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Abstract: Convexity is crucial in obtaining many forms of inequalities. As a result, there is a signifi-
cant link between convexity and integral inequality. Due to the significance of these concepts, the pur-
pose of this study is to introduce a new class of generalized convex interval-valued functions called
LR-preinvex interval-valued functions (LR-preinvex I-V-Fs) and to establish Hermite–Hadamard type
inequalities for LR-preinvex I-V-Fs using partial order relation (≤p). Furthermore, we demonstrate
that our results include a large class of new and known inequalities for LR-preinvex interval-valued
functions and their variant forms as special instances. Further, we give useful examples that demon-
strate usefulness of the theory produced in this study. These findings and diverse approaches may
pave the way for future research in fuzzy optimization, modeling, and interval-valued functions.

Keywords: LR-preinvex interval-valued function; fractional integral operator; Hermite-Hadamard
type inequality; Hermite-Hadamard Fejér type inequality

1. Introduction

Fractional calculus traces back to the seventeenth century, when G.W. Leibniz and the
Marquis de l’Hospital first discussed semi-derivatives. This question prompted several
eminent mathematicians to study modern ideas on the subject. The theory of fractional
calculus evolved greatly in the late nineteenth century, and currently encompasses mathe-
matics, physics, viscoelasticity, rheology, chemistry, statistical physics, and electrical and
mechanical engineering.

The number of papers on the use of integral inequalities in mathematical analy-
sis has increased exponentially. Integral operators such as Riemann–Liouville, Caputo,
Katugampola, and Caputo–Fabrizio have been constructed in recent years utilizing a vari-
ety of fractional-order operator definitions. Several variants of well-known inequalities
of Hermite–Hadamard, Hardy, Opial, Ostrowski, and Grüss have been found using these
integrals (see [1–10]).

On the other hand, Costa [11] recently discovered Jensen’s type inequality for interval-
valued functions (I-V-Fs) and fuzzy-interval-valued functions (F-I-V-Fs). Costa and Roman-
Flores [12,13] discussed the attributes of several forms of inequalities for F-I-V-F and I-V-F.
Gronwall type inequality was developed for I-V-Fs by Roman-Flores et al. [14]. Further-
more, Chalco-Cano et al. [15,16] used the generalized Hukuhara derivative to present
Ostrowski-type inequalities for I-V-Fs and gave applications in numerical integration of
I-V-F. New versions of Jensen’s inequality for strongly convex and convex functions were
provided by Nikodem et al. [17] and Matkowski and Nikodem [18]. Zhao et al. [19,20] used
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I-V-Fs to derive Chebyshev, Jensen’s, and H·H type inequalities. Zhang et al. [21] recently
used a pseudo-order relation to expand Jensen’s inequalities and establish a novel version
of Jensen’s inequalities for set-valued and fuzzy-set-valued functions. Budak [22] then
used an inclusion relation to establish interval-valued fractional Riemann–Liouville H·H
inequality for convex I-V-F. See [23–26] and the references therein for more information.

Khan et al. [27] recently used fuzzy order relation to establish a new class of convex
F-I-V-Fs known as (h1, h2)-convex F-I-V-Fs, as well as a novel version of the H·H type
inequality for (h1, h2)-convex F-I-V-Fs that incorporates the FI Riemann integral. Khan et al.
went a step further by providing new convex and extended convex F-I-V-F classes, as well
as new fractional H·H type and H·H type inequalities for (h1, h2)-preinvex F-I-V-F [28]
log-s-convex F-I-V-Fs in the second sense [29], and harmonically convex F-I-V-Fs [30] and
the references therein. We refer to the readers for further analysis of literature on the
applications and properties of FI, and inequalities and generalized convex fuzzy mappings,
see [31–54] and the references therein.

Motivated and inspired by ongoing research work, we have introduced the new
generalization of convex functions is known as LR-preinvex I-V-Fs using partial order
relation. With the support of this class, we have derived the new versions of Hermite–
Hadamard inequalities using Riemann–Liouville fractional operators. Moreover, we have
discussed the exceptional cases as applications of this study.

2. Preliminaries

Let RI be the collection of all closed and bounded intervals of R that is
RI = {[Z∗, Z∗] : Z∗, Z∗ ∈ R and Z∗ ≤ Z∗}. If Z∗ ≥ 0, then [Z∗, Z∗] is called
positive interval. The set of all positive interval is denoted by R+

I and defined as
R+

I = {[Z∗, Z∗]| [Z∗, Z∗] ∈ RIand Z∗ ≥ 0}.
We now discuss some properties of intervals under the arithmetic operations addition,

multiplication, and scalar multiplication. if [W∗, W∗], [Z∗, Z∗] ∈ RI and ρ ∈ R, then
arithmetic operations are defined by

[W∗, W∗] + [Z∗, Z∗] = [W∗ + Z∗, W∗ + Z∗],

[W∗, W∗]× [Z∗, Z∗] = [min{W∗Z∗, W∗Z∗, W∗Z∗, W∗Z∗}, max{W∗Z∗, W∗Z∗, W∗Z∗, W∗Z∗}],

ρ.[W∗, W∗]=
{

[ρW∗, ρW∗] if ρ ≥ 0,
[ρW∗, ρW∗] if ρ < 0.

For [W∗, W∗], [Z∗, Z∗] ∈ RI , the inclusion “ ⊆ ” is defined by

[W∗, W∗] ⊆ [Z∗, Z∗], if and only if, Z∗ ≤W∗, W∗ ≤ Z∗.

Remark 1. [21] (i) The relation “ ≤p” defined on RI by

[W∗, W∗] ≤p [Z∗, Z∗] if and only if, W∗ ≤ Z∗, W∗ ≤ Z∗,

for all [W∗, W∗], [Z∗, Z∗] ∈ RI is a pseudo-order relation. The relation [W∗, W∗] ≤p [Z∗, Z∗]
coincident to [W∗, W∗] ≤ [Z∗, Z∗] on RI , where “ ≤” is paritail order relation on RI .

(ii) It can be easily seen that “ ≤p ” looks like “left and right” on the real line R, so we call
“ ≤p ” is “left and right” (or “LR” order, in short).

The concept of Riemann integral for I-V-F first introduced by Moore [42] is defined
as follow:

Theorem 1. [42] If Q : [t, s] ⊂ R→ RI is an I-V-F on such that Q(ω) = [Q∗(ω), Q∗(ω)].
Then Q is interval Riemann integrable over [t, s] if and only if, Q∗ and Q∗ both are Riemann
integrable over [t, s] such that

(IR)
∫ s

t
Q(ω)dω = [(R)

∫ s

t
Q∗(ω)dω, (R)

∫ s

t
Q∗(ω)dω],
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where the notions (IR)
∫

and (R)
∫

represent the interval Riemann and classical Riemann
integrals operators when integrant are interval-valued functions and single valued functions,
respectively. The collection of all Riemann integrable real valued functions and Riemann integrable
I-V-F is denoted byR[t, s]andIR[t, s], respectively.

Buduk et al. and Lupulescu [22,41] introduced the following interval Riemann–
Liouville fractional integral operators:

Let α > 0 and L
(
[t, s],R+

I
)

be the collection of all Lebesgue measurable I-V-Fs on [t, s].
Then the interval left and right Riemann–Liouville fractional integral of Q ∈ L

(
[t, s],R+

I
)

with order α > 0 are defined by

Iα
t+ Q(ω) =

1
Γ(α)

∫ ω

t
(ω− σ)α−1Q(σ)dσ, (ω > t), (1)

and
Iα

s− Q(ω) =
1

Γ(α)

∫ s

ω
(σ−ω)α−1Q(σ)dσ, (ω < s) (2)

respectively, where Γ(ω) =
∫ ∞

0 σω−1e−σdσ is the Euler varGamma function.

Definition 1. [21] The I-V-F Q : K → R+
I is said to be LR-convex-I-V-F on convex set K if for

all ω, Z ∈ K and σ ∈ [0, 1] we have

Q(σω + (1− σ)Z ) ≤p σQ(ω) + (1− σ)Q(Z), (3)

If inequality (5) is reversed, then Q is said to be LR-concave on K. Q is affine if and
only if, it is both LR-convex and LR-concave.

Motivated and inspired by existing research, we introduce a novel extension of convex
functions called as LR-preinvex I-V-Fs utilizing partial order relation. Then, with the
assistance of this class, we develop new Hermite–Hadamard inequalities utilizing Riemann–
Liouville fractional operators. Moreover, we highlight the exceptional cases that arise as a
result of our research.

Definition 2. The I-V-F Q : K → R+
I is said to be LR-preinvex-I-V-F on invex set K if for all

ω, Z ∈ K and σ ∈ [0, 1] we have

Q(ω + (1− σ)ϕ(Z , ω) ) ≤p σQ(ω) + (1− σ)Q(Z), (4)

where ϕ : K× K → R . If inequality (4) is reversed, then Q is said to be LR-preincave on K. Q is
affine if and only if it is both LR-preinvex and LR-preincave.

Theorem 2. LetK be an invex set and Q : K → R+
I be a I-V-F such that

Q(ω) = [Q∗(ω), Q∗(ω)], ∀ ω ∈ K. (5)

for all ω ∈ K. Then Q is LR-preinvex-I-V-F on K, if and only if, Q∗(ω) and Q∗(ω) both are
preinvex functions.

Proof. Assume that Q∗, Q∗ are preinvex functions. Then, for all ω,Z ∈ K, σ ∈ [0, 1],
we have

Q∗(ω + (1− σ)ϕ(Z , ω)) ≤ σQ∗(ω) + (1− σ)Q∗(Z),

and
Q∗(ω + (1− σ)ϕ(Z , ω)) ≤ σQ∗(ω) + (1− σ)Q∗(Z).
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From Definition 2 and order relation ≤p, we have

[Q∗(ω + (1− σ)ϕ(Z , ω)), Q∗(ω + (1− σ)ϕ(Z , ω))]

≤p [σQ∗(ω), σQ∗(ω)] + [(1− σ)Q∗(Z), (1− σ)Q∗(Z)],

that is

Q(ω + (1− σ)ϕ(Z , ω)) ≤p σQ(ω) + (1− σ)Q(Z),∀ ω,Z ∈ K, σ ∈ [0, 1].

Hence, Q is LR-preinvex-I-V-F.
Conversely, let Q be a LR-preinvex-I-V-F. Then, for all ω,Z ∈ K and σ ∈ [0, 1],

we have
Q(ω + (1− σ)ϕ(Z , ω)) ≤p σQ(ω) + (1− σ)Q(Z),

that is

[Q∗(ω + (1− σ)ϕ(Z , ω)), Q∗(ω + (1− σ)ϕ(Z , ω))] ≤p [σQ∗(ω), σQ∗(ω)] + [(1− σ)Q∗(Z), (1− σ)Q∗(Z)].

It follows that

Q∗(ω + (1− σ)ϕ(Z , ω)) ≤ σQ∗(ω) + (1− σ)Q∗(Z),

and
Q∗(ω + (1− σ)ϕ(Z , ω)) ≤ σQ∗(ω) + (1− σ)Q∗(Z).

Hence, the result follows. �

3. Interval Fractional Hermite–Hadamard Inequalities

In this section, we will prove two types of inequalities. First one is Hermite–Hadamard
and their variant forms, and the second one is Hermite–Hadamard Fejér inequalities for
LR-preinvex I-V-Fs where the integrands are I-V-Fs. The family of Lebesgue measurable
I-V-Fs is denoted by L

(
[t, t + ϕ(s, t)],R+

I
)

in the following.
We need the following assumption regarding the function ϕ : [s, t]× [s, t]→ R,

which plays an important role in upcoming main results.

Condition C. [44]
ϕ(Z , ω + σϕ(Z , ω)) = (1− σ)ϕ(Z , ω),

ϕ(ω, ω + σϕ(Z , ω)) = −σϕ(Z , ω).

Note that ∀ ω, Z ∈ [s, t] and ς ∈ [0, 1], then from Condition C we have

ϕ(ω + σ2 ϕ(Z , ω), ω + σ1 ϕ(Z , ω)) = (σ2 − σ1)ϕ(Z , ω).

Clearly for σ = 0, we have ξ(Z , ω) = 0 if and only if Z = ω, for all ω, Z ∈ [s, t]. For the
application of Condition C, see [28,34].

Theorem 3. Let Q : [s, s + ϕ(t, s)]→ R+
I be a LR-preinvex I-V-F on[s, s + ϕ(t, s)] and given

by Q(ω) = [Q∗(ω), Q∗(ω)] for all ω ∈ [s, s + ϕ(t, s)] . If ϕ satisfies Condition C and
Q ∈ L

(
[s, s + ϕ(t, s)],R+

I
)
, then

Q
(

2s+ϕ(t,s)
2

)
≤p

Γ(α+1)
2(ϕ(t,s))α [Iα

s+ Q(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q(s)]

≤p
Q(s)+Q(s+ϕ(t,s))

2 ≤p
Q(s)+Q(t)

2 .
(6)
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If Q(ω) is LR- preincave I-V-F then

Q
(

2s+ϕ(t,s)
2

)
≥p

Γ(α+1)
2(ϕ(t,s))α [Iα

s+ Q(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q(s)]

≥p
Q(s)+Q(s+ϕ(t,s))

2 ≥p
Q(s)+Q(t)

2 .
(7)

Proof. Let Q : [s, s + ϕ(t, s)]→ R+
I be a LR-preinvex I-V-F. Then, by hypothesis, we have

2Q
(

2s + ϕ(t, s)
2

)
≤p Q(s + (1− σ)ϕ(t, s)) +Q(s + σϕ(t, s)).

Therefore, we have

2Q∗
(

2s+ϕ(t,s)
2

)
≤ Q∗(s + (1− σ)ϕ(t, s)) +Q∗(s + σϕ(t, s)),

2Q∗
(

2s+ϕ(t,s)
2

)
≤ Q∗(s + (1− σ)ϕ(t, s)) +Q∗(s + σϕ(t, s)).

Multiplying both sides by σα−1 and integrating the obtained result with respect to σ
over (0, 1), we have

2
∫ 1

0 σα−1Q∗
(

2s+ϕ(t,s)
2

)
dσ

≤
∫ 1

0 σα−1Q∗(s + (1− σ)ϕ(t, s))dσ +
∫ 1

0 σα−1Q∗(s + σϕ(t, s))dσ,

2
∫ 1

0 σα−1Q∗
(

2s+ϕ(t,s)
2

)
dσ

≤
∫ 1

0 σα−1Q∗(s + (1− σ)ϕ(t, s))dσ +
∫ 1

0 σα−1Q∗(s + σϕ(t, s))dσ.

Let ω = s + (1− σ)ϕ(t, s) and Z = s + σϕ(t, s). Then we have

2
αQ∗

(
2s+ϕ(t,s)

2

)
≤ 1

(ϕ(t,s))α

∫ s+ϕ(t,s)
s (s + ϕ(t, s)−Z)α−1Q∗(Z)dZ

+ 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(ω)dω

2
αQ∗

(
2s+ϕ(t,s)

2

)
≤ 1

(ϕ(t,s))α

∫ s+ϕ(t,s)
s (s + ϕ(t, s)−Z)α−1Q∗(Z)dZ

+ 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(ω)dω,

≤ Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)
]

≤ Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)
]
,

That is

2
α

[
Q∗
(

2s+ϕ(t,s)
2

)
, Q∗

(
2s+ϕ(t,s)

2

)]
≤p

Γ(α)
(ϕ(t,s))α

 Iα
s+ Q∗(s + ϕ(t, s))

+Iα
s+ϕ(t,s)−

Q∗(s)

,

[
Iα

s+ Q∗(s + ϕ(t, s))

+Iα
t− Q∗(s + ϕ(t, s))

].

Thus,

2
α
Q

(
2s + ϕ(t, s)

2

)
≤p

Γ(α)

(ϕ(t, s))α

[
Iα

s+ Q(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q(s)
]
. (8)

In a similar way as above, we have

Γ(α)

(ϕ(t, s))α

[
Iα

s+ Q(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q(s)
]
≤p

Q(s) +Q(s + ϕ(t, s))
2

≤p
Q(s) +Q(t)

2
. (9)
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Combining (8) and (9), we have

Q
(

2s+ϕ(t,s)
2

)
≤p

Γ(α+1)
2(ϕ(t,s))α

[
Iα

s+ Q(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q(s)
]

≤p
Q(s)+Q(s+ϕ(t,s))

2 ≤p
Q(s)+Q(t)

2 .

Hence, the required result. �

Remark 2. From Theorem 3 we clearly see that
If ϕ(ω,Z) = ω−Z , then from Theorem 3, we obtain the following new result in fractional

calculus, see [43].

Q

(
s + t

2

)
≤p

Γ(α + 1)
2(t− s)α

[
Iα

s+ Q(t) + Iα
t− Q(s)

]
≤p

Q(s) +Q(t)
2

.

Let α = 1. Then Theorem 3 reduces to the result for LR-preinvex I-V-F given in [44]:

Q

(
2s + ϕ(t, s)

2

)
≤p

1
ϕ(t, s)

∫ s+ϕ(t,s)

s
Q(ω)dω ≤p

Q(s) +Q(t)
2

Let α = 1 and ϕ(ω,Z) = ω −Z . Then Theorem 3 reduces to the result for convex I-V-F
given in [44]:

Q

(
s + t

2

)
≤p

1
t− s

∫ t

s
Q(ω)dω ≤p

Q(s) +Q(t)
2

Letα = 1 and Q∗(ω) = Q∗(ω) with ϕ(ω,Z) = ω −Z . Then from Theorem 3 we obtain
classical Hermite–Hadamard Fejértype inequality.

Example 1. Let α = 1
2 , ω ∈ [2, 2 + ϕ(3, 2)], and the I-V-F Q : [s, s + ϕ(t, s)] = [2, 2 + ϕ(3, 2)]

→ R+
I , such that Q(ω) = [1, 2]

(
2−ω

1
2

)
. Since left and right end point functions

Q∗(ω) = 2 − ω
1
2 , Q∗(ω) = 2

(
2−ω

1
2

)
, are LR-preinvex functions with respect to

ϕ(t, s) = t− s, then Q(ω) is LR-preinvex I-V-F. We clearly see that Q ∈ L
(
[s, s + ϕ(t, s)],R+

I
)

and

Q∗
(

2s+ϕ(t,s)
2

)
= Q∗

( 5
2
)
= 4−

√
10

2

Q∗
(

2s+ϕ(t,s)
2

)
= Q∗

( 5
2
)
= 4−

√
10,

Q∗(s)+Q∗(s+ϕ(t,s))
2 = 4−

√
2−
√

3
2

Q∗(s)+Q∗(s+ϕ(t,s))
2 = 4−

√
2−
√

3.

Note that
Γ(α+1)

2(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)
]

=
Γ( 3

2 )
2

1√
π

∫ 2+ϕ(3,2)
2 (3−ω)

−1
2 ·
(

2−ω
1
2

)
dω

+
Γ( 3

2 )
2

1√
π

∫ 2+ϕ(3,2)
2 (ω− 2)

−1
2 ·
(

2−ω
1
2

)
dω

= 1
4

[
7393

10,000 + 9501
10,000

]
= 8447

20,000 .
Γ(α+1)

2(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)
]

=
Γ( 3

2 )
2

1√
π

∫ 2+ϕ(3,2)
2 (3−ω)

−1
2 · 2

(
2−ω

1
2

)
dω

+
Γ( 3

2 )
2

1√
π

∫ 2+ϕ(3,2)
2 (ω− 2)

−1
2 · 2

(
2−ω

1
2

)
dω

= 1
2

[
7393

10,000 + 9501
10,000

]
= 8447

10,000 .
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Therefore,[
4−
√

10
2

, 4−
√

10

]
≤p

[
8447

20, 000
,

8447
10, 000

]
≤p

[
4−
√

2−
√

3
2

, 4−
√

2−
√

3

]
,

and Theorem 3 is verified.

It is well known fact that Hermite–Hadamard Fejér type inequality is a generalization
of Hermite–Hadamard type inequality. In Theorem 4 and Theorem 5, we obtain second
and first fractional Hermite–Hadamard Fejér type inequalities for introduced LR-preinvex
I-V-F, respectively.

Theorem 4. Let Q : [s, s + ϕ(t, s)]→ R+
I be a LR-preinvex I-V-F with s < s + ϕ(t, s), and

given by Q(ω) = [Q∗(ω), Q∗(ω)] for all ω ∈ [s, s + ϕ(t, s)]. Let Q ∈ L
(
[s, s + ϕ(t, s)],R+

I
)

and D : [s, s + ϕ(t, s)]→ R, D(ω) ≥ 0, symmetric with respect to 2s+ϕ(t,s)
2 . If ϕ satisfies Con-

dition C and then[
Iα

s+ QD(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

QD(s)
]
≤p

Q(s)+Q(s+ϕ(t,s))
2

[
Iα

s+ D(s + ϕ(t, s))
+Iα

s+ϕ(t,s)−
D(s)

]
≤p

Q(s)+Q(t)
2[

Iα
s+ D(s+ϕ(t, s)) + Iα

s+ϕ(t,s)−
D(s)

] (10)

If Q is preincave I-V-F, then inequality (10) is reversed.

Proof. Let Q be a LR-preinvex I-V-F and σα−1D(s + (1− σ)ϕ(t, s)) ≥ 0. Then, we have

σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + (1− σ)ϕ(t, s))

≤ σα−1(σQ∗(s) + (1− σ)Q∗(s + ϕ(t, s)))D(s + (1− σ)ϕ(s + ϕ(t, s), s))

σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + (1− σ)ϕ(t, s))

≤ σα−1(σQ∗(s) + (1− σ)Q∗(s + ϕ(t, s)))D(s + (1− σ)ϕ(s + ϕ(t, s), s)).

(11)

Plus,

σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))

≤ σα−1((1− σ)Q∗(s) + σQ∗(s + ϕ(t, s)))D(s + σϕ(t, s))

σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))

≤ σα−1((1− σ)Q∗(s) + σQ∗(s + ϕ(t, s)))D(s + σϕ(t, s)).

(12)

After adding (11) and (12), and integrating over [0, 1], we obtain∫ 1
0 σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + (1− σ)ϕ(t, s))dσ

+
∫ 1

0 σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))dσ

≤
∫ 1

0

[
σα−1Q∗(s){σD(s + (1− σ)ϕ(t, s)) + (1− σ)D(s + σϕ(t, s))}

+σα−1Q∗(s + ϕ(t, s)){(1− σ)D(s + (1− σ)ϕ(t, s)) + σD(s + σϕ(t, s))}

]
dσ,∫ 1

0 σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))dσ

+
∫ 1

0 σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + (1− σ)ϕ(t, s))dσ

≤
∫ 1

0

[
σα−1Q∗(s){σD(s + (1− σ)ϕ(t, s)) + (1− σ)D(s + σϕ(t, s))}

+σα−1Q∗(s + ϕ(t, s)){(1− σ)D(s + (1− σ)ϕ(t, s)) + σD(s + σϕ(t, s))}

]
dσ,

= Q∗(s)
∫ 1

0
σα−1D(s + (1− σ)ϕ(t, s)) dσ +Q∗(s + ϕ(t, s))

∫ 1
0

σα−1D(s + σϕ(t, s)) dσ,

= Q∗(s)
∫ 1

0
σα−1D(s + (1− σ)ϕ(t, s)) dσ +Q∗(s + ϕ(t, s))

∫ 1
0

σα−1D(s + σϕ(t, s)) dσ.
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Since D is symmetric, then

= [Q∗(s) +Q∗(s + ϕ(t, s))]
∫ 1

0
σα−1D(s + σϕ(t, s)) dσ

= [Q∗(s) +Q∗(s + ϕ(t, s))]
∫ 1

0
σα−1D(s + σϕ(t, s)) dσ.

= Q∗(s)+Q∗(s+ϕ(t,s))
2

Γ(α)
(ϕ(t,s))α

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
,

= Q∗(s)+Q∗(s+ϕ(t,s))
2

Γ(α)
(ϕ(t,s))α

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
.

(13)

Since∫ 1
0 σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + σϕ(t, s))dσ

+
∫ 1

0 σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))dσ

= 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(2s + ϕ(t, s)−ω)D(ω)dω

+ 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(ω)D(ω)dω

= 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(ω)D(2s + ϕ(t, s)−ω)dω

+ 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(ω)D(ω)dω

= Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗D(t) + Iα
t− Q∗D(s)

]
,∫ 1

0 σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + σϕ(t, s))dσ

+
∫ 1

0 σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))dσ

= Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s)
]
.

(14)

Then from (13), we have

Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s)
]

≤ Q∗(s)+Q∗(s+ϕ(t,s))
2

Γ(α)
(ϕ(t,s))α

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]

≤ Q∗(s)+Q∗(s+ϕ(t,s))
2

Γ(α)
(ϕ(t,s))α

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
,

Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s)
]

≤ Q∗(s)+Q∗(s+ϕ(t,s))
2

Γ(α)
(ϕ(t,s))α

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]

≤ Q∗(s)+Q∗(s+ϕ(t))
2

Γ(α)
(ϕ(t,s))α

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
,

that is
Γ(α)

(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s), Iα
s+ Q∗D(s + ϕ(t, s)) + Iα

s+ϕ(t,s)−
Q∗D(s)

]
≤p

Γ(α)
(ϕ(t,s))α

[
Q∗(s)+Q∗(s+ϕ(t,s))

2 , Q∗(s)+Q∗(s+ϕ(t,s))
2

][
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]

≤p
Γ(α)

(ϕ(t,s))α

[
Q∗(s)+Q∗(t)

2 , Q∗(s)+Q∗(t)
2

][
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]

hence,[
Iα

s+ QD(s + ϕ(t, s)) ≤p Iα
s+ϕ(t,s)−

QD(s)
]
≤p

Q(s)+Q(s+ϕ(t,s))
2

[
Iα

s+ D(s + ϕ(t, s))
+Iα

s+ϕ(t,s)−
D(s)

]
≤p

Q(s)+Q(t)
2[

Iα
s+ D(s+ϕ(t, s)) + Iα

s+ϕ(t,s)−
D(s)

] (10)

�
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Theorem 5. Let Q : [s, s + ϕ(t, s)]→ R+
I be a LR-preinvex I-V-F with s < s + ϕ(t, s), and

defined by Q(ω) = [Q∗(ω), Q∗(ω)] for all ω ∈ [s, s + ϕ(t, s)]. If Q ∈ L
(
[s, s + ϕ(t, s)],R+

I
)

and D : [s, s + ϕ(t, s)]→ R, D(ω) ≥ 0, symmetric with respect to 2s+ϕ(t,s)
2 . If ϕ satisfies

Condition C and then

Q

(
2s + ϕ(t, s)

2

)[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
≤p

[
Iα

s+ QD(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

QD(s)
]
. (15)

If Q is preincave I-V-F, then inequality (15) is reversed.

Proof. Since Q is a LR-preinvex I-V-F, then we have

Q∗
(

2s+ϕ(t,s)
2

)
≤ 1

2 (Q∗(s + (1− σ)ϕ(t, s)) +Q∗(s + σϕ(t, s)))

Q∗
(

2s+ϕ(t,s)
2

)
≤ 1

2 (Q
∗(s + (1− σ)ϕ(t, s)) +Q∗(s + σϕ(t, s))),

(16)

Since D(s + (1− σ)ϕ(t, s)) = D(s + σϕ(t, s)), then by multiplying (16) by
σα−1D(s + σϕ(t, s)) and integrate it with respect to σ over [0, 1], we obtain

Q∗
(

2s+ϕ(t,s)
2

) ∫ 1
0 σα−1D(s + σϕ(t, s))dσ

≤ 1
2

 ∫ 1
0 σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + σϕ(t, s))dσ

+
∫ 1

0 σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))dσ

,

Q∗
(

2s+ϕ(t,s)
2

) ∫ 1
0 D(s + σϕ(t, s))dσ

≤ 1
2

 ∫ 1
0 σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + σϕ(t, s))dσ

+
∫ 1

0 σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))dσ

.

(17)

Let ω = s + σϕ(t, s). Then, we have∫ 1
0 σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + σϕ(t, s))dσ

+
∫ 1

0 σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))dσ

= 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(2s + ϕ(t, s)−ω)D(ω)dω

+ 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(ω)D(ω)dω

= 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(ω)D(2s + ϕ(t, s)−ω)dω

+ 1
(ϕ(t,s))α

∫ s+ϕ(t,s)
s (ω− s)α−1Q∗(ω)D(ω)dω

= Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s)
]
,∫ 1

0 σα−1Q∗(s + (1− σ)ϕ(t, s))D(s + σϕ(t, s))dσ

+
∫ 1

0 σα−1Q∗(s + σϕ(t, s))D(s + σϕ(t, s))dσ

= Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s)
]
.

(18)

Then from (18), we have

Γ(α)
(ϕ(t,s))α Q∗

(
2s+ϕ(t,s)

2

)[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]

≤ Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s)
]

Γ(α)
(ϕ(t,s))α Q∗

(
2s+ϕ(t,s)

2

)[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]

≤ Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s)
]
,



Fractal Fract. 2021, 5, 243 10 of 17

from which, we have

Γ(α)
(ϕ(t,s))α

[
Q∗
(

2s+ϕ(t,s)
2

)
, Q∗

(
2s+ϕ(t,s)

2

)]
[Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)]

≤ p
Γ(α)

(ϕ(t,s))α

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s), Iα
s+ Q∗D(s + ϕ(t, s)) + Iα

s+ϕ(t,s)−
Q∗D(s)

]
,

that is
Γ(α)

(ϕ(t,s))α Q
(

2s+ϕ(t,s)
2

)[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]

≤p
Γ(α)

(ϕ(t,s))α

[
Iα

s+ QD(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

QD(s)
]

This completes the proof. �

Example 2. We consider the I-V-F Q : [0, 2]→ R+
I defined byQ(ω) =

[(
2−
√

ω
)
, 2
(
2−
√

ω
)]

.
Since end point functions Q∗(ω), Q∗(ω) are preinvex functions with respect to ϕ(t, s) = t− s,
then Q(ω) is LR-preinvex I-V-F. If

D(ω) =

{ √
ω, σ ∈ [0, 1],√

2−ω, σ ∈ (1, 2],

then D(2−ω) = D(ω) ≥ 0, for all ω ∈ [0, 2]. Since Q∗(ω) = 2 −
√

ω and
Q∗(ω) = 2

(
2−
√

ω
)
. If α = 1

2 , then we compute the following:

[
Iα

s+ QD(s + ϕ(t, s))+̃Iα
s+ϕ(t,s)−

QD(s)
]
≤p

Q(s)+Q(s+ϕ(t,s))
2

[
Iα

s+ D(s + ϕ(t, s))
+Iα

s+ϕ(t,s)−
D(s)

]
≤p

Q(s)+Q(t)
2

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]

Q∗(s)+Q∗(s+ϕ(t,s))
2

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
= π√

2

(
4−
√

2
2

)
Q∗(s)+̃Q∗(s+ϕ(t,s))

2

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
= π√

2

(
4−
√

2
)

,
(19)

Q∗(s)+Q∗(t)
2

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
= π√

2

(
4−
√

2
2

)
Q∗(s)+̃Q∗(t)

2

[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
= π√

2

(
4−
√

2
)

,
(20)

[
Iα

s+ Q∗D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗D(s)
]
= 1√

π

(
2π + 4−8

√
2

3

)
,[

Iα
s+ Q∗D(s + ϕ(t, s)) + Iα

s+ϕ(t,s)−
Q∗D(s)

]
= 2√

π

(
2π + 4−8

√
2

3

)
.

(21)

From (19), (20), and (21), we have

1√
π

[(
2π +

4− 8
√

2
3

)
, 2

(
2π +

4− 8
√

2
3

)]
≤ p

π√
2

[
4−
√

2
2

, 4−
√

2

]
=

π√
2

[
4−
√

2
2

, 4−
√

2

]

Hence, Theorem 4 is verified.
For Theorem 5, we have

Q∗
(

2s+ϕ(t,s)
2

)[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
=
√

π,

Q∗
(

2s+ϕ(t,s)
2

)[
Iα

s+ D(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

D(s)
]
= 2
√

π.
(22)

From (21) and (22), we have

√
π[1, 2] ≤ p

1√
π

[
2π +

4− 8
√

2
3

, 2

(
2π +

4− 8
√

2
3

)]
.
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Remark 3. If D(ω) = 1. Then from Theorem 4 and Theorem 5, we obtain Theorem 3.
Let α = 1. Then we obtain following new Hermite–Hadamard Fejér type inequality for

LR-preinvex I-V-F,

Q

(
2s + ϕ(t, s)

2

)
≤p

1∫ s+ϕ(t,s)
s D(ω)dω

(IR)
∫ s+ϕ(t,s)

s
Q(ω)D(ω)dω ≤p

Q(s) +Q(t)
2

If Q∗(ω) = Q∗(ω) with ϕ(ω,Z) = ω −Z and D(ω) = α = 1. Then from Theorem 4
and Theorem 5, we obtain the classical Hermite–Hadamard inequality.

If Q∗(ω) = Q∗(ω) with ϕ(ω,Z) = ω − Z and α = 1, then from Theorem 4 and
Theorem 5, we obtain the classical Hermite–Hadamard Fejér inequality.

From Theorems 6 and 7, now we obtain several interval fractional integral inequalities
linked to interval fractional Hermite–Hadamard type inequality for the product of LR-
preinvex I-V-Fs.

Theorem 6. Let Q,S : [s, s + ϕ(t, s)]→ R+
I be two LR-preinvex I-V-Fs on [s, s + ϕ(t, s)],

such that Q(ω) = [Q∗(ω), Q∗(ω)] and S(ω) = [S∗(ω), S∗(ω)] for allω ∈ [s, s + ϕ(t, s)].
If Q×S ∈ L

(
[s, s + ϕ(t, s)],R+

I
)

and ϕ satisfies Condition C, then

Γ(α)
2(ϕ(t,s))α

[
Iα

s+ Q(s + ϕ(t, s))×S(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q(s)×S(s)
]

≤p

(
1
2 −

α
(α+1)(α+2)

)
∆(s, s + ϕ(t, s)) +

(
α

(α+1)(α+2)

)
∇(s, s + ϕ(t, s)).

where ∆(s, s + ϕ(t, s)) = Q(s)×S(s) +Q(s + ϕ(t, s))×S(s + ϕ(t, s)), ∇(s, s + ϕ(t, s)) =
Q(s) × S(s + ϕ(t, s)) + Q(s + ϕ(t, s)) × S(s), and ∆(s, s + ϕ(t, s)) =
[∆∗(s, s + ϕ(t, s)), ∆∗(s, s + ϕ(t, s))] and ∇(s, t) = [∇∗(s, s + ϕ(t, s)), ∇∗(s, s + ϕ(t, s))].

Proof. Since Q, S both are LR-preinvex I-V-Fs then, we have

Q∗(s + (1− σ)ϕ(t, s)) = Q∗(s + ϕ(t, s) + σϕ(s, s + ϕ(t, s))
≤ σQ∗(s) + (1− σ)Q∗(s + ϕ(t, s))

Q∗(s + (1− σ)ϕ(t, s)) = Q∗(s + ϕ(t, s) + σϕ(s, s + ϕ(t, s))
≤ σQ∗(s) + (1− σ)Q∗(s + ϕ(t, s)).

and
S∗(s + (1− σ)ϕ(t, s)) = S∗(s + ϕ(t, s) + σϕ(s, s + ϕ(t, s)))

≤ σS∗(s) + (1− σ)S∗(s + ϕ(t, s))
S∗(s + (1− σ)ϕ(t, s)) = S∗(s + ϕ(t, s) + σϕ(s, s + ϕ(t, s)))

≤ σS∗(s) + (1− σ)S∗(s + ϕ(t, s)).

From the definition of LR-preinvex I-V-Fs it follows that 0 ≤p Q(ω) and 0 ≤p S(ω), so

Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))
≤
(

σQ∗(s) + (1− σ)Q∗(s + ϕ(t, s))
)(

σS∗(s) + (1− σ)S∗(s + ϕ(t, s))
)

= σ2Q∗(s)×S∗(s) + (1− σ)2Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s))

+σ(1− σ)Q∗(s)×S∗(s + ϕ(t, s)) + σ(1− σ)Q∗(s + ϕ(t, s))×S∗(s)
Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))

≤
(

σQ∗(s) + (1− σ)Q∗(s + ϕ(t, s))
)(

σS∗(s) + (1− σ)S∗(s + ϕ(t, s))
)

= σ2Q∗(s)×S∗(s) + (1− σ)2Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s))
+σ(1− σ)Q∗(s)×S∗(s + ϕ(t, s)) + σ(1− σ)Q∗(s + ϕ(t, s))×S∗(s),

(23)
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Analogously, we have

Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

≤ (1− σ)2Q∗(s)×S∗(s) + σ2Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s))
+σ(1− σ)Q∗(s)×S∗(s + ϕ(t, s)) + σ(1− σ)Q∗(s + ϕ(t, s))×S∗(s)

Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

≤ (1− σ)2Q∗(s)×S∗(s) + σ2Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s))
+σ(1− σ)Q∗(s)×S∗(s + ϕ(t, s)) + σ(1− σ)Q∗(s + ϕ(t, s))×S∗(s).

(24)

Adding (23) and (24), we have

Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))
+Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

≤
[
σ2 + (1− σ)2

]
[Q∗(s)×S∗(s) +Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s))]

+2σ(1− σ)[Q∗(s + ϕ(t, s))×S∗(s) +Q∗(s)×S∗(s + ϕ(t, s))]
Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))

+Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

≤
[
σ2 + (1− σ)2

]
[Q∗(s)×S∗(s) +Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s))]

+2σ(1− σ)[Q∗(s + ϕ(t, s))×S∗(s) +Q∗(s)×S∗(s + ϕ(t, s))].

(25)

Taking multiplication of (25) by σα−1 and integrating the obtained result with respect
to σ over (0, 1), we have∫ 1

0 σα−1Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))

+σα−1Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))dσ

≤ ∆∗(s, s + ϕ(t, s))
∫ 1

0 σα−1
[
σ2 + (1− σ)2

]
dσ + 2∇∗(s, s + ϕ(t, s))

∫ 1
0 σα−1σ(1− σ)dσ∫ 1

0 σα−1Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))

+σα−1Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))dσ

≤ ∆∗(s, s + ϕ(t, s))
∫ 1

0 σα−1
[
σ2 + (1− σ)2

]
dσ + 2∇∗(s, s + ϕ(t, s))

∫ 1
0 σα−1σ(1− σ)dσ.

It follows that,

Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)×S∗(s)
]

≤ 2
α

(
1
2 −

α
(α+1)(α+2)

)
∆∗(s, s + ϕ(t, s)) + 2

α

(
α

(α+1)(α+2)

)
∇∗(s, s + ϕ(t, s))

Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)×S∗(s)
]

≤ 2
α

(
1
2 −

α
(α+1)(α+2)

)
∆∗(s, s + ϕ(t, s)) + 2

α

(
α

(α+1)(α+2)

)
∇∗(s, s + ϕ(t, s))

that is

Γ(α)
(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)×S∗(s), Iα
s+ Q∗(s + ϕ(t, s))×S∗(s+ ϕ(t, s)

)
+ Iα

s+ϕ(t,s)−
Q∗(s)×S∗(s)

]
≤p

2
α

(
1
2 −

α
(α+1)(α+2)

)
[∆∗(s, s + ϕ(t, s)), ∆∗(s, s + ϕ(t, s))]

+ 2
α

(
α

(α+1)(α+2)

)
[∇∗(s, s + ϕ(t, s)), ∇∗(s, s + ϕ(t, s))].
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Thus,

Γ(α)
2(ϕ(t,s))α

[
Iα

s+ Q(s + ϕ(t, s))×S(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q(s)×S(s)
]

≤p

(
1
2 −

α
(α+1)(α+2)

)
∆(s, s+

ϕ(t, s)) +
(

α
(α+1)(α+2)

)
∇(s, s + ϕ(t, s)).

and the theorem has been established. �

Example 3. Let [s, s + ϕ(t, s)] = [0, ϕ(2, 0)], α = 1
2 , Q(ω) =

[
ω
2 , 3ω

2
]
, andS(ω) = [ω, 3ω].

Since left and right end point functions Q∗(ω) = ω
2 , Q∗(ω) = 3ω

2 , S∗(ω) = ω, and S∗(ω) = 3ω
are LR-preinvex functions with respect to ϕ(t, s) = t − s, then Q(ω) and S(ω) both are LR-
preinvex I-V-F. We clearly see that Q(ω)×S(ω) ∈ L

(
[s, s + ϕ(t, s)],R+

I
)

and

Γ(1+α)
2(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)×S∗(s)
]

=
Γ( 3

2 )
2
√

2
1√
π

∫ ϕ(2,0)
0 (2−ω)

−1
2
(

1
2 .ω2

)
dω +

Γ( 3
2 )

2
√

2
1√
π

∫ ϕ(2,0)
0 (ω)

−1
2
(

1
2 .ω2

)
dω ≈ 0.7333,

Γ(1+α)
2(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)×S∗(s)
]

=
Γ( 3

2 )
2
√

2
1√
π

ϕ(2,0)∫
0

(2−ω)
−1
2 . 9

2 ω2dω +
Γ( 3

2 )
2
√

2
1√
π

ϕ(2,0)∫
0

(ω)
−1
2 . 9

2 ω2dω ≈ 6.5997,

Note that(
1
2 −

α
(α+1)(α+2)

)
∆∗(s, s + ϕ(t, s)) = [Q∗(s)×S∗(s) +Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s))]

= 11
15 ,(

1
2 −

α
(α+1)(α+2)

)
∆∗(s, s + ϕ(t, s)) = [Q∗(s)×S∗(s) +Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s))]

= 33
5 ,(

α
(α+1)(α+2)

)
∇∗(s, s + ϕ(t, s)) = [Q∗(s)×S∗(s + ϕ(t, s)) +Q∗(s + ϕ(t, s))×S∗(s)]

= 2
15 (0),(

α
(α+1)(α+2)

)
∇∗(s, s + ϕ(t, s)) = [Q∗(s)×S∗(s + ϕ(t, s)) +Q∗(s + ϕ(t, s))×S∗(s)]

= 2
15 (0).

Therefore, we have

(
1
2
− α

(α + 1)(α + 2)

)
∆(s, s + ϕ(t, s)) +

(
α

(α + 1)(α + 2)

)
∇(s, s + ϕ(t, s))=

[
11
15

,
33
5

]
+

2
15

[0, 0] =
[

11
15

,
33
5

]
.

It follows that

[0.7333, 6.5997] ≤p

[
11
15

,
33
5

]
and Theorem 6 has been demonstrated.

Theorem 7. Let Q,S : [s, s + ϕ(t, s)]→ R+
I be two LR-preinvex I-V-Fs, such that Q(ω) =

[Q∗(ω), Q∗(ω)] and S(ω) = [S∗(ω), S∗(ω)] for all ω ∈ [s, s + ϕ(t, s)]. If Q × S ∈
L
(
[s, s + ϕ(t, s)],R+

I
)

and ϕ satisfies Condition C, then

1
α Q

(
2s+ϕ(t,s)

2

)
×S

(
2s+ϕ(t,s)

2

)
≤p

Γ(α+1)
4(ϕ(t,s))α

[
Iα

s+ Q(s + ϕ(t, s))×S(s + ϕ(t, s))
+Iα

s+ϕ(t,s)−
Q(s)×S(s)

]
× 1

2α

(
1
2 −

α
(α+1)(α+2)

)
∇(s, s + ϕ(t, s)) + 1

2α

(
α

(α+1)(α+2)

)
∆(s, s + ϕ(t, s)).
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where ∆(s, s + ϕ(t, s)) = Q(s) × S(s) × Q(s + ϕ(t, s)) × S(s + ϕ(t, s)),
∇(s, t) = Q(s) × S(s + ϕ(t, s)) + Q(s + ϕ(t, s)) × S(s), and ∆(s, s + ϕ(t, s)) =
[∆∗(s, s + ϕ(t, s)), ∆∗(s, s + ϕ(t, s))], and ∇(s, s + ϕ(t, s)) =
[∇∗(s, s + ϕ(t, s)), ∇∗(s, s + ϕ(t, s))].

Proof. Consider Q,S : [s, s + ϕ(t, s)]→ R+
I are LR-preinvex I-V-Fs. Then by hypothesis,

we have

Q∗
(

2s+ϕ(t,s)
2

)
×S∗

(
2s+ϕ(t,s)

2

)
Q∗
(

2s+ϕ(t,s)
2

)
×S∗

(
2s+ϕ(t,s)

2

)
≤ 1

4

[
Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))
+Q∗(s + (1− σ)ϕ(t, s))×S∗(s + σϕ(t, s))

]

+ 1
4

[
Q∗(s + σϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))
+Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

]

≤ 1
4

[
Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))
+Q∗(s + (1− σ)ϕ(t, s))×S∗(s + σϕ(t, s))

]

+ 1
4

[
Q∗(s + σϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))
+Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

]
,

≤ 1
4

[
Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))

+Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

]

+ 1
4


(σQ∗(s) + (1− σ)Q∗(s + ϕ(t, s)))
×((1− σ)S∗(s) + σS∗(s + ϕ(t, s)))
+((1− σ)Q∗(s) + σQ∗(s + ϕ(t, s)))
×(σS∗(s) + (1− σ)S∗(s + ϕ(t, s)))


≤ 1

4

[
Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))

+Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

]

+ 1
4


(σQ∗(s) + (1− σ)Q∗(s + ϕ(t, s)))
×((1− σ)S∗(s) + σS∗(s + ϕ(t, s)))
+((1− σ)Q∗(s) + σQ∗(s + ϕ(t, s)))
×(σS∗(s) + (1− σ)S∗(s + ϕ(t, s)))

,

= 1
4

[
Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))

+Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

]

+ 1
4

 {
σ2 + (1− σ)2

}
∇∗(s, s + ϕ(t, s))

+{σ(1− σ) + (1− σ)σ}∆∗(s, s + ϕ(t, s))


= 1

4

[
Q∗(s + (1− σ)ϕ(t, s))×S∗(s + (1− σ)ϕ(t, s))

+Q∗(s + σϕ(t, s))×S∗(s + σϕ(t, s))

]

+ 1
4

 {
σ2 + (1− σ)2

}
∇∗(s, s + ϕ(t, s))

+{σ(1− σ) + (1− σ)σ}∆∗(s, s + ϕ(t, s))

.

(26)



Fractal Fract. 2021, 5, 243 15 of 17

Taking multiplication of (26) with σα−1 and integrating over (0, 1), we obtain

1
α Q∗

(
2s+ϕ(t,s)

2

)
×S∗

(
2s+ϕ(t,s)

2

)
≤ 1

4(ϕ(t,s))α

 ∫ s+ϕ(t,s)
s (s + ϕ(t, s)−ω)α−1Q∗(ω)×S∗(ω)dω

+
∫ s+ϕ(t,s)

s (Z − s)α−1Q∗(Z)×S∗(Z)dZ


+ 1

2α

(
1
2 −

α
(α+1)(α+2)

)
∇∗(s, s + ϕ(t, s)) + 1

2α

(
α

(α+1)(α+2)

)
∆∗(s, s + ϕ(t, s))

= Γ(α+1)
4(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)×S∗(s)
]

+ 1
2α

(
1
2 −

α
(α+1)(α+2)

)
∇∗(s, s + ϕ(t, s)) + 1

2α

(
α

(α+1)(α+2)

)
∆∗(s, s + ϕ(t, s))

1
α Q∗

(
2s+ϕ(t,s)

2

)
×S∗

(
2s+ϕ(t,s)

2

)
≤ 1

4(ϕ(t,s))α

 ∫ s+ϕ(t,s)
s (s + ϕ(t, s)−ω)α−1Q∗(ω)×S∗(ω)dω

+
∫ s+ϕ(t,s)

s (Z − s)α−1Q∗(Z)×S∗(Z)dZ


+ 1

2α

(
1
2 −

α
(α+1)(α+2)

)
∇∗(s, s + ϕ(t, s)) + 1

2α

(
α

(α+1)(α+2)

)
∆∗(s, s + ϕ(t, s))

= Γ(α+1)
4(ϕ(t,s))α

[
Iα

s+ Q∗(s + ϕ(t, s))×S∗(s + ϕ(t, s)) + Iα
s+ϕ(t,s)−

Q∗(s)×S∗(s)
]

+ 1
2α

(
1
2 −

α
(α+1)(α+2)

)
∇∗(s, s + ϕ(t, s)) + 1

2α

(
α

(α+1)(α+2)

)
∆∗(s, s + ϕ(t, s)),

that is

1
α Q

(
2s+ϕ(t,s)

2

)
×S

(
2s+ϕ(t,s)

2

)
≤p

Γ(α+1)
4(ϕ(t,s))α

[
Iα

s+ Q(s + ϕ(t, s))×S(s + ϕ(t, s))
+Iα

s+ϕ(t,s)−
Q(s)×S(s)

]
+ 1

2α

(
1
2 −

α
(α+1)(α+2)

)
∇(s, s+ ϕ(t, s)) + 1

2α

(
α

(α+1)(α+2)

)
∆(s, s + ϕ(t, s)).

Hence, the required result. �

4. Conclusions and Future Plan

The LR-preinvex I-V-Fs were explored in this paper, a novel family of preinvex func-
tions. Following that, we identified a connection between Riemann–Liouville fractional
integral inequalities and LR-preinvex I-V-Fs. Moreover, we derived several known and
new particular examples as applications of LR-preinvex I-V-Fs and Riemann–Liouville
fractional integral inequalities. In future study, we will examine this notion for generalized
LR-preinvex I-V-Fs and F-I-V-Fs using generalized interval and fuzzy Riemann–Liouville
fractional operators.
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