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Abstract: In this paper, the concept of F-contraction was generalized for cone metric spaces over
topological left modules and some fixed point results were obtained for self-mappings satisfying a
contractive condition of this type. Some applications of the main result to the study of the existence
and uniqueness of the solutions for certain types of integral equations were presented in the last part
of the article, one of them being a fractional integral equation.
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1. Introduction

The concept of cone metric space was introduced by Huang and Zhang [1] as a gener-
alization of a metric space, proving that Banach’s contraction theorem remains valid in this
context. Afterwards, many authors have obtained fixed point results on cone metric spaces:
Radenovi¢ and Rhoades [2], Rezapour and Hamlbarani [3], Kadelburg et al. [4], Du [5] and
the references therein. Further, Liu and Xu [6] introduced the concept of cone metric space
over a Banach algebra and proved some fixed point theorems for Lipschitz mappings. Later
on, Xu and Radenovi¢ [7] extended the results of Liu and Xu [6], without the assumption
of normality of the cone involved. Also, generalizations of Banach’s theorem have been
obtained in other directions. Wardowski [8] defined the class of F-contractions and proved a
fixed point result as a extension of Banach contraction principle. After this, Wardowski and
Van Dung [9] introduced the concept of F-weak contraction and obtained a new fixed point
theorem. Cosentino and Vetro [10] obtained new fixed point theorems of Hardy-Rogers
type for F-contractions in ordered metric spaces. Other results concerning F-contractions
have been obtained by: Piri and Kumam [11], Minak et al. [12], Ahmad et al. [13], Kadelburg
and Radenovi¢ [14], Dey et al. [15], Wardowski [16], Alfagih et al. [17], Karapinar et al. [18]
and the references therein.

Regarding the fractional differentiation and integration, many models have been pro-
posed in the literature: the Riemann-Liouville fractional model [19], the Caputo model [20],
the Atangana—-Baleanu (or AB) fractional model [21,22], the generalised proportional frac-
tional (or GPF) model [23], the Prabhakar fractional model [24,25], and others. Fernan-
dez et al. [26] proposed a unified model of fractional calculus by using a general operator
which includes many types of fractional operators. They consider some fractional differen-
tial equations and solve a general Cauchy problem in this new framework. Important results
onnonlinear fractional differential equations were obtained by Agarwal et al. [27,28], Soradi-
Zeid et al. [29], Almeida [30], Khan et al. [31], Keten et al. [32] and the references therein.

In this article, we generalize the notion of cone metric space for topological left module
and we define the concept of F-contraction on this new space. Next, we obtain some fixed
point results for self-mappings satisfying a contractive condition of this type. In the last
part of the article, some applications of the main result to the study of the existence and
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uniqueness of the solutions for integral equations were presented, one of them being an
integral equation of fractional type.

2. Methods

We will start by presenting some notions relating to ordered topological rings and
topological left modules. For more details see the papers Warner [33].

Definition 1. A ring (A, &, ®) is called a topological ring if the set A is endowed with a topology
T4 such that the mappings @ : Ax A —- A, o: A= A ©: Ax A — Aare continuous,
where A x A is considered with respect to the product topology.

We denote by (A, &, ®, T4) a topological ring.

Definition 2. Let (A, ®,®) be a ring and let < be a partial order relation on A. A is called a
partially ordered ring if it fulfills the following conditions:
(i) ifa,b,ce A,a=<bthena®c<bdc;
(i) ifa,be A, 0=4a0=0b then0<a@b.
We denote by (A, ®, ®, <) a partially ordered ring.
The set Ay = {a € A|0y4 = a} is named the positive cone of A.
A partially ordered topological ring and is denoted by (A, ®, ®, T4, <).

Definition 3. Let (A, ®,®) be a ring. A left A-module consists of an abelian group (E, +) and a
mapping - : A x E — E satisfying the following properties:
(1) ifac A x,y€cE thena-(x+y)=a-x+a-y;
(2) ifa,be A, x €E, then (a®b)-x=a-x+b-x;
(3) ifa,be A x€E then(a®b)-x=a-(b-x);
(4) ifx€E thenly x =x.
A left A-module is denoted by (E,+, -).

Definition 4. Let (A, ®,®,T4) be a topological ring. A left A-module (E,+,-) is called a
topological left A-module if on E is specified a topology tr such that the mappings + : E X E — E,
—:E— E,-: Ax E — E are continuous, where E x E and A x E are considered with respect to
the product topologies, respectively.

A topological left A-module is denoted by (E, +, -, Tg).

A topological left A-module, (E,+,-,Tg), where t¢ is a Hausdorff topology, is called a
Hausdorff topological left A-module.

3. Results
Definition 5. Let (A, ®, ®, T4, =) be a partially ordered topological ring and (E,+,-,T¢) a
topological left A-module. A cone is a non-empty subset P of E satisfying the conditions:
(1) P #{O0g}and PN (—P)= {0},
(2) P isclosed;
(3) a-x+b-yePforallabe Ay, x,y € P.
The cone P is solid if int(P) # Q.
We define the set P* = P\ {Og}.

Lemmal. Let (A, &, ®, T4, =) bea partially ordered topological ring, with1 4 € A, (E, +, -, Tg)
a topological left A-module and P a solid cone of E. Then, the following statements are valid:

(i) P+PCP
(ii)  the relation <p over E, defined by x <p y if and only if y — x € P, is a partial order relation
on E;

(iii) ifx <pyandy <pz then x <p z, forall x,y,z € E;
(iv) ifx <pyandu <pv,thenx+u <py+wv,forall x,y,u,v € E.
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Lemma 2. Let (A, ®, ®, T4, <) be a partially ordered topological ring, (E,+,-, Tg) a topological
left A-module and P a solid cone of E. Then, the following statements are valid:

(i) int(P)N (~P) :{ @, 0p ¢ int(P)

{Oc}, O € int(P);
(i) int(P)NFr(P) = Q;
(iii) assuming that T 4 is a Hausdorff topology, 0 4 is an accumulation point of A4 and a - int(P) C
int(P) foralla € A%, ifx € P,x <p e+eforall e € int(P), then x = Og;
(iv) if (Xn)nen, Wn)neny C E, x,y € E, xp oy, Yn LN y, and there is a number N € N such
that x, <p yy foralln > N, then x <p y.

Definition 6. Let (A, &, ®, T4, %) be a partially ordered topological ring, (E, +, -, T¢ ) a topologi-
cal left A-module, P a solid cone of E and X a non-empty set. A cone metric on X is an application
d : X x X — E which fulfills the conditions:

(1) Op <pd(x,y)forall x,y € X;

(2) d(x,y) =O0gifand only if x = y;

(3) d(x,y) =d(y,x) forall x,y € X;

4) d(x,y) <pd(x,z)+d(zy) forall x,y,z € X.

(X, d) is called a cone metric space over the topological left A-module.

Definition 7. Let (A, ®, ®, T4, =) be a partially ordered topological ring, (E,+,-, Tg) a topo-

logical left A-module, P a solid cone of E and (X, d) a cone metric space over the topological left
A-module.

(1) A sequence (xn)eny C X is called convergent to a point x € X if it has the property: for every
¢ >p O there is a number n(e) € N such that for all n > n(e) we have d(x,, x) <p € we

also say that (x,),en C X converges to x € X and we denote by x, 4 x;
(2) A sequence (xy)eny C X is named a Cauchy sequence if it satisfies the condition: for every
e >p O there is a number n(e) € N such that for all m,n > n(e) we have d(xy, xn) <p €&
(3)  The cone metric space (X,d) is called complete if: any Cauchy sequence of points in X is
convergent in X.

Lemma 3. Let (A, ®,®, T4, =) be a partially ordered Hausdorff topological ring, with 1 4 € A,
04 an accumulation point of A, (E,+,-, Tg) a topological left A-module, P a solid cone of E,
with a - int(P) C int(P) foralla € A%, and (X,d) a cone metric space over the topological left

A-module. If the sequence (x)yen C X is convergent in X, then it has a unique limit.

Definition 8. Let (E, Tg) be a topological space. A subset S of E is called sequentially compact if
any sequence in S has a convergent subsequence in S.

Lemmad4. Let (A, &, ®, T4, =) bea partially ordered topological ring, with1 4 € A, (E, +, -, Tg)

a Hausdorff topological left A-module, P a solid cone of E and (X, d) a cone metric space over the

topological left A-module. If (x,),en C X is not a Cauchy sequence and there is a sequentially

compact subset Sy C P having the property {d(xp, x,) | m,n € N*,m < n} C Sy, then the

following statements are valid:

(i) there exist £g >p O and two subsequences (X, (k) )keN, (Xp(k) Jken, where m,n : N — Nare
strictly increasing functions, with k < m(k) < n(k) for all k € N, such that

d(xm(k),xn(k)) 7(13 €0, d(xm(k),xn(k),l) <Lpegforallk € N;

(ii)  moreover, if lirE d(x,_1,xy) = O, there exists a point x € Fr(P) such that
n——+00

i d (), %) = €0 = %, Hm d(Xy 1)1, Xn()-1) = €0 — xand o —x € P.
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Proof. (i) Since (x,),cn is not a Cauchy sequence, we deduce that there is ¢y >>p O and
two subsequences (x,,, (x) Jken, (X7, (k) Jken, where my, 7ip : N — N are strictly increasing
functions, with k < my (k) < 7iy(k) for all k € N, such that d(x,,, x), Xz,(x)) &p €o for all
k € N. For every k € N we choose 17 (k) to be the smallest integer i1 (k) which verifies
my (k) < ny(k) and d(x,, (x), %ny (k) KP €0, thus d(x,, k), Xy, ()—1) <p €. Hence, there
exist &g >p O and two subsequences (X, () )keN, (Xp, (k) Jken, where my, ny : N — N are
strictly increasing functions, with k < my(k) < ny(k) for all k € N, such that

A (k) Xy (k) P €0, A (X (k) Xy (1) —1) <P €0 forallk € N. o)

As Sy is sequentially compact, any sequence in Sy has a convergent subsequence in Sy.
According to the hypothesis we have {d(x, x,,) | m,n € N*,m < n} C Sy. Therefore, for the
sequence (d(xX,,, k), Xu, (k))Jken C Sx there is a subsequence (d(x,, (p(k)), Xn, (p(k))) keNs
where p : N — Nis a strictly increasing function, with k < p(k) < my(p(k)) < n1(p(k)) for
all k € N, such that

b (X (p(i))s X (p(k))) = 1 € Sx € P- @

k—+o0

Similarly, for the sequence (d(x,, (p(k))—1,%n, (p(k))—1))ken C Sx there exists a sub-
sequence (d(Xy, (p(g(k)))—1/ *ny (p(g(k)))—1) Jken, where g : N — N is a strictly increasing
function, with k < g(k) < p(q(k)) < my(p(q(k))) < n1(p(q(k))) for all k € N, such that

A, (p(g(h) -1 X (p(g())-1) =12 € Sx S P. 3)
Applying the statement (1) for k := p(q(k)), k € N, it follows that there exist g9 >p O
and two subsequences (x,())keN, (X4 (k) )ken, Where m,n : N — N, m(k) = m1(p(q(k))),
n(k) = ny1(p(q(k))) are strictly increasing functions, with k < m(k) < n(k) for allk € N,
such that d(xm(k), xn(k)) £ p €, d(xm(k), xn(k)fl) <pegforallk € N.
(ii) As 7r is a Hausdorff topology, every convergent sequence in E has a unique limit
in E.
Considering (i) we get d(x,(k), X,(x)) &Kp €o for all k € N, hence ey — d(x,,(k), Xu(k)) €
c(int(P)) for all k € N. Since (d(x,(x), X(k)) )ken Tepresents the sequence (d (X, (p(q(k)))s
Xy (p(q(k))) ) )ken Which is a subsequence of (d (%, (p(k)), Xn, (p(k))) Jken and taking into ac-

count that kETood(xml(P(k))’x”l(P(k))) = [; (according to the relation (2)), we deduce

lim d (%), X)) = - Wefind lim (e9 — d (%, (), X4 (k))) = €0 — l1. Therefore, g9 — 1 €
k——+o00 k—+o0c0

c(int(P)) = c(int(P))(int(P) is an open set, hence c(int(P)) is a closed set). Taking into
account the properties of the cone metric d, the statement (i) and using Lemma 1 (iii)
we obtain

A(X () Xn(e)) <P A Xy Xn(i)—1) +A(Xy(0)—1, X)) <p
£ + d(xn(k)_l,xn(k)) forallk € N,
thus
€0 +d(X, (k) -1, Xn(k)) — d(Xp(k) Xn(k)) € int(P) forallk € N.
As (d(Xp(k)—1/ Xn(k)) Jken 18 a subsequence of (d(xy—1, Xn))nen and nlirrw d(x,_1,xn) =
0 we deduce kli}rfwd(xn(k),l,xn(k)) = 0g; also, kii}rrwd(xm(k),xn(k)) = 1. Therefore,

lim (e + d (X0 -1, Xn(k)) — A(Xm(k)s Xn(k))) = €0 — l1. It follows that eg — I € int(P) C
k—+o00

P = P, hence ¢y — 1 € c(int(P))NP = PnNc(int(P)) = PNc(int(P)) = Fr(P). Con-
sequently, there exists a point x € Fr(P) such that g — 1 = x, thus l; = ¢y — x, so
i d (), X)) = €0 — X

The properties of the cone metric d leads to

A X =17 Xnk)=1) <P A(Xp()—1- Xm(i)) + Xy Xne)) + d(Xp () Xu(y)—1) forallk € N (4)
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and

A(X k), X)) <P A Xy, X —1) T A(Xm(k)—1, Xnk)—1) T A(Xp(k)—1, Xn(x)) forallk € N. (5)

Since  (d(xyk)—1,Xn(k)—1))ken ~ Tepresents the sequence  (d(Xy,(p(4(k)))-1/
X (p(a(k))) ~1) rery and T (X, (p(q(k))) -1 ¥m (p(q(k)))-1) = Iz (according to the rela-
tion (3)), we find kgrfwd(xm(k)flrxn(k)fl) = Ip. Also, (d(Xp(k)—1, Xm(k)) Jken, (d(Xy00)-1,
Xy(k)) )ken are subsequences of (d(x,—1,%n))sen and nl_i}rfwd(xn,l,xn) = 0, hence

kEToo (xm(k)_l, xm(k)) = kEToo d(xn(k)—1/ xn(k)) = 0Og; moreover, kEToo d(xm(k), xn(k)) =
gy — x. Passing to the limit for the sequences in relations (4), (5), we obtain I <p gy — x and

g9 —x <plp, thusly = ¢y —x, 80 klim A(Xp(k)—1, Xn(k)—1) = €0 — X
—+o00
As (d(xm(k),xn(k)))keN C Pand lim d(xm(k),xn(k)) = g9 — x, it follows that gy — x €
k—+oc0

P = P (P being a closed set).
Consequently, we proved that there exists a point x € Fr(P) such that
kEde(xm(k),xn(k)) =g — X, kETood(xm(k)—l’x”(k)—l) =g —xandegyg—x€P. O

In the following, we define the operation

OE ,n=20
*:NXE—=Enxt= t+---+t,n>1.
~——

n

Definition 9. Let (A, ®, ®, T4, =) be a partially ordered topological ring, (E,+, -, Tg) a topologi-

cal left A-module and P a solid cone of E. A sequence (i) ,en C E is called:

(1) an increasing sequence if u,_1 <p uy foralln € N*;
(2)  adecreasing sequence if u,_1 >p uy foralln € N*,

Definition 10. Let (E, tg) be a topological space, S a subset of E and F : S — E a function.

(1)  F is sequentially continuous at a point x € S if: for every sequence (X)yen C S convergent
to x, the sequence (F(xy))yen C E is convergent to F(x);
(2)  F is named sequentially continuous on S if: it is sequentially continuous at every point x € S.

Definition 11. Let (A, ®, ®, T4, =) be a partially ordered topological ring, (E, +, -, Tg) a topo-

logical left A-module and P a solid cone of E. We consider the set F' of all functions F : P* — E
which fulfill the conditions:

(1) ifu € P*, v € int(P), then for every e >p O there is a number n(e,u,v) € N such that for
alln > n(e,u,v) we have F(u) —n*xv <p —¢;

(2)  if (un)nen C P* is a decreasing sequence and for every e >p O there is a number n(e) € N
such that for all n > n(e) we have F(u,) <p —¢, then u, ~ Of;

(3) ifu,v e P*, F(u) <p F(v), then u <p v;

(4) F is sequentially continuous on P*.

Definition 12. Let (A, ®, ®, T4, =) be a partially ordered topological ring, (E, +, -, T¢) a topo-
logical left A-module, P a solid cone of E and (X, d) a cone metric space over the topological left
A-module. An F-contraction corresponding to the function class F' is a mapping T : X — X for

which there exist T >>p Op and a function F € F' such that
T+ F(d(Tx, Ty)) <p F(d(x,y)), forall x,y € X, Tx # Ty. (6)

Remark 1. The condition Tx # Ty from the property (6) implies x # y. Hence, d(x,y) € P*
whenever d(Tx, Ty) € P*. Therefore, the function F € F' is defined for every x,y € X satisfying
the condition Tx # Ty.
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Theorem 1. Let (A, @, ®, T4, =) bea partially ordered Hausdorff topological ring, with1 4 € A,
0.4 an accumulation point of A, (E,+,-,Tg) a Hausdorff topological left A-module, P a solid
cone of E, with a - int(P) C int(P) for all a € A%, O ¢ int(P), and (X,d) a cone metric
space over the topological left A-module. We suppose that (X, d) is complete, T : X — X is an
F-contraction corresponding to the function class F' and for every xo € X we consider the sequence
(Xn)nen C X defined by x,, = Tx,_1 for all n € N*. If for any xo € X for which (x,)eny C X
is not a Cauchy sequence, there is a sequentially compact subset Sy, C P having the property
{d(xm,xn) | m,n € N*,m < n} C Sy, then T has a unique fixed point x* € X and for every
xo € X the sequence (x,),eny C X converges to x*.

Proof. Let us suppose that T has two distinct fixed points, so there exist x1, x; € X such
that Tx; = x1 # xp = Txy. Because T : X — X is an F-contraction corresponding to the
function class 7’ we deduce that there exist T >>p O and a function F € F’ such that the
property (6) is verified. Applying this property we get T + F(d(Tx1, Txp)) <p F(d(x1,x2)),
thus T+ F(d(x1,x2)) <p F(d(x1,x2))), so T <p O, hence T € (—P). It follows that
T € int(P) N (—P). On the other hand, int(P) N (—P) = @ (according to Lemma 2 (i)),
consequently T € @, which is in contradiction with T >>p Og. Therefore, T has at most one
fixed point.

We choose xp € X be an arbitrary element and let us define the sequence (x;),eny C X
by the recurrence relation x,, = Tx,_1 for all n € N*. To prove the existence of a fixed point
of the operator T we distinguish the following cases:

I: there is N € N* such that xx = xny_1. We deduce Txy_1 = xy_1, thus xy_1 is a
fixed point of T. Considering that T has at most one fixed point, we get x* := xy_1 € X
is the unique fixed point of T. Moreover, x,, = xn_1 for all n > N, which means that the
sequence (X,),eny C X converges to x*.

I: x, # x,_1 for all n € N*. Let us consider n € N* be an arbitrary element.
Using the property (6) we find T + F(d(Txx_1, Txi)) <p F(d(xx_1,x¢)), k = 1,n, thus
T+ F(d(x, k1)) <p F(d(xx_1,%¢)), k = 1,n. Following Lemma 1 (iv) we deduce n *

T+ kgl—"(d(xk, Xei1)) <p k;P(d(xk,l,xk)), thus n * T+ F(d(xn, xp11)) <p F(d(x0,x1)).

There?ore, we get

F(d(xn,xn41)) <p F(d(xp,x1)) —n* 7 foralln € N*, (7)

On the other hand, F € F’, hence from Definition 11 (1) we obtain for every ¢ >p O
there is a number n(e, d(xg,x1),T) € N such that for all n > n(e, d(xp,x1), T) we have
F(d(xg,x1)) —n* T <p —e. Consequently, from the previous affirmation and using the
property (7), via Lemma 1 (iii) we find:

for every ¢ >p Of there is a number n(e, d(xg,x1),7) € N such that for all n >
n(e,d(xo,x1), T) we have

F(d(xn, xp41)) <p —¢. 8)

Let us consider n € N* be an arbitrary number. Using the property (6) we get
T+ F(d(Tx,_1, Txy)) <p F(d(xy_1,%4)), s0 F(d(xy, x,41)) <p F(d(x,_1,%,)) — T. Since
T >p Of it follows that F(d(x,, x,41)) <p F(d(x,_1,%n)). As F € F’, from Definition 11
(8) we obtain d(x,, x,+1) <p d(x,_1, %), thus (d(xu, X,+1))nen is a decreasing sequence.
Considering Definition 11 (2) and the property (8), we deduce d(x,, X,41) — Of, so
d(x,_1,%,) = Op. In the following, we prove that (x,),cn C X is a Cauchy sequence.
Let us suppose that (x,),eny C X is not a Cauchy sequence. Since for xg € X for which
(xn)nen C X is not a Cauchy sequence, there is a sequentially compact subset Sy, C P hav-
ing the property {d(xu, x,) | m,n € N*,m < n} C Sy, and considering d(x,_1,x,) 2 0g,
using Lemma 4 (i), (ii) we deduce there exist &g >p Of, two subsequences (x,,(x))keN,
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(Xp(k) Jkeny, where m, n : N — N are strictly increasing functions, with k < m(k) < n(k) for
all k € N, and a point x € Fr(P) such that

A (g, %) = €0 — %, Hm d(Xy g1, Xur)-1) =0 —xand gy —x € P. (9)

As g € int(P), x € Fr(P) and according to Lemma 2 (ii), int(P) N Fr(P) = @, we get
g9 — x # Op. Considering relation (9), it follows that there is a number K € N such that
A(Xpy(k), Xn(k)) 7 Of for all k > K, hence x,,x) # X, (r) for all k > K. Using the property (6)
we find T+ F(d(Tx(k)—1, Ty (k)—1)) <p F(d(Xp(k)—1, Xp(x)—1)) for all k > K, hence

T+ F(d(xm(k),xn(k))) <p F(d(xm(k)_l,xn(k)_l)) forall k > K. (10)

On the other hand, as F € F’, from Definition 11 (4) we have F is sequentially
continuous on P*, hence F is sequentially continuous at ¢y — x € P*. Considering the
property (9) we obtain

Jm F(d(xyk), Xn(k))) = F(eo — x), Hm F(d(x5)-1, Xn(t)—1)) = F(eo —x).  (11)
— 400 k—+oc0

Passing to the limit in inequality (10) and considering the relation (11), we deduce
T+ F(eg — x) <p F(gp — x), thus T <p Og, so T € (—P). It follows that T € int(P) N (—P).
On the other hand, int(P) N (—P) = @ (according to Lemma 2 (i)), therefore T € @ which
is in contradiction with T >p Op. Consequently, (x,),ey C X is a Cauchy sequence.
Since (X, d) is a complete cone metric space, we deduce that there exists an element x* € X
such that the sequence (x,),en C X converges to x* € X.

Further, we show that x* is a fixed point of T. For this, we consider the set U = {n €
N | x, = Tx*} and we distinguish the following subcases:

IL.1: U is an infinite set. We can choose a subsequence (x,,,t) )xen Of (Xn)nen, Where
m : N — N is a strictly increasing function, with k < m(k) for all k € N, such that
(X (k) Jken converges to Tx*. However, we show that the sequence (x,),en converges to
x*. Considering Lemma 3 we obtain that the sequence (x;),cn has a unique limit, hence
Tx* = x*,s0 x* is a fixed point of T.

I1.2: H is a finite set. We find that there exists a number N € N such that x,, # Tx* for
alln > N. Let us consider n > N be an arbitrary element. Using the property (6) we obtain
T+ F(d(Tx,_1, Tx*)) <p F(d(x,_1,x*)), thus F(d(x,, Tx*)) <p F(d(x,_1,x*)) — 7. Since
T >>p O it follows that F(d(x,, Tx*)) <p F(d(x,—1,x*)). As F € F', from Definition 11
(3) we obtain

d(xy, Tx*) <p d(x,_1,x*) foralln > N. (12)

Further, the properties of the cone metric d lead to
d(x*, Tx*) <p d(x*,xn) +d(xn, Tx*) = d(x,, x*) + d(x,, Tx*) for all n € N. (13)
Taking into account the relations (12), (13) we get

d(x*, Tx*) <p d(xy,x*) +d(x,_1,x*) foralln > N. (14)

We choose ¢ € int(P) be an arbitrary element. Since (x,),eny C X converges to
x* € X, we deduce that there is a number n(e) € N such that for all n > n(e) we have
d(xy, x*) <p e. It follows that

d(xy, x*) +d(x,_1,x") <pe+eforalln > n(e) + 1. (15)

Letus consider n > max{n(e) +1, N} to be a natural number. Using the relations (14), (15)
and taking into account Lemma 1 (iii) we obtain

d(x*, Tx*) <pe+e.
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Therefore, d(x*, Tx*) € P and d(x*, Tx*) <p e+ ¢ for all ¢ € int(P). Applying
Lemma 2 (iii) it follows that d(x*, Tx*) = O, thus x* = Tx*, hence x* is a fixed point of T.

Consequently, in both subcases II.1 and II.2 we showed that x* € X is a fixed point
of T. Considering that T has at most one fixed point, we obtain that x* € X is the unique
fixed point of T. Also, we proved that (x;,),cn converges to x*. [J

Corollary 1. Let (A, ®,®, T4, <) be a partially ordered Hausdorff topological ring, with 1 4 €
AL, 04 an accumulation point of Ay, (E,+,-,Tg) a Hausdorff topological left A-module, P a
solid cone of E, with a - int(P) C int(P) forall a € A%, O & int(P), and (X,d) a cone metric
space over the topological left A-module. We suppose that (X, d) is complete, T : X — X is an
F-contraction corresponding to the function class F' and for every xo € X we consider the sequence
(Xn)nen C X defined by x, = Tx,,_q for all n € N*. If there is a sequentially compact subset
S C P having the property {d(Tx, Ty) | x,y € X} C S, then T has a unique fixed point x* € X
and for every xo € X the sequence (x),en C X converges to x*.

Proof. Let xy € X for which (x,),eny C X is not a Cauchy sequence, be an arbitrary
element. Because for every m,n € N*,m < n, we have x;, = Tx,_1,x, = Tx,_q, it
follows that {d(xu,x,) | m,n € N*,m < n} C {d(Tx,Ty) | x,y € X}. According
to the hypothesis, there is a sequentially compact subset S C P having the property
{d(Tx,Ty) | x,y € X} C S, hence {d(xm, x,) | m,n € N*,m < n} C S. Therefore,
for any x¢ € X for which (x,),en C X is not a Cauchy sequence, there is a sequentially
compact subset Sy, := S C P having the property {d(xu, x,) | m,n € N*,m < n} C Sy,.
Consequently, the hypotheses of Theorem 1 are fulfilled, hence T has a unique fixed point
x* € X and for every xg € X the sequence (x,),ecny C X converges to x*. [J

In the following, we determine some conditions for the existence and uniqueness of a
solution of the following integral equation

t
x(t) = [ K(ts,x(s))ds + £(¢), t € [a,b], (16)
a
where x : [a,b] — R", K : [a,b] x [a,b] x R" = R", f : [a,b] — R", by using Corollary 1.

Theorem 2. If the functions K : [a,b] x [a,b] x R" — R", f : [a,b] — R" are continuous and
there is T > 0 such that

[Ki(t,s,x(s)) = Ki(t5,y(5) < 5 1 . |fd(a,_y)yit1)|' (17)

forallt,s € [a,b], x,y € C([a,b],R"), i = 1,n, then the integral Equation (16) has a unique
solution in C([a, b], R™).

Proof. Let (R,+,:, g, <) be the partially ordered Hausdorff topological ring and
(R,+, -, Tr) the Hausdorff topological left R-module, where T is the Euclidean topology.
We consider the solid cone P = R, with int(P) = R*.. We define the set C([a,b], R") =
{x:[a,b] = R" | xis continuous on [a,b]} and the mapping

d: C([a,b], R") x C([a, 0], R") = Ry, d(x,y) = [lx -y, (18)

where || - || : C([a,b],R") — Ry, ||x|| = max ma>l§](|xi(t)|e’7(t’“)). We remark that
i=1nte|a,
(C([a,b],R™),d) is a complete cone metric space over the topological left R-module. Next,
we consider the function .
FiR} - R F(x) = -, (19)

which belongs to the class F'.
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Since the functions K : [a,b] X [a,b] x R" — R" and f : [a,b] — R" are continuous, we
can define the operator T : C([a, b],R") — C([a, b],R"),

T(x)(t) = /;K(t,s,x(s))ds + f(t), t € [a,b]. (20)

A function x € C([a, b],R") is a solution of the integral Equation (16) if and only if it is
a fixed point of the operator T.

Lett,s € [a,b], x,y € C([a,b],R"), i = 1,n, be arbitrary elements.

The definition of the operator T leads to

Ti(x)(£) = Ti(y) (¢)]

t

/atKi(t,s,x(s))dHﬁ(t)—/a Ki(ts,y(s))ds — fi(t)

/t(K,-(t,s,x(s)) Ki(t,s,y(s)))ds

/ IKi(t,s,x(s)) — Ki(t, 5, y(s)) | ds.

Considering the hypothesis we find

; A(t —1(t—a)\,T(t—a)
1 |xi(t) — yi(t)|eTU=DeT(t=a) - 1 tgl[f)zf}(‘x() yi(t)le Je

b—a Td(x,y)—i—l “b—a Td(x,y) +1

max max [;(1) — () e~
1 i= 1,1 t€[a,b]

“b—a Td(x,y) +1

1 fJe—ylet™ 1 d(xy)er
b—a twd(x,y)+1 b—a wd(x,y)+1’

thus

t 1 d(x,y)e™
) <
/a |Ki(t,s,x(s)) — Ki(t,s,y(s))|ds / b—a td(xy) T 1 ds
1 d(xy)ett) 1dxy)()f
Cb—a td(x,y) +1 b—a td(x,y) +1°
_ Lyt 1 dyet L d( et
Cb—a Td(x,y) +1 “b—a td(x,y)+1 CoTd(xy) + 17
From the previous relations we deduce that
d(x,y)eT(t*“)
: _T < 2\ I)E
T - Tl < T
hence

I Ti(x)(8) = Tily) (£)]e” 7

IN
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so
—x(t- d(x,y)
. _T (t—a)
max max (|Ti(x)(t) = Ti(y) (t)le )S ey 117
thus i(x,y)
_ _ A%y
760~ T < ol
ie.,
d(x,y)
d(T(x), T(y)) < Wy +1 (21)
It follows that, for every x,y € C([a,b],R"), T(x) # T(y), we have
td(x,y) +1 < 1
d(x,y)  — d(T(x), T(y))’
thus

1 1
d(T(x), T(y)) = d(xy)
Considering the relation (19), we find

T+ F(d(T(x), T(y))) < F(d(x,y)), forallx,y € C([a,b],R"), T(x) # T(y),

hence the operator T : C([a,b],R") — C(][a, b], R") is an F-contraction corresponding to the
function class F.
Moreover, from the relation (21) we deduce

d(T(x), T(y)) < %, for every x,y € C([a,b],R"),

thus there is a sequentially compact subset S := [0, 1] C R, having the property {d(Tx, Ty) |
x,ye X} CS.

Consequently, the hypotheses of Corollary 1 are satisfied, hence the operator T has
a unique fixed point x* € C([a, b], R"). Further, for every xo € C([a, b], R") the sequence
(xn)nen C C([a,b],R"), defined by x,, = Tx,,_1 for all n € N*, converges to x*. It follows
that the integral Equation (16) has a unique solution in C([a,b], R"). [

In the sequel, we will apply Corollary 1 to a fractional integral equation. Following
the study of Fernandez et al. [26] we consider [a, b} areal interval, «# > 0, >0,R >0
satisfying R > (b — a)P and A a real analytic function on the interval (—R, R), defined by
the locally uniformly convergent power series

+o00

A(x) = Y ax(a, B)rF, (22)

k=0

where ai(«, B), k € N, are real coefficients.
Next, we determine some conditions for the existence and uniqueness of a solution of
the following fractional integral equation

x(t) = /at(t — )T LA (1 - s)ﬁ)g(s,x(s))ds + f(t), t € [a,b], (23)

wherey > 1,x:[a,b] > R, g:[a,b] xR = R, f: [a,b] — R, by using Corollary 1.
Considering the fractional integral operator Al;xf : L'a.b] — L'[a.b],

Apaty = [ (=) A - 9P)s)ds, £ € [t @

a
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defined by Fernandez et al. [26], the above fractional integral equation can be rewritten as
x(t) =2 TPt x(8) + F(1), t € [a,b]. (25)

Theorem 3. If the functions g : [a,b] x R — R, f : [a,b] — R are continuous and there is T > 0
such that

- 1 |x() —y(t)]
_g)atr-1 _5)B _ <
(=37 A= 9)P) (506 x(6) gl 0(e) < o m LB e
forallt,s € [a,b],s <t x,y € C([a,b],R), then the fractional integral Equation (23) has a unique
solution in C([a,b], R).

Proof. We consider (R, +, -, T, <) the partially ordered Hausdorff topological ring and
(R, +, -, r) the Hausdorff topological left R-module, where Ty is the Euclidean topology.
Let P = Ry be the solid cone, with int(P) = R*. We define the set C([a,b],R) = {x :
[a,b] — R | x is continuous on [4, b] } and the mapping

p+Clla,bl,®) x C(la, b B) = R, p(x,y) = max (Jx(t) ~ (e ). @7

We remark that (C([a, b],R), p) is a complete cone metric space over the topological
left R-module. Moreover, the function

1
FiRL >R, F(x) = -, (28)
belongs to the class 7.

As the functions ¢ : [a,b] x R — R and f : [a,b] — R are continuous, we can define
the operator T : C([a,b],R) — C([a,b],R),

T()(E) = [ (6= 5T A - 9P)g(s,x(3))ds + (1), ¢ € [ab] 29)

A function x € C([a, b],R) is a solution of the integral Equation (23) if and only if it is
a fixed point of the operator T.
Considering the relation (26) we can easily prove that

o(T(x), T(y)) < m, for all x,y € C([a, b], R). (30)
Therefore,
T— 1 < —L, forall x,y € C([a,b],R), T(x) # T(y),

p(T(x), T(y)) = p(xy)
and taking into account the relation (28) we deduce
T+ F(p(T(x), T(y))) < F(o(x,y)), forall x,y € C([a,b],R), T(x) # T(y),

hence the operator T : C([a,b],R) — C([a, b],R) is an F-contraction corresponding to the
function class F.
Moreover, from the relation (30) we obtain

o(T(x), T(y)) < % for every x,y € C([a,b], R),

thus there exists a sequentially compact subset S := [0, %} C R, having the property
{o(Tx, Ty) | x,y € X} C S.
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Consequently, the hypotheses of Corollary 1 are satisfied, hence the operator T has
a unique fixed point x* € C([a,b],R). Further, for every xo € C([a,b],R) the sequence
(xn)nen C C([a,b],R), defined by x, = Tx,,_1 for all n € N*, converges to x*. It follows
that, the integral Equation (23) has a unique solution in C([a, b], R). O

Remark 2. A sufficient condition for fulfilling the inequality (26) is

B 1 [x(t) —y(t)]
855(9) = S IO < e e g 61
forallt,s € [a,b],s <t x,y € C([ab],R), where M:= sup |A(x)|.
x€[0,(b—a)P]

Example 1. For § =0, A(x) = ﬁ, the fractional integral operator A1 f becomes the original
Riemann—Liouville fractional integral operator (RL integral operator)

R () 1= gy [ (0= 9" g(e)ds = 12g(0), 1 € ], @)

If the functions g : [a,b] x R = R, f : [a,b] — R are continuous and there is T > 0 such that

g (=97 gl x0) oo < 1, EU VL

forallt,s € [a,b],s <t x,y € C([a,b],R), then the fractional integral equation
x(t) =RE 1 g (4 x(8) + f(1), £ € [a,b], (34)

has a unique solution in C([a, b],R). A sufficient condition for fulfilling the inequality (33) is

6.0 = 5099 5 G g1 @)

forallt,s € [a,b],s <t x,y € C([a,b],R).

Example 2. For p =6 € (0,1], A(x) = (a)5“ exp( L), the fractional integral operator AIZ‘f
becomes the generalized proportional fractional integral opemtor (GPF integral operator)

GPFIIJ( (5g( )
1 ' _ 5—1
W/ (t=5)*Texp(——(t —5))g(s)ds = =4 1%g(t), t € [a,b]. (36)
If the functions g : [a,b] x R — R, f : [a,b] — R are continuous and there is T > 0 such that

(=) EXP((STTl(t =5)°)(8(s,x(5)) = g(5,y(5)))| <

T(a)é®

1 |x(t) —y(@®)]
b—artp(xy)+1’ 57)

forallt,s € [a,b],s <t x,y € C([a,b],R), then the fractional integral equation

x(t) =CPF L7 g (8, x(1)) + f (1), t € [a,b], (38)
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has a unique solution in C([a, b],R). A sufficient condition for fulfilling the inequality (37) is

P8 [x(t) — y(t)
b—a)" 7 T y) + 17 )

18(s,x(s)) —g(s,y(s))| < (

forallt,s € [a,b],s <t x,y € C([a,b],R).

4. Conclusions

In this paper, we define the notion of F-contraction for cone metric spaces over topo-
logical left modules and we establish some fixed point results for self-mappings satisfying
a contractive condition of this type. Applications of the main result to the study of the exis-
tence and uniqueness of the solutions for certain types of integral equations were presented
in the last part of the article, one of them being an integral equation of fractional type.

Funding: Project financed by Lucian Blaga University of Sibiu & Hasso Plattner Foundation research
grants LBUS-IRG-2021-07.
Data Availability Statement: Not applicable.

Acknowledgments: The author thanks the anonymous referees and the editors for their valuable
comments and suggestions which improved greatly the quality of this paper.

Conflicts of Interest: The author declares no conflict of interest.

References

1.  Huang, L.G.; Zhang, X. Cone metric spaces and fixed point theorems of contractive mappings. J. Math. Anal. Appl. 2007, 332,
1468-1476. [CrossRef]

2. Radenovi¢, S.; Rhoades, B.E. Fixed point theorems for two non-self mappings in cone metric spaces. Comput. Math. Appl. 2009,
57,1701-1707. [CrossRef]

3. Rezapour, S.; Hamlbarani, R. Some notes on the paper ‘Cone metric spaces and fixed point theorems of contractive mappings’.
J. Math. Anal. Appl. 2008, 345, 719-724. [CrossRef]

4. Kadelburg, Z.; Radenovi¢, S.; Rakocevi¢, V. A note on the equivalence of some metric and cone metric fixed point results. Appl.
Math. Lett. 2011, 24, 370-374. [CrossRef]

5. Du, W.S. A note on cone metric fixed point theory and its equivalence. Nonlinear Anal. 2010, 72, 2259-2261. [CrossRef]

6.  Liu, H.; Xu, S. Cone metric spaces with Banach algebras and fixed point theorems of generalized Lipschitz mappings. Fixed Point
Theory Appl. 2013, 320, 1-10. [CrossRef]

7. Xu,S.; Radenovi¢, S. Fixed point theorems of generalized Lipschitz mappings on cone metric spaces over Banach algebras without
assumption of normality. Fixed Point Theory Appl. 2014, 102, 1-12. [CrossRef]

8.  Wardowski, D. Fixed points of a new type of contractive mappings in complete metric spaces. Fixed Point Theory Appl. 2012,
94, 1-6. [CrossRef]

9.  Wardowski, D.; Van Dung, N. Fixed points of F-weak contractions on complete metric space. Demonstr. Math. 2014, 47, 146-155.
[CrossRef]

10. Cosentino, M.; Vetro, P. Fixed point results for F-contractive mappings of Hardy-Rogers-type. Filomat 2014, 28, 715-722. [CrossRef]

11.  Piri, H.; Kumam, P. Some fixed point theorems concerning F-contraction in complete metric spaces. Fixed Point Theory Appl. 2014,
210, 1-11. [CrossRef]

12. Minak, N.G.; Helvaci, A.; Altun, I. Ciri¢ type generalized F-contractions on complete metric spaces and fixed point results. Filomat
2014, 28, 1143-1151. [CrossRef]

13.  Ahmad, J.; Al-Rawashdeh, A.; Azam A. New fixed point theorems for generalized F-contractions in complete metric spaces. Fixed
Point Theory Appl. 2015, 80, 1-18. [CrossRef]

14. Kadelburg, Z.; Radenovi¢, S. Notes on some recent papers concerning F-contractions in b-metric spaces. Constr. Math. Anal. 2018,
1, 108-112. [CrossRef]

15. Dey, L.K.; Kumam, P; Senapati, T. Fixed point results concerning F-contraction mappings in metric spaces. Appl. Gen. Topol. 2019,
20, 81-95. [CrossRef]

16.  Wardowski, D. Solving existence problems via F-contractions. Proc. Am. Math. Soc. 2018, 146, 1585-1598. [CrossRef]

17.  Alfaqih, WM.; Imdad, M.; Gubran, R. An observation on F-weak contractions and discontinuity at the fixed point with an
application. J. Fixed Point Theory Appl. 2020, 22, 1-10. [CrossRef]

18. Karapinar, E.; Fulga, A.; Agarwal, R.P. A survey: F—contractions with related fixed point results. J. Fixed Point Theory Appl. 2020,
22,1-58. [CrossRef]

19. Liouville, J. Mémoire sur quelques questions de géometrie et de mécanique, et sur un nouveau genre de calcul pour résoudre ces

questions. J. Polytech. Math. 1832, 13, 1-69.


http://doi.org/10.1016/j.jmaa.2005.03.087
http://dx.doi.org/10.1016/j.camwa.2009.03.058
http://dx.doi.org/10.1016/j.jmaa.2008.04.049
http://dx.doi.org/10.1016/j.aml.2010.10.030
http://dx.doi.org/10.1016/j.na.2009.10.026
http://dx.doi.org/10.1186/1687-1812-2013-320
http://dx.doi.org/10.1186/1687-1812-2014-102
http://dx.doi.org/10.1186/1687-1812-2012-94
http://dx.doi.org/10.2478/dema-2014-0012
http://dx.doi.org/10.2298/FIL1404715C
http://dx.doi.org/10.1186/1687-1812-2014-210
http://dx.doi.org/10.2298/FIL1406143M
http://dx.doi.org/10.1186/s13663-015-0333-2
http://dx.doi.org/10.33205/cma.468813
http://dx.doi.org/10.4995/agt.2019.9949
http://dx.doi.org/10.1090/proc/13808
http://dx.doi.org/10.1007/s11784-020-00801-9
http://dx.doi.org/10.1007/s11784-020-00803-7

Fractal Fract. 2022, 6, 16 14 of 14

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

Caputo, M. Linear models of dissipation whose g is almost frequency independent-II. Geophys. Int. ]. 1967, 13, 529-539. [CrossRef]
Atangana, A.; Baleanu, D. New fractional derivatives with nonlocal and non-singular kernel: Theory and application to heat
transfer model. Therm. Sci. 2016, 20, 763-769. [CrossRef]

Baleanu, D.; Fernez, A. On some new properties of fractional derivatives with Mittag—Leffler kernel. Commun. Nonlinear Sci.
Numer. Simul. 2018, 59, 444-462. [CrossRef]

Jarad, E; Abdeljawad, T.; Alzabut, J. Generalized fractional derivatives generated by a class of local proportional derivatives. Eur.
Phys. ]. Spec. Top. 2018, 226, 3457-3471. [CrossRef]

Prabhakar, T.R. A singular integral equation with a generalized Mittag Leffler function in the kernel. Yokohama Math. |. 1971,
19, 7-15.

Kilbas, A.A.; Saigo, M.; Saxena, R K. Generalized Mittag-Leffler function and generalized fractional calculus operators. Integr.
Transf. Spec. Funct. 2004, 15, 31-49. [CrossRef]

Fernandez, A.; Ozarslan, M.A.; Baleanu, D. On fractional calculus with general analytic kernels. Appl. Math. Comput. 2019,
354, 248-265. [CrossRef]

Agarwal, R.P.; Benchohra, M.; Hamani, S. A survey on existence results for boundary value problems of nonlinear fractional
differential equations and inclusions. Acta Appl. Math. 2010, 109, 973-1033. [CrossRef]

Agarwal, R.P; Hristova, S.; O'Regan, D.; Almeida, R. Approximate iterative method for initial value problem of impulsive
fractional differential equations with generalized proportional fractional derivatives. Mathematics 2021, 9, 1979. [CrossRef]
Soradi-Zeid, S.; Mesrizadeh, M.; Cattani, C. Numerical solutions of fractional differential equations by using Laplace transforma-
tion method and quadrature rule. Fractal Fract. 2021, 5, 111. [CrossRef]

Almeida, R. Functional differential equations involving the ¥-Caputo fractional derivative. Fractal Fract. 2020, 4, 29. [CrossRef]
Khan, H.; Shah, R.; Kumam, P; Baleanu, D.; Arif, M. An efficient analytical technique for the solution of fractional-order telegraph
equations. Mathematics 2019, 7, 426. [CrossRef]

Keten, A.; Yavuz, M.; Baleanu, D. Nonlocal Cauchy problem via a fractional operator involving power kernel in Banach spaces.
Fractal Fract. 2019, 3, 27. [CrossRef]

Warner, S. Topological Rings; North-Holland Mathematics Studies; Elsevier: Amsterdam, The Netherlands, 1993.


http://dx.doi.org/10.1111/j.1365-246X.1967.tb02303.x
http://dx.doi.org/10.2298/TSCI160111018A
http://dx.doi.org/10.1016/j.cnsns.2017.12.003
http://dx.doi.org/10.1140/epjst/e2018-00021-7
http://dx.doi.org/10.1080/10652460310001600717
http://dx.doi.org/10.1016/j.amc.2019.02.045
http://dx.doi.org/10.1007/s10440-008-9356-6
http://dx.doi.org/10.3390/math9161979
http://dx.doi.org/10.3390/fractalfract5030111
http://dx.doi.org/10.3390/fractalfract4020029
http://dx.doi.org/10.3390/math7050426
http://dx.doi.org/10.3390/fractalfract3020027

	Introduction
	Methods
	Results
	Conclusions
	References

