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Abstract: The aim of this paper is to establish the existence and uniqueness results for differential
equations of Hilfer-type fractional order with variable coefficient. Firstly, we establish the equivalent
Volterra integral equation to an initial value problem for a class of nonlinear fractional differential
equations involving Hilfer fractional derivative. Secondly, we obtain the existence and uniqueness
results for a class of Hilfer fractional differential equations with variable coefficient. We verify our
results by providing two examples.

Keywords: fractional differential equation; Hilfer fractional derivative; variable coefficient

1. Introduction

Fractional differential equation is an interesting research field. The reason is that it
can be used to solve practical problems from the fields of science and engineering, such as
physics, chemistry, electrodynamics of complex media, polymer rheology and so on ([1-6]).
Recently the research of fractional differential equations has made great progress. In the
literature, there are several definitions of fractional integrals and derivatives, the most
popular definitions are in the sense of the Riemann-Liouville and Caputo derivatives. In
2000, Hilfer introduced a generalized Riemann-Liouville fractional derivative, the socalled
Hilfer fractional derivative. Many authors studied the existence of solutions for fractional
differential equations involving Hilfer fractional derivative (see [7-11]).

However, there are few studies on fractional differential equations involving Hilfer
fractional derivative with variable coefficient. Due to the variable coefficient function, it is
difficult to obtain the analytical solution of such equations ([12-18]). The representation of
explicit solutions has become a problem, even for the case involving Riemann-Liouville or
Caputo derivative, the problem is not completely solved. In [15], the authors considered
the following linear Caputo fractional differential equation with constant coefficients and
obtained solutions by Adomian decomposition method:

Y- i LDPyi(1) = (1),

i=0

t € la,bl.

In [16], using Neumann series for the corresponding Volterra integral equations and the gen-
eralized Mittag—Leffler functions, the authors obtained solutions of initial value problems
of fractional differential equations with constant coefficients:

LDﬁ"yn(t) —i—ni:ltxiLDﬁfyi(t) = f(t), t€]lab].
i=0

Fractal Fract. 2022, 6, 11. https:/ /doi.org/10.3390/fractalfract6010011

https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract6010011
https://doi.org/10.3390/fractalfract6010011
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0003-0728-6702
https://doi.org/10.3390/fractalfract6010011
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract6010011?type=check_update&version=1

Fractal Fract. 2022, 6, 11

20f15

In [17], the authors investigated solutions around an ordinary point for linear homogeneous
sequential Caputo fractional differential equations with variable coefficients:

LDPry, (1) + Z (1) LDPiy;(t) = f(t), t€[a,b].

In [18], the authors study the existence, uniqueness and stability of solutions of the implicit
fractional differential equations as follows:

ofx< > f(t HD""ﬁx<t>>, te]:=(0,T]
(1617 Zcx ), a<y=a+B—af<l, j=1,2,---,n,

where 7 Dg’f is the Hilfer fractional derivative, o, f € (0,1), f: ] x R x R — Ris a given

continuous function.
In [19], the authors study the following fractional differential equation with continuous
variable coefficients and Hilfer fractional derivatives with respect to another function:

HDPO2y (1) 1Y 0y(6) HDPM Py (1) = g(1), £ € 0,40, m €N,
i=1

AkOr0Bol9 ) (04) = g € R, k=0,1,-- g — 1,

where Bg > B1 > -+ > B > 0,0 < u; < 1,05, ¢ € C[0,t] and n; are non-negative
integers satisfying n; —1 < 8; <mn;,i=0,1,--- ,m.

In this paper, we consider the following initial value problem for Hilfer fractional
differential equations with variable coefficient:

HDRPx(t) — MB)x(t) = f(t,x(t), t€J:=(0,T], "
(Ig r )(Tl ])(O—l-) =Cj, a<y=a+np—apf<n, j=12,---,n,

wherea € (n—1,n), € (0,1), Dg’f is the Hilfer fractional derivative, f : ] x R — Risa
function to be specified later. Igf” is the left-sided Riemann-Liouville fractional integral of
order n — 7.

Using new techniques, we prove the existence result under the weak assumptions for

the variable coefficient A € L7 and nonlinearity f(t, x(t)) (Theorem 6), the main advantage
of our techniques is that we are able to consider a wide range of function spaces, and in
which the Hilfer fractional derivative of f exists.

In many cases, a representation of the solution of variable coefficient fractional differ-
ential equations is still an open question. In this paper, we give the structure of solutions for
variable coefficient fractional differential equations with the Hilfer-type fractional deriva-
tive and provide a better understanding of the structure of solutions of Hilfer-type fractional
differential equations with variable coefficients. The results are new even for the special
case: p = 0 or B = 1. Moreover, we find the explicit solutions for the linear Hilfer fractional
differential equations with variable coefficient as follows:

{ DyPx(t) = MB)x(t) = f(1), te]:=(0,T],
(

Ig+7x)( )(O—i—):cj, a<y=a+nB—af<n, j=12,--,n

Under appropriate assumptions, we can prove the solution x is given by

L AT
:Zzﬁ ; DG ().

j=1k=0
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Furthermore, we obtain the existence of solutions for the problem (1) under the new
assumptions for f, and we can find that the linear nonhomogeneous Hilfer fractional differ-
ential equations and the Hilfer fractional differential equations with constant coefficient are
the special cases of our conclusion.

The article is partitioned as follows: In Section 2, the basic definitions and conclusions
are presented. In Section 3, we present the equivalent Volterra integral equation. The main
results are obtained in Section 4. The applications are shown in Section 5.

2. Preliminaries

In this paper, let QO = [4,b] be a finite interval on R. We denote by LP(Q),R) the
Banach space of all Lebesgue measurable functions I : ) — R with the norm ||I||;» =

1
(Jo l1(£)|Pdt)? < co and by AC([a, b], R) the space of all the absolutely continuous func-
tions defined on [a, b]. Moreover, we use the following notation:

AC"([a,b], R) = {f; f € C""Y([a,b], R)and "~V € AC([a,b], R)}.

In particular, AC!([a,b], R) = AC([a,b], R).
For 0 < v < 1, we denote the weighted spaces

Cola,b] i= {x: (a,b] = R; (t—a)"x(t) € C([a,b],R)} with thenorm |x||c, = max (t —a)"|x(t)].

tela,b]

First, we recall some basic concepts and results which will be used in the sequel.
Definition 1 ([3,4]). The left-sided fractional integral of order q for a function x(t) € L' is
defined by

1

(X)) = F(q)/t(t—s)q_lx(s)ds, t>a, g>0,

where T'(+) is the Gamma function.

Definition 2 ([3,4]). Ifk(t) € AC"([a,b], R), then the left-sided Riemann—Liouville fractional
derivative ("D, k) () of order q exists almost everywhere on [a, b] and can be written as

1 a4 gt .
(%ZJ)(t)sz/u (t—s)" 0 k(s)ds, t>a, n—1<q<n.

Lemma 1 ([4]). If 4 > 0and 0 > 0, then

=)' U0 = -0
(DL =)' )0 = (-,
(‘D' (s—a)\(t) = 0, j=1,2--,[u]+1. @)

Lemma 2 ([4]). Ifk(t) € LP(a,b)(1 < p < 00) and 61, 6, > 0, then the following relations hold:
(i) (*DUI%k)(t) = k(1) ae. t € [a,b];

. ar _

(ii) Forf, >n, (Wlfl)k(t) = 197"k (1).

(iii)  For almost every point t € [a,b], (Igi Isik)(t) = (Islfezk)(t).
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Lemma 3 ([4]). Letv € (n—1,n)(n € N). Ify € L'(a,b) and Iy € AC"[a,b], then

n n—v,\(n—j) )
R o R

holds almost everywhere on [a, b).

In[7], R. Hilfer studied a generalized fractional operator having the Riemann-Liouville
and Caputo derivatives as specific cases.

Definition 3 ([4]). The left-sided Hilfer fractional derivative of order & € (n —1,n), 8 € [0,1] of
y(t) is defined by:

TpyPy(t) = (D Py () = (D7D LT ) (1), e [ab,

a

where D 1= %,’)’:0(4—11‘3—0(‘3.
Remark 1. (i)  The operator DZ‘LP can be written as:

+

HD“r,B _ I.B
a

at — gt

(”_“)DH(I[E}F_.B)(TI_“)) — If’(n_“) LDZJr _ IZ:N LDZ+'

(ii) when B = 0, the left-sided Riemann—Liouville fractional derivative can be presented as
Lpe, .= Hp*P,
a a

(iii) when B = 1, the left-sided Caputo fractional derivative can be presented as CD;ﬁr = HDZ‘f.
From Lemma 2 (iii), we can obtain the following result.

Lemma 4. Lety € L'(a,b) and D"y € L'(a,b) exists, then
H . _ _
("DYPIEy) (1) = L7EDT (1),
Proof.
H_ . _ _ _ _ _ _
( Dgflﬁﬁy) (t) = IZ+ aDnI:+ (YI:;er(t) = IZ+ achI::ra ’yy(t) = IZ+ D‘LD; [Xy(t)'
O
From (2), we can derive the following result.
Lemma 5. For v = a +np —af € (n —1,n), a general solution of the fractional differential
equation Dg’f x(t) = 0 is given by
n .
x(t) =Y ci(t—a)?, t>a,

i=1

wherec; € R, i=1,2,---,nare arbitrary constants.

Next, we present the following lemmas.
1
Lemma6. Ifw >0, -1 <7 <0, thenforp € L (0 < p <1),

—p\'7?
(i) /at(t —5)“ ly(s)ds < (1P> (t— a)“]*p||1p||L%, for w>p, t>a,

w-—p
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o o . 1-p
i) [ (t=s) T spleds < (B(“’ ’”,Tﬁp’” )) gy, for

1—p
p <min{w,1+71},t>0,
where B(-,-) is the Beta function.

Proof. With the help of Holder’s inequality, we get

; ; » 1-p 1_ 1-p
/a (t =) Ly(s)ds (/H (ts)lpds> ||¢||L% = (_P) (t—a)“’_’”||¢7||L%, for w>p, t>a.
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Lemma7. Ifw € (0,1), 7 € (-1,0land w+ 7T > 0, then for 0 < p < “}Tandy € L%,
(I5is7y(s))(t) € AC([0, T], R).

n
Proof. For every finite collection {(a;, b;) }1<j<, on ] with Y (b; —a;) — 0, it follows from
i=1
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_ _1—
where M > 0 is a constant and 0 = prp € (=1,0). Now, (Iis'y(s))(t) €
AC([0,T], R). O

The following theorem will be used to prove the main result.

Theorem 1 ([20] Schauder Fixed Point Theorem). If U is a nonempty, closed, bounded convex
subset of a Banach space X and T : U — U is completely continuous, then T has a fixed point in U.

3. Equivalent Volterra Integral Equation

We consider the following linear Hilfer fractional differential equation with initial
value conditions

"DPx(t) = f(t), te]:=(0,T], o
(Ig+'yx)( ])(0+):Cj, 0(<')/:¢x+n’3—g¢‘3<n, j:1/2/"'/n,
where f € L%( NO<p<i= =,

Definition 4. A function x € Cy,—, satisfying (3) is called a solution of (3).

Theorem 2. A function x € C,_ satisfies a.e. (3) if and only if x satisfies a.e. the following
integral equation
tW j

; _H4)<mﬁm. @

Proof. (Necessity) For t € J, vy —a € (0,1), it follows from Lemma 7 (t = 0) that

131(77“)f € AC[0, T] and LDgf“f € L'(]). From Lemmas 3 and 4, we arrive at
1—

(B N0,

(M"DGPIGf)(8) = (17" "DI= F) () = f(1) — T(y —a) ’

ae. te[0,T],

then N
—Y+a
(704 s

07— a) -

HDSP (x() = (15 () -

Since (I- "**£)(0+) = 0, then

DG (x(5) = (- )(1)) =

Using Lemma 5, we find
x(t) Zdﬂ T+ (I8 £)(1).

Noting that the initial value conditions (I”I"Yx)(”_f) (O+) ¢j(j = 1,2,--+,n), we can
obtain d; = T'(y —j+1)(Iy;, Tx) (=1 (04) =c(j=12-,n).

(Sufficiency) Let x(t) satisfy (4). It follows from Lemmas 1, 3 and 7 that / Da # x(t)
exists and x(t) satisfies (3) by direct computation. This completes the proof. [

Next, we consider the following nonlinear Hilfer fractional differential equation with
initial value conditions

HDyPx(t) = f(t,x(t), te]:=(0,T], )
(IO+7x)( ])(O—l-):cj, a<y=a+np—af<n, j=12,--,n
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Definition 5. A function x € Cy,_,, satisfying (5) is called a solution of (5).

Theorem 3. Let f : (0,T] x R — R be a function such that f(-,x(-)) € L%(],R)(O <p<
l7%”‘)]‘0;’ any x € Cy—, ([0, T],R). If x(t) € Cu—y ([0, T],R), then x satisfies a.e. (5) if and
only if x satisfies a.e. the following equation

S.

v gt F(t—9)* "1 f(s,x(5))
W= LG + T(a) a

The proof of Theorem 3 is nearly same as Theorem 2, we omit it here.

4. Existence and Uniqueness Result

==

Theorem 4. Let f : (0, T] x R — R be a function such that f(-,x(-)) € L¥ (J,R)(n—y <p <

=1 for any x € Cp—q/([0, T], R) and there exists a function y € Ly (LR n—y<p<
LE8=1Y such that

[f(u(t) = f(t0(8)] < p(t)|u(t) —o(t)] (6)

and My := sup [f(t,0)| < co. Then the problem (5) has a unique solution x € Cy—.
te]

Proof. Clearly, if x € C,_,, then

If(Ex()] < [f(tx(t) = f(£0)] + [f(£,0)] < u(t)]|x(t)] + My,
FTF( ()] < )T xle, .+ My

Applying with Lemma 7 (with w and 7 replaced by 1 — v 4« and y — n, respectively), we

can verify that (Iéj(v_k)f)(t) € AC[0,T] and (“DJ“f)(t) € L'(]) for any x € Cy .
Define an operator F : C;,—y — C;_ as

FY
cjt

e BRSO}

(Fo) =)
=1

where Fy(t) = f(t,x(t)). Clearly, F is well defined and the fixed point of F is the solution
of the problem (5).
It is easy to check that

PNEN D - FNO] £ i =9 () - v)lds
n— ot a1 p-n 1—P
< ;(oc; (/0 (t—S)Psll’dS> . ||V||L% ||x—y||cni7
< ;"‘(: [B(T:Z’ v ?"‘; - P)}lfp ) ||V||L% ”x_y||C,l,7

and
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IN

IN

IN

£ (F2) () — (FRy)(8)]
ETI (s)sT [T (F) () = (Fy)(5)]] (1)

£ ! _o)a—1 Y1 a—p a—p y—_n+l—p 1=r _
ey ) ¢ = Ol s (B =E, T =l
PP a—p y—nt+l—pta—pl-rr a—p y—n+l—pl-r 2
my (PG T G T D] i e vl
a— 204 n
ii”[r(nﬁﬁ f+>} gl Ix = ylle,,
(a) r(%+1) ;

By induction we deduce that

Tw;»fwknl”

PINFRE - (FNOl < g

1-p
| lells, lx = wle,
P

Tma—p>[1*(i_5>r<¥:§-%1>
I (a)

for k large enough one has
—n+k(a—
D+ 1)
contraction principle, F has a unique fixed point x € C;,—,. O

1-p X
} “|lullz, < 1and by Banach
P

Remark 2. Obviously, if n —y < p < =42 then the relation C,—,, C Ly holds, but the
P

converse may not be true, for example, n = 1, « = 09,8 =01, v = a +—af = 091,

=10 € L9(0, T) but t~ 10 ¢ Cy0[0.T].

Special Case . If we take f(t, x(t)) = A(t)x(t) + f(t), obviously, | f(t, x(¢)) — f(t,y(t))] <
|A(£)]|x(t) — y(t)], then the following result holds.

Corollary 1. Let A(t) € C([0, T]) and f(t) € L%(])(n —y < p < &) and sup |f(1)] < oo,
te]
then the linear Hilfer fractional differential equations with variable coefficient

{HDgfx(t)—A(t)x(t):f(t), te]:=(0,T], -

(L") 0+) =c;, a<y=a+np—ap<n, j=12,,n
has a unique solution x € C,_ and x is given by
n o /\( ))ktv j (=)
:ZZ——;gf L5 )0
=1k=0 k=1
Proof. By Theorem 4, we can see that the solution of the problem (7) is given by

n 4Y—]
cjt ]

x(t) = ]; Tr=i+1) + (Ig+ AC)x) () + (Ig+ ) ().

It follows from Theorem 4 that the operator F : C;,—y — C;,—, defined as

Y]
cjt ]

(Fx)(t) = ]; Tr—i+1) + (Ig+ AC)x) (1) + (Ig+ ) (F)

has a unique fixed point which is the solution of the problem (7).
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Let

X (£) = x0(£) + (Igr AC)xm—1) (1) + (Ig+ ) (1),

iterating, for m € N, we can write

m m
xm(t) = Z(Im/\ Z Iy A () ) (Ig- £) ().
Taking the limit as m — oo, we can get

n oo MNepry—j o0
3 30 SR ACET L e At ).

5l AT
im0 TOr=i+1) 5
O

Special Case IL. In particular, when A(t) = A € R is a constant, we derive the follow-
ing result.

==

Corollary 2. Let f(t) € LV (J)(n —v < p < 4= and sup |f(t)| < oo. Then the initial

te]
value problem

{ HDYPx(t) —Ax(t) = f(t), te]:=(0,T], AeR @

(IS:Wx)(”*]’)(OnL) =c¢, a<y=a+np-af<n j=12,---,n
has a unique solution x € C,_ and x is given by

n

Z it " TEy o “ir1(AY) +/ Vg0 (A(t—8)*)f(s)ds,
]:
where
00 k
E _—, ,1,z€ C,Re >0
w@ =¥ ey () >

is a Mittag-Leffler function ([4]).

Proof. It follows from Theorem 4 that the problem (8) has a unique solution x € C,_ and
the solution x is given by the limit x(t) = lgﬂ xm(t) of the sequence
m (<)

N _ LC C]'flyij
o(t) ]; P
X () = xo(£) + A(Igr Xm—1) (£) + (Ig+ ) (1)

Iterating, for m € N, we arrive at

m
xm(t) = Y AR xo( ZAk Tk f

k=0

n oc 3 t - m )\kf )zxk 1
- Bt /oL;> o
B nom Ct’y jHak+1 foom /\k—l )zxk 1

];kgf) v —j+ak) /[1;:1 ak) }f(s)ds.
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Taking the limit as m — oo, we have

x(t) = lim xm(t):ii NMetr ot /[i ‘(t—S))“k_l}f(s)ds

m—co —]—i—zxk—l—l
_ Zc] En o1 (AEY) +/ Y g a (At — 8)*)f(s)ds.

This yields the explicit solution to the problem (8). O

Next, we deal with the existence of solutions to the problem (1). We consider the
following assumptions.

(H1) f: (0, T] x R — R is a function such that f(-,x(-)) € L%(], R)(n—v < p < 1441
for any x € C,,—+ ([0, T], )andf( -) : R — R is continuous for a.e. t € J;

(H2) there exists a function y € Lf’l (JLRY)(n — v < p1 < H4=") such that
[fEw)] <u@®[u(®)]’, e (01).

1
Theorem 5. Assume that A € L72 (n — v < py < Y4=1) and (H1) and (H2) are satisfied, a
function x € Cy_ is a solution of (1) if and only if x is a solution of the following equation

n ﬂ j
Z iy T EAOD O + G E) ).
Proof. Clearly, if x € C;_,, then
()] < O TIxE, )

According to Lemma 7 (with w and 7 replaced by 1 — ¢y + & and o(y — 1), respectively),
we can see that I CY (x4 E)(t) € AC[0,T] and EDT"(A(-)x + Fe)(t) € L1(J) for
any x € Cy_,. Then the above result can be proved in a similar way as in the proof of
Theorem 2. [

For the sake of convenience, we set two constants

<B<tx—P2 ’Y—n—i—l—r)z))lpzn)\'uflz
1-p"  1-p I(a)

Ay = (B<“—P1 0(7—ﬂ)+1—p1>>1_p1|ﬂ|u}1
' 1_Pl, 1—p1 1—-(“) .

A

1
Theorem 6. Assume that A € L72 (n —y < pp < 4= and (H1) and (H2) are satisfied, then
the problem (1) has at least a solution x € Cy_ if A{T*7P2 < 1.

Proof. We define an operator F : C;,—q — C;— as

ﬂ]

(Fx)( =i o+ ACD) + ()

Clearly, by Lemma 5, F is well defined, and the fixed point of F is the solution of the
problem (1).
For x € C,—,, from Lemma 6 (ii) and (9), we have
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1 _ _ _
EAGKO)O| < s [0 Ixle, , < A e,
1 _ _a)—
|(1 +Fx)( )| < W/ f—S x— 150(7 ”)‘u(s)ds. ||x||%n77 < Azta+0(7 n)—p1 . ||x||é'jn77,
n— 4 C]ﬂ J o o
T(Fx) ()] < Z CETES) + [T+ A()x) ()] + | (I Fx) ()]
Cft” ! — a—pr+(1-0) (n—7)
]zl gy M e + A elE, (10)

Step I. For an r > 0, we set the ball B, C C;—, as B, = {x € C,—,; Hx||cn_7 <r}. We
claim that there exists an vy > 0 such that B,, C By,. If this is not true, then for each
positive number r, there exists a function X(-) € B,, for some ¢y € ],

I(F)llc,, =ty "I(FX)(to)| > .
It follows from (10) that

-j

e ~ 1 city
ro< i IEDWIS Y i Sy
=1

+ A TY P2y 4 A T P1H(=0)(n=7)p0
Dividing both sides of the above inequality by r and taking the limit as » — oo, we deduce
that A{T*~P2 > 1. This is a contradiction. Hence, 7B, C B,.

Step II. We show that F is continuous. Let {x,, } be a sequence such that x,, — x in B,,
then there exists ¢ > 0 such that ||x,; — x||c,_, < € for n sufficiently large. By (9), we have

Fltxm () = f(Ex(D)] < 7O p(b)(e” +217).

Moreover, by (H1), for almost every t € |, we see that |f (¢, x,u(t)) — f(t,
the Lebesgue’s dominated convergence theorem, it follows that |(Fx;,) (¢
as m — co. Now we see that F is continuous.

Step III. We prove that F maps bounded sets into equicontinuous sets of B,. Let
t1,tr € |, 1 < tp and x € B,. Similar to Lemma 7, we derive

x(t))| = 0. From
)= (Fx)(H)] =0

' [I( 0+ A()x) (k2) = (I AC)x) (B1) [ + [(Tg+ o) (f2) — (16‘+Fx)(t1)|1

n—y ¢
< 5o [ [ 105171 = (2= (ST IAG 57D ) s
.t
+ 2(f2—5)a_1(57_n|)\(5)|r+s_‘7("_7)y(s)r")ds]
51
— 0, as t — to. (11)

Then by (10) and (11),
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[ty T(Fx)(t2) — £ " (Fx)(t1)]

<ty T =T I(FR)(R) [+ [(Fx)(t) = (Fx) (t)]
3 B C: |t7 ]_t'Y ]|
< T = (Fa) ()| + 1 721_—+ 1 UG AC)x) (B2) = (I A )x) (#1)]
j+1)
+|(13+Fx)(t2) - (Ig+Fx)(tl>|
— 0, as t; — .

From the above steps we deduce that JF is completely continuous. It follows from
Schauder’s fixed point theorem that F has a fixed point x € B,. [

5. Applications
In this section, we present two examples to illustrate our results.

Example 1. We consider the following initial value problem for the variable parameter fractional
differential equation:

sint cost 1
— —=x(t) = —=|x(t)|2, te]:=(0,1],
2 2\5/;2() E/E' ()] (0,1] 12
(UE0) = e2, (1E)'(0) =cr.
Seta =5, p=t,n=Ly=a+B—af=2,n—v=% A(t) = ;i—%,f(t,x(t)) =
%St |x(t )|2 Notice that this problem is a particular case of (1).

We choose p = § € (&, 55), then for x(t) € C%,

cost )% (/1 1 i 1
—dt) xl|2 < 4eo,
([ 15 ) el

i.e., f satisfies (H1). Moreover, 1

W=
~—
~

(1, x(0)] < p(0)|x(1)|} where (1) = & € L7 (py =

1
lulls = 3 )% and A € L (p2 = 1), lIMle < 3. By simple calculation one can obtain

a—pr y—n+1-p\\2IAM 13 67\\1 5!
A = (B , < (B2 ~0.84 < 1.
! < (1—192 1-p >) I'(«) _( (15 75>> 2T'(15)

By Theorem 6, the problem (12) has at least one solution x € C 2

Example 2. We consider the following initial value problem for the variable parameter fractional
differential equation:

HDﬁ %x(t) —AtVx(t) =bt¥, te]:=(0,1], (13)
(1P)(04) = 2, ()’ (0+) = e,

where A,b € Rand v > — 100,a) > 0.
191

Seta =13, B =15 n=2v=a+2B—af = 155, n—7 = 155, Mt) = A",
f(t, x(t)) = Atx(t) + bt*. Notice that this problem is a particular case of (5).
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We choose p = 15 € (155, 35), then for x(t) € C o,

(/ At x(8)]! dt) < |/\|(/0 tlo"_ﬁdt) Ixllc
ie., f(-, x(+)) € LY. Moreover,
F(t x(8)) = f(t y(O)] < [AF|x(t) —y(8)] == u(t)|x(t) —y(t)], n(t) € L1

and My = stuljo |f(t,0)| = |b|. Thus, by Theorem 4, the problem (13) has a unique solution
€

1

1 10
Al(10 < ,
=100+ 55) Plialle, < oo

0

xeCo.
100

Let
2 C] t’y ]

Z T(y—j+1)

X (t) = xo(t) (Igs A )xpm—1)(t) + bl 1,

iterating, for m € N, we can write

2, @ (18 A)Dker=i - @
] o k-1 )
LY I e L U5 AC) T b1 ).
Sic Tr=i+1) k=1
Noting that
AT(v+6+1)
o V0 — e v+ x+v+6
(g AC)E = Al F(zx—l—v+9+1)t ’
(18 A ()28 = AMT(v+0+1) [, 200 _ AMTw+0+DT(a+2v+60+1) 2(a)+60
0% Ta+v+6+1)0" T(a+v+0+DI2a+v)+0+1) ’
we obtain
k=1 :
Ilia+ (i+1)v+60+1]
I A (- ktG — ApAty k~t9
(Ig+A() gf[(z+1)(a+v)+6+1]( )

(AR 9 ke N.

(i(1+ ) +12) +1]
=0 T[a(i(1+Y) + v +1) +1]

Now we have

2 (] kyy—i 2 y—i
Z Z M - LE v vy (At‘””),
j=1k=0 r _]+1> j=1 r(’Y—]+1) o, 1+ 4, ——
where
Eugi(z dez ZER, a>0,0>0,aif+1)#—1,-2,--

is a generalized Mittag—Leffler function ([4]) and dy =1,

L Tlaig+1) +1]
=11 (i +1+1)+1]

i=0
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References

Similarly, we have

[ee]
Z (Ig+)\(.))k*1t“+w _ taerEoc,l-i—%, viasw ()\t!)H*V)‘
k=1

Finally, we get the following explicit solution for (13)

2 it bt T (w + 1)
x() =Y A E v (AT T
( ) = 1"(,)/_] _|_1) 1x,1+;,7+z ]( ) F(D{—i—(ﬂ-ﬁ-l)

a+v
Ea,l+g,1’+‘;f‘” (AE*TY),
6. Conclusions

In this paper, using new techniques, the existence and uniqueness results for differ-
ential equations of Hilfer-type fractional order with variable coefficient are successfully
obtained. The results are new even for the special case: p = 0 or f = 1. The results hold
foralla € (n—1,n)(n € N). The proposed techniques can be extended to other hybrid
fractional differential equations.

7. Future Research

In this paper, the variable coefficient A(-) € L7 and is not necessarily continuous,
therefore, the technique can be used to solve other types of equations. For example, inspired
by the reference [19], as future work, we will study the fractional differential equation with
variable coefficients with respect to another function under the weak assumptions for o;, g:

m
HpBoro?y (1) + Y oy(t) FDPMPy(1) = g(1), te[0,to), m €N,
i=1

where g > B1 > -+ > By > 0,0 < p; <1 and n; are non-negative integers satisfying
nj—1 <,Bl' <ni,i:O,1,~-~,m.
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