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Abstract: Based on the generalized Routh-Hurwitz criterion, we propose a sufficient and necessary
criterion for testing the stability of fractional-order linear systems with order a € (1,2), called the
fractional-order Routh-Hurwitz criterion. Compared with the existing criterion, ours involves fewer
and simpler expressions, which is significant for analyzing the robust stability of high-dimensional
uncertain systems. All these expressions are explicit ones about the coefficients of the characteristic
polynomial of the system matrix, so the stable parameter region of fractional-order systems can be
described directly. Some examples show the effectiveness of our method.

Keywords: fractional-order systems; generalized Routh-Hurwitz criterion; robust stability; high-
dimensional systems

1. Introduction

Routh-Hurwitz criterion is a sufficient and necessary condition for testing whether
all roots of a real polynomial have negative real parts. This criterion can analyze the
asymptotic stability of linear time-invariant systems by the coefficients of the characteristic
polynomial of the system matrix. For integer—order systems, this criterion is equivalent
to a stability criterion, called the Routh-Hurwitz stability criterion. Based on the classical
Routh-Hurwitz, some stability conditions were given for low-dimensional fractional-order
systems with order & € (0,1] in 2006 [1]. Recently, these results were extended to the case
of order a € (0,2) [2]. All these stability conditions that are suitable for fractional-order
systems are only sufficient and necessary for dimensions n = 2,3, but just sufficient or
necessary for dimensions n > 4. The classical Routh—-Hurwitz criterion is unsuitable for
directly analyzing general n-dimensional fractional-order systems.

Some researchers proposed an idea that transforms an n-dimensional fractional-order
system into a 2n-dimensional integer-order system, then the stability of the fractional-
order system with order « € (1,2) [3] can be tested by analyzing the corresponding
higher-dimensional integer-order system. The classical Routh-Hurwitz criterion and
related results are valid for analyzing the corresponding higher-dimensional integer-order
system. This equivalent transformation has a beautiful form and is the theoretical basis
for some stability methods of fractional-order uncertain systems. For example, based on
this equivalent transformation, the classical p-analysis method can be used to discuss the
robust stability of fractional-order systems with order a € (1,2) [4]. All robust stability
results can be obtained with these methods, but the higher-dimensional transformation has
a high computational complexity, especially for multi-parameter systems.

For reducing complicated calculations, some parameter space algorithms were es-
tablished for determining the stable parameter region of fractional-order systems with
multi-parameter by transforming characteristic polynomials to the corresponding parame-
ter polynomials. Based on the cylindrical algebraic decomposition technique, the robust
stability of high-dimensional cases can be discussed through a visual representation of the
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parameter space [5,6]. However, if the number of uncertain parameters is more than three,
these parameter space algorithms may fail.

Due to the advantage of fractional calculus for describing the memory and genetic
characteristics more suitable, fractional-order systems have been modeled and discussed in
various research fields. Among these discussions, we see that the case of « € (1,2) appears
in several dynamical problems used in physical and engineering applications [7-10]. For
that complex situation, its stability analysis as the basis of the dynamical problems is still
an open topic. This paper considers the problems of stability and robust stability on n-
dimensional fractional-order linear systems with order « € (1,2). Based on the generalized
Routh-Hurwitz criterion, a sufficient and necessary criterion for testing the stability of
fractional-order linear systems with order a € (1,2), called the fractional-order Routh—
Hurwitz criterion, is proposed. Our criterion involves fewer explicit expressions than the
exiting method [3] and describes stability analysis results of fractional-order systems with
uncertain parameters more easily than existing methods [4-6,11,12].

2. Preliminaries

Since the Laplace transform of a Liouville-Caputo fractional-order derivative involves
the initial values of integer-order derivatives with clear physical interpretations [13-15],
the Liouville-Caputo (LC) definition of a fractional-order derivative is used in this paper,

P S L1
LCDef(r) = b d, 1

F((X _m) T)uc+1—m

where m is an integer satisfying m —1 < « < m and I'(-) is the gamma function.
In this paper, D* is short for L“D*.
Consider the following n-dimensional fractional-order linear time-invariant system:

D%x = Ax, )

where o € (1,2) is the fractional order, A € R"*", x = (x1,xp,- - -, xn)T is a state vector.
The initial conditions for system (2) are x;(0) = xjo, x;(0) = x},.

Lemma 1 ([16 18]). System (2) is asymptotically stable if and only if ]arg(/\j)‘ > &%, where
Ai(j=1,2,---,n) are the eigenvalues of matrix A and arg(-) denotes the argument of a com-
plex number.

Let
SR := {7 € C|larg(y > Sl
UR := {’yE(CHarg | < 41, @)
CLi= {7 € Cllarg(r)] - ),
be called the stable region, the unstable region and the critical line of system (2), respectively
(as shown in Figure 1).
Suppose the characteristic polynomial of the system matrix A is

PA) = A" A" gy, 4)

From Lemma 1, we know that system (2) is asymptotically stable if and only if all
roots of P(A) are in the stable region SR.

Remark 1. Since the stable region SR of system (2) is a classical study region in integer-order
systems [19], researchers have analyzed the stability of system (2) by finding an integer-order linear
time-invariant system with integer-order that has equivalently the same stability property as of the
fractional-order system [3]. This idea is valid, but the corresponding integer-order system has a
higher-dimensional system matrix. We need to analyze a higher-dimensional polynomial if we test
the stability of the corresponding integer-order system by the classical Routh—Hurwitz criterion.
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For example, consider the general two-dimensional fractional-order system as follows:

D% = Ax, ®)

where A = [Z“ le}, x = (x1,x2)T. The initial conditions are x;(0) = x0, x/(0) = x/,
21 422
i=1,2

System (5) is asymptotically stable if and only if the following four-dimensional integer-order
system is asymptotically stable [3],

in (&% an
[ i
The characteristic polynomial of system (6) is
P(A) = A+ a1 A% + apA? + a3) + ay, 7)
where
a1 = —2(aqq + ax)sin (%),
ay = (a3; + 4a11a2 — 212871 + a3, )sin’ (zx;) + (i) + 2412021 + a3y)cos” (%)r ®)
az = —2(an + ax)(a11a22 — a12021)sin (azn),
ay = (a11a12 — a12021)°.
The integer-order Hurwitz matrix Hy of P(A) in Equation (7) is as follows:
a a3 0 O
Bl a a0 ©

0 1 ap a4

Based on the classical Routh—Hurwitz criterion, we need to check A; > 0(i = 1,2,3,4) to
determine the stability of two-dimensional fractional-order system (5), where A;(i = 1,2,3,4) is
the ith order leading principal minor of H, and

Al = aq,
Ap = map — ag,
’ ’ (10)
A3 = —ajay + ajaxaz — as,
2 2
Ay = —ay(ajay — maxas + az).

The above classical Routh—Hurwitz criterion needs to calculate four leading principal minors
that are complex, although fractional-order system (5) is just a two-dimensional system.

Let f(z) be a complex coefficient polynomial satisfying:
fliz) = boz" + byz" L - 4 by + i(aoz” +az" 4 an>,ao #0, (11)

where 11]-(]' =0,1,---,n) and b]-(j =0,1,---,n) are real numbers.
The 2n x 2n generalized Hurwitz matrix H is constructed from f(z) as follows:
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fag a1 - ap 0 07
by by -+ Dby 0 0
0 a -+ ay_1 ay 0
Hf = 0 by -+ by by 0 (12)
0 PEREEY 0 aO PEREY anfl an
0 -~ 0 by -+ by_q byl
“Im
CL
SR omn/2
Re
>
UR

Figure 1. The stable region SR, the unstable region UR and the critical line CL of system (2).
Lemma 2 ([20] The Generalized Routh-Hurwitz Criterion). All roots of f(z) have negative

real parts if and only if o, > 0(k = 1,2,--- ,n), where ox(k = 1,2,--- ,n) is the 2kth order
leading principal minor of Hy.

The 2kth order leading principal minors oy (k = 1,2, - - -, n) of Hy are given by

apg ap -+ 4y 0 0

bp by - by O 0

ap a1 a4y as 0 ap R A R 0

_lao a| _|\bo by by b3] 10 by -+ b,y by 0

Ul - bO bl /02 - 0 ﬂo a] ﬂz 7 /Un - n . . (13)

0 by by b : :

0 0 ag R P ay

0 -.- 0 bo - byq by

From the generalized Routh-Hurwitz criterion, we can test whether all roots of an
n-dimensional complex coefficient polynomial have negative real parts by n leading princi-
pal minors.

In this paper, based on the generalized Routh-Hurwitz criterion, we propose a suf-
ficient and necessary criterion, called the fractional-order Routh-Hurwitz criterion. This
criterion can directly analyze the stability and robust stability of n-dimensional fractional-
order systems with order a € (1,2) by these corresponding complex coefficient polyno-
mials, which can reduce the complicated calculations caused by the higher-dimensional
transformation.
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3. Main Results

From the characteristic polynomial P(A) of fractional-order system (2), we have the
corresponding complex coefficient polynomial:

) B () ),

where ag = 1.
From Equations (11) and (12), the fractional-order Hurwitz matrix is defined, which is
constructed from the complex coefficient polynomial in Equation (14).

Definition 1 (The Fractional-Order Hurwitz Matrix). For system (2), the 2n X 2n fractional-
order Hurwitz matrix Hy of P(A) is defined as follows:

sm("gn) aisin 7(%12)%” 0 0]
Cos(ngn) aycos ("_12)""” ay 0
0 sin(57) o ap_qsin(%) 0
Hy = 0 cos(™57) oo ap_qcos(E)  an 0 (15)
0 sin(257) ay_1sin(%F) 0
|0 cos (™57 ) ay_1cos(3t) ay]

Theorem 1 (The Fractional-Order Routh—-Hurwitz Criterion). System (2) is asymptotically
stable ifand only if £, > 0(p = 1,2, -+ ,n), where Z,(p = 1,2, - -, n) is the 2pth order leading
principal minor of Hy.

Proof. The coordinate system xy counterclockwise turns through angle 6 = (“_21)7T as the
coordinate system x'y’ (as shown in Figure 2).
For system (2), in the new coordinate system x'y’, P(A) can be expressed as

g(r) = f(r : 6’%”), (16)

thus

glir) = f(r e %) (17)

Since P(A) is a real polynomial whose roots are symmetrical about the real axis in

the coordinate system xy, its roots are in the stable region SR if and only if they are in the

left half plane of the coordinate system x'y’. Based on the above analysis, according to
Lemma 2 and Lemma 1, we have Theorem 1. [J
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Figure 2. Rotate the coordinate system.

The linearization of a fractional-order nonlinear system D*x = f(x) around an equilib-
rium point can be given as D*x = Jx, where ] is the Jacobian matrix of D*x = f(x) around
the equilibrium point. The linearized system D*x = Jx is locally asymptotically stable if for
each eigenvalue A of ], [arg(A)| > &F [21]. The fractional-order Routh-Hurwitz criterion of
system (2) can be used to analyze the local stability of fractional-order nonlinear systems.

Remark 2. Consider the same two-dimensional fractional-order system (5) as in Remark 1, the
characteristic polynomial of matrix A is

P(/\) = /\2 — (all + azz)x + ap1a — a12asq. (18)

The corresponding fractional-order Hurwitz matrix H, is as follows:

sin(am)  —(a11 + ag)sin (%) 0 0
H, — cos(am)  — (a1 + az)cos () a11a20 — 12071 0 (19)
0 sin(ar) —(a11 + ax)sin (%) 0
0 cos(arr) —(a11 +axn)cos(5F)  ar1ax — appan

Based on the fractional-order Routh—Hurwitz criterion in Theorem 1, we only need to check
two even-order leading principal minors X, > 0(p = 1,2) of Hy to determine the stability of
system (5), where

Iy = —(an +ﬁ22)5i”<%>'

(20)
oy am ar
T = (anan — agar)sin® <7> <(f111 +a2)* — 4(axany — ana)cos® (7>)
In this paper, we consider the case of « € (1,2),s0 X1 > 0,2, > 0 is equivalent to
51 = —(an +an) >0,
- (21)

o7t
Xy = (apan — axa) ((ﬂn +ax)? — 4(axnay — agary)cos® (7» >0
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Compared with the existing method, the fractional-order Routh—Hurwitz criterion involves
smaller numbers of leading principal minors. Each X, in Equation (20) is simpler than A; in
Equation (10), i = 2p. Our method has less computational complexity than the existing method [3].
Especially for high-dimensional fractional-order systems, the advantage of a low computational
complexity is significant.

The fractional-order Routh-Hurwitz criterion can be used to analyze the robust stabil-
ity of fractional-order uncertain systems.
Consider a fractional-order uncertain system as follows:

D*x = A(B)x, (22)

where («,8) = (a,B1,B2, -+, B;i) are uncertain parameters, x = (xq,%, -+ ,x,) is the
state vector. The initial conditions for system (22) are x;(0) = xjo, xz’« (0) = xfo.
The characteristic polynomial of matrix A(p) is

FAa,B) = A"+ ar(a, A" + -+ an(a, ). (23)

Since all expressions in our method are explicit ones about the coefficients of the
characteristic polynomial of the system matrix, Theorem 1 is also effective for analyzing
the robust stability of system (22).

System (22) is of certain parameters for given parameter («, ). We call the parameter
(a, B) a stable parameter if the corresponding system is asymptotically stable. The set of all
stable parameters is called the stable parameter region, denoted by SR(«, §). According to
Theorem 1, the stable parameter region SR(a, B) of system (22) is the set of the solutions of
{¥,>0,p=1,2,---,n}. The stable parameter region SR(«, f) can be described directly
by the explicit expressions.

4. MMustrative Examples

Example 1. Consider the following fractional-order uncertain system with dimension n = 4:
Dx(t) = (B1A1 + BaA2)x(t), x(0) = x0, %' (0) = x}, (24)

where 1+ P2 =1,B1,22>0,A1 =T —ebxc, Ay =T +ebxg,

1 1 0 0 0 3
o —=2 1 of, o, |3
F=19 0o 3 10" |o|"“ = |o|

~10 —10 —-20 —6 1 0

Let By = 1 — By, the characteristic polynomial of system matrix is:
F(A) = AT 4+ 1243 4 67A% + (6B1e — 3e + 142)A + 121 — 6¢ + 96, (25)

based on Corollary A3, the solutions of the set of inequalities are shown in Figure 3, where different
color line mean the corresponding inequality. The stable parameter region SR(«, B) of system (24)
is marked. For system (24), since 1 satisfies 1 € [0,1), which means the set of inequalities has
solutions for all By € [0,1), the maximum value of € is 7.274.
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30
20
€
10
SR(a.,p)
0
0 0.2 0.4 0.6 0.8 1

Bl
Figure 3. The solutions of the set of inequalities.

Remark 3. The above example showed the effectiveness of our method for analyzing fractional-order
systems with n = 4. For a general n, based on the existing methods [3,22], we need to use the idea
of testing A; > 0,i = 1,2,---,2n to determine the stability of system (22). Furthermore, as a
comparison in this case, using our method, we only need to test whether X, > 0,p =1,2,--- ,n
to analyze the stability. The number of leading principal minors of our method is smaller than that
of existing methods.

Example 2. Consider the following fractional-order hyperchaotic system with n = 4:

D*x1 = a(xp; — x1)

D%xy = cx1 — x1X3 — Xp + exy
D%x3 = lel + x% — bxs

D‘XX4 = —de

, (26)

where a, b, ¢, d, e are uncertain parameters, « € (1,2) is an uncertain fractional order and the initial
conditions are x;(0) = xjo, x;'(0) = x;0".

System (26) has only one equilibrium point (0,0,0,0) and the Jacobian matrix | at the
equilibrium point (0,0,0,0) is

—a a 0 O
e =1 0 e
J 0 0 —-b 0
0 —d 0 0

The characteristic polynomial of the Jacobian matrix is:

fA) =A*+ (a+b+1)A% + (ab — ac + de + a + b)A? + (ab — abc + ade + bde) A + abde, 27)

based on Corollary A3, the stable parameter region SR(a, B) of system (26) is the set of the solutions
of the four inequalities, where
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am=a+b+1,
ay=ab—ac+de+a+0b,
a3 = ab — abc + ade + bde,
a4 = abde.

(28)

Remark 4. We have proposed a parameter space algorithm for analyzing the robust stability of
fractional-order uncertain systems with o € (0,2) [5,6], with which the stable parameter region
can be obtained through a visual representation of the parameter space if the systems have fewer
parameters. If the number of uncertain parameters is more than three [23], it is difficult to show
the stable parameter region with a figure. The explicit expressions of the stable parameter region
SR(w, B) by the fractional-order Routh—-Hurwitz criterion in Theorem 1 are still valid for the
multi-parameter situation.

5. Conclusions

In this paper, we give a fractional-order Routh-Hurwitz criterion for analyzing the
stability and robust stability of fractional-order linear systems with a € (1,2). This cri-
terion directly tests complex coefficient polynomials corresponding to fractional-order
systems without the higher-dimensional transformation, so the stable parameter region of
fractional-order uncertain systems can be described with fewer explicit expressions about
the coefficients of the characteristic polynomial. Our method is suitable for some complex
cases such as systems with uncertain order and uncertain other parameters. Due to the
advantage of explicit expressions, one of our future works is finding a way to directly give
multi-parameter results of other complex dynamic problems based on our stability results.

Author Contributions: J.Y.: conceptualization, methodology, software, formal analysis, writing—
original draft. X.H.: conceptualization, methodology, supervision, writing—review and editing. Y.L.:
conceptualization, methodology, supervision, writing—review and editing. All authors have read
and agreed to the published version of the manuscript.

Funding: This work was partially supported by the National Natural Science Foundation of China
under grants no. 12171073; Natural Science Foundation of Sichuan under grants 2022NSFSC0962 and
2022NSFSC0868; and China Postdoctoral Science Foundation grant number 2021M700703.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Conflicts of Interest: The authors declare that they have no known competing financial interests or
personal relationships that could have appeared to influence the work reported in this paper.

Appendix A
For system (2), suppose the characteristic polynomial of A is f(A) = A" +a; A"~ ! +

-+ - 4 ay. Since systems with dimensions n = 2, 3, 4 are often used, based on Theorem 1, we
have the following corollaries. In the following, always set cos? (%) = s.
Corollary Al. In the case of n = 2, system (2) is asymptotically stable if and only if
a1 >0, a (a% - 4azs> >0 (A1)
Example Al. Consider the following fractional-order uncertain system:
DY x(t) = (Ao + B1A1 + B2A2)x(t), x(0) = x0,x'(0) = x;, (A2)

where
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-1 1
0 of
20 I I I I 20
_20 -
Figure A1. The solutions of the set of inequalities (A4).
The characteristic polynomial of Ay + B1A1 + B2 Az is
fFA)=A+2p1+2+p)A+ B +h—p1+1, (A3)

Based on Corollary A1, we know that system (A2) is asymptotically stable if and only if

2B1+2+B2>0,

A
(B +B2— Br+1)((2B1+2+2)* — 2B} + 2 — p1 +1)) > 0. (A9

Parameters that satisfy the set of inequalities (A4) are stable parameters of system (A2). The
solutions of the set of inequalities (A4) are shown in Figure A1, where different color line mean the
corresponding inequality, in which the stable parameter region is marked.

Remark A1l. System (A2) has been considered [4,5]. Using existing methods, the robustness bound
of a single parameter can be obtained, or the stable parameter region can be determined by taking
points to test the stability of some corresponding systems. All expressions in our results are explicit
ones about the coefficients of the characteristic polynomial of the system matrix, the relationship
among multiple parameters can be described and the stable parameter region can be solved directly.

Corollary A2. In the case of n = 3, system (2) is asymptotically stable if and only if
a1 >0, <4a1a3 — 411%)5 + a%az —aqaz > 0,

as - 64a3s> — 16aiaras + 4843 )s* + 4113113 —4ajaras + 4a3 +1243)s (A5)
3 3 1 2 3

— a3a3 + 2ayaza3 — a3) > 0.
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Example A2. Consider a fractional-order system with n = 3, where « € (1,2) and B € (0,10)
are uncertain parameters. Suppose the characteristic equation of the system matrix is:

A+ (B—a)A\? +2BA+4=0. (A6)
2.0
1.8
1.6
o
1.4
SR(a,B)
1.2
1.0
0 2 4 6 8 10

B

Figure A2. The solutions of the set of inequalities (A7).
Based on Corollary A2, we know that the system is asymptotically stable if and only if
B—a>0,
(16(B — a) —168?)s +2(p — a)2B — 4B + 4a > 0,

— 4(1024s% — (128(B — a)B + 768)s* + (16(8 — ) — 32(B — «)B
+328% +192)s — 4(B — a)?B> +16(B — a)p — 16) > 0.

(A7)

The solutions of the set of inequalities (A7) are shown in Figure A2, where different color line
mean the corresponding inequality, in which the stable parameter region is marked.

Remark A2. For fractional-order systems with uncertain order, the existing methods cannot
describe the relationship between the order parameter and stability directly [6,11,12]. Using our
method, systems with uncertain order and uncertain other parameters can be analyzed easily, and all
results are explicit expressions of the coefficients of the characteristic polynomial of the system matrix.
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Corollary A3. In the case of n = 4, system (2) is asymptotically stable if and only if

a; >0, (4111113 — 4{1%)5 + a%az —ayaz > 0,

(64a1ai — 128aya3a4 + 64[1%)53 — (16[1%113114 + 16a1u%a4 + 16a1a2a% — 64a1aﬁ

+ 96ara3a,4 — 48a§)52 + (4a%a2u4 4a1a3 + 8a1a3a4 + 4a1a2a4 + 4a1a2a3 4a2u3
— 16a1aﬁ + 16araza4 — 12a§)s — a‘;’azm + 611612613 + a1a3u42a1a2a3 + a3 >0,

ay - (4096a3s° + (—1024aya3a3 — 8192a3)s® + (256a2aza5 + 1536a,a3a3 — 5124345
+ 256{12515114 + 6144114)5 + (- 64{11{14 64111112114 64a1a2a3a4 — 1024a1a3a

+ 5124302 — 64aya3a, — 64a3 — 2048a3)s® + (48aja3 + 16a3aza3a4 — 64a3a2a3

(A8)

— 16111{13{14 — 32111112113{14 + 16111112113 + 16112114 + 384u1a3a4 - 128112114 64112113114
+ 4843 + 256a3)s* + (—12a1a3 + 4a5ara3ay — 4a3a3 — 4aladay + 16a3aya5 + 8a3aday
+ 16a1a%a3a4 + 4111112113 — 4a2a3 — 64a1a3a4 + 16a2a3a4 — 12113)5 + a1a4 2a1a2a3a4

+ ata3a3 + 2a3a3a4 — 2a102a3 + a3) > 0.
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