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Abstract:
integrals and a Riemann-Liouville fractional integral in boundary conditions is studied in the context

A general system of fractional differential equations with coupled fractional Stieltjes

of pattern formation. We need to transform the fractional differential system into the corresponding
integral operator to obtain the existence and uniqueness of solutions for the system. The contraction
mapping principle in Banach space and the alternative theorem of Leray-Schauder are applied.
Finally, we give two applications to illustrate our theoretical results.

Keywords: coupled system; Riemann-Liouville fractional derivative; contraction mapping principle
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1. Introduction

A general system of fractional differential equations

{DS&(Déﬁxu» +f(t,x(8),y() = 0,t € [0,1], 0
DR (D[ (1) + 8t x(1),y(6)) = 0,t € [0,1],
supplemented with coupled nonlocal integral boundary conditions are considered.
p
DP1x(0) = 0,x(0) = 0,x(1) = I y(&) + o Jo y(D)dH;(T),
=
@

B2 _ _ A 1 1
Dy?y(0) = 0,y(0) = 0,y(1) = 213 x(1) +]§1 Jo x(0)dK;(7),

where a4 is in the interval (0,1), B1 is in the interval (1,2), a5 is in the interval (0,1], B2
is in the interval (1,2], p,g € N, and 71,72,61,62 > 0,0 < &, < 1 le(t),j =1,---,q
H;i(t),i = 1,---,p are bounded variation functions. Both function f and function g
are nonlinear.

Coupled boundary conditions appear in the study of reaction-diffusion equations [1],
heat equations [2] and mathematical biology [3]. Boundary value problems with coupled
boundary conditions constitute a very interesting and important class of problems. Recently,
much attention has been focused on the study of the existence of solutions for boundary
value problems with coupled boundary conditions, see [4-13].

In [14], Tudorache and Luca investigated the systems of Riemann-Liouville fractional
differential equations with coupled integral boundary conditions.

{Daax(t) + f(x (), (1), Ik x (1), Iy (H) = 0, € (0,1),
DY y(t) + gt x (1), y(b), I x(8), 1T y(H) = 0, € (0,1),
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x(0) =x'(0) = --- = x("=2)(0) = 0,D%x(1 z Jo DLy(t)dH,(t),

y(0) =y'(0) = -~ = y"=2(0) =0,DX y 2 Jo Dgicx(B)dK; (1),

where 01,61,02,02 > 0, f and g are functions that are nonlinear. The contraction mapping
principle in Banach space, the alternative theorem of Leray—Schauder and Krasnosel skii-
type theorem are adopted.

In [15], Bashir Ahmad and Rodica Luca considered the system of fractional integro-
differential equations

(°D* + AD*Vu(t) = f(t,u(t),v(t),c DPo(t), [To(t)),t € (0,1),
(°DP 4 u DN (t) = g(t, u(t),v(t),c DP2u(t), I2u(t)),t € (0,1),

with the coupled boundary conditions

1u(0) = u/(0) = u"(0) = 0,u(1) = folu(s)dHl +f0 $)dHa(s),
= 0"(0) = 0,0(1) = [ u(s)dky(s) + [ v(s)dka(s).

On the other hand, boundary value problems with Riemann-Liouville fractional
integral boundary conditions have attracted much attention.

In [16], Laadjal, M. Al-Mdallal and Jarad discussed the coupled system of fractional
Langevin equations

{CD"‘l (CDPT+ )y (t) = F(E w1 (8), po(B),t € J,0 <a; <1< B <2,
‘D2 (‘DP2 + K)o (t) = g(t, 1 (t), ¥o(t)), t € [0 <ap <1< B <2,

with nonlocal nonseparated boundary conditions
1(0) = a0, $2(0) = bo, #1(0) = 5(0) =0,

P1(8) = a(*DPyp)(11),¢ € (0,1], 11 € J,0 < p < B2,
¥2(n7) = b(171)(42), 1 € (0,1, p2 € ], q > 0.

In [17], Zhang, Li and Lu considered the fractional differential system with Riemann—
Liouville fractional integral boundary conditions

{Dgw(t) filt,u(t),o(t), Dt u(t), Dizo(b), ¢ € (0,1),
Dg2o(t) = fo(t,u(t),o(t), Dyt u(t), Dt o(t)),t € (0,1),

{u(O) =1/(0) =0, v(0) = ?/(0) =0,
u(1) = mIlu(m), (1) = 12152 0(72)-

However, boundary value problems with fractional Stieltjes integrals and Riemann—
Liouville fractional integrals in boundary conditions have not been discussed until now.
Now, in this paper, we shall investigate the existence and uniqueness of the solutions
for the system (1), (2). As far as the authors know, the contraction mapping principle in
Banach space and the alternative theorem of Leray-Schauder type have not been developed
for boundary value problems with fractional Stieltjes integrals and Riemann-Liouville
fractional integrals in boundary conditions, so it is interesting and important to discuss
the (1), (2).

The organization of this paper is as follows. In Section 2, we present some useful
basics definitions and lemmas. Section 3 gives the uniqueness and existence of solutions
for the system. At the end of the paper, two examples that illustrate our results are given.
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2. Preliminary

For convenience, we first present some useful basics lemmas of fractional calculus [18]
in this part.

Definition 1 ([18]). For a function k : (0, +c0) — R,

%ﬂﬂ=§mfﬁ-w4mm,

is defined as the B(B > 0) order Riemann—Liouville fractional integral of the function k.

Definition 2 ([18]). For a function k : (0, +c0) — R,

Dg+k(f)::Iln%—ﬁ)(éijnhér(f'—s)"ﬁlk@)d&

is defined as the B(B > 0) order Riemann—Liouville fractional derivative of the function k, in this
place n = [B] + 1.

Lemma 1 ([18]). Assume that v € C(0,1) N L(0,1) with a fractional derivative of order B > 0
that belongs to C(0,1) N L(0,1). Then,

I&D&v(r) =o(T) + PV eotP 24 oy,
forsomec; € R,i=1,2,---,N, where N is the smallest integer greater than or equal to B.

Lemma 2 ([19]). Let T : X — X be continuous and compact. Denote M(T) = {u € X : u =
mT (u) for some 0 < m < 1}. Then, one of the following conclusions is true:

(i)  M(T) is an unbounded set;

(ii) there exists x € X satisfying Tx = x.
We denote by

—M B2+01-1 st B2—1749y.
M= g, gy e L [ ko),

I'(B1) -1, v g
Ay = —— P L B1+d / Bi=141C.(T).
2 F(ﬁ] +52) 72’7 +];1 0 T ](T)

Lemma 3. Suppose x,y € C[0,1],A =1— A7y #0,B1,B2 € (1,2], 41,2 € (0,1}, p,qg €N,
(@1 := a1+ B1+ 02,8 == ap + P2 +01), 71,72,01,02 > 0,0 < ¢,y <1, Ki(t),j=1,--- g,
Hi(t),i =1,---,p, are bounded variation functions, h,k are continuous on the interval (0,1),
furthermore, h, k are integrable on the interval (0,1). Then, the functional expressions
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x(t) = T,Blfo t—S ap+p1— lh( )ds
fo 1 —S "‘1+,Bl 1h( )

e tﬂl

Tﬂsl s J§ (& —s)™ 7 Kk(s)ds
a2+,82 Z fO (fO T—5) 0t2+ﬁ2 1k( )ds)d'Hi(T)

5 fy (1= s)w B lk(s)ds
S h(s)ds

‘W}E i (fJ(r - s )y ) |

®)

+A (r(az S

1 ! ay+pr—
m/@(t—s) P21k (s)ds

tha—1 1 1 ap+pBy— Y2 1 7 —
A [r(ﬂéz + B2) /0 (1 =)™ P2 k(s)ds — T(x) /0 (7 —s) Yh(s)ds

_ M ]é /01 (/OT(T — s)“ﬁﬁllh(s)ds) ()

1 ! a1 +pP1—
+A2<w/o (1— s)+B1-1(s)ds

Y ¢ a—
—le)/o (€ — )21k (s)ds

a2+ﬁ2 2/ (/ (T — s)tathr k(s )ds)d?—li(r))].

is the solution of the system

y(t) =—

4)

a1 (yP1 _
{D (Db (t))+h(t):0,t€(0,1), )

Furthermore, (x(t),y(t)) satisfies the equation condition (2).
Proof. By Lemma 1, the solutions for the systems (2), (5) are give by
x(t) = I P (t) + e th 1, (6)
y() = ~I k() + a2, ?)
where c1,d; € R. From the boundary conditions x(1) = 71Igiy(§) + »£1 fol y(T)dH;(T)
i=

and y(1) = I (n)+ % fol x(T)dKC;(T), we get
j=1

I'(B2) -
_1041+,31h 1 - I“zk d Bo+01—1
o+ B+ = —mIEk(E) +m 11"(/82—1—51)6

P 1 ay+
3 [ (et g Pk ),
i=170
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22 tP o L(B1)  pi4or-1
k(1) +dy = 7210+h(’7)+72clr(ﬁ1+52)’7 !

O+
d 1 a1+pB
+2/ (clrﬁl_l — Iyt 1h(T)>dIC]-(T).
j=170

Solving the above system, we find that

1 = (1) M IEKE) / ek (), <r>)

+ 5 (153 P2k() — a1ty z ) P @ ),
= (1P — 2 B5h) Z ) P o)

# G (17 )~ k) - ) [ Pk (o) ).

Substituting the values of cj,d; in (6) and (7), we get the integral functional expres-
sions (3) and (4). The conclusion can be obtained. [
The Banach space E = C[0,1] is defined with the norm ||w| = Jnax |w(T)]-
<<

LetY = E X E. So, the space Y = {(x,y) : (x,y) € Y} with the norm ||(x,y)||
lx]| + |||l is Banach space. The operator expression T : Y — Y is defined by T(x,y)(¢

(Ti(x,y)(1), Ta(x, y) (¢)), where

0 =5 [y 2 (=9 st w0 ytes )

v ¢ Ty—
- [P0t xe v

- r<1+w /;1“ — )P (s,x(s), y(s))ds

q 1 T
+A1(M; [ (= wts) (6 ki) ©)

- r(ﬁzl)/o (7 =) f(5,x(), y(s))ds

- F(lelﬂh) ./ot(t = s) P (s, x(5), y (s))ds,

Y
)
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q

[ (“1:‘[‘51) 2/1 (/OT(T—S)“ﬁﬂllf(S,X( ), y(s ))ds)d}C](T)

0% Ui
YA

+ 1“(0421_|_ﬁ2) /1(1 - S)a2+ﬁz_1g(5,X(S),y(s))ds

+A2( a2+ﬁ2 2/ (/

s [ o gl (), y(s) s

tP2—1
D(xy)(t) =—3

—8)M 7 f(s,x(s), y(s))ds

”Wzkwu>w»%)%v>®

['(a2)
1
i 09 s x|
_ w /Ot(t — S)D‘Zﬂgz*lg(szX(S),y(s))ds,

Note that the couple fixed point of the integral operator T happens to satisfy the
system (1) and the boundary condition (2).

3. Main Result

Now we present the main conclusions of the system (1), (2). The tools we used
include the contraction mapping principle in Banach space and the alternative theorem of
Leray-Schauder type.

We give the following notation:

|Aq] Vot |Aq]yon™ 1
My = PR ()| + _
' A D) 1O Al + 1 T TAT @ T D
b
I"(al +ﬁ1 +1)I
1 ! 78" A
Mo, — T2 tPg ()| + = + ,
2= AT+ P2 v 1) 2=\ o O A @+ 1) T 1A + 2+ 1)
|As| Lot | Ag |1 82 1
M; = T2 P20 (1) | + =
3 AT (a2 + B2 +1) = i(7) |AIT(@y +1)  |AT(ag+ B2+ 1)
41
(a4 P2 +1)°
1 q 1 ,),217&1 |A2|
M, — / T tBLKC (1) | + . ,
I rEE P O a0 ¥ 8+ D
1 1
Ms = My — Mg = Ms —

T(a;+p1+1)°

T(ap+p2+1)

Additionally, the following assumptions hold:

Hypothesis 1 (H1). By continuity of function f, there exist real constants a;(i = 0,1,2)

that satisfy

|f(t,u,0)| <ag+ar|u| + az]vl.

By continuity of function g, there exist real constants b;(i = 0,1,2) that satisfy

|§(t,u,0)| < bo + br|u| + ba o]

forall (t,u,v) € [0,1] x R x R.
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Hypothesis 2 (H;). There exist positive constants K that satisfy
K(ju—] + [o—3)) > |f(t,u,0) — f(,5,9),
there exist positive constants L that satisfy
L(lu 7] + [0 —3]) > |g(t,u,0) — g(t,7,3)],

forall (t,u,u),(t,u,0) € [0,1] x R x R.

Hypothesis 3 (H3). There exist positive constants Fy such that Fy = sup |f(t,0,0)],
te]
and there exist positive constants Gg such that Gy = sup |g(t,0,0)].
te]
Theorem 1. Suppose that conditions (Hy) and (Hz) are satisfied. Moreover,
K(Mj+ M)+ L(My+ M3) < 1,

then there is a unique solution for system (1), (2).

Proof. We consider a real constant R > 0 such that

(My + My)Fy + (Mz 4+ M3)Go <R
1—[K(M; + M)+ L(My + M3)] —

Let Bk = {(x,y) € Y, ||[(x,y)|ly < R}. We prove that T mapping Bg to Bg. From (Hj)
and (H3), we deduce that the following holds:

f(&x (), (O] < 1f(£0,0)] + [ f (£ x(8),y(t) = f(£,0,0)|
< Fo+ K(|x| + |y[)
< Fo+ K([|x/[ + [l
= Fo+K||(x,y)l.-

Similarly, we have |g(t, x(t),y(t)| < Go + L||(x,v)]||.
For all (x,y) in Bg, we obtain

Th(x,y)(B)] <

tﬁl_l{ LR+Gy &

e

T'(ay+ B2) =
Nn(LR+Go) %, 51 KR+F (' atpiot
" I'(ay) /0 (E =)™ ds (a1 + B1) /0 (=) *

KR+F |1/ [T _
/O ( /0 (1 — s)athr 1dS>d/C]'(T)

+|A1|(F(a1+/31) Z
+’Yz(KR+Fo) /0’7(17_5)&1—1ds+ LR+G0)/01(1_S)042+132—1d5>}

=
I'(a) I'(az + B2

KR + Fy /t 4+ -1
bt t— 1TP1—4y4
I'(aq + B1) 0( s) ’
1 LR+ Gy P /1 - ‘ 71(LR 4 Go)&™
< = P x 2P (1) |+ e
< 181 | Tt Ao L O+ T
KR+ F KR+F /1 a1+
L A oo v 1 ﬂld}c
T(ag + B +1) T 1<F(“1+51+1)]; 0 " i)
72(KR + Fy)y™ LR+ Go )] KR+ Fo
T(m +1) T(ay+Bo+1) T(a;+B1+1)
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Ay ! |Ag]y2n™
= (KR+F < TP (1) + 2
KR\ [ + g1+ D) & O a1
- ! + L >
|A[T(ag +B1+1)  T(ag+p1+1)
1 L (10)
2+B2 474,
+(LR+GO)(|AF(a2+ﬁ2+1) L T dt;(t)
718" n |Aq] )
AT(@ +1)  [AT(a2 + B2 +1)
Let us continue with the calculations:
pr—1 _
0] < i [ B (- am oo
4+ 12(KR+F) KIZSFO fo( s)M—1ds + r%f-:_%o fO 042+/52 14s
+|Az|( Lf;ig) Z Jy (fo T 5)atha- 1ds>d7—l( )
+’Yl LR+G0 fO th 1ds+ 61?11;01) fol(l—S)'XlJrBlldS)]
LR G
:xzi/gz fO a2+/52 'ds
1 KR+F, 1 , Y2(KR+Fp)™1
< Tal 7F(a1+/5111) ngl o TatBiiKC SO+ 2 K& +(i)
LR+G LR+G
+ (“2+—Ezil) + 18] <o¢2+-;2i1 | fo T P2dH;(T) (11)
71 (LR+Gg)&®2 KR+F LR+G
+ : (Déz-ﬂ—g) + r(ﬂtz—‘r‘Bz?‘rl) :| + r(az+ﬁ23—l)
_ 1A |A| 7132
(LMGO)(MW%H o T PAH(D)| + i

1
+ BT D T e BT

+(KR+FO)<IAIFerI51H Jo T hdK ()

Yol |As ]
TR @D T Bt farD)

= (LR + Gy)M3 + (KR + Fy) My.

Consequently,
HT(x,y) || < (KR + F())Ml + (LR + Go)Mz + (LR+ Go)M3 + (KR + Fo)M4 <R.

Hence, T(Bg) C R.
Now we will prove that T is a contraction operator. Choose (x,y), (X,7) in Y. For all

€ [0,1], we find
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B L(
T (xy) () - TED O] < T ”;}aﬂ;z”zﬂ“ o THPdR(T)
_l_'hL(le xHHIy i) gaz
K(|]x— xHHIy l)
+ T(a1+p1+1)
(lx—=ll+[ly—7l)
+HA |< MohiD) = o TP (T)
K(llx=%[[+ly=y1)
+72 Jli'(ajcl+1)y Yy ;7061
L({lx=%|+lly=71) K(llx—=%[+lly—7ID)
+ T'(ap+p2+1) >:| + I'(aq+p1+1) tﬁlﬂﬁl
1 A (12)
< K\ B g t B
a1+ﬁ1dkj( )
]_

A 1 — _
e r(WH)) IGey) - 9]

1 1
- L(uum < L fy vt

= &1 o
AT + T D )”(W) — &l

= (MiK+ ML) |[(x,y) = (x 7).

Let us continue with the calculations:

LBk (1)

T2 (x,y)(t) — T2(X,7) ()] < tﬁfA\ { (”’?afﬂgl”inyu ]

+72K(Hx x| +ly— y\l)
T(a+1)
+ L(||lx==]+[ly=7I)
(N2+ﬁ2+1)
\x x| +lly=ylD)
+|A | T(ax+pB2+1)
TLUx—%[+ly—=7l)
+1FT5M

4 K== 4]y~ y|>>} 4 LU=y yar+5

) TP (v)

T(a;+p1+1) T(az+pa+1)
(13)

1 |Az]
S L it T Bt

¥ |l et (1)

i= 1

Aoy &% _
+ i r(Wm) IGey) — 9]

1
K ( CEEE ]El

fol T TPIAKC (1)

1 |A,] S
+ \A\Aliz(gﬁl) + \A\F(aziﬁer]) )||(x,y) - @yl

= (MiL+ MaK)[|(x,y) — (X 7).

Consequently,
IT(x,y) (1) = T(X ) (D] < [(My + Ma)K+ (M2 + M3) L] || (x, y) = (x, 7).

Using contraction mapping principle in Banach space, there is a unique function that
satisfies Tu = u, which happens to be the solution of the system (1), (2). O
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Theorem 2. Suppose that condition (Hy) is satisfied. If p := max{My, Mg} < 1, where
My = Cll(Ml + M4) + bl(Mz + M3) and Mg = az(Ml + M4) + bz(Mz + Mg), then at least
one couple functions (x(t),y(t)) satisfy the system (1), (2).

Proof. By continuity of functions f and g, the operators T7 and T, are continuous, this
means the operator T is also continuous. We choose an arbitrarily bounded open subset ()
from E. There exist K > 0 and L > 0 that satisfy |f(t,x(t),y(t)| < Kand |g(t,x(¢),y(t)| <L
for all t in the [0,1] and (x, y) in Q. Thus, by the proof of Theorem 1, we have

|T1(x,y)(t)| SKMl +ZM2, |T2(X,y)(t)‘ SZM3+KM4
for all t in the [0,1] and (x, y) in Q). Then, we obtain
IT(x,y)|| < K(My + Ms) + L(Ma +Ms), V(x,y) €Q

So, we get the boundedness of T(Q}).
Take (x,y) € Qand 0 < t; < t; <1, one has

ITy(x,y)(t2) — Ta(x, ]/)(fl)|

B1-1_ -1
h —h

< St [t £ (= 90 gt x(0), ol (o

)fo — )07 1|8(S x(s),y(s ))|d$
Wfo (1—s)TPi=1f(s,x(s),y(s))|ds

1oy 200 (= 9057 5,y s iy o)
s S — s £ (s, (), y(s)) s
i J (1= P g, x(5), (sl )|

+

|~ gy Jo (2 = )P (5,x(5), y(9))ds

+ (alJﬁBl fO t —S Dt1+,31 1f s,x ))ds

< ! s)ath1ds | d,

= [A] Fac2+/52 f s (1) "

K 14

L —_

ey JE(@—s)m 1ds—|— a1K+/51 o —s)mtpi-1gs

+A1< 111+/31 fO (fo T— a1+/51 1dS>dlC ( ) + %fon(ﬂ —S)El*lds
a2+ﬁ2) f() (1-5) “2+/52 1ds>:|

+(‘XIL+,51) [(t2 — S)Dll‘ﬂgl 1 (tl _ S)“]+ﬁ171]d5

+ gy i (2 =)l

K a1+B a1+B B1—1 B1—1 1
S g —h ) HREGT- )(Ar(a1+ﬁl+l>

[Aq]7on™
AT @D

Ay 1
~|—‘|A|r(o¢‘1}rﬁl+1) st 0 a1+ﬁ1d’Cj(T)

) +z<t§r1 o

fO w2+/32d7-[( )

e I 1 1
B (9 ) | (Rt 4 Ta) (8 1Y)

nE™ |Aq]
X (Ar?wl) BTz ) T BT )

We find result
Ti(x,y)(t2) = T1(x,y)(t1) when t, — t;, for arbitrary (x,y) € Q
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Similarly, for (x,y) € Q,0 <t; <t <1,
[ T2(x,y)(t2) — Ta(x,y) (t)]

< a+Pfy  ao+Po TrBa—1 Pl
STrprn'z AT g

1
ay+ B+ 1)

|Ag|718™ Ay 3 /1 w2+ B ) (Pl Pl
— T2 P2dH; (T)| ) + K(¢t —t
IAT(@ + 1) |A|r(¢x2+/32+1)§1 0 i(0) (t v (15)
Y21 |4, | 1 LI )
—! + + TMTPIGIC: (T
(s * BT AT BT AT = i)
_ L a+pfy  a+pPo ' 47 Ba—1 _ Bo—1
e 2Py 4 (DM + RMy) (271 — 27,

So we obtain

Tr(x,y)(t2) = Ta(x,y)(t1) when t, — t1, for arbitrary (x,y) € Q.

The conclusion that T : Bg — Bp is continuous and compact can be deduced from the
Arzela—Ascoli theorem.

Finally, we will give the fact M(T) = {(x,y) € E X E : (x,y) = mT(x,y) for some
0 < m < 1} is bounded. Let (x,y) in M(T) and for any t on [0,1], we have mT(x,y) =
(mTy (x,y), mTo(x, ).

By (Hi), we have

[x()] < [Ta(xy) ()]

1 | bot+by[lx[+balyll + 71 (Bo+b1 || x| +b2 [ly[)§*2
< 1Al } (D}z+/52+21 Z P, ()| + 75 11"(062+1)2
ag+ay || x| +aa |y ag+ay || x||+an||y| +
+ 01"(011-&-[51-5-21) + A |< 0 011+l31+21 ]Zl‘f ™ ,Bld/C( )
+72(ﬂo+ﬂl|\x\|+ﬂz|\y\|) + bo+b1 [|x[|+ba ||l
T(@+1) T(ag+pa+1)
ap+aq [|x[[+aa ||yl
T(a1+p1+1) (16)

y THRIdK (T)

_ I
= Gao-+ ol + ) e L

1 A 7211 1
R e R RV r<ac1+;s1+1>)

& |A1]
(b0 + byl + Eally ) (A?M +

)

l[x[| < (a0 + a1 [|x| + azlyll) My + (bo + b [|x]| + b2 lyl[) M2. (17)

F TP ()

1
AT A * El

So we deduce

Using the same proof process, we get
[yl < (a0 +a[x]| +azllyll) Ma + (bo + ba|x|[ + ba[[y[]) Ms. (18)
By (17) and (18), we have
1CeF = NIxll+ [yl < ao(My + My) + bo (M2 + M3)
+ |a1(M1 + My) + b1 (M2 + Ms)] ]l + [ﬂz(M1 + M) + by(M + Ms) |||yl

= ag(My + My) + bo(Mz + M3) + My||x|| + Ms||y/|
< ag(My + My) +bo(Mz + M3) +p|(x,y)]|.
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For p < 1, we obtain

ag(My + My) + bo(Mz + M3)
I-p

1Ge )l < , V(xy) € M(T).
Hence, we prove M(T) is a bounded set.
By using the alternative theorem of Leray-Schauder, there exists x € X that sat-

isfy Tx = x, therefore, coupled function (x,y) satisfy system (1) and integral boundary
condition (2). O

4. Example
Leta; = 1, Hq(t) =26t € [0,1,ar=2,p1 =3, K1 =t €01, po=%,p=2
1
14

Gg=1Lm=2m1n=3=306=8c=Ln=LH(t)={0te(0,1);3te [} 1]}
We consider the following specific fractional order systems

N~—
N~—
I
o

N
-
m
—_
—

x(t) 4 £t x(t),y(t (19)

—_——
S O
+0\\u1+u\>—-
—~~
O T
O GINS
+

<

—

—

~

N

-

oQ

—~

\“0-

=

—

~~

—

<

<

—

~~

~

N

|

(=)

N

-

m

N

—_

<

supplemented with the condition

{D§+x(o) = 0,x(0) = 0,x(1) =21 y(§) +2 fy y(t)d + 3y(}), (20)
0, 3 3

y(1) =

We obtain A ~ —3.2945773664941695 # 0. By calculation, we have My ~ 0.3398202114
6365704, M3 =~ 0.6299976999210883, M, ~ 0.5353700439729107, M; ~ 1.2401800473948743.

Example 1. We choose

(t ) = 1 +t 1 .

f(t,ug,0q _TH gul—gsmvlz

(t,u v)—#—farctanu —l—ﬂ
SO =95 T g YT 15 1 oy

forall t on [0,1], uq,v1 in R. Then, we get the following estimates

|f(t,ur,01) — f(t,u,02)| < —(Jug —uz| + |v1 — v2]).

a1l =

Thus, K = %, moreover,

lg(t, u1,01) — g(t, uz,v2)| < = (Jug — uz| + |vg — v2]).

W

Thus, L = L. Hence, K(M; + Myg) + L(M + M3) ~ 0.6073419877452061 < 1. So
the condition (Hp) holds, and by Theorem 1, there is a couple function (x(t),y(t)) satisfies the
systems (19) and (20).

Example 2. We choose

t+1 : 1
t f— — —_—
f(t,u,v) = 5 ; 851nu+1zv,

—t

5 1
+ —arctanu + —-o,

st =gz ty 6
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forall t on [0,1], uq,v1 in R. Then, we get the following estimates

1
12
1
6

2 1
t <Zyz
Ftw,0)] < 5+ 5lul + 5o,

1 5
lg(t,u,v)| < *+§\u\ + ~[vl,

3

forall t on [0,1], uy, vy in R. Since the assumption (Hy), we get ag = %, a; = %, ay = 11—2, by = %,
by = 3 and by = L. Thus, we obtain My ~ 0.9258548722910658, Mg ~ 0.3258946455538774,
and p = max{My, Mg} = My < 1. Hence, by Theorem 2, we conclude that problem (19) and (20)
have at least one solution (x(t),y(t)), t € [0,1].
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