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Abstract: In this paper, the solvability of a system of nonlinear Caputo fractional differential equations
at resonance is considered. The interesting point is that the state variable x € R” and the effect of the
coefficient matrices matrices B and C of boundary value conditions on the solvability of the problem
are systematically discussed. By using Mawhin coincidence degree theory, some sufficient conditions
for the solvability of the problem are obtained.
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1. Introduction

In partial differential equations theory, multipoint boundary conditions are those
which the solutions of multiple-parameter differential equations should satisfy. In recent
decades, more and more mathematicians turned their attention to nonlinear boundary value
problems (BVPs) in resonance cases and non-resonance cases. For some non-resonance
cases, we recommend readers to [1-4], and for resonance cases to [5-12] and the references
therein. In [8], Feng first obtained the existence of one solution of semilinear three-point
BVPs at resonance by making use of the coincidence degree theory of Mawhin. Then, as
an extension of [8], Ma [9] first developed the upper and lower solution method to obtain
some multiplicity results. Motivated by [9], Bai [6] researched a four-point boundary value
problem, and proved the existence and multiplicity results by making use of the method of
upper and lower solutions established by the coincidence degree theorem. Subsequently,
various boundary value conditions were studied.

V.A. II'in and E.I. Moiseev in [1] studied Sturm-Liouville operator of the first kind
of nonlocal boundary value problem, which originated from the famous work of A. V.
Bitsadze and A. A. Samarskogo [3]: In the Euclidean n-dimensional space with orthogonal
Cartesian coordinates x1, Xy, ..., X, the elliptic linear differential equation on the (n — 1)
-dimensional piecewise smooth Lyapunov surface is transformed into a nonlocal problem
of an ordinary differential equation when solving a partial differential equation by the
separation of variables method. When the state variable is n-dimensional, consideration of
the general fractional model will naturally involve the model of the problem considered in
this paper.

To our best knowledge, before P.D. Phung [13], almost all articles on resonance BVPs
were focused on a single second-order equation with the dimension of Ker L € [0,2]. For a
second-order equation boundary value problem system with x € R", the dimension of Ker
L will be between 0 and 2#; it will not be as easy as dim Ker L = 1 to establish projections
Q for matrices B and C with different properties. For the case of n = 2, Zhang in [12]
considered a three-point BVP at resonance for nonlinear fractional differential equations:

u(t) = f(t,0(t),Df, "o(t), 0<t<1,

3
o+ o(t) = g(t,u(t), Dy 1 u(t)), 0<t<l,
u(0) = v(0) =0, ”(1) =oau(m), (1) =0o(n),
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and obtained two existence results using the coincidence degree theory. In [13]. P.D. Phung
first researched the following resonant three-point BVPs in R":

() = f(t,x,x), te(0,1),
X (0) =6, x(1)=Ax(y),

where 6 is an n-order zero vector, the matrix A satisfies one of the following conditions:

A? = [ ( stands for n — order identity matrix),
A2 = A.

In [14], P.D. Phung removed the restriction on matrix A and studied the solvability of the
same problem as in [13]. Then, P.D. Phung [15] used similar methods to study the following
three-point boundary conditions in the fractional differential equations at resonance:

D*x(t) = f(t,x(t), D*1x(t),
x(0) =6, D*1x(1) = AD*1x(1).

Recently, the solvability of integer or fractional differential equations with a wide range
of boundary value conditions at resonance in R" has been researched. We direct readers
to [13-21] for details.

For nearly a decade, the resonant boundary value problem with n equations has been
studied by an increasing number of mathematicians. However, we found that the following
two problems have not been addressed. First, Zhang in [12] studied the resonance boundary
value problem of two equations, but used the same boundary value conditions for different
state variables u and v, so the study was similar to that of a single equation and could
not be easily extended to the case of n dimensions. Therefore, in this study we consider
the characterization of different constraints on different state variables, in other words,
we introduce matrices to control the constraints on state variables so that the expression
of the equation can be richer. However, other works [13-16,20,21] under the condition
of zero boundary value (similar to #(0) = 0) studied n equations of the problem. Gupta
in [10] proposed that many multi-point boundary value problems can be transformed
into four-point boundary value problems under certain conditions, so studying four-point
BVPs is more meaningful. The four-point boundary value condition does not contain zero
boundary value, which makes the structure of irreversible operators and the construction
of projection P and Q more complicated than that of three-point BVPs. Therefore, it is
more meaningful to introduce a matrix to study four-point boundary value problems
in mathematics.

Motivated by the above ideas, we consider the following fractional-order equations
with a new boundary value condition in R":

‘D u(t) = f(t,u(t),"D§ tu), te€(0,1), (1)
u(0) = Bu(g), u(1l) = Cu(y), 2)

where 0 < 77,¢ < 1,1 < a < 2; B, C are two n-order nonzero square matrices, ‘D,

represents the Caputo differentiation, and f : [0,1] x R2" — R" satisfies Carathéodory

conditions. In this situation, Ker L may become a polynomial set with vector coefficients

and the construction of projectors will be somewhat complex. We say f : [0,1] x R?" — R"

satisfies Carathéodory conditions, that is,

(A1) f(-,u,v) is measurable on [0,1] for all (u,v) € R" x R".

(A2) f(s,-,-) is continuous on R" x R", for a.e. s € [0,1].

(A3) The function gy (t) = SUP (1) W |f(s,u,v)| is Lebesgue integrable on 0 < s < 1 for
all compact set W C R" x R".



Fractal Fract. 2022, 6, 25

30f16

The problem in (1) and (2) is in resonance, meaning that the following linear homoge-
neous boundary value problem has nontrivial solutions:

Diu(t)=06, 0<t<1, ©)
u(0) = Bu(g), u(1) = Cu(y). 4)

By (3), there is u(t) = ¢1 + cat, ¢1,¢2 € R". Combining with (4), we can get the following
equations:

(I=5C)er+ (I =C)ea =96,
—¢Bc1 + (I —B)cy = 6.

Clearly, the resonance condition is

| I-yC I-C
A= ’ —¢B I-B
From the calculation formula of block matrix determinant, we can know that A = 0 if and
only if

|(I—yC)(I— B)+EB(I—C)| =0. ©)
Condition (5) can be divided into three cases:
Case (1)B#1,C#1,|(I-nC)(I—B)+¢&B(I-C)|=0;
Case(2)B=1,|I-C| =0;
Case (3)B#1,C=1,|I-B|=0.

The paper is organized as follows. In Section 2, we state several notations and defini-
tions. In Sections 3 and 4, two main theorems (see Theorem 2 and 3) are established for
the solvability of problem (1) and (2) under resonance cases (1) and (2), respectively. It
is worth mentioning that, inspired by [14], in Section 4, we remove the restriction on the

matrix C, and give the existence theorem of the solution of the problem only under the
most basic resonance conditions (refer to case (2)).

2. Preliminaries

First, we recall some related definitions and lemmas of fractional calculus; we refer
the readers to [22] for more properties.

Definition 1. The a—order (x > 0) Riemann—Liouville fractional integral of function u is de-
fined as

1t u(s)
[ —
IO+”(t) - r(ﬂ() ‘/0 (t_S)lleds' (6)
and the right side of the equation is defined at (0,00).

Definition 2. The a—order (« > 0) Caputo fractional derivative of function u : Ry — R is
defined as

1 t (n)
DY ult) = T D"(t) = /0 (tfs)l(ilnds @)

as long as the right side of the equation is defined at (0, c0).
Lemma 1 ([22]). Ifu € C"~1(0,1) N L[0, 1], then the fractional differential equation
D& u(t)=0 8)

has a unique solution

n—1 (i
u =y O, ©)
i=0 .

1
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The following lemma is also very important for subsequent research.
Lemma 2 ([22]). Leta > 0andn—1 < a < n.
(1) Letwa > 6 > 0and u be a continuous function, then
CD§. I§, u(t) =I5 fu. (10)
(2)  Let u be an absolute continuous function of n — 1 times differentiable, then
n—1 i
D'u(0) ;
C
1§, “D§ u(t) = u(t) — 20 Tt (11)
1=

Let X, Y be two Banach spaces, we call L : dom L C X — Y a Fredholm mapping of
index zero if
(E1) Im L is closed in Y and has codimension of finite dimension;

(E2) Tthe dimension of Ker L is equal to the codimension of Im L.

If L satisfies (E1) and (E2), then there will be two projectors Q : Y — Y, P : X — X
satisfies Ker Q = Im L, Im P = Ker L. Therefore, we can get the straight-sum decomposition:
Y=ImL&ImQ,X=XKerL & Ker P. Here, by Kp we denote the inverse of L|ger pndom L :
Ker PNdom L — Im L and by Kp g := Kp(Id — Q) the generalized inverse of L.

We call N L-compact on () ((2 is an open bounded subset of X with dom LN Q # @,
when it satisfies
(F1) QN(Q) is bounded;

(F2) Kp(Id — Q)N : Q — X is completely continuous.

Theorem 1 ([23]). Let L be a Fredholm operator of index zero and N(Q)) be L-compact. Suppose
the following conditions are satisfied:

(i) Lu # ANuforallx € 00N (dom L\ KerL)and0 < A < 1;

(ii) Nu ¢ Im L forall x € 002N Ker L;

(iii) deg(JQN|gnker Ker LNQY, 0) # 0, where J : Im Q —Ker L is an isomorphism, and
Q : Y — Y is a projection as above.

Then, the equation Lu = Nu has at least one solution in dom L N Q.

By ||u|| = max{||u||c, HCDg;luHm} we denote the norm of space X = C!([0,1];R"),
where ||-||c is the maximum norm. Additionally, by ||y||; we denote the Lebesgue norm of
Y = L'([0,1];R"). Set

Xy :={u:[0,1] — R"|u € C*([0,1];R")}.
Then, define map L : dom L — Y by setting
dom L = {u € X7 : u(0) = Bu(g), u(1l) = Cu(n)},

foru € dom L,
Lu := “D}, u. (12)

3. Existence Results for Case (1)

Now, we show the solvability of BVP (1), (2) when B # I, C # I, |(I —nC)(I — B) +
¢B(I — C)| = 0. Furthermore, suppose the matrices B, C satisfy the following conditions:
(H1) I — B is reversible;

(H2) (nC — 1)1 — #*C + I is reversible;
(H3)I - 5yC+¢&(I-C)(I-B)"'B=0,
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where O is an n-order zero matrix. From (12) we can know
Ker L = {cat + Cocp, ¢2 € R},
where Cy = &(I — B) !B, and from (H3) we have (I — C)Cy = (yC — I). Let
(C=s) M I-C)I=B)'B=(7—5)*'C+(1-s)""L, 0<s<g;
G(s) =4 —(n—9)*1C+ (1 —s)*1], E<s<uy;
(1—s)*11, n<s<1l,
then
fm L { eyll /lG() (s)d 9}
= s)y(s)ds =06 ;.
m y r(a) 0 y
Define a mapping Q: Y — Y as
1
Qv =7 [ Gls)(s)s (13)

where
v=af(yC—D* 1 —y*C+ 1371

Lemma 3. The operator L is a Fredholm operator with an index of zero.

Proof. Fory € Y, Vt € [0, 1]

= [ Ge)0u(s)ds
= T{(ge - gt — g+ 1HQy(h
= Qu(t),

so linear operator Q is a continuous projector. For y € Im L, one has Qy/(t) = 6; this shows
that y € Ker Q. In fact, Im L = Ker Q.

Lety € Y and it is easy to verify y — Qy € Im L. Thus, Y =Im L + Im Q. For every
y € Im Q have the form y = ¢, ¢ € R". At this time, if y € Im L, then y = 6. Hence, Y = Im
L @& Im Q. Combine with codim Im L = dim Im Q = dim Ker L, so L satisfies (E1) and (E2),
and the index of the Fredholm operator L is zero. O

Define another projector P : X — X by
Pu = 1 (0)t + Cou (0). (14)
For v € Ker L, one has
o(t) = cot + Coca, c2 € R,
and
Po(t) = cat + Coca = v(t).
This shows that v € Im P. Conversely, for every v € Im P, there is x € X such that
v(t) = Px(t). Thus,
o(t) = Px(t) = x (0)t + cox (0) € KerL. (15)
Hence, Ker L =Im P. Clearly, X = Ker P & Ker L. In fact, Ker P N Ker L = {6}.
Define a mapping Kp : Im L — Ker P N dom L as

Kpy(t) = (I - B) 'BI§,y(&) + I§,y(t), 0 <t < 1. (16)
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Lemma 4. Kp is the inverse of the mapping L|er pndom L 414

IKpy|| < Dllyll1, (17)

where D = 1+ ¢&||(I — B)"'Bl||«, |||« stand for the max-norm of matrices.

Proof. Lety € Im L. It s clear that Kpy(0) = BKpy(&) and Kpy(1) = CKpy(#), such that
Kpy € dom L. Furthermore

PKpy(t) = (Kpy) (£)]i=ot + co(Kpy) ()]0 = 6. (18)

This shows that Kpy € Ker P. So, the definition of Kp is reasonable.
For u € Ker P Ndom L, from (11), one has

KpLu = (I — B) 'BI§ °D§. u(&) + I8, °DE  u(t)
= (1= B)"'B[u() — u(0) — ' (0)¢| — I(u(0) — u(t) + ' (0)¢)

= Uu.

Conversely, for y € Im L, one has LKpy = y. Thus, Kp = (L|qom LnKer P) -
Again, since

1D (Kpy) (D)lleo = [I(I = B) ' BIg, y(2) oo + [ 154 y(1)lleo
<@+ = B) Bl Iy,
combining with (16), one has
IKeylo < s 91
Thus, we have ||[Kpy|| < Dlly|:. O
Define an operator N : X — Y by
Nu(t) = f(t,u(t),"D§ tu(t)), 0 <t < 1. (19)

Lemma 5. N is L-compact.

Proof. We divide the proof into two parts. The first part is bounded continuous. The
second part is completely continuous. Indeed, for f (t,u(t),CDg‘Ilu(t)), there exists a
function gw(t) : R — Ys.t. foreveryu € W C Xandae 0 <t <1

£ (£, DG ) oo < gw- (20)

Combining with (13), one has

1Qyllx < IG(s)[[llv[l<llyllr, (1)
where
Il = &l {(nC = DE** = n*C + 1} 71,
IG()[l+ = (1 + [[Cll« + [[(I = C)(I = B)7'B]+).
Thus, QN (W) is bounded. Obviously, QN (W) is continuous.
Forallu € W C X, one has
KP,QNM :KP(I — Q)NM
=(I — B)"'BI§, Nu(&) + I§, Nu(t) — (I — B)"'BI}, QNu(&) — I§, QNu(t)
=(1— B)"'BI§, Nu(§) + I, Nu(t)
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s i ! o !
_F(w){é (Id — B) 13/0 G(s)Nu(s)ds + t /O G(s)Nu(s)ds}. 22)

1
“DEKp oNu = CDSKp(Id — Q)Nu = I3, Nix(t) — 4T (a + 1)t/ G(s)Nu(s)ds. (23)
0

Combining (20), (22), and (23), we have
|[KpoNu(t)] <(1+ [[(I = B)~"Bl.) || Null

N m;(H 1 — B)""Bl)IIG(s) | INull,

CDS‘pr,QNM(t)‘ S A+ T(a+ D[ IG ) [ [Nullr-

That is, Kp g Nu(W) is uniformly bounded in X. Now we only need to prove Kp oNu(W)
is equicontinuous in X to end the proof of Lemma 5. For 0 < ¢; < t < 1, one has

|Kp/QNu(t2) — KPIQNM<t1)|

< 1“(104) /t.tz(tZ —8)* INu(s)ds + /(:l (2 =9)*" = (1 — )" ")Nu(s)ds
+ ariwuc@)n*nzvunnt% il

< r(l“)</0tl(tz —1%1)"‘1gw(5)dS+/t:2 gw(S)dS)

16 - lgw () 5~ 5,

_|._

and
5]
"D KpoNu(t2) — “Di KpoNu(t)| < [ gw(s)ds + ¥1G(S) - Igw (1) alz — bl

Thus, Kp o Nu(W) is equicontinuous in X. In summary, N is L-compact. [

We will use the following assumptions:
(M1) Forall t € [0,1], x,y € R", there exist three functions a1, by, c € Y, s.t.

(1 +leollx + D) (llazlly + [|ba][1) <1, (24)

and

(82 y)| < ar(®)]x] + b (B)]y] +c(b), (25)

where D is the constant given in (17).
(M2) For u € dom L, if there exist o7 € Ry, s.t.

D8 u(v)| > o1, Vv € [0,1],
then
C [ =51 (v, u(w), Dy u(w)av
- 1/01(1 — 5)* 1 f(v,u(v)dv, DS u(v))dv € Im (1 - C).
(M3) Let q(t) := (tI + Cg), Co = &(I —B)~'B,and

g0t = (q1,,q2) ", 9i € R.
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If there exist 0 € R4, s.t. Vt € [0,1],
|l7i| > 0y, VT € Rn, i=1,..n,

then either
(q(t)T, QN(q(t)T)) < 0or (q(t)T,QN(q(t)T)) =0, (26)

(-, -) stands for the scalar product in R".

Theorem 2. If assumptions (M1)-(M3) are satisfied, then Problem (1), (2) has at least one solution
in X.

Proof. Set O = {x € dom L\Ker L : Lx = ANx, 0 < A < 1}. For u € (), one has
Nu € Im L = Ker Q. Thus,

C/ )L (s, u(s), ‘Dy, Ly s—l/ (1—5)*"1f(s,u(s ),CDgllu(s))ds

=(1-C)(I- B)*lB/O (&—5)""1f(s,u(s), Dy u(s))ds € Im (I — C).

From (M2), there exist ty € [0,1], s.t. |CD8‘;1u(t0)\ < 0y, thus

°Dy 1u(0)] =

ot
DI (k) —/OCD&L{( )ds| <
0

o1+ [[“Dgyu(t) |-

Furthermore
1Pu(t)]| = [l (0)¢ + Cou' (0)| < (INully + 1) (1 + [|Coll)- (27)
Note that Id is the identity operator. Combining with (27), one has
[u(t)]| = [|Pu+ (Id — P)ul|
< || Pull + [[KpL(Id — P)u]|

< ([INufly + 1) (1 + [[Coll) + D[[Nul[y
= (14 [|Coll+ + D)[[Nully + (1 + [[Col[)en, (28)

where D was given in (16). Combining (19), (28), and (M1), we get

INulh < [ 1G5 u(s), DS )l
< Mol fulloo + 111D s + el
< (ol ) el + el
< (ol + 101 )[(1 + [Colls + D)INull + (1+ [ Coll. )or] + el

Therefore, it can be obtained that

Ulaalls + 1121]l1) (A + [[Coll<)on] + [lella

Nu 1< .
INul < = ol ) (e + T2l

(29)

From (29) and (28), one has

sup [[u]| = sup max{]|u]|co, |°Dg; ' ttfloo} < +oo.
ute u601

Hence ); is bounded in X.
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Set O = {u € Ker L | Nu € Im L}. Assuming u € (), one has u = ¢t + Cyca,
¢ € R". Thus

C/ ) 1f (s, c28 + Coca, 2 ds—I/ Ve 1f(s 28 + Coca, ¢2)ds

=(I-C 1B/ )£ (s, o5 4+ Coca, c2)ds € Im (I — C).

Then, from assumption (M2), one has

]l = max{|ju]les, ||“ D ulloo}

= max{||cat + Cocalleo, [Ic2lo0 }
< max{(1+|Coll«)o1, 01}

< (1+[[Colls)er < +oo.

Therefore, (), is a bounded subset.

Set OF = {u € Ker L : £Aju + (1 — A1)QNu =0, 0 < A; < 1}. We divide the proof
into the following two steps:

Step 1 : For u = ¢yt + Cocp € Q)f, one has

Aq(cot+ Cocz) + (1 — A1)QN(cat + Cocp) = 0.

Case1:1If Ay =0, then QN(cpt + Cocp) = 6, such that N(cat + Cocp) € Ker Q = Im L.
Thus we have N(cat + Cocp) € Oy, so |Jul| < (14 ||Coll«)o1
Case2 :If Ay € (0,1], suppose ||u|| > no». Then, from (M3) obtain that

0> —Aq|ul> = (1— A1) (u, QNu) > 0.

So, we have a contradiction. Thus ||u|| < o»

Step 2 : For u € ()5, using same arguments as in Step 1 above, we can deduce that
[|lu]| < 0. Thus we can show that Q;, QOf C X are two bounded subsets.

Now, let QO C Y and Ule Q; C Q. According to the above arguments, we know
that both conditions (i) and (ii) of Theorem 1 are satisfied. In order to prove (iii), we use
isomorphic mapping J to construct the homotopy operator by

H(x(t),A) = £Ax(t) + (1 — A)TQNx(t).
Hence

deg(JQNlker L, Q2 N Ker L,0) = deg(H(-,0),Q2 N Ker L,0)
=deg(+Id, Q3 N Ker L,0) # 0.

Therefore, (iii) of Theorem 1 is satisfied. Theorem 2 is proved. [

4. Existence Results for Case (2)

Now, we show the solvability of BVP (1), (2) when B = I, |I — C| = 0. In this case, the
boundary value condition degenerates to

x(0) = x(¢), x(1) = Cx(n). (30)

Unlike Section 3, this section removes the restriction on matrix C and uses the generalized
inverse to conduct research under the most basic resonance conditions, inspired by [14].
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Now we study the BVP (1) and (30) using Theorem 1. We use the same notations as in
Section 3. L, N, J. In this case,

dom L = {x € Xj : x satisfies (30)}.

Let 7 =1 — Cand T be the Moore—Penrose pseudoinverse matrix of 7. From [24] we can
get the following conclusions, which are necessary for our subsequent research:
(Il) THTTH=T7;
(L) TTYT =T;
(Iz) In7 T =ImT;
(Iy) Im(I-T%T)=KerT.
From (12), we have
KerL = {c] € R": Tc] = 06}.

Define a linear operator H* by

C—-1
H*y(t) = ”TIS‘+1/(C) — CI§, y () + I, y(1).

Then
ImL={yeY|HY(t) eImT}

Define an operator Q* : Y — Y as
Qy=1"Hy(), (31)

where faT(a)
. al (a B i
NG T

4

Then for y € Y, we can get

_ gal () e €= DEF + 81— &y C
T A sy
= Q*y‘

Q'y

In fact
(I=TTH)(HC—1)g* +&I—gy*C
= =TT {n(C-D+ (n =1 I +n*(I-C)+ (1 —y")I)}
= =13 I +5(1—n*)I-TTT).

By similar arguments to Lemma 2.5 in [14], we have that the index of the Fredholm operator
L is zero.
Define an operator P* : X — X as

P*x(t) = (I — TT)x(0). (32)

If v € Ker L,onehas v = ¢, ¢f € R"NKer(7) =Im (I — 77T), thus there exists d} € R"
suct that

G =1-T+T)d;.
So, v € Im P*. Conversely, if v € Im P*, from (I;) we can know that v € Ker 7. Again,

since Ker P* N Ker L = {6}, then X = Ker P* & Ker L.
Define a mapping Kj : Im L — Ker P* N dom L as

S

Kpy(s) = T H*y + I§, y(s) 4

Io1y(8)- (33)
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Through checking calculation, we can get Kpy € dom L and Kjy € Ker P*. Thus the
definition of K}, is reasonable.
Letting u € Ker P* N dom L, one has

- 28,5, u(@)
= —T+(C = Du' (0)& = TTCu(0) +u (0)7) + T+ (1(0) + 1 (0)) + u(t) — u(0)
= —THCu (07 + T (0) + T+ ((5C = 1))u' (0) — (I — THT)u(0) + u(t)

= u(t).

Similarly, for y € Im L, we have LK}y = y. Then we can deduce that K} = (L|qom LrKer P) -
Denote

KpLu(t) = TYH*D§, u+ I§, °D§ u(t)

D* =2+ T [«((n +D)ICll« +2). (34)

By the similar proof process as in Lemma 4 and Lemma 5, we know that ||[K}y|| < D*||y/|1,
and K3 (I — Q)N is completely continuous.
Now we give the following assumptions:

(M1*) Forall s € [0,1], u,v € R", we have
|f(s,u,0)] <alul+blv] +c, (35)

where g, b, ¢ € Y are three positive functions satisfying (||[I — 77 ||« + D*)(||a]l1 +
|b]l1) < 1, and D* is the constant given in (34).
(M2*) For all u € dom L, if

H*f(s,u(t), "Dy u(t)) € Im(T). (36)

Then, there exist 07 € Ry and sy € [0,1], s.t. [u(so)| < 07.
(M3*) There exist 03 € Ry, s.t. for every v € R" with v = Cv and |v| > 03, either

(v,Q*N(v)) <0or (v,Q*N(v)) >0, (37)
where (-, -) stands for scalar product in R".

Theorem 3. If assumptions (M1*)—-(M3*) are satisfied, BVP (1) and (30) has at least one solution
inX.

Proof. We use the same definitions of ()1, ()», and ()3 as in Theorem 2.
For x € ()1, we have that Nx € Im L = Ker Q*. Similarly, we can show

H*f(s,u(t), D 'u(t)) € Im(T).
In fact,
H*f(s, u,CDg;lu) = H*Dj u

= (C = 1)u' (0) + Cu(n) + u(0) — Cu(0) + (I — Cy)u (0) — u(1)
= Tu(0) € Im(T).

Using assumption (M2*), we can deduce that

to B B
u(O)] = ulto) — [ "Dy u(s)ds| < f + D ulle

and ,
°D§ u(t)] </0 “Dgyu(s)|ds < [|Luls.
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Then with the similar proof process in Theorem 2 we can know that
lu@®ll < (1T =TT+ + DY) INully + of I =TT, (38)
" {lall + )T =TT + el
op Ulafls + 1ol — + el
INully < =7 : (39)

—(IT=T*TI«+D*)(llallx + Ibllh) +1°
Combining (38) and (39) we can deduce that

sup [[ul| = sup max{]|u]es, |°DG 1ulleo} < +oo.
xe ue

Hence ); is a bounded subset of X.
For u € (), one has u = cj, ¢j € R". Combining with Nu € Im L, we can get

H*Nu € Im(T).
From assumptions (M2*), we get
lull = max{|Julles, [°DG ttlleo} = llcfloo = |ue(to)] < 0F < +o0.

Such that ), is bounded in X.

In order to prove both Q; and Q] are bounded, we also divide the proof process into
two steps:

Step1: Assuming u € (), one has u = ¢}, where ¢; € R" N Ker(7). Thus we have

— A+ (1—=A)QN(c)) = 6.

Case1:If A =0, then QN(cj) = 6, such that N(cj) € Ker Q =Im L. Thus we have
Nx € (), so [|x]| < of.
Case2:If A € (0,1], suppose ||u|| > 0». From (B3) we get

0 < Alei|* = (1—A){(c;, QNc}) <0.

Therefore, we have ||u|| < 73.

Step 2 : For u € ()}, through a similar proof process as in Step 1, we can deduce that
Jull < o3.
Thus, Q)5 and Q; are two bounded subsets in X.

Let the definitions of bounded open subset () and homotopy H(u, A) be the same as
in Theorem 2. Then we can deduce that (7ii) of Theorem 1 is also satisfied. By Theorem 1,
Equations (1) and (30) must have a solutionindom LN Q. O

5. Examples

In this section, we present two examples to illustrate our main results in Sections 3 and 4.

Example 1. Consider the following boundary value problem:

DY (1) = fi(t %(8),y(0), DY x(0), CDE (1), e (0,1),
D8, y(1) = olt,x(),y(0), °D5 x(), DY (e, te @),
x(0) = 5x(}), ¥(0) =0,

where ¢ = %, fi:10,1] x R* 5 R, i=1,2, are defined as

X1 +
fl(t/xlerIyllyZ) = - 140:'/1/ (41)
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X2| + +1
fZ(t/ X1, xZ/ylryZ) = %/ (42)
forall t € [0,1].

0
I

1
5 0
0

Clearly, ¢ = %, 7= %,
_[5 0 v _pelp_ [-3 0 _[-5 o

and I —#C +&(I — C)(I — B)"'B = @. Denote u; = (x1,x2), ua = (y1,y2) € R?, define
function f : [0,1] x R? x R? — R?

f(t/ ui, MZ) = (fl(tr uq, uZ)/fZ(t/ uq, uZ))TI Vit S [Or 1}
By (41), (42), and (43), f satisfies Carathéodory conditions.

Now we show that the other conditions of Theorem 3 hold. Choose positive inte-
grable functions

40°
Then we have
|f(t,u,0)| < a(t)u| +b(t)|o] +c(t),

By some simple computation, we get

25
* =— <L
(1+ [IColl- + D)(lall + 161h) = 525 <

Hence, (M1) is satisfied.
In order to check (M2), one has

folt,u(t) S D () > o,

forallu € C'([0,1];R?) and all t € [0,1]. Letting fo(t, u(t),¢ Dg;lu(t)) = f, be a positive
constant, we have

C [y = sy (e, u(e),€ Dy ()t

1 1 rx *
- 1/ (1—s)* 1 f(t,u(t)," D§ tu(t)dt = [Zleéffz],
0 so11/2
where fi' = Ig, f1(n), f; =I5 f1(1). If fo = o, there is

C [y =15t u(t)€ Dy ()t

- 1/1(1 )L u(t),C DE ()t = [5ffljf2*].
0 0+ 753

This shows that when f5 (¢, u(t),¢ Dg‘;lu(t)) > f, = &, one has

¢ [ty =915t u(e).€ D ()t
— 1/01(1 — )" f(t,u(t),C Dy u(t))dt ¢ Im((I—C)(I—B) " 'B),

because Im((I — C)(I — B)~'B) = {(p,0)" : p € R}.
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Finally, we check (M3). Let q(t) = (tI + Cp). Denote T = (11, 2) ' . So

(T = ((t+ )1, 1)

16
CDacflq(t) _ (21—1\/E ZTZﬁ)T
O+ \/E 7 \/E .
Then there is
2Vt T
Na(t)r = (t+2)n  2nyvi i+ 5 inl+1
= 40 407’ 60 '
So
_ 3 -
QN(g(t)7) =a| 4y T |,
330461 2| + 181937
and

31 , 15 25
= _— < 0.
()7, QN((1)7)) = a(— 50T + 5ol el + 155m) <O

In fact, if 7, < 0, this is obviously true. If 1, > 0, letting |12| > 1, one has T22 > 1.

Again, since
15 S 25
34946 ~ 181937

So, the formula above has no real root, which means — %le + ﬁ || T + %Tz < 0.
Thus, by Theorem 2, BVP (40) has at least one solution.

Example 2. Consider the following boundary value problem:

SO, x(t) = fi(t x(1), y(1), DT (), DTy (1), teE (0,1),

g, y(1) = fatx(0),y(0), CDE RO, SDE ), te L,
x(0) = x(3), y(0) = y(3),

x(1) =y(3), y(1) =y(}).

We use the same a, f, &, 7, a(t), b(t), and c(t) as in Example 1 and f; : [0,1] x R* —
R, i = 1,2 are defined as

X2+ Y2
t’ 7 7 7 = .
fit, x1,x2,91,y2) 0
2 2
Vity; if |up| > 1;

f2(t1x1/x2/]/1/}/2) = { 40 !

fl(f,x1,xz,y1,yz), otherwise.

_[o1 -1 o [3 0
Sl T el i A K
We can easily check that assumption (M1*) is satisfied. When |uy| > 1, from the definition

of f, one has y3 + y3 > 1 and H*f, > H*41—0 = % > 0. According to a similar proof
process as Example 1, one has

H (0, D () = (1] # (T,
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References

because Im(7) = {(p,0)" : p € R}. Finally, we check (M3*). Letting T = (1), 7) ' €
Ker(7), one has

(B,0)7, if [ug] > 1;

(m, E) T, otherwise.

Nt = (fl(t,T,G),fz(t,T,Q))T = {

So
ONT
T
[120], if |up| > 1;
T (779) /480 — (3'/215) /160 _
12 , otherwise,
(7’[0)/480 — (3 T(])/160
and
1.2 :
S5 T4C iflup| > 1;
7, ONT) = J 00 ’
(r.QN7T) {7%3]/2 Tgc, otherwise,
where ¢ = ”é’a_ggar_;'(_pé)_gna = 53%7;41/2 > 0. Thus, (7, QNT) > 0, by Theorem 3, (43) has at

least one solution.

6. Conclusions

This paper mainly studied a class of second-order nonlocal boundary value prob-
lem systems at resonance which state variable x € R”, and gave two new theorems on
the existence of solutions in different kernel spaces by using the Mawhin coincidence
degree theorem.

In the future, we could consider studying resonance boundary value problems under
less-restricted conditions or under more complicated boundary value conditions.
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