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Abstract

:

Nowadays, more and more consumers consider environmentally friendly products in their purchasing decisions. Companies need to adapt to these changes while paying attention to standard business systems such as payment terms. The purpose of this study is to optimize the entire profit function of a retailer and to find the optimal selling price and replenishment cycle when the demand rate depends on the price and carbon emission reduction level. This study investigates an economic order quantity model that has a demand function with a positive impact of carbon emission reduction besides the selling price. In this model, the supplier requests payment in advance on the purchased cost while offering a discount according to the payment in the advanced decision. Three different types of payment-in-advance cases are applied: (1) payment in advance with equal numbers of instalments, (2) payment in advance with a single instalment, and (3) the absence of payment in advance. Numerical examples and sensitivity analysis illustrate the proposed model. Here, the total profit increases for all three cases with higher values of carbon emission reduction level. Further, the study finds that the profit becomes maximum for case 2, whereas the selling price and cycle length become minimum. This study considers the sustainable inventory model with payment-in-advance settings when the demand rate depends on the price and carbon emission reduction level. From the literature review, no researcher has undergone this kind of study in the authors’ knowledge.
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1. Introduction


Customer preferences have always been a concern in industries in terms of their effect on business growth. Customer preferences are affected by many factors and are reflected in the customers’ willingness to buy. The level of consumer demand is usually sensitive to product prices. However, in today’s setting, more and more consumers consider the environmental performance of the producer and the green level of product in their purchasing decisions [1,2,3]. This trend is expanding globally along with the increasing consumer awareness of the importance of environmental conservation in the midst of climate change issues. Hence, many producers and retailers innovate green products and promote green operations to attract these customers [4,5]. Moreover, regulations become another driver for this eco-innovation. Companies try to reduce carbon emissions from production, logistics, and transportation activities and apply green technology to meet new regulations and pressure from these customers.



The inventory decisions on supply chain operations already incorporate environmental parameters with certain intentions such as reducing carbon emission levels. Previous supply chain studies also consider customers’ awareness of low carbon emissions [6,7,8], the green quality of the product [9,10], and the amount of carbon emissions [11], which affect the demand level. Customer awareness and green quality level have positive impacts on the demand function of green products, while the amount of carbon emissions has the opposite effect. Green marketing becomes a powerful strategy for businesses through various green advertising, branding, and eco-labeling. This strategy has been adopted to promote many international and local brands and products in both developed and developing countries [12,13,14,15,16]. Xia et al. [7] incorporated the positive effect of emission reduction and the promotion of this environmental benefit into the demand function. Recently, Dong et al. [17] considered the manufacturer’s reduction in carbon emission levels, which shows the company’s initiative for greener operations. The positive effect of carbon emission reduction on customer demand was combined with the negative effect of the selling price. The study also examined the payment issue by analyzing the effect of trade credit and bank loans. Based on Dong et al. [17], we study a sustainable inventory model considering a prepayment mechanism, another common payment term in business, in order to consider a real situation.



The payment term in the transaction between a supplier and a buyer is an important issue in supply chain collaboration. The term should be agreed upon by both parties so that it is clear and beneficial for all. The classic economic order quantity (EOQ) model assumes a payment immediately after product delivery. However, in many cases, payment in advance is applied, in which the buyer should pay the purchase cost before the product delivery. The buyer may have to pay all the purchase cost in advance [18,19,20] or pay only a percentage of it [19,21]. Further, the prepayment can be done in several time intervals [22,23]. While the payment in advance will give the supplier an advantage by mitigating the risk of cancellation, the supplier can offer some discounts to the buyer so that they benefit as well. Our study considers discount offers similar to Mashud et al. [23].



The increase in customers’ awareness of green issues, together with the trend in producers’ concern on carbon emission reduction and the common practices of payment in advance, has motivated this study to contribute to the development of a sustainable inventory model. This paper presents a profit maximization study of a retailer inventory system to respond to customers’ increasing low carbon preferences. When customer demand depends on the selling price and the retailer must pay the purchase cost in advance, the proposed model suggests the optimum replenishment time and selling price. The study aims at providing managerial insights by answering the following questions:




	
How do payment-in-advance models affect pricing and replenishment decisions as well as the total profit when customer demand is sensitive to the selling price and environmental performance of the producer?



	
Will discount policy impact retailers’ choice of payment in advance settings and total profit?



	
How do the customer preference for carbon emission reduction levels and various emission costs impact the retailer’s total profit?








In this paper, we first study the retailer’s optimal selling price and replenishment cycle when payment in advance is fulfilled with some equal numbers of instalments and a discount is offered by the supplier. Then, we address the same issue when the purchase cost is completed in a single payment, and in return, the customer will get a different discount rate. Next, we study the situation in which no payment in advance is considered, hence no discount is offered.




2. Literature Review


Traditional inventory management focuses on the economic benefit from a business point of view. For example, the classic inventory model works under some basic assumptions such as infinite replenishment and planning horizon that aim at optimizing financial profit. In recent years, considerable attention has shifted to economic and environmental aspects of the emergence of the sustainable inventory model terminology. The focus has broadened to include minimizing environmental impacts through carbon emission reductions, energy efficiency, and the adoption of green technologies [24,25]. Most sustainable inventory models seek to reduce supply chain emission levels by considering emissions from production, transportation, and inventory storage activities. Carbon tax systems are widely used to include the cost of carbon emissions in the objective function [26,27,28,29,30,31]. Other carbon regulations such as carbon cap-and-trade and strict carbon limits are also used, depending on the regulations imposed by the government [32,33]. Datta [34] developed an inventory model with investment in emission reduction technology focusing on emissions from production activities. The study considered carbon emission reduction under a carbon tax policy and optimization of the investment amount. Under a similar carbon tax policy, Mashud et al. [35] considered emission reduction from transportation activities. Simultaneous investments for emission reduction and deterioration rate were studied by Mishra et al. [36]. Lou et al. [37] optimized the green technology investment considering a subsidy from the government. Optimum investment level was considered important because customer demand was assumed to be sensitive to emission reduction level. The study recommended an active role from the government such as providing technology investment subsidies and controlling the emission trading price.



In addition to government regulations, efforts to reduce carbon emission levels are also driven by the increasing number of consumers who consider environmental aspects in their purchasing decisions [9]. Hence, the environmental performance of the product was added to the demand function. Pang et al. [6] and Gao et al. [38] considered the customers’ environmental awareness and set a linear demand function in addition to the effect of selling price on demand. Hovelaque and Bironneau [11] set a demand function that depends on price and the amount of carbon emissions. They found two order quantities, one that will maximize the total profit and another one that will minimize the emission level. Lou et al. [37] also set a demand function with a linear effect of price and emission reduction. The percentage of emission reduction per unit product was optimized together with the selling price. Xia et al. [7] incorporated a promotion strategy to support the emission reduction program to gain customer attention. Zhang et al. [3] analyzed a manufacturer’s decision to introduce a new green product to customers with high environmental awareness. The study found a conflict if the manufacturer also sells an ordinary product because the products will compete with each other. Recently, Dong et al. [17] considered the positive effect of carbon emission reduction and the negative effect of the selling price on the customer demand rate. For a single-supplier, single-buyer supply chain model, they also studied the effect of financial facilities such as trade credit and bank loans on the manufacturer’s decision regarding the level of emission reduction. Using a similar demand function, we study an economic order quantity (EOQ) model of a retailer when payment in advance is requested by the supplier. The retailer’s optimal selling price and replenishment cycle are the decision variables.



The inventory model with payment in advance is another research stream in this paper. The practices of payment in advance may be introduced by a powerful supplier to prevent order cancellation, especially for customized and expensive products [19]. The payment may help the supplier to finish the product. Maiti et al. [21] are among the first researchers who incorporated payment in advance into an inventory model. The proposed model says that the buyer gets some price discount based on the amount of the payment in advance. Further, due to the payment in advance, the retailer may need cash aid from any financial institution, which means an additional cost of interest. The buyer may have to pay all the purchase costs in advance or pay only a percentage of it [18,19,39,40]. During the payment-in-advance period, multiple instalments may be applied to reduce the retailer burden [22,23]. Hence, our study examines the effect of three different payment-in-advance settings—(1) payment in advance with equal numbers of instalments, (2) payment in advance with single instalment, and (3) the absence of payment in advance—on the optimum price and replenishment cycle that optimizes the profit.




3. Mathematical Model Formulation for Inventory Model


The proposed mathematical model is based on the following assumptions:




	
Inventory of a single product is considered with a limitless planning horizon.



	
The replenishment rate is boundless.



	
The lead time is constant and the shortages are overlooked.



	
The retailer has to make a payment in advance to the supplier [23].



	
The supplier offers a discount on the purchase cost of the products according to the number of instalment decisions [23].



	
The demand function    D L  = ψ − γ p + η  R C    depends on price and carbon emission reduction level [17,41,42]. Here,








 ψ  is the market potential



 γ  is the price sensitivity coefficient (  γ > 0 )  



 p  is the unit selling price



 η  is the low carbon preference coefficient (  η > 0  )



   R C    is the manufacturer’s carbon emission reduction level



In addition, the following nomenclatures (Table 1) are used.



An inventory model is developed under consideration of the above assumptions. The model is divided into three cases considering the payment-in-advance cost. In Case I, payment in advance is fulfilled with some equal numbers of instalments, and a discount is offered for the retailer as a benefit according to the number of instalments. Case II considers that the payment is completed with a single instalment and, in return, the retailer will get a different discount from the supplier. Finally, in Case III, no payment-in-advance cost is considered, and hence no discount is offered to the retailer.



3.1. Case I: With Advanced Payment and a Discount for Instalment Based Payment


A retailer runs its business with an initial stock of  Ω  units. Depending on the demand function, the stock decreases and becomes zero at time   t =  T C   . Thus, one cycle ends, and the process repeats so that the business continues. To get this stock, the retailer pays a percentage of the purchase cost ( δ ) in n equal number of instalments before the products are delivered. The amount of each prepayment is     δ ω Ω  n   . At the moment of delivery, the retailer needs to pay for the remaining   ( 1 − δ ) Ω   quantity. Figure 1 outlines the above facts and the pattern of the level of inventory.



The inventory system is described by the following differential equation considering the demand    D L  = ψ − γ p + η  R C   .


     d  I S  ( t )   d t   = −  D L    ,   0 ≤ t ≤  T C    



(1)







With the help of boundary conditions    I S  ( 0 ) = Ω     and    I S  (  T C  ) = 0    , by solving Equation (1) we get,


   I S  ( t ) =  D L  (  T C  − t )  



(2)




and


  Ω =  D L   T C   



(3)







3.1.1. Total Cost per Unit Time







	(a)

	
Ordering cost per cycle:











   O C = ζ   



(4)












	(b)

	
The inventory holding cost per cycle:










   H C = ℏ    ∫ 0   T C      I S  ( t )     d t    =  1 2  ℏ  D L   T C    2      



(5)










	(c)

	
The purchase cost per cycle:











   P C = Ω ω   



(6)












	(d)

	
Transportation cost per cycle:









Three major costs are considered to estimate the transportation cost: fixed cost (   F C   ), variable cost, and carbon emission cost. However, the variable cost and the carbon emission cost are different for an empty vehicle (truck) and a loaded vehicle. The total travel distance is   2 ℓ   as the vehicle has to travel a distance  ℓ  to ship the goods and has to travel another  ℓ  distance to return with an empty load. For the vehicle only, the variable cost is the total fuel consumption (  2 ℓ  f e   ) times the fuel price ( α ). An additional variable cost is estimated for one-way distance  ℓ  based on the vehicle load, that is, a one-way distance ( ℓ ) multiplied by the fuel consumption per ton of payload (   c p   ), product weight (   w p   ), order quantity per trip    (   Ω   N t     )   , and fuel price ( α ). Similarly, the carbon emission cost for the vehicle is   2 ℓ   times the cost of carbon emission per unit distance of delivery (   c e   ), and the carbon emission cost based on the load is  ℓ  times the cost of carbon emission per unit item per unit distance of delivery (   c k   ) times    (   Ω   N t     )   . Thus, the total transportation cost per cycle is


  T C =  N t   [   F C  +  (  2 ℓ  f e  α +   ℓ  c p   w p  Ω α    N t     )  +  (  2 ℓ  c e  +   ℓ  c k  Ω    N t     )   ]   










  T C =  F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω  



(7)












	(e)

	
Instalment capital cost:









The instalment capital cost is estimated following the procedure described by [35,43]:


    I C       =  (    ϕ δ ω  n  Ω × n ×  κ n   )  +  (    ϕ δ ω  n  Ω ×  (  n − 1  )  ×  κ n   )  + ⋯ +  (    ϕ δ ω  n  Ω ×  (  n −  (  n − 1  )   )  ×  κ n   )                    =  (    ϕ δ ω  n  Ω ×  κ n   )   (  n +  (  n − 1  )  + ⋯ + 2 + 1  )  =  (    ϕ δ ω  n  Ω ×  κ n   )    n  (  n + 1  )   2                    =    (  n + 1  )    2 n   ϕ δ ω Ω κ    



(8)












	(f)

	
Discount on purchase cost:









For the retailer’s advanced payment on the purchase cost, the supplier provides   υ %   discount. The discount rate  ξ  depends on the number of instalments n; that is, the supplier offers a lower discount rate for more installments as follows:


  ξ =  υ n  ,             0 ≤ υ ≤ 100 .  



(9)







Hence, the total discount is


  D C = Ω ω ξ =   Ω ω υ  n  .  



(10)












	(g)

	
Carbon emission reduction cost:









The effort of carbon emission reduction needs an investment. The higher emission reduction needs an increasingly accelerated emission reduction cost. This cost is estimated according to Swami and Shah [42] in Equation (11).


  R C = χ  R C 2  .  



(11)












	(h)

	
Sales revenue per cycle:











   S R = p    ∫ 0   T C      D L    d t = p  D L   T C       



(12)








3.1.2. Total Profit per Unit Time


Now, for the total profit per unit time, one can write:


  τ ( p ,  T C  ) =  1   T C     (  S R − O C − H C − P C − T C − I C − R C + D C  )   










  τ ( p ,  T C  ) =  1   T C     (    p  D L   T C  − ζ −  1 2  ℏ  D L   T C    2  − Ω ω −  (     F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α     + 2 ℓ  c e   N t  + ℓ  c k  Ω    )      −    (  n + 1  )    2 n   ϕ δ ω Ω κ − χ  R C 2  +   Ω ω υ  n     )     










  τ ( p ,  T C  ) =  1   T C     (  p  D L   T C  −  1 2  ℏ  D L   T C    2  −  (    ζ + Ω ω +    (  n + 1  )    2 n   ϕ δ ω Ω κ +  F C   N t  + 2 ℓ  f e  α  N t      + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω + χ  R C 2  −   Ω ω υ  n     )   )     










  τ ( p ,  T C  ) =  1   T C     (  p  (  ψ − γ p + η  R C   )   T C  −  1 2  ℏ  (  ψ − γ p + η  R C   )   T C    2  −  ƛ 1   )     



(13)




where


   ƛ 1  = ζ + Ω ω +    (  n + 1  )    2 n   ϕ δ ω Ω κ +  F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω + χ  R C 2  −   Ω ω υ  n   



(14)









3.2. Case II: With Advanced Payment and a Discount for Single Time Payment


In this case, the retailer has to pay in advance in a single payment. The payment amount means the whole purchase cost. The scenario is described in Figure 2, which is a modified version of Figure 1.



The supplier offers a   υ %   discount to the retailer for a single-time prepayment as a benefit. In this situation, the retailer may have a crisis of capital during time  κ ; in that case, a loan with some interest of    ϕ L  %   from any financial institutes or other funds can be a suitable option to manage the required capital.



The discount for purchase cost is


  P C =  (  1 − υ  )  Ω ω .  



(15)







The associated cost of taking a loan is


  L C =  ϕ L  κ  (  1 − υ  )  Ω ω .  



(16)







Hence, the total profit per unit time can be written as:


   τ f  ( p ,  T C  ) =  1   T C     (  S R − O C − H C − P C − T C − R C − L C  )   










   τ f  ( p ,  T C  ) =  1   T C     (    p  D L   T C  − ζ −  1 2  ℏ  D L   T C    2  −  (  1 − υ  )  Ω ω     −  (     F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α     + 2 ℓ  c e   N t  + ℓ  c k  Ω    )  − χ  R C 2  −  ϕ L  κ  (  1 − υ  )  Ω ω    )     










   τ f  ( p ,  T C  ) =  1   T C     (  p  (  ψ − γ p + η  R C   )   T C  −  1 2  ℏ  (  ψ − γ p + η  R C   )   T C    2  −  ƛ 2   )     



(17)




where


   ƛ 2  = ζ +  (  1 +  ϕ L  κ  )   (  1 − υ  )  Ω ω +  F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω + χ  R C 2   



(18)








3.3. Case III: Without Advanced Payment


In this case, the retailer does not pay in advance. If the retailer does not pay any payment in advance, then there is no instalment cost and discount. Thus, there is a necessity to modify Figure 1 into Figure 3. The retailer must pay the full payment during purchase product shipment.



Then, the total profit per unit time can be written as:


   τ N  ( p ,  T C  ) =  1   T C     (  S R − O C − H C − P C − T C − R C  )   










   τ N  ( p ,  T C  ) =  1   T C     (  p  D L   T C  − ζ −  1 2  ℏ  D L   T C    2  − Ω ω −  (     F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α     + 2 ℓ  c e   N t  + ℓ  c k  Ω    )  − χ  R C 2   )     










   τ N  ( p ,  T C  ) =  1   T C     (  p  (  ψ − γ p + η  R C   )   T C  −  1 2  ℏ  (  ψ − γ p + η  R C   )   T C    2  −  ƛ 3   )     



(19)




where


   ƛ 3  = ζ + Ω ω +  F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω + χ  R C 2   



(20)









4. Theoretical Development


Here, the concavity of the profit function is analyzed to show the existence of an optimal solution for each case.



4.1. Case I (with Advanced Payment and a Discount for Instalment Based Payment)


It is now important to investigate the concavity nature of the profit function   τ  (  p ,  T C   )    in Equation (13) for Case I. For this purpose, the priority is to determine the critical points, and one needs to differentiate Equation (13) with respect to the two decision variables   p ,    T C    as follows:


    ∂ τ   ∂  T C    = −  1   T C 2     [   1 2  ℏ  (  ψ − γ p + η  R C   )   T C 2  −  ƛ 1   ]   



(21)






    ∂ τ   ∂ p   = ψ − 2 γ p + η  R C  +  1 2  ℏ γ  T C   



(22)







The critical points can be determined by setting Equations (21) and (22) to zero and doing some manipulations.


   T C *  =     2  ƛ 1    ℏ  (  ψ − γ p + η  R C   )       



(23)






   p *  =  1  2 γ    (  ψ + η  R C  +  1 2  ℏ γ  T C   )   



(24)







The concavity of the profit function is next discussed with some conditions.



Proposition 1. 

The profit function  τ  (  p ,  T C   )   in Equation (13) is concave regarding the replenishment time   T C   if the selling price p remains fixed, and hence it provides a unique optimal   T C *   .





Proof. 

One needs to determine the associated critical points as well as prove the sufficient condition to confirm the concavity of the profit function. The critical point is associated with Equation (23).






    T C *  =     2  ƛ 1    ℏ  (  ψ − γ p + η  R C   )        









Then, differentiating the profit function as in Equation (13) with respect to    T C   , one can find:


     ∂ 2  τ   ∂  T C 2    = −   2  ƛ 1     T C 3     



(25)







Since    ƛ 1  > 0   and replenishment time    T C    must be positive,      ∂ 2  τ   ∂  T C 2    < 0  . Thus, we confirm the concave nature of the profit function regarding    T C   , and the critical point    T C    becomes the unique optimal point    T C *   . □



Proposition 2. 

The profit function  τ  (  p ,  T C   )   in Equation (13) is concave regarding the replenishment time p if the selling price p remains fixed, and hence it provides a unique optimal   p *   .





Proof. 

The solution system is akin to the proposed system of Proposition 1; thus, to avoid redundancy the proof is removed. □





Proposition 3. 

The profit function  τ  (  p ,  T C   )   of selling price p and replenishment time   T C   in Equation (13) is a strictly pseudo-concave function at a unique optimal investment  (  p *  ,  T C *  )  .





Proof. 

The Hessian matrix of   τ  (  p ,  T C   )    is of order   2 × 2  .







   Δ =  [         ∂ 2  τ  (  p ,  T C   )    ∂  T C 2           ∂ 2  τ  (  p ,  T C   )    ∂  T C  ∂ p            ∂ 2  τ  (  p ,  T C   )    ∂ p ∂  T C           ∂ 2  τ  (  p ,  T C   )    ∂  p 2         ]    



(26)







To prove that   τ  (  p ,  T C   )    is a strictly pseudo-concave function, it is essential to confirm that the Hessian matrix  Δ  is negative definite. Thus, it is necessary to show that the leading principal minors,      (  − 1  )   k   Δ k    > 0 ,     1 ≤ k ≤ 2   means the first principal minor    Δ 1    is negative, and the second principle minor    Δ 2    is positive.


   Δ 1  =  |     ∂ 2  τ  (  p ,  T C   )    ∂  T C 2     |  =    ∂ 2  τ  (  p ,  T C   )    ∂  T C 2     



(27)




and


   Δ 2  =  |         ∂ 2  τ  (  p ,  T C   )    ∂  T C 2           ∂ 2  τ  (  p ,  T C   )    ∂  T C  ∂ p            ∂ 2  τ  (  p ,  T C   )    ∂ p ∂  T C           ∂ 2  τ  (  p ,  T C   )    ∂  p 2         |  =    ∂ 2  τ  (  p ,  T C   )    ∂  T C 2       ∂ 2  τ  (  p ,  T C   )    ∂  p 2    −    ∂ 2  τ  (  p ,  T C   )    ∂ p ∂  T C       ∂ 2  τ  (  p ,  T C   )    ∂  T C  ∂ p    



(28)







Taking the second order partial derivatives of the profit function   τ  (  p ,  T C   )    in Equation (13) with respect to  p  and    T C   , one gets


     ∂ 2  τ   ∂  T C 2    = −   2  ƛ 1     T C 3     



(29)






     ∂ 2  τ   ∂  p 2    = − 2 γ  



(30)






     ∂ 2  τ   ∂  T C  ∂ p   =  1 2  ℏ γ  



(31)







Proposition 1 ensures that the first principal minor    Δ 1    is negative at the optimal point   p =  p *    and    T C  =  T C *   . Now, the only target should be to prove that the second principal minor    Δ 2    is positive and to aim it, after manipulations, one can write:


   Δ 2  =   4 γ  ƛ 1     T C 3    −  1 4   ℏ 2   γ 2  .  



(32)







At the optimal point   p =  p *    and    T C  =  T C *   ,


   Δ 2  =   4 γ  ƛ 1     T C  * 3     −  1 4   ℏ 2   γ 2  .  



(33)







Later, Lemma 1 confirms the fact that    Δ 2  > 0  .



Thus, the proof of Proposition 3 is complete such that   τ  (  p ,  T C   )    is a strictly pseudo-concave function at a unique optimal investment   (  p *  ,  T C *  )  . Hence, the profit function affirms the global maximum solution at   (  p *  ,  T C *  )  . □



Lemma 1. 

If replenishment time   T C  <    (    16  ƛ 1     ℏ 2  γ    )     1 3     , then Equation (32) provides positive results, which consequently shows that Proposition 3 is valid.





Proof. 

Replenishment time    T C  <    (    16  ƛ 1     ℏ 2  γ    )     1 3     





   ℏ 2  γ <   16  ƛ 1     T C 3     










   ℏ 2  γ  γ 4  <   16  ƛ 1     T C 3     γ 4           [   since    γ > 0  ]   










   1 4   ℏ 2   γ 2  <   4 γ  ƛ 1     T C 3     










    4 γ  ƛ 1     T C  * 3     −  1 4   ℏ 2   γ 2  > 0  








Thus,    Δ 2  > 0  . □






4.2. Case II: With Advanced Payment and a Discount for Single Time Payment


The concavity test for Case II is similar to Case I, so the proof for Case II is not shown to avoid redundancy. From Equations (13) and (17) one has:


  τ ( p ,  T C  ) =  1   T C     (  p  (  ψ − γ p + η  R C   )   T C  −  1 2  ℏ  (  ψ − γ p + η  R C   )   T C    2  −  ƛ 1   )     










   τ f  ( p ,  T C  ) =  1   T C     (  p  (  ψ − γ p + η  R C   )   T C  −  1 2  ℏ  (  ψ − γ p + η  R C   )   T C    2  −  ƛ 2   )     








where


   ƛ 1  = ζ + Ω ω +    (  n + 1  )    2 n   ϕ δ ω Ω κ +  F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω + χ  R C 2  −   Ω ω υ  n   










   ƛ 2  = ζ +  (  1 +  ϕ L  κ  )   (  1 − υ  )  Ω ω +  F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω + χ  R C 2   











From   τ  (  p ,  T C   )    and    τ f   (  p ,  T C   )    one can easily notice that parts (   ƛ 1    and    ƛ 2   ) are the only difference between these two profit functions. Moreover, these two parts (   ƛ 1    and    ƛ 2   ) are independent of decision variables    (  p ,  T C   )   . Thus, there will be no change in making a decision regarding the concavity of these profit functions. However, in the numerical example, the concavity is presented numerically.




4.3. Case III: Without Advanced Payment


From Equations (13) and (19), one has:


  τ ( p ,  T C  ) =  1   T C     (  p  (  ψ − γ p + η  R C   )   T C  −  1 2  ℏ  (  ψ − γ p + η  R C   )   T C    2  −  ƛ 1   )     










   τ N  ( p ,  T C  ) =  1   T C     (  p  (  ψ − γ p + η  R C   )   T C  −  1 2  ℏ  (  ψ − γ p + η  R C   )   T C    2  −  ƛ 3   )     








where


   ƛ 1  = ζ + Ω ω +    (  n + 1  )    2 n   ϕ δ ω Ω κ +  F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω + χ  R C 2  −   Ω ω υ  n   










   ƛ 3  = ζ + Ω ω +  F C   N t  + 2 ℓ  f e  α  N t  + ℓ  c p   w p  Ω α + 2 ℓ  c e   N t  + ℓ  c k  Ω + χ  R C 2   











The whole scenario of this case is similar to the previous Case II. Therefore, there will be no change in decision-making as in Case II. However, the concavity of the profit function is presented in the numerical example section.





5. Analysis and Discussion


5.1. Case Study


The choice of eco-friendly products is a growing trend that is being adopted by millions of people. A new addition in this category is an eco-friendly microwave oven (Figure 4), which draws the attention of business owners and customers. The higher the eco-friendliness, the higher the demand; although sometimes the price is slightly elevated, it satisfies all purposes of customers. A retailer who does not have enough capital can advance some purchase costs to the supplier to book the products. The supplier, in return, provides numerous discount amounts for him according to the retailer’s payment. A case from a retailer shop is visited to fit in our model. The proposed problem is discussed with the shop manager, and he is asked to provide actual data accordingly. Those data are used in later numerical sections to validate the model and maintain a relationship with the data of the previously published article.




5.2. Numerical Illustration


Here, we present three examples. We have collected secondary data from different published articles.



Example 1. (Case III) 

In the first example, green carbon emission costs are considered with no payment in advance. For numerical illustration, the following parameters are considered: ordering costs per order placement ξ = $1000/cycle, the demand combined with market potential Ψ = 220, price sensitivity coefficient γ = 0.65, low carbon preference coefficient η = 2, and manufacturer’s carbon emission reduction level Rc = 0.5, carbon emission reduction investment  χ = $ 800  . The purchase cost per unit ω = $150, per unit holding cost h = $2. Further, the fixed cost per trip Fc = $200/trip, number of trips Nt = 3, fuel price α = $0.3/liter, the empty vehicle fuel consumption fc = 1 liter, travelled distance l = 100 km, product weight wp = 0.5 kg, fuel consumption per ton of payload Cp = 1.5 liter/ton, carbon emission cost per unit distance ce = $0.03/km, and carbon emission cost per unit item per unit distance ck = $0.02/unit/km.





We obtain optimal solutions per unit selling price p* = $260.36, replenishment time    T C *  = 6.21   months, order quantity Ω = 321.61 units, and total profit    τ N  = $ 3801  . 423    using Lingo 19 software with the aid of an exact optimization approach.



If we consider manufacturer’s carbon emission reduction level (Rc) and selling price ( p ) as decision variables and cycle time (   T C  = 6  . 21    months) as constant, then, we obtain the optimal solutions, per unit selling price p* = $260.54, manufacturer’s carbon emission reduction level    R c *  = 0  . 62 ,    order quantity Ω = 322.23 units, and total profit    τ N  = $ 3803  . 25   .



Again, if we consider that manufacturer’s carbon emission reduction level (Rc) and cycle time (   T C   ) are decision variables and selling price (  p = $ 260  . 35   ) is constant, then we obtain the optimal solutions, manufacturer’s carbon emission reduction level    R c *  = 0  . 63 ,    cycle time    T C *  = 6.38   months, order quantity Ω = 332.11 units, and total profit    τ N  = $ 3803  . 438   .



From Figure 5, one can easily observe that the total profit function confirms the concavity nature in terms of the two decision variables, and the optimum profit is located at the blue dot point.



When selling price ( p ), cycle time (   T C   ), and manufacturer’s carbon emission reduction level (Rc) are decision variables, then optimal solutions are per-unit selling price p* = $260.66, cycle time    T C *  = 6  . 40    months, and manufacturer’s carbon emission reduction level    R c *  = 0  . 638 ,    order quantity Ω = 331.82 units, and total profit    τ N  = $ 3803.499  .



Figure 6 shows that the profit function increases with respect to the increased selling price    ( p )   , cycle time    (   T C   )   , and manufacturer’s carbon emission reduction level    (   R c   )   , and the profit function becomes optimum for optimum selling price p* = $260.66, optimum cycle time Tc = 6.40 months, and manufacturer’s carbon emission reduction level    R c *  = 0  . 638   . After the optimum point indicated by the green star marker, the profit function decreases, although the selling price and the cycle time increase. This behavior also confirms the concavity nature of the profit function.



Example 2. (Case II) 

All the parameters are the same as in Example 1. For a single payment model, the supplier offers  υ = 5 %  . Further, the length of time during prepayment  κ = 0.5   y e a r s  and retailer interest rate of loan from any financial institutes   ϕ L  = 3 %  .





We obtain the optimal solutions, per unit selling price p* = $257.62, replenishment time    T C *  = 6.11   months, order quantity Ω = 327.08 units, and total profit    τ f  = $ 4083  . 795   .



If we consider manufacturer’s carbon emission reduction level (Rc) and selling price ( p ) as decision variables and cycle time   (  T C  = 6  . 12    months) as constant, then we obtain the optimal solutions of per-unit selling price p* = $ 257.83, manufacturer’s carbon emission reduction level    R c *  = 0  . 63  ,   order quantity Ω = 328.48 units, and total profit    τ N  = $ 4086  . 035   .



Again, if we consider manufacturer’s carbon emission reduction level (Rc) and cycle time (   T C   ) as decision variables and selling price (  p = $ 257  . 62   ) as constant, then we obtain the optimal solutions as manufacturer’s carbon emission reduction level    R c *  = 0  . 65 ,    cycle time    T C *  = 6.29   months, order quantity Ω = 338.84 units, and total profit    τ N  = $ 4086  . 235   .



When selling price ( p ), cycle time (   T C   ), and manufacturer’s carbon emission reduction level (Rc) are decision variables, then optimal solutions are per-unit selling price p* = $257.96, cycle time    T C *  = 6  . 31    months, and manufacturer’s carbon emission reduction level    R c *  = 0  . 65 ,    order quantity Ω = 338.54 units, and total profit    τ N  = $ 4086.305  .



For this example, Figure 7 confirms the concavity nature of the profit function with respect to the two decision variables.



Figure 8a shows that the profit declines due to growing lead time. Figure 8b confirms that the higher discount rate produces the higher profit gaining, and Figure 8c confirms that the total profit declines for the higher interest rate on the loan amount to collect capital.



Example 3. (Case I) 

All the parameters are the same as Example 1. Some additional parameters are as follows: number of equal prepayments before receiving order quantity n = 10, the portion of total purchase cost δ = 0.8, the interest rate of capital cost per year, length of time during which the prepayments are paid κ = 0.5 years, and discount rate for prepayment υ = 5%.





We acquire the optimal solutions of per-unit selling price p* = $276.86, replenishment time <   ϕ = 1 %   months, order quantity Ω = 286.35 units, and total profit   τ = $ 2304  . 672   .



If we consider manufacturer’s carbon emission reduction level (Rc) and selling price ( p ) as decision variables and cycle time (   T C  = 6  . 21    months) as constant, then we obtain the optimal solutions of per-unit selling price p* = $276.45, manufacturer’s carbon emission reduction level    R c *  = 0  . 49 ,    order quantity Ω = 256.35 units, and total profit    τ N  = $ 2300  . 881   .



Again, if we consider manufacturer’s carbon emission reduction level (Rc) and cycle time (   T C   ) as decision variables and selling price (  p = $ 260  . 35   ) as constant, then we obtain the optimal solutions of manufacturer’s carbon emission reduction level    R c *  = 0  . 36 ,    cycle time    T C *  = 6.08   months, order quantity Ω = 312.98 units, and total profit    τ N  = $ 2134  . 147   .



When selling price ( p ), cycle time (   T C   ), and manufacturer’s carbon emission reduction level (   R c   ) are decision variables, then optimal solutions are per-unit selling price p* = $276.99, cycle time    T C *  = 7  . 06    months, and manufacturer’s carbon emission reduction level    R c *  = 0  . 56 ,    order quantity Ω = 289.92 units, and total profit    τ N  = $ 2305.004  .



For this example, Figure 9 confirms the concavity nature of the profit function with respect to the two decision variables.



Figure 10a shows that the profit is higher for a smaller number of instalments and is smaller for a larger number of instalments. As the retailer has to pay interest for instalment-based payment, the cost becomes higher, and the profit becomes lower. From Figure 10b, one can confirm that the higher lead time forces a lower profit to be gained. Figure 10c confirms that the total profit declines for higher portion payment in advance, whereas Figure 10d assures the fact that for a higher amount of discount rate for instalment payment in advance, the total profit increases.




5.3. Sensitivity Analysis


Table 2 shows the sensitivity analysis of the present work. One can easily observe the robustness among the parameters. For three cases, the test has been performed for the parameters within the range of −20% to +20%.Some critical observations can be summarized based on the sensitivity table (Table 2):




	
The market potential    ( ψ )    is positively correlated with the integrated profit. The selling price is correlated similarly, but the cycle length interacts negatively. One can detect the continuous rise in profit and selling price with growing market potential    ( ψ )    for all these three cases, and the profit becomes maximum for Case II, whereas the selling price, as well as cycle length, become minimum.



	
The total profit and selling price decline for all three cases as the price elasticity parameter    ( γ )    increases. The cycle length behaves in the opposite direction. One can observe the highest profit at the minimum value of the price elasticity parameter    ( γ )    for a discount on a single-instalment payment (Case II).



	
The total profit increases for all three cases with higher values of carbon emission reduction level (   R C   ). The selling price and the cycle length show the same characteristics. The total profit is comparatively much lower in Case I as the instalment policy creates an extra cost. The profit is best in Case II, since the discount in purchasing cost influences higher profit gaining.



	
For all three cases, the ordering cost    ( ζ )   , as well as the holding cost    ( ℏ )   , have a direct impact on total profit. The higher values of those two costs create a lower profit and vice versa. The increasing ordering charge or holding charge means a decline in profit. It is easy to observe the significant consequence of this fact for all three cases. A similar type of effect has been noted for fluctuations of the per-unit purchase cost    ( ω )   .



	
The larger the number of trips    (   N t   )    the lesser the profit becomes since an extra trip means it needs an additional fixed cost, variable cost, fuel, labor, etc. Therefore, the profit becomes lower for the intensifications of trips. The travel distance    ( ℓ )   , fuel cost    ( α )   , fuel consumption per ton of payload (   c p   ), and product weight (   w p   ) have similar impacts on profit as those can add additional expenses. Any longer distance brings additional cost in the expenses, so reduction of distance can optimize the profit, which is numerically true, as shown in the sensitivity table.



	
The implications of carbon emission cost on transportation cost have important roles in profit gaining. Increasing values of carbon emission cost per unit distance (   c e   ) and carbon emission cost per unit item per unit distance (   c k   ) force the total profit to be less in all three cases.









5.4. Managerial Implications


The managerial implications of this sustainable inventory management study in terms of pricing strategies, low carbon preferences, suitability of discount policy, and impact of payments in advance are vast:




	(i)

	
From the three observed cases, the lowest selling price is obtained when the payment in advance is performed in a single payment. Further study also confirms that profit is higher for a smaller number of instalments; hence, managers can optimize the number of installments in this direction considering their financial condition.




	(ii)

	
The case with a single payment also results in a lower selling price. It is beneficial for customers and increases the demand level.




	(iii)

	
One can take important pricing decisions from the study and maintain a healthy profit margin by incorporating these strategies and simultaneously observing the nature of the customers.




	(iv)

	
This study provides some insights into how preferences for low carbon can influence the sales of the retailer and in which way a manager can maintain an eco-friendly inventory. This study shows that the total profit increases with higher values of carbon emission reduction level and higher preferences for low carbon among customers.











6. Conclusions


This paper presents a low-carbon preference inventory model with selling price and carbon-emission-reduction-dependent demand. Some major issues solved through this model are:




	(i)

	
The optimal replenishment rate clinging to the commencement of payment in advance has been successfully integrated and offers some significant results.




	(ii)

	
Simultaneous integration of discount policy, payment in advance to the selling price, and reduction of carbon-emission-dependent demand work efficiently. It provides some techniques for the retailer to manage inventories profitably.




	(iii)

	
A smaller number of instalments of the payment in advance increase the profit. This study shows that the case with a single payment results in a higher total profit and a lower selling price.




	(iv)

	
With the increasing customers’ preferences for environmentally friendly products, retailers should increase the effort for reducing emission levels.









Therefore, to maximize profit, this study recommends that retailers respond to the increasing customers’ preferences for low carbon by promoting environmentally friendly products. Simultaneously, retailers should attract more customers by setting a lower price by minimizing the number of instalments to take advantage of the discounts offered.



However, this model has limitations in terms of exposition, choice of variables, incorporation of marketing strategies, etc. This model can easily be extended by incorporating trade-credit policy [40,44,45], including some carbon emission regulations [33,46] and taking more than one player, e.g., a vendor–buyer system [47,48]. This study also does not allow for shortages; hence, further research may consider shortages with a full or partial backlog. Moreover, the retailer can dynamically purchase the inventory from the outside supplier to reduce the financial risk and avail the full discount facilities.
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Figure 1. Graphical presentation of the inventory system for Case I. 
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Figure 2. Graphical presentation of the inventory system for Case II. 
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Figure 3. Graphical presentation of the inventory system for Case III. 
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Figure 4. A retail shop of microwave oven. (Source: https://upload.wikimedia.org/wikipedia/commons/7/7e/Microwave_ovens%2C_Media_Markt%2C_Svagertorp%2C_Malmo.JPG, accessed on 26 December 2021). 






Figure 4. A retail shop of microwave oven. (Source: https://upload.wikimedia.org/wikipedia/commons/7/7e/Microwave_ovens%2C_Media_Markt%2C_Svagertorp%2C_Malmo.JPG, accessed on 26 December 2021).



[image: Fractalfract 06 00026 g004]







[image: Fractalfract 06 00026 g005 550] 





Figure 5. Profit function ( τ ) with regard to: (a) the selling price ( p ) and cycle time (   T C   ); (b) the manufacturer’s carbon emission reduction level (   R c   ) and selling price ( p ); (c) the manufacturer’s carbon emission reduction level (   R c   ) and cycle time (   T C   ). 
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Figure 6. Profit function ( τ ) regarding (a) the selling price ( p ); (b) cycle time (   T C   ); (c) manufacturer’s carbon emission reduction level (   R c   ). 
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Figure 7. Profit function ( τ ) with regard to: (a) the selling price ( p ) and cycle time (   T C   ); (b) the manufacturer’s carbon emission reduction level (   R c   ) and selling price ( p ); (c) the manufacturer’s carbon emission reduction level (   R c   ) and cycle time (   T C   ). 






Figure 7. Profit function ( τ ) with regard to: (a) the selling price ( p ) and cycle time (   T C   ); (b) the manufacturer’s carbon emission reduction level (   R c   ) and selling price ( p ); (c) the manufacturer’s carbon emission reduction level (   R c   ) and cycle time (   T C   ).



[image: Fractalfract 06 00026 g007]







[image: Fractalfract 06 00026 g008 550] 





Figure 8. Total profit profile associated with single payment-based payment in advance parameters. (a) describes the total profit against different lead times, (b) describes the total profit for different discount rates due to instalment-based payment in advance, and (c) shows the profit vs. interest rate on the loan amount. 
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Figure 9. Profit function ( τ ) with regard to: (a) the selling price ( p ) and cycle time (   T C   ); (b) the manufacturer’s carbon emission reduction level (   R c   ) and selling price ( p ); (c) the manufacturer’s carbon emission reduction level (   R c   ) and cycle time (   T C   ). 
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Figure 10. Total profit profile associated with instalment-based payment-in-advance parameters. (a) describes the total profit against the number of instalments, (b) shows the total profit for different lead times, (c) describes the profit vs. payment in advance portion, and (d) describes the total profit for different discount rates due to instalment based payment in advance. 






Figure 10. Total profit profile associated with instalment-based payment-in-advance parameters. (a) describes the total profit against the number of instalments, (b) shows the total profit for different lead times, (c) describes the profit vs. payment in advance portion, and (d) describes the total profit for different discount rates due to instalment based payment in advance.



[image: Fractalfract 06 00026 g010]







[image: Table] 





Table 1. Notation description.






Table 1. Notation description.





	
Notations

	
Units

	
Description






	
    D L    

	
units

	
Demand function




	
    F C    

	
$/trip

	
Fixed cost of transportation




	
    N t    

	
unit

	
Number of trips




	
    c e    

	
$/km

	
Carbon emission cost per unit distance




	
    c k    

	
$/unit/km

	
Carbon emission cost per unit item per unit distance




	
    c p    

	
liter/ton

	
Fuel consumption per ton of payload




	
    f e    

	
liter

	
Empty vehicle fuel consumption




	
  ℏ  

	
$/unit

	
Holding cost per unit




	
  ℓ  

	
km

	
One way distance




	
  n  

	
unit

	
Number of instalments




	
    w p    

	
kg

	
Product weight




	
  α  

	
$/liter

	
Price of fuel




	
  χ  

	
$

	
Carbon emission reduction investment




	
  δ  

	
constant

	
Payment in advance portion of purchase cost




	
  ζ  

	
$/cycle

	
Ordering cost per cycle




	
  κ  

	
months

	
Lead time




	
  ϕ  

	
constant

	
Interest rate due to instalment based payment in advance




	
    ϕ L    

	
constant

	
Interest rate on loan amount




	
  Ω  

	
units

	
Order quantity




	
  ω  

	
$/unit

	
Purchase cost per unit




	
Decision Variables




	
  p  

	
$/unit

	
Selling price




	
    T C    

	
months

	
Replenishment time.
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Table 2. Sensitivity Analysis.






Table 2. Sensitivity Analysis.





	
Parameter (Base)

	
Change in %

	
Changed Value

	
Case I

	
Case II

	
Case III




	
   p   

	
     T c     

	
    Profit   (  τ N  )    

	
   p   

	
     T c     

	
    Profit   (  τ f  )    

	
   p   

	
     T c     

	
   Profit   ( τ )   






	
 ψ  (200)

	
20%

	
240.000

	
307.119

	
5.822

	
5033.220

	
288.058

	
5.311

	
7382.136

	
290.771

	
5.376

	
7020.964




	
10%

	
220.000

	
290.755

	
6.428

	
3311.817

	
271.614

	
5.756

	
5278.759

	
274.336

	
5.839

	
4971.943




	
−10%

	
180.000

	
258.518

	
8.618

	
893.981

	
238.977

	
7.150

	
2089.039

	
241.740

	
7.313

	
1891.779




	
−20%

	
160.000

	
243.186

	
11.289

	
209.085

	
222.937

	
8.402

	
1007.654

	
225.755

	
8.676

	
866.120




	
 γ  (0.60)

	
20%

	
0.720

	
247.554

	
9.192

	
510.321

	
227.756

	
7.208

	
1636.208

	
230.539

	
7.411

	
1443.080




	
10%

	
0.660

	
259.677

	
8.058

	
1090.069

	
240.206

	
6.729

	
2446.337

	
242.962

	
6.878

	
2223.500




	
−10%

	
0.540

	
292.835

	
6.698

	
3116.149

	
273.686

	
6.012

	
4923.224

	
276.409

	
6.097

	
4641.829




	
−20%

	
0.480

	
315.870

	
6.240

	
4772.288

	
296.810

	
5.732

	
6801.839

	
299.523

	
5.797

	
6491.457




	
 η  (2)

	
20%

	
2.400

	
274.676

	
7.269

	
1943.027

	
255.402

	
6.332

	
3529.771

	
258.138

	
6.443

	
3276.993




	
10%

	
2.200

	
274.595

	
7.274

	
1936.966

	
255.320

	
6.336

	
3521.782

	
258.057

	
6.447

	
3269.278




	
−10%

	
1.800

	
274.434

	
7.284

	
1924.869

	
255.157

	
6.342

	
3505.830

	
257.894

	
6.454

	
3253.873




	
−20%

	
1.600

	
274.353

	
7.290

	
1918.833

	
255.075

	
6.346

	
3497.867

	
257.812

	
6.458

	
3246.183




	
   R C    (0.50)

	
20%

	
0.600

	
274.729

	
7.375

	
1935.516

	
255.447

	
6.424

	
3521.148

	
258.185

	
6.537

	
3268.518




	
10%

	
0.550

	
274.621

	
7.325

	
1933.370

	
255.342

	
6.380

	
3517.653

	
258.079

	
6.492

	
3265.220




	
−10%

	
0.450

	
274.411

	
7.238

	
1928.139

	
255.137

	
6.302

	
3509.587

	
257.873

	
6.413

	
3257.564




	
−20%

	
0.400

	
274.309

	
7.201

	
1925.044

	
255.037

	
6.270

	
3505.001

	
257.773

	
6.380

	
3253.193




	
 χ  (500)

	
20%

	
600.000

	
600.000

	
7.328

	
1927.490

	
255.259

	
6.381

	
3509.871

	
257.997

	
6.493

	
3257.708




	
10%

	
550.000

	
550.000

	
7.304

	
1929.198

	
255.249

	
6.360

	
3511.833

	
257.986

	
6.472

	
3259.636




	
−10%

	
450.000

	
450.000

	
7.255

	
1932.633

	
255.228

	
6.318

	
3515.777

	
257.965

	
6.429

	
3263.512




	
−20%

	
400.000

	
400.000

	
7.230

	
1934.359

	
255.217

	
6.297

	
3517.759

	
257.954

	
6.408

	
3265.459




	
 ζ  (1000)

	
20%

	
1200.000

	
274.705

	
7.661

	
1904.138

	
255.402

	
6.667

	
3483.047

	
258.143

	
6.785

	
3231.349




	
10%

	
1100.000

	
274.611

	
7.472

	
1917.355

	
255.321

	
6.505

	
3498.230

	
258.060

	
6.620

	
3246.269




	
−10%

	
900.000

	
274.416

	
7.082

	
1944.839

	
255.153

	
6.169

	
3529.792

	
257.889

	
6.277

	
3277.285




	
−20%

	
800.000

	
274.314

	
6.879

	
1959.165

	
255.066

	
5.994

	
3546.236

	
257.799

	
6.099

	
3293.445




	
 ℏ  (2)

	
20%

	
2.400

	
274.874

	
6.665

	
1880.559

	
255.547

	
5.798

	
3455.949

	
258.290

	
5.901

	
3204.722




	
10%

	
2.200

	
274.698

	
6.951

	
1905.144

	
255.396

	
6.050

	
3484.203

	
258.136

	
6.157

	
3232.485




	
−10%

	
1.800

	
274.322

	
7.661

	
1958.047

	
255.072

	
6.675

	
3544.953

	
257.806

	
6.792

	
3292.184




	
−20%

	
1.600

	
274.120

	
8.112

	
1986.783

	
254.898

	
7.072

	
3577.924

	
257.628

	
7.196

	
3324.587




	
 ω  (150)

	
20%

	
180.000

	
293.494

	
8.787

	
814.828

	
270.045

	
7.024

	
2257.755

	
273.355

	
7.211

	
2013.351




	
10%

	
165.000

	
283.949

	
7.923

	
1321.012

	
262.628

	
6.655

	
2853.657

	
265.649

	
6.798

	
2602.859




	
−10%

	
135.000

	
265.149

	
6.774

	
2643.576

	
247.869

	
6.065

	
4237.982

	
250.326

	
6.152

	
3989.230




	
−20%

	
120.000

	
255.831

	
6.363

	
3458.375

	
240.517

	
5.824

	
5026.037

	
242.696

	
5.893

	
4785.642




	
   F C    (200)

	
20%

	
240.000

	
274.630

	
7.510

	
1914.685

	
255.338

	
6.538

	
3495.164

	
258.077

	
6.653

	
3243.255




	
10%

	
220.000

	
274.573

	
7.396

	
1922.735

	
255.288

	
6.439

	
3504.411

	
258.026

	
6.553

	
3252.342




	
−10%

	
180.000

	
274.456

	
7.161

	
1939.223

	
255.187

	
6.237

	
3523.344

	
257.924

	
6.347

	
3270.948




	
−20%

	
160.000

	
274.396

	
7.042

	
1947.672

	
255.136

	
6.134

	
3533.044

	
257.871

	
6.242

	
3280.480




	
   N t    (6)

	
20%

	
10.000

	
276.047

	
10.344

	
1719.361

	
256.552

	
8.967

	
3270.326

	
259.315

	
9.130

	
3022.364




	
10%

	
8.000

	
275.654

	
9.558

	
1772.825

	
256.217

	
8.296

	
3331.964

	
258.972

	
8.445

	
3082.910




	
−10%

	
4.000

	
274.766

	
7.783

	
1895.591

	
255.455

	
6.772

	
3473.225

	
258.196

	
6.892

	
3221.698




	
−20%

	
2.000

	
274.246

	
6.742

	
1968.856

	
255.007

	
5.876

	
3557.357

	
257.739

	
5.979

	
3304.374




	
 ℓ  (100)

	
20%

	
120.000

	
277.083

	
7.515

	
1751.504

	
257.773

	
6.508

	
3276.862

	
260.513

	
6.627

	
3032.791




	
10%

	
110.000

	
275.798

	
7.396

	
1840.244

	
256.505

	
6.423

	
3394.380

	
259.244

	
6.538

	
3146.228




	
−10%

	
90.000

	
273.233

	
7.166

	
2023.510

	
253.972

	
6.257

	
3635.126

	
256.708

	
6.365

	
3378.819




	
−20%

	
80.000

	
271.953

	
7.056

	
2118.033

	
252.707

	
6.176

	
3758.353

	
255.441

	
6.281

	
3497.972




	
   f e    (1)

	
20%

	
1.200

	
274.550

	
7.349

	
1925.991

	
255.268

	
6.399

	
3508.150

	
258.006

	
6.512

	
3256.016




	
10%

	
1.100

	
274.532

	
7.314

	
1928.446

	
255.253

	
6.369

	
3510.969

	
257.991

	
6.481

	
3258.787




	
−10%

	
0.900

	
274.497

	
7.244

	
1933.392

	
255.223

	
6.309

	
3516.648

	
257.960

	
6.420

	
3264.368




	
−20%

	
0.800

	
274.479

	
7.209

	
1935.882

	
255.208

	
6.278

	
3519.508

	
257.944

	
6.389

	
3267.179




	
 α  (0.30)

	
20%

	
0.360

	
276.872

	
7.495

	
1765.910

	
257.565

	
6.493

	
3295.975

	
260.306

	
6.611

	
3051.237




	
10%

	
0.330

	
275.693

	
7.386

	
1847.598

	
256.401

	
6.415

	
3404.086

	
259.140

	
6.530

	
3155.600




	
−10%

	
0.270

	
273.338

	
7.176

	
2015.853

	
254.076

	
6.264

	
3625.122

	
256.811

	
6.372

	
3369.148




	
−20%

	
0.240

	
272.162

	
7.075

	
2102.417

	
252.914

	
6.190

	
3738.045

	
255.648

	
6.296

	
3478.330




	
   c p    (1.50)

	
20%

	
1.800

	
276.837

	
7.423

	
1770.736

	
257.535

	
6.432

	
3301.545

	
260.275

	
6.549

	
3056.708




	
10%

	
1.650

	
275.675

	
7.350

	
1850.041

	
256.386

	
6.385

	
3406.898

	
259.125

	
6.499

	
3158.363




	
−10%

	
1.350

	
273.355

	
7.211

	
2013.351

	
254.091

	
6.294

	
3622.255

	
256.827

	
6.403

	
3366.330




	
−20%

	
1.200

	
272.197

	
7.144

	
2097.353

	
252.944

	
6.250

	
3732.257

	
255.678

	
6.356

	
3472.639




	
   w p    (0.50)

	
20%

	
0.600

	
276.837

	
7.423

	
1770.736

	
257.535

	
6.432

	
3301.545

	
260.275

	
6.549

	
3056.708




	
10%

	
0.550

	
275.675

	
7.350

	
1850.041

	
256.386

	
6.385

	
3406.898

	
259.125

	
6.499

	
3158.363




	
−10%

	
0.450

	
273.355

	
7.211

	
2013.351

	
254.091

	
6.294

	
3622.255

	
256.827

	
6.403

	
3366.330




	
−20%

	
0.400

	
272.197

	
7.144

	
2097.353

	
252.944

	
6.250

	
3732.257

	
255.678

	
6.356

	
3472.639




	
   c e    (0.03)

	
20%

	
0.036

	
274.518

	
7.286

	
1930.418

	
255.241

	
6.345

	
3513.234

	
257.978

	
6.457

	
3261.013




	
10%

	
0.033

	
274.516

	
7.283

	
1930.666

	
255.240

	
6.342

	
3513.518

	
257.977

	
6.454

	
3261.292




	
−10%

	
0.027

	
274.513

	
7.276

	
1931.160

	
255.237

	
6.336

	
3514.086

	
257.974

	
6.447

	
3261.850




	
−20%

	
0.024

	
274.511

	
7.272

	
1931.408

	
255.235

	
6.333

	
3514.370

	
257.972

	
6.444

	
3262.129




	
   c k    (0.02)

	
20%

	
0.024

	
274.721

	
7.292

	
1916.421

	
255.442

	
6.347

	
3494.684

	
258.180

	
6.459

	
3243.109




	
10%

	
0.022

	
274.618

	
7.286

	
1923.661

	
255.340

	
6.343

	
3504.237

	
258.077

	
6.455

	
3252.334




	
−10%

	
0.018

	
274.412

	
7.273

	
1938.177

	
255.136

	
6.335

	
3523.379

	
257.873

	
6.446

	
3270.820




	
−20%

	
0.016

	
274.308

	
7.267

	
1945.454

	
255.034

	
6.331

	
3532.969

	
257.771

	
6.442

	
3280.081
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