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Abstract: In this research work, our aim is to use the fast algorithm to solve the Rayleigh-Stokes
problem for heated generalized second-grade fluid (RSP-HGSGF) involving Riemann-Liouville time
fractional derivative. We suggest the modified implicit scheme formulated in the Riemann-Liouville
integral sense and the scheme can be applied to the fractional RSP-HGSGF. Numerical experiments
will be conducted, to show that the scheme is stress-free to implement, and the outcomes reveal
the ideal execution of the suggested technique. The Fourier series will be used to examine the
proposed scheme stability and convergence. The technique is stable, and the approximation solution
converges to the exact result. To demonstrate the applicability and viability of the suggested strategy,
a numerical demonstration will be provided.

Keywords: RSP-HGSGF; implicit method; stability; convergence

1. Introduction

Fractional calculus is associated with the study and application of arbitrary order
derivatives and integrals. The presentations of fractional-order calculus in many areas of
science and engineering, including geometric phenomena, have aroused great interest in
this field. The discussion between Leibniz and L’ Hospital at the end of the seventeenth
century had the first discussion about fractional calculus. The Erdelyi, Abel, Riemann,
Laplace, Heaviside, Levy, Liouville, Riesz, Griinwald, Letnikov, and Fourier are the of
the great mathematician who worked on it and contributed. The use of fractional-order
integrals and derivatives plays a significant part in the solution of some chemical problems,
and this field has received more attention since 1968. Initially, many books on fractional
calculus and its applications have been authored by scholars such as Ross and Miller [1],
Spanier and Oldham [2], Podlubny [3] is the most well-known book in the field of fractional
calculus, and Samko et al. [4] explains the underlying theory of fractional calculus, as well
as its applications and solutions.

Many researchers have solved such types of fractional-order problems with different
methods, such as Shivanian and Jafferabadi [5] solved the RSP-HGSGF with fractional
derivatives to find the numerical solution through spectral meshless radial point interpola-
tion. The Riemann-Liouville sense has been used to define the time-fractional derivative.
The Shape functions are constructed using the point interpolation approach and radial
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basis functions, which act as basic functions. Zuhang and Liu [6] describe an efficient
numerical approach for approximating RSP-HGSGF in a bounded domain. They carried
out the investigation of stability and convergence for the suggested scheme. Wu [7] used the
numerical approach to solve SFP-HGSGEF. The INAS for the SFP-HGSGF has been explored
in terms of its stability, convergence, and consistency. Shen et al. [8] examined RSP-HGSGF
in a flow on a heated flat plate and within a heated edge. The fractional calculus tech-
nique in the constitutive relationship model was utilized to describe such a viscoelastic
fluid. The Fourier transform on fractional-order Laplace operator is utilized for the exact
solution for the velocity and temperature fields. Yu et al. [9] solved the RSP-HGSGEF by
the Adomian decomposition approach. In general, such types of series solutions converge
quickly without discretizing the problem, the Adomian decomposition approach yields
very precise numerical solutions. Chen et al. [10] presented two numerical approaches in
this study for solving a two-dimensional variable-order sub-diffusion anomalous prob-
lem. Fourier analysis was used to examine their stability, convergence, and solvability.
Yu et al. [11] considered the numerical approximation for Riemann-Liouville fractional-
order derivative for the fractional SFP-HGSGF. They solved the direct and inverse problem
by the implicit scheme with Riemann-Liouville fractional derivative. Lin and Jiang [12]
devised a simple approach for a RSP-HGSG with fractional derivative. They used kernel
theory to originate the series of the exact solution to the problem and established the
approximate solution of its fractional derivative, which are uniformly convergent using
truncating series. In the meantime, their technique comes with an error estimate and
stability analysis. Chen et al. [13] founded the solution of RSP-HGSGF of fractional-order.
They suggested implicit and explicit techniques. The convergence, stability, and solv-
ability were established. Chen et al. [14] discussed Stokes” initial challenge attention in
recent years. The variable order nonlinear RSP-HGSGEF is researched and further dis-
cussed the fourth-order numerical technique. The Fourier approach is used to examine
the theoretical analysis of the numerical schemes as stability, solvability, and convergence.
Dehghan and Abbaszadeh [15] worked on 2D fractional-order RSP-HGSGF on rectangular
domains including circular, L-shaped, and a unit square with circular holes and created
a numerical solution. The fractional derivatives are calculated using the RL principle.
They integrated the equation for the time variable and obtained a full discrete scheme
based on the Galerkin FEM for the space direction. Finally, we compare Galerkin’s FEM
findings to those of alternative numerical techniques. Nikan et al. [16] used the radial basis
function and fractional derivatives, and the Rayleigh-Stokes’s problem for an edge in a
generalized Old Royd-B fluid is solved. The finite difference technique is used to discretize
the temporal derivative terms. However, the local RBF-FD is used to discretize the spatial
derivative terms. They evaluate the distribution of data nodes inside the local support area
to maintain a constant number of nodes. The suggested method’s stability and conver-
gence analysis are also explored. On irregular domains, the RBE-FD results are compared
to those of previous approaches, demonstrating the viability and efficiency of the novel
methodology. Shen et al. [17] studied the flow of RSP-HGSGF on a heated flat plate and
within a heated edge. A fractional calculus methodology in the constitutive relationship
model was employed to describe such a viscoelastic fluid. The Fourier transform and the
fractional Laplace operator were used to obtain a closed-form solution for the velocity and
temperature fields. Another survey [18,19] studied the same model to describe a viscoelas-
tic fluid. Guan et al. [20] provided an enhanced version of a nonlinear source term with a
fractional RSP for the finite difference/finite element technique. To discretize the first-order
time derivative by the backward difference formula and second-order Griinwald-Letnikov,
respectively. In the space direction, they employ the Galerkin finite element approach
to define a fully discrete strategy for the fractional RSP-HGSGF with a nonlinear source
term. The level of accuracy in the L, norm are calculated in detail using a novel analytical
technique. Ali et al. [21] used the modified implicit difference approximation for 2D modi-
fied anomalous fractional sub-diffusion equation. The Fourier series approach is used to
examine the convergence and stability of the proposed scheme. The scheme is shown to
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be unconditionally stable, and the approximate solution converges to the exact solution.
Bazhlekova et al. [22] investigated the RSP-HGSGF in time with RL fractional derivative,
and the analysis of the problem in space semi-discrete, continuous, and completely dis-
crete formulations has been presented. Mohebbi et al. [23] presented a comparison of a
fourth-order approximation, and the meshless approach is used for 2D fractional RSP and
generated a completely discrete implicit scheme. Sun et al. [24] contributed a review article
related to important information on fractional calculus. They discussed the main real-world
application and powerful mathematical tools. Nikan et al. [25] studied the numerical
solution of the nonlinear fractional-order reaction-subdiffusion model. They used the radial
base function-finite-difference for spatial discretization and time discretization process are
carried based on the weighted discrete scheme. They discussed the theoretical analysis
and, for the computational efficiency of the suggested scheme, tested two numerical ex-
amples that reported accurate solutions. In another survey [26], the author formulated an
efficient meshless scheme for the fractional-order diffusion model. They eliminated the
time derivative by integrating both sides of the proposed model, and for space derivatives,
used the local hybridization of cubic and radial basis functions. Nikan and Avazzadeh [27]
studied the local hybrid kernel meshless approach for the approximation of the fractional-
order model. They utilized the central difference approximation and Gaussian kernels to
approximate the time and space direction, respectively. They checked the validity of the
suggested method through numerical examples, which is accurate and efficient. In the
research [28-34], different researchers discussed various numerical approaches for the time
and space fractional-order models.

The aim of this study is to propose a modified implicit scheme for fractional-order
RSP-HGSGEF, which is new for this model. It reduces the computational cost and can easily
investigate theoretical analysis by any method for the resultant scheme. In the procedure,
substituting the Riemann-Liouville derivative by the discretized form of the Riemann—
Liouville integral operator with the first-order time derivative. Then eliminate the partial
derivative with respect to time by backward difference approximation. Additionally, the
stability and convergence criterion of the established method was investigated by the
Fourier series method. In the end, numerical examples are presented and solved by the
proposed method to confirm the accuracy and feasibility of the method. The numerical
examples are coded in Maple 15.

The rest of the paper is arranged as follows: in Section 2, discussed the methodology of
the proposed scheme followed by stability and convergence analysis in Sections 2.1 and 2.2.
Section 3 presents the numerical experiments and results, and discussed are explained in
Section 4. In the last Section 5 the conclusion is discussed.

Here, we consider the following two-dimensional RSP-HGSGF with fractional deriva-
tive [22].

dw(xyt) _ 1—v [ Pw(xyt 2w (xy,t 2w (x,y,t 2w (x,y,t
ogas) _ pj (Peleut | Fufsi) | Pt | Peteat) pe ()
Initial and boundary conditions are:
wxyt) = ¢(xy), 2

w(0,y,t) = ¢1(y, ), w(L,y, t) = ¢2(y, 1),
w(x,0,t) = @3(y,t), w(x, L, t) = @4(x,t),

0<xy<LO<t<T. ®)

where ODE_Ww(x, y, t) represent the frcational-order Riemann-Liouville derivative of order
1 — 7 defined by

1—y 1 2 /t w(x,n) _ 3 v
oD, Tw(x,y,t) = T(y) 9 Jo 7(t—n)1_7dn = atIO w(x,y,t), 4)
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t
and IJw(x,y,t) = 1“(17) /0 (:U_(T{)?)”Y dn, (5)

Represent the fractional-order (v > 0) Riemann-Liouville integral.

Lemma 1. The v (0 < 7 < 1) order Riemann—Liouville fractional integral of the function
w(x, y,t) on [0,T] can be defined in discretized form as,

Iju(x, v, t) = 1"(7T—71—1) ¥k b]mw(x, Y, tk_]-). (6)
Lemma 2. The coefficients constant bl(j) (k=0, 1, 2,....) fulfil the following properties [29]:

i) bl=110b/>0,k=0,12...,

(i) bl >bl,k=12...,

(iii) There exist a positive constant C > 0. Such that T < CbZT“Y, k=1,2,...,

(iv) T b{"T7 = (k+1)7 < T,

2. Methodology of the Proposed Scheme

The 2D RSP-HGSGEF in Equations (1)—(3) solve by the modified implicit scheme.
Utilized the Riemann-Liouville approximation for time-fractional and central difference for
space derivative and partition the bounded domain into sub-intervals of length Ax and Ay.
The space steps as x; = iAx, in the x-direction withi =1,..., My —1,Ax = MLX and Y= jAy,
in the y-directionwithj =1,..., M, — 1, Ay = MLy The time stepisty = k7, k=1,...,N
where T = T/N. Let uf} j be the numerical approximation to w(x;, Yis t¢), by applying (4) to
(1), we obtain

dw(x,y,t 2w (x,y,t 2w (x,y,t 2w (x,y,t 9?2 t
wisgd) — %107( wa(;zy ) 4 wa(;fzy )) + wa(;czy ) 4+ w(xy ) 4 F(x,y,t). @)

Applying Lemma 1 and backward difference approxirnatlon w.r.t time, we obtain

wk k
wf‘] — wiij’] = 512;.‘;01 b]m (szwllc/] (5x2wk]] ) + S Z;‘ (} b]( )<(5x2w 1j (szwf]] ) =+ S3 (Aﬂ) +S4< ) + F(x, y,t). (8)
where N y
T T T T
Si=———+—,S59=——-,53=—, 5, = —.
Ty DA P T Ty a2 P T A2 Tt T A2
And

(5x2wf] le] Zw +wZ 1,/ )

Simplified form of the proposed scheme for 2D RSP-HGSGEF (1)—(3) and the conditions
are as follows.

— Wi = 81 6x%wh; — 5y b ox7w), — 5y T mg 7, = b)ox?wk s 4+ 8y syPak + Sk (b)) syl

i . U (10)
+83 6x*w ,] + S46y? wI]—FTF
wherei=1,2,... My—1,j=1,2,..., My—1,andk=1,2,...,N—1
w); = o(xi, yj), (11)

w](;,] = (Pl (y]/ tk)/ wiﬁo - (PZ (xi/ tk)/
w’f\/[x,j = ¢3(yj. tr), wi-‘,My = @a(xi, k),

0<xy<L 0<t<T. (12)
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2.1. Stability

To find the stability of the proposed scheme by Fourier technique. Let the approximate
solution is Wik]. for (10), we have

Wk, _wk(fl) :5(1 ()wj;l] WS WE ) — b\ (WO Doy — 2WD W)=
'k k k— k k— k— k—
S zs (bs Y )(WZHSJ—ZW S+wz]+sl)+sz(w S WES W 51)+ )
Szb 7) ( 1]+1 _zwo —l—WO ) Zk 1(b(’Y _ )(Wk s _2Wk s Wzk] Sl)
S5 (W4 2w’< +W’< 1])4—54( K — 20 + s 1)
Next, the error is defined as
‘Fk = w wk (14)
where ‘I’f j satisfies (13) and
k k=1 _ (7)
W = 8 (W 28 ) - s b (R0, - 2%+ ) -
k L) _ p0) gk k— k k—
S z (b — o) (¥ —2‘1f W) S (W - 2¥E W )+ 5)
S >1< e 2 S S0 - ) (%5 2 244,
53( i+1,j 21{] +III1 1])+S4( i,j+1 Z‘Y +1Y1] 1)
The error initial and boundary conditions are given as
k k 0
11;0,] - TMA Tl 0= Tl My ‘YZ,] - 0. (16)
By defining the following grid functions fork =1, 2..., N
‘Ifi.‘,], when x;_n <X <X a0, Y, o <YS Y
Yo (x,y) = 0, when 0<x<5or L A" <x<L, (17)
0, whenOSyS%orL——<y<L
Then ¥* (x,y) can be expanded in Fourier series such as
2
‘I’k(x,y) — Z?f,lzz_mAk<lll lz)e\/jlﬂ'(llx/L-sz/L). (18)
where,
A, b) = 1 / / Yk (x, y)e VIR Lby/L) go gy (19)
From the definition of /> norm and Parseval equality, we have
—1eMy—1
ME¥I% = =0T Axay ¥ 1P = 27, () [ (20)
Supposing that
Ti(/] _ Ake\/jl(oliAx+Uszy). (21)

where oy = 27ty /L, 0p = 27ly /L and substituting (21) in (15)
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NeeV/=L(nridetmjdy) _ \kpV=T(cridx+ajdy) — g ( AoV =1(01(i+1)Ax+02jAy) _ pAkpV/=1(01idx+a2jAy) 4 Akeﬁ(q(m)mwﬂy))
-5, b(w) (AU V=101 (i+1)Ax+02jAy) _ 9 \0pV=T(01idx+02jAy) 4 )0 \/jl(al(ifl)Aeraszy))
_s, Zk 1(17(7) b( ))(Ak 5oV =101 (i+1)Ax+a2jAy) _ 9 pk—soV=1(1iAx+02jAy) 4 \k—sov/=1(01 (i 1DAx-+02jy) )
+52(Akef(alexJFzrz(]H)Ay)_ZAke\ﬁ vlle+02]Ay)+/\k€\/j qidx+0y(j—1)Ay)
+52b(v) (Aoeﬁ(olmxwzmy) — 2\0pV=T(ridx+a2jdy) 4 /\oeﬁ(mmxwzmy))
—522’;;}(b§ )1 b( ))(/\k seV=1(@idx+ay(j41)Ay) _ g Ak=sovV/=1(c1idx+a2jAy) 4 )\k—s, ﬁ(almxwz(j—my))
15, (/\ke\/? o1 (i+1)Ax+2j8y) _ 9 \koV=1(01idx+02j8y) | AkoV/=T(01(i~1) Ax+aszy))

15, ( AkeV=1(01ibx+0s(j+1)Ay) _ 9 ) kpv/=T(01idx+02jby) 4 AkeJTI(aliAx+az(j—1)Ay)),
After simplifying we obtain
AL+ i1+ o] = AF? /\Ob( " 1M+ i E (B — BT AR,
and
o AT A0 R ) — )k

r= BT ' @)

where

Ax
p1 = [4S; sin? 012 4 45, sin’ 22 y]

Ho = [4S3 sin? —2 +4S sin 2 ]

Proposition 1. If A¥ (k =1, 2,..., N) satisfy (22), then |A¥T1| < |A9].

Proof. By using mathematical induction, we take k = 1 in (22)

Al = (1+ b(()v)ﬂl))‘o
(I+m+m)’

and as p, 42 > 0, b(()y) =1, then ) .
AT < AT

Now, assuming that
A< A m=1,2,...,k—-1,
and as 0 < 7y < 1, from (22) and Lemma 2, we obtain

AR B, g 2]+ =] (b7 — b7 ) AR
14+ p1 +u2

’Ak’ <

_ b+ izt (67 - b7)
- (1+ p1 + p2)
L+ b+ (1-5) |
‘/\
(14 p1 + p2)

__+m o
14+ p+u
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AR < AR (23)
This completes the proof. [

Based on the above proof. It can summarize that the solution of Equation (10) satisfies
the following inequality
k
1A < 1A%,

And demonstrated that the proposed scheme is unconditionally stable.

2.2. Convergence

Here, we use a similar method to examine the convergence of the scheme. Let u (xi, Yj, tk)
represent the exact solution, then the truncation error of the scheme is obtained as: from (8)

Tz]f] = u(xiryjr tk) - u(xi,y]-, tk*l) — 512§;Jb£7)5x2 (L{ (Xi,y]', tkfs) — u(x,-,y]-, tkfsfl))“i’SZ Z;f;g b£7>(5y2 (u (x,-,yj, tkfs) - M(Xi,y]', tkfsfl))“i’ (24)

S3§x2u (X,', Yir tk) + 545y2u (X,‘, Yis tk) —Tf(x,', Yir tk) .
From (1) we have,
uf-‘, 7M5§71 ou(x;, k) %u Xi Yt k=1,(7) k—s k—s—1 %u XYt k=11.(7) k— k—s—1 u XYt
T;fj = ( i 1 + ( (ale k)> = S1Xgbs " ox (”i,j Tt )+ < (ayzl k)> = $aX{gbs oy (“i/;‘ L ) + ( (ale k)> - (25)
u(xpyjt
S30x% (uﬁ) + <%> — S40y? (ub) = O(T + T(Ax)2> +7(Ay)?).

Since 7,j and k are finite, thus there is a positive constant Cy, for all 7, j and k, which
then have,

k
7

<G (T + T(Ax)z) +1(Ay)?). (26)
The error is defined as
of = u(xi,yj ) —uf;. 27)

From (24), we have

u(xi, v te) = u(xi, yjoter) + S1(u(xi, vy te) —2u(x, yjte) +u(xi, yj, tk))—Slb,EI)l((u(xiH, Yj to) —
2u(x;, yjoto) +u(xir, yisto) = SIZ] (B = 007 (i, iy te—s) — 20(xi, Wy te—s) — u(xion, Yy tes))
+S2 (u (i, Vi1, te) — 2u(xi, yj te) + u(xi, yi1,te) — Szb,(cz)l ((u (i, yigr,te) —2u(xi, yj te) + u(xi, yi—,t) (28)
~So=E] (B = 007) (i e ties) = 20 vy tie) + (i Y1, b))+
Sa (u(xiv1, Yjr1 te) = 2u(xi, yje b)) +u(xioy, yjr1 b))
+84 (u(xi, yjer te) —2u(xi, yje, te) +ulxi, yjo1te)) + 7 (xi v, te)-

To obtain the error equation, subtract (28) from (10) to obtain.
k— f— k— k— k—
g — ol =5 (‘sz+1,j =29+ (Pi'(—l,j> - 511’1@1 (9hir; =200+ 9l —S12 <b§1>1 - b&)) <‘P§+l,j —2¢5 1+ ‘Pf—1,j> +

ke— (7) k=1 (3,(7) ( k—s k— k—
52 (4’?,;' — 205+ 4’?,]') ~Sab 7 <(Pi0,j+1 — 29+ q)?,jfl> - 5% (bszl — b’ ) (%‘,jilZ B4 R T (29)
k— k— k— k—s
+853 (q)iﬂrl/j - 2¢i5; Ty (p{-‘,llj) +S4( 9l — 207+ 40{,151) + T},

With error boundary conditions
9, = Pot,j = 96, = Pht, =0 k=1,2,... N.
And the initial condition
¢l =0,i=12.. My —1,j=12... M, —1
Next, we define the following grid functions fork =1,2,...,N

k
@i when xi_% <x< xi+%, y];ﬂ <y Syﬁ%,
(pk(x,y): 0, when ngg%orLfT"gng,

0, whenogyg%orL—%gygL.
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And

k
T;j, when X se <XS XA Y, <y§yj+%,

Tk(x,y): 0, when ngg%orL SE<x<L,
0, whenOﬁyﬁ%orL——<y<L

Here, the ¢*(x,y) and T*(x,y) can be expanded in fourier series such as

(o]
qDk(x,y) _ Z gk(llllz)ezﬁn(llx/Lﬂzy/L)’ k=12...N.

11112:_00

Tk(X,y) _ Z Tk ll 2\/77T(11X/L+12y/L) k= 1 2 N

ll,lz_—oo
where
ll/lz L// zﬁn(zlx/uzzy/mdxdy’ (30)
lerZ L/ / ZMH(IIX/L—sz/L)dxdy. (31)

From the definition of /> norm and the Parseval equality, we have

Myl

Mx 1 0
”(Pk” _Z Z AxAy ‘61] | le,lzz—oo |pk(lll ZZ) |2' (32)

M, -1
ITHIE =22

Axdy lefj[ =T, [¥¥ (1) [ (33)
Based on the above supposing that

(ch _ gk eﬁ(miAx-‘:—@iAy)/ (34)
Tik — kv =1(oidx+oaidy) (35)

Respectively, where 07 = @, o = %, substituting (34) and (35) into (29)

gkeM(UliAx+02jA y) _ gkeﬁ(vliAx+aszy)
=S (gk V=1(c1 (i+1) Ax+02jAy) ng V=1(ciAx+02jBy) _i_gke\/jl(cfl(ifl)Aeraszy))
~5 b(’Y (gk V=1(e1 (i+1)Ax+0jAy) _ gk V=1(cyiAx+0rjBy) gke\/jl(ol(ifl)Aeraszy))

~5 Z( b(’Y )(Cke\/j(al(z+l)Ax+aszy) _ ngeﬁ(@mw@my) + gke\/jl(al(ifl)Ax+02jAy))

+52(€k V=1(eyidx+0y (j+1)Ay) _ gk V—1(c1idx+0rjBy) gke\/jl(oliAx+02(jfl)Ay)

k-1

+Szb (gk V=1(1iAx+02jAy) 72€k V=1(1iAx+02jAy) +§k€\/7 Upr—&-ayAy)) Z(bs(’i)l
s=1

_b(’Y ) (gk V=1(oyidx+0y (j+1)Ay) _ Ck V—1(c1idx+02jBy) gke\/jl(aliAx+02(j71)Ay))

+S3(gker(al(z+l)Ax+02]Ay) Zék F(UﬂAx-&-UyAy)+§kerl(Ul(i—1)Ax+02jAy))

+S4(Ck V=1(oidx+0o(j+1)Ay) _ érk V—1(c1iAx+02jBy) gke\/jl(crliAxﬂrz(jfl)Ay))

+T (Tk V=1(o1idx+02jAy) ),

Simplifying the above equation, we obtained
k=1 4 Ob + k1) _bév) k—s
Ckz ‘: C Vl 1231 :1( s—1 )6 , (36)

[1+ p1 + po)
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where

A A
11 =451 sin? % + 48, sin? w],

A A
jip =483 sin? % + 48, sin? %]

Proposition 2. Let & (k = 1,2,..., N) be the solution of (36), then there is a positive constant C,
thus that,
€] < Cok ¥,

Proof. From goO = 0 and (30), we have
¢’ =¢%(l, ) =0. (37)
From (31) and (33), then there is a positive constant Cy, such that
[ < Co[¥' (I, 1) |- (38)
Using mathematical induction, for k = 1, then from (36) and (37), we obtain

1

. — 2
1+V1+Plz( )

51
Since 1, yp > 0, from (3.38), we obtain

g < T[¥' < Gt Y.
Now suppose that

&™) < Comt[¥], m=1,2,...,k— 1L

AsO0 <y <1, p1,p2 2 0.
From (35), (37) and Lemma 2 we have

[ e iy (o i YT i ah 4L
(T4 1+ u2)

k| =

7

Co(k —D)T|¥|" + mEF L (0] | — 1) Colk —s)T[¥|" + Cor| ¥
(14 p1 + p2)
_ l(k — 1) +ur (k=D OY | - b)) +1

(IT+m +pu2)

k+u(k—1)= 167 | - b)) +1
(14 p1 + p2)

&%) =

7

Cot|¥|",

Cot[¥|!,

k+pm(k—1)+ (1 - b,i”_ﬁ)
(14 p1 + p2)

Cot[¥|!,

< kCot [Pl (39)

Proof completed via induction method. [J

Theorem 1. The modified implicit difference scheme 12 is convergent and the order of convergence
is O (T + 1(Ax)* + T(Ay)?).
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Proof. From (25) and (33), we obtain
[T < VMAx/MyAy C1 (T + T(Ax)? + T(Ay)?) = LCy (T4 T(Ax)? + T (Ay)?).
¢k |l2 < kCot||TY|| < CLCokTL (T + T(AX?) +T(AY?)), (40)
Askt < T, thus
19"l < C1CkTL (T + T (8x%) + T(8y?)),
where C = C{C,TL. I

3. Numerical Experiment

Example 1. Consider the following two-dimensional Rayleigh stokes problem for heated generalized
second grade fluid with fractional derivative [22],

ou(xy,t) 1— [ Pu(xy,t) u(xy,t u(xy,t) u(xy,t)
ot ODt %2 + o2 =+ ox2 =+ o2 +f(x/ Y, t)/

0<9y<1,0<t<T, (41)
with initial and boundary conditions,
u(x,y,0)=0,0<x,y<1, (42)

u(0,y,t) = e/t"47, u(1,y,t) = VT,

u(x,0,8)) = 17, u(x,1,t) =TT, 0<t < T. (43)

Here f(x,y,t) = ((1 + )t — 21}"((12;?) 127 — 2t1+7) e* Y and the exact solution of (41)

is given by
u(x,y,t) = eVt (44)

The error between the numerical solution and exact solution is defined as follows.

Eeo = iy ) — |- 45
Ogi,jgnl\l/ﬁ(;(gng (i yjoti) =y 4
And rate of convergence for space variable can be define as
| Ee(16T, 2Ax) ||)
Cp—order =lo ( . (46)
2\ TEw(T, 83) |

The developed modified implicit scheme is applied to problems (41) to (44).
All following Tables 1 to 4 shows the errors Ew for values of space step size (Ax, Ay)

and 7. where time step, T is defined by T = £.

Table 1. The error table for different values at 7, Ax, Ay, and +.

T Ax=Ay v=0.5 v=0.6 v=0.7 v=0.8 v=0.9
14 1/2 0.013169 0.016017 0.018890 0.021807 0.024819
1/8 1/8 0.001404 0.001638 0.008559 0.010150 0.001857
1/16 1/4 0.004573 0.005267 0.005934 0.006606 0.007312
1/64 1/8 0.001330 0.001484 0.001634 0.001789 0.001958
1/128 1/10 0.000770 0.000842 0.000914 0.000989 0.001073

1/144 1/12 0.000624 0.000688 0.000752 0.000819 0.000894
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Table 2. The error table for different values at 7, Ax, Ay, and +.

T=Ax=Ay v=0.35 v=0.65 v=0.85
1/2 0.007989 0.024671 0.038181
1/4 0.004538 0.014258 0.021050
1/6 0.003387 0.009935 0.014272
1/8 0.002814 0.007770 0.010965

1/10 0.002428 0.006397 0.008915

Table 3. The error table for different values at 7, Ax, Ay and at fixed value of y = 0.25.

N Ax=Ay=1/5 Ax=Ay=1/10 Ax=Ay=1/15 Ax=Ay=1/20
20 0.0019274 0.0009539 0.0007670 0.0007014
40 0.0017467 0.0016060 0.0005798 0.0004302
60 0.0016504 0.0006685 0.0005453 0.0003295

Table 4. The error E, and convergence order for space variable for Equation (41) for different values
at T, Ax, Ay and at fixed value of y = 0.5.

Ew Co—Order CPU-Time (s)
Ax=Ay=1=1} 0.0092878 - 0.04
Ax=Ay=1}%,1=4 0.0017302 2425 499.68
Ax=Ay=1=1} 0.0053546 - 2.03
Ax=Ay=1,7= 35 0.0009824 2.446 1095.67

The above tables indicate that, as we reduce the time and space step size T and (Ax, Ay),
the error decrease for a fixed value of y. This shows that the method converges to the exact
solution.

4. Results and Discussion

A modified implicit scheme was developed and applied on RSP-HGSGEF of fractional-
order. A numerical example was given to support the theoretical study of stability and
convergence analysis. The error between the exact and numerical solution was calculated
using different values of N and M. In addition, for different values of -y, Tables 1 to 3 shows
the comparison of the numerical scheme with the exact solution in terms of maximum error.
The error was calculated using Maple 15 software reduced as increase the number of space
and time steps for different values of fractional-order <. Table 4 represents the order of
convergence for space variable performed in excellent agreement with theoretical analysis.
Figures 1-3 are plotted for different values of M, N and fractional-order <, such that
Figure lisat M =4, N =2, v =0.25 Figure2isat M = N =6, 7 = 0.35, and Figure 3
at M = N =8, 7 = 0.85shows good agreement with the exact solution.

u(x. vty 3

T T T T T T T T
03 0.4 0.5 0.6 0.7

|:. exact sol — app sol|
Figure 1. Comparing the Equations (41) and (44) at M =4, N =2,and y = 0.25.
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ufx.%:t)

T T T T T T T T T T T T T
02 03 04 03 06 0.7 08

X
Ij exact so] == approximate sol |

Figure 2. Comparing the Equations (41) and (44) at M = 6, N =6, and v = 0.35.

)

T T T T T T T T T T
02 03 04 03 0.6 0.7 0.8

X
,j cxact sol === approximate sol |

Figure 3. Comparing the Equations (41) and (44) at M =8, N =8, and y = 0.85.

5. Conclusions

A modified implicit difference scheme is formulated for 2D RSP-HGSGF with deriva-
tive of fractional-order has been described in this research. The modified scheme based on
Riemann-Liouville fractional integral operator, has been used because of the improvement
of low computational cost and can easily be applied. The Fourier technique has been used
for the theoretical analysis of stability and convergence with order (T + (Ax)?+ (Ay)?)
is unconditionally stable and convergent. The numerical experiment is conducted, which
shows that the modified implicit scheme is easy to implement, and the results show good
performance of the proposed schemes. The results in Table 4 also support the effectiveness
of the examined theoretical analysis. In the future we will extend this technique to the
space fractional-order differential equations.
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Nomenclature

RSP-HGSGF  Rayleigh—-Stokes problem for heated generalized second-grade fluid

2D Two-dimensional
FEM Finite element method
RBF-FD Radial basis function finite difference
INF Implicit numerical approximation scheme
References
1. Miller, K.S;; Ross, B. An Introduction to the Fractional Calculus and Fractional Differential Equations; John Wiley: New York, NY, USA, 1993.
2. Oldham, K.B.; Spanier, J. Fractional Calculus; Academic Press: New York, NY, USA; London, UK, 1974.
3. Podlubny, I. Fractional Differential Equations; Academic Press: New York, NY, USA, 1999.
4 Samko, S.G.; Kilbas, A.A.; Marichev, O.1. Fractional Integrals and Derivatives, Theory and Applications; Gordon and Breach Science:
Philadelphia, PA, USA, 1993.
5. Ma, L, Liu, D. An implicit difference approximation for fractional cable equation in high-dimensional case. J. Ligoning Tech. Univ.
2014, 4, 24.
6. Liu,J.; Li, H; Liu, Y. A new fully discrete finite difference/element approximation for fractional cable equation. J. Appl. Math.
Comput. 2016, 52, 345-361. [CrossRef]
7. Zhuang, P; Liu, F; Turner, L.; Anh, V. Galerkin finite element method and error analysis for the fractional cable equation. Numer.
Algor. 2016, 72, 447-466. [CrossRef]
8. Sweilam, N.H.; Assiri, T.A. non-standard Crank-Nicholson method for solving the variable order fractional cable equation, Appl.
Math. Inf. Sci. 2015, 9, 943-951.
9. Cavlak, E,; Bayram, M. An approximate solution of fractional cable equation by homotopy analysis method. Boun. Valu. Prob.
2014, 58, 10.
10. Hu, Z,; Zhang, L. Implicit compact difference schemes the fractional cable equation. Appl. Math Model. 2012, 36, 4027-4043. [CrossRef]
11. Liu, F; Yang, Q.; Turner, I. Two new implicit numerical methods for the fractional cable equation. J. Comput. Nonlinear Dyn. 2014,
6,7. [CrossRef]
12. Yu, B; Jiang, X; Qi, H. An inverse problem to estimate an unknown order of a Riemann-Liouville fractional derivative for a
fractional Stocks’ first problem for a heated generalized second grade fluid. Acta Mech. Sin. 2015, 31, 153-161. [CrossRef]
13.  Chen, C.M,; Liu, E; Anh, V,; Turner, I. Numerical methods for solving a two-dimensional variable-order anomalous subdiffusion
equation. Math. Comput. 2011, 277, 345-366. [CrossRef]
14. Zhuang, P; Liu, F; Anh, V,; Turne, I. New solution and analytical tech- niques of the implicit numerical methods for the anomalous
sub-diffusion equation. SIAM J. Numer. Anal. 2008, 46, 10791095. [CrossRef]
15.  Yang, Q. Novel Analytical and Numerical Methods for Solving Fractional Dynamical Systems. Ph.D. Thesis, Queensland
University of Technology, Brisbane, Australia, 2010.
16. Cui, M. Compact Alternating direction implicit method for two-dimensional time fractional diffusion equation. J. Comput. Phys.
2012, 231, 2621-2633. [CrossRef]
17.  Zhai, S.; Feng, X.; He, Y. An unconditionally stable compact ADI method for 3D time-fractional convection-diffusion equation.
J. Comp. Phys. 2014, 269, 138-155. [CrossRef]
18. Chen, C.M.; Liu, F; Burrage, K.; Chen, Y. Numerical method of the variable-order Rayleigh-Stocks” problem for a heated
generalized second grade fluid with fractional derivative. IMA J. Appl. Math. 2005, 78, 1-21.
19. Chunhong, W. Numerical solution for Stocks’ first problem for a heated generalized second grade fluid with fractional derivative.
Appl. Num. Math. 2009, 59, 2571-2583.
20. Chen, C.M,; Liu, E; Turner, I.; Anh, V. Numerical schemes and multivariate extrapolation of a two-dimensional anomalous
sub-diffusion equation. Numer. Algor. 2010, 54, 1-21. [CrossRef]
21. Chen, CM,; Liu, E; Turner, I.; Anh, V. Numerical methods with fourth-order spatial accuracy for variable-order nonlinear Stocks’
first problem for a heated generalized second grade fluid. Comput. Math. Appl. 2011, 62, 971-986. [CrossRef]
22. Mohebbi, A.; Abbaszadeh, M.; Dehghan, M. Compact finite difference scheme and RBF meshless approach for solving 2D
Rayleigh-Stocks prob- lem for a heated generalized second grade fluid with fractional derivatives. Comput. Mathods Appl. Mech.
Eng. 2013, 624, 163-177. [CrossRef]
23. Lin, Y,; Jiang, W. Numerical method for Stockes’ first problem for a heated generalized second grade fluid with fractional

derivatives. Numer. Methods Partial. Differ. Equ. 2011, 27, 1599-1609. [CrossRef]


http://doi.org/10.1007/s12190-015-0944-0
http://doi.org/10.1007/s11075-015-0055-x
http://doi.org/10.1016/j.apm.2011.11.027
http://doi.org/10.1115/1.4002269
http://doi.org/10.1007/s10409-015-0408-7
http://doi.org/10.1090/S0025-5718-2011-02447-6
http://doi.org/10.1137/060673114
http://doi.org/10.1016/j.jcp.2011.12.010
http://doi.org/10.1016/j.jcp.2014.03.020
http://doi.org/10.1007/s11075-009-9320-1
http://doi.org/10.1016/j.camwa.2011.03.065
http://doi.org/10.1016/j.cma.2013.05.012
http://doi.org/10.1002/num.20598

Fractal Fract. 2021, 5, 283 14 of 14

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Sun, H.; Zhang, Y.; Baleanu, D.; Chen, W.; Chen, Y. A new collection of real world applications of fractional calculus in science
and engineering. Commun. Nonlinear Sci. Numer. Simul. 2018, 64, 213-231. [CrossRef]

Nikan, O.; Avazzadeh, Z.; Machado, J.T. Numerical study of the nonlinear anomalous reaction-subdiffusion process arising in
the electroanalytical chemistry. J. Comput. Sci. 2021, 53, 101394. [CrossRef]

Nikan, O.; Avazzadeh, Z.; Machado, ].T. A local stabilized approach for approximating the modified time-fractional diffusion
problem arising in heat and mass transfer. . Adv. Res. 2021, 32, 45-60. [CrossRef]

Nikan, O.; Avazzadeh, Z. An improved localized radial basis-pseudospectral method for solving fractional reaction—subdiffusion
problem. Results Phys. 2021, 23, 104048. [CrossRef]

Nikan, O.; Avazzadeh, Z.; Machado, ].T. Numerical investigation of fractional nonlinear sine-Gordon and Klein-Gordon models
arising in relativistic quantum mechanics. Eng. Anal. Bound. Elem. 2020, 120, 223-237. [CrossRef]

Khater, M.; Ali, U.; Khan, M.A.; Mousa, A.A.; Attia, R.A.M. A New Numerical Approach for Solving 1D Fractional Diffusion-Wave
Equation. J. Funct. Spaces 2021, 2021, 6638597. [CrossRef]

Salama, FM.; Hamid, N.N.A.; Ali, N.H.M.; Ali, U. An efficient modified hybrid explicit group iterative method for the time-
fractional diffusion equation in two space dimensions. AIMS Math. 2022, 7, 2370-2392. [CrossRef]

Ali, A.; Ali, N.H.M. On skewed grid point iterative method for solving 2D hyperbolic telegraph fractional differential equation.
Adv. Differ. Equ. 2019, 2019, 1-29. [CrossRef]

Patnaik, S.; Semperlotti, F. A generalized fractional-order elastodynamic theory for non-local attenuating media. Proc. R. Soc. A
2020, 476, 20200200. [CrossRef] [PubMed]

Patnaik, S.; Jokar, M.; Semperlotti, E. Variable-order approach to nonlocal elasticity: Theoretical formulation, order identification
via deep learning, and applications. Comput. Mech. 2021. Available online: https:/ /link.springer.com/article/10.1007 /s00466-021
-02093-3 (accessed on 28 October 2021). [CrossRef]

Sumelka, W. Fractional viscoplasticity. Mech. Res. Commun. 2014, 56, 31-36. [CrossRef]


http://doi.org/10.1016/j.cnsns.2018.04.019
http://doi.org/10.1016/j.jocs.2021.101394
http://doi.org/10.1016/j.jare.2021.03.002
http://doi.org/10.1016/j.rinp.2021.104048
http://doi.org/10.1016/j.enganabound.2020.08.017
http://doi.org/10.1155/2021/6638597
http://doi.org/10.3934/math.2022134
http://doi.org/10.1186/s13662-019-2238-6
http://doi.org/10.1098/rspa.2020.0200
http://www.ncbi.nlm.nih.gov/pubmed/32831597
https://link.springer.com/article/10.1007/s00466-021-02093-3
https://link.springer.com/article/10.1007/s00466-021-02093-3
http://doi.org/10.1007/s00466-021-02093-3
http://doi.org/10.1016/j.mechrescom.2013.11.005

	Introduction 
	Methodology of the Proposed Scheme 
	Stability 
	Convergence 

	Numerical Experiment 
	Results and Discussion 
	Conclusions 
	References

