of the time-varying informational efficiency will
help us to identify the transaction risk of numerous economic actors in advance. In this
study, it was confirmed that the modular structures were constructed with similar efficiency
dynamics through the SBM network, which leads to a different result from the study of
Bonanno et al. [41], which composes one large cluster around a large hub. Since the data
and methodology are different from our model, it seems difficult to make a simple compari-
son; therefore, in future studies, a comparison with existing methods, such as an MST-based
network, can be attempted. In addition, a directed graph can be used to identify the ef-
ficiency direction between markets; moreover, attention entropy obtained through other
time frequency data can be compared.
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Appendix A

For the supplementary explanation of Figure 2, scaled value plots for attention entropy
according to geographical region are plotted as follows.
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Figure A1. Evolutionary dynamics of North American financial market indices.
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