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Abstract: This paper presents a novel and general analytical approach: the rational sine-Gordon
expansion method and its applications to the nonlinear Gardner and (3+1)-dimensional mKdV-ZK
equations including a conformable operator. Some trigonometric, periodic, hyperbolic and rational
function solutions are extracted. Physical meanings of these solutions are also presented. After
choosing suitable values of the parameters in the results, some simulations are plotted. Strain
conditions for valid solutions are also reported in detail.

Keywords: nonlinear Gardner and (3+1)-dimensional mKdV-ZK equations; conformable operator;
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1. Introduction

Fractional calculus appeared in the middle of the 17th century. However, it is now
attracting substantial interest from scientists due to its applications in many fields [1-6].
Many researchers have directed their studies to fractional calculus. Several different
definitions of fractional operators have been presented in the literature since the middle of
the 17th century. These operators play an important role in understanding the characteristic
properties of real-world problems. One of the most significant operators of the fractional
derivatives is the Caputo operator [7,8]. This operator satisfies the basic rules of classical
calculus. In this regard, Brzezinski presented the comparisons of fractional definitions [9].
Youssef and his team applied the Haar wavelet to extract the solutions of Poisson’s Equation
in [10]. Eslami and his team observed the general features of the Wu-Zhang system,
including a conformable operator [11]. The fundamental properties of hepatitis E virus
were observed via the Caputo—Fabrizio operator in [12]. Many important models and their
deep properties were investigated by using a conformable operator in [13-32].

In this paper, firstly, we consider the nonlinear Gardner equation containing a con-
formable operator in the following form [33-37]:

ul (x,t) +6[u(x, t) — A2u(x, t)?uy(x, 1) + thyex (x,£) =0, £ >0, 0<y <1, (1)

where A is a nonzero real number, u(x, t) is a dependent function of x and f, the terms
uuy and u?u, are used to represent the nonlinear wave, and uyyy is used to explain the
spreading of waves. Equation (1), formed by combining KdV and mKdV equations, is used
to describe the interior shallow water solitary waves.
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Secondly, the nonlinear (3+1)-dimensional mKdV-ZKE containing a conformable
operator given by [38]

w] (%,9,2,1) + pu(x,y,2, )2 ux (X, 4,2, t) + s (X, Y, 2, £) + thayy (X, Y, 2, £) + zze(x,,2,1) = 0, )

is studied. In Equation (2),t > 0, 0 < 7 < 1 and also p is a nonzero real number.
u(x,y,z,t) is a dependent function of x,y, z and ¢, the term u2u, is used to represent the
nonlinear waves, and uyyy is used to explain the spreading of waves.

The rest of the paper is organized as follows. In Section 2, we give some definitions
and theorems related to the conformable operator. In Section 3, we present the general
properties of the rational sine-Gordon expansion method (RSGEM). In Section 4, we
apply the RSGEM to the nonlinear Gardner and (3+1)-dimensional mKdV-ZK equations
including a conformable operator to obtain analytical solutions such as periodic, singular,
trigonometric, and traveling solutions. Section 5 contains the discussion and physical
meanings of the results reported in this paper. Finally, we present a conclusion along with
ideas about future work regarding this framework in Section 6.

2. General Properties of Conformable Operator

This section presents the definition and theorem about the conformable operator
as follows [7].

Definition 1. Given a function f : [0,00) — R, then the conformable operator definition of f(t)
order o is defined as

sz(f) (t) — lim f(t + Etlilx) _f<t)

e—0 €

forallt >0, € (0,1). If f is a-differentiable in (0,a),a > 0, and lim,_,o+ f(®)(t) exists, then
we define

F0(0) = Tim, g1 £ (2).
A conformable operator satisfies some properties given in the following theorem.

Theorem 1. Let § € (0,1] and f, g be B-differentiable at point t > 0. Then,
(1) Tg(af +bg) = aTg(f) +bTg(g), foralla,b € R;

(2) Tg(tP) = ptP=F follall p € R;

(3) Tg(x) = O, for all constant functions f(t) = x;

(4) Tg(fg) = fTp(g) +8Tp(f);

) Tp(L) = w;

(6) If f is differentiable, then Tg(f)(t) = tl’ﬁ%.

3. General Properties of RSGEM

In this section, we introduce the general properties of RSGEM. Before presenting the
RSGEM based on the sine-Gordon equation, we need to investigate the sine-Gordon equation.

3.1. The Sine-Gordon Equation
The sine-Gordon equation is given by [39-41]

Uy — Uy = M> sin(u), 3)
where u = u(x, t), m is a nonzero real number. Applying the wave transformation given as
u=u(x,t)=U() &= u(x — ct) to Equation (3) yields

2

u’ = ﬁsm(u), @)
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where U = U(¢), U" = @U and c is the velocity of the wave. After some calculations,

rrRk
we obtain i » u
(7)2 = mSiHZ(E)‘Hr )
where 7 is an integral constant and a nonzero real number. Taking r = 0, w(¢) = % and
a? = 112(’{17;2), Equation (5) becomes
w' = asin(w). (6)
In (6), if a = 1, we reach
w' = sin(w). )
Solving (7) by using the separating variable method
lf;g = sin(w) = sin(w) =dg,
we obtain the following two important properties:
sin(iw) = sin(w(E)) = 22— | p_y — sech(), ®
peess +1
cos(w) = cos(w(g)) = @ | =
= = R p—=1 = tanh(g). )

where p is a nonzero real number.

3.2. The RSGEM

RSGEM is the generalized version of the sine-Gordon expansion method (SGEM). Let
us consider the nonlinear partial differential equation given by

P(u/ uX/ Mt, u.XXI utt/ uz/ e ) - 0 (10)

If we apply u = u(x,t) = U({),§ = u(x — ct) into Equation (10), we get the following
nonlinear ordinary differential equation (NODE):

Nu,u',u”,u?---) =0, (11)

where U = U(g), U = %' u’ = ’fi%l. The test function of solution formula for

Equation (11) is considered as [42]

" tanh’ ™1 (&)[A;jsech() + Citanh ()] + Ap

1 a7 (€) Bysech(@) + Djtanh(2)] + Bo’

(12)

Integrating Equations (8) and (9) into Equation (12), it can be rewritten in the follow-
ing form: '
X0 cos' ™ (w)[Arsin(w) + C; cos(w)] + Ag

i1 cos/ 1 (w)[B;sin(w) + Djcos(w)] + By’

U(w)

(13)

where Ay, A;, C;, By, Bj, D; are nonzero real numbers to be determined later. It is known that
the rational functions are more general than normal polynomial functions with SGEM. If we
consider the solution function as the rational function, this means that we have one more
parameter. This parameter produces more different solutions to the model studied. Putting
Equation (13) into Equation (11), we can obtain the values of A, i, Ao, A;, Ci, By, B;, D;.
When we integrate these values of parameters into Equation (12), we find the solutions
of Equation (10).
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4. Applications of RSGEM

This part applies the RSGEM to the Equations (1) and (2) to obtain some traveling wave
solutions such as periodic, trigonometric, traveling, complex and hyperbolic solutions.

4.1. RSGEM to the Gardner Equation Including a Conformable Operator

Considering the wave transformation formula given as
u(x, t) = U(E), &= ax— gﬂ, (14)

where « and x are nonzero real numbers, we convert Equation (1) into NODE given by
BU" — kU’ +3a(U?) —2aA*(U3)" = 0. (15)
Integrating (15) with respect to ¢ yields
2U" — kU + 3aU? — 20A?U° = 0. (16)

In (16), the integral constant is zero. Especially, if we take n = m in (13), by the balance
principle, we have
Aq sin(w) + Cy cos(w) + Ao
By sin(w) + D7 cos(w) + By
where A; # B1,Cy # D1,Ap # By in the same time. Substituting (17) into (16), the
following solutions are obtained.

Case 1. If Ay = —Cy, By = 2(31 + Dy, By =

U(w) =

(17)

A24+C2—n2Cy Dy 3

1
A, JA=2,K=ua

, we get
DCZAl

) (18)
>
A1+ (—C1 + ale)e""‘*%“S

u(x,t) =

Figure 1 shows 3D and 2D graphs of (18) under the suitable values of parameters.

~Sup,
Case 2. When A1 =0, Ag = —Cy, By = —2%12 + D1, B1 =0, A = _2\/\/% and
-1 1
Kk = 4a3, it gives
—Cq + Cytanh(ax — %(x?’) 19)
_Cl + Dq + Dytanh(ax — 3t7).

uy(x,t) =

Figure 2 presents 3D and 2D graphs of (19) under the suitable values of parameters.

61 a3 2 3
Case 3. Taken as A} = _Y2/ubte K3tx2K VB Df ,C = 7(06 +2x), Ag = (o giK)Bo,
_i(a®+2x)Vab+adx—2k2\ /B2 —D? — 3/ —ab(ab+a3x—2x2)(BZ—D3) _ 3y/a(é8+x) .
B, = 2t 2 S A= f\/m,we obtain
6 3 2
% _ V2Yubta K3a2K VR sech(ax — —K) + 53 ™ “Ltanh (ax — %K)
uz(x, t) = , (20)

sech(ax——x)(lr)( — 34/ —ax(B2-D?))
V2(ab+a3x—2x2)

By + + Ditanh(ax — gﬂ)

where T = a® + 2k, x = Va® + a®x — 2x2, /B — D}. We plot the several graphs of (20) as
Figures 3-5.

i i A?24+C2—a%CiD _C 2D
Case 4. Considering Ay = Cy, By = 2Cl — Dy, By =000 o v oate
atAy v/ —a2Ci+atDy

3

x = a°, we find

a2 Aq[cosh(ax — 47 4 sinh(ax — © 47
wa(f) = [ 3( ) (3 )] . 1)
Aj cosh(ax — £247) + Ay sinh(ax — £-47) + C — a?Dy
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It is observed that the breath surfaces of (21) are presented in Figure 6.

Case 5. It is selected from the algorithm that when D; = 20%, Ag=—-Cq, By = 0,

2_2
B, = /le Afl , A= %, « = a3. These coefficients produce
2
44 A1
us(x,t) = . . — (22)
A1+ Cq cosh(ax — %t'Y) + Cy sinh(ax — "‘71‘7)
With the suitable values of parameters in (22), the graphs are plotted in Figure 7.
.\ v/ Ag—a2By+/ A2 —C? B, C 3 3aA
Case6. Ifitisselectedas A} = — Y2 \/;)TO 0 1 Dy = g—ol, K= —%+ ;‘BOO, A= —
5
Boy/3A¢+a2B —AZ Bg\/ Ag—a2Byr/AZ—CZ+/at A3BE(Ag—a2By)(A2—C2
vBo ZA[())JF“ 0, Bl — 0 O\/ 0o—« 0\/ ?48(1;0_\0{2“30)0 0 (Ag—a?B1) (Ag 1),wehave
_ 2 2_2
Ag — Yot jij A= sechax — ££7] + Citanh(ax — ££7)
ug(x,t) = 0 , (23)
sech(ax— 1 #7)0 B [1 B sech(zxx—%t”’)\/A%—C% Cltanh(ocx—%ﬂ)]
Ag(A(]*’XZBO) 0 m\/AO—aZBO Ao
where ¢ = \/a4A8B3(AO — a2By) (A% — C?) and Ag — a?By > 0 for valid solution.
. _ Ci(—A3+A2+CE) _ 1 [(4Af-AZ-4Ch(A3-A3-CD)
Case 7. Taking D; = W,A = 3 zZ(Agl—c%)z =y
L ARG o (R 5w
By = w2(A}-C3) ,B1 = A, (A2-C2) , K =w AT AT D) gives the
other breath solution
() a?Aq(cosh(ax — 517) Ao + A1 + sinh(ax — %tV)Cl)(A% - C?) 24)
uy(x,t) = p ’
7 0(—2Af — cosh(ax — £7) AgAs + A} — sinh(ax — £t7) A1 C; +2CF)
where § = — A3 + A? + C2. Figures 8 and 9 present some simulations of (24).

0]

oo

Figure 1. Three and two-dimensional surfaces of (18).
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Figure 2. Three and two-dimensional surfaces of (19).

Tmfu] Refn]

Figure 3. Three-dimensional graphs of imaginary and real part of (20).
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Figure 4. Contour graphs of imaginary and real part of (20).
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Figure 5. Two-dimensional graphs of imaginary and real part of (20).
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Figure 8. Three-dimensional and contour surfaces of (24).
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uy

0 5 10 15 0

Figure 9. Two-dimensional surface of (24).

4.2. RSGEM for the mKdV-ZK Model with Conformable

This part applies RSGEM to the Equation (2) to extract some traveling wave solutions.
The wave transformation formula is defined as

u(x,y,z,t) =U(), & =ax+ By + 0z — f;t”, (25)

where «, 8,6,k are nonzero real numbers and 0 < ¢ < 1. Putting Equation (25) into
Equation (2), the following NODE is obtained:

— kU’ + %(lﬁ)’—k (a3 + ap? + af?)U" = 0. (26)

Integrating (26) twice with respect to ¢ and getting to the zero for both integral
constants, we obtain

— 3kU + pal® + 3(a® 4 ap® + a6?)U" = 0. 27)
Specially, if we take n = m = 1, we have

_ Aysin(w) + Cycos(w) + Ag

= . 2

U(w) Bysin(w) + Dycos(w) + By @8
By substituting (28) into (27), we find the following solutions of (2).

S iC14/B3—B3—D? D 3kB3 —2k—a (0242

Case 1. Considering A} = —— OBO L1 Ap= 1301, p= F%O’ 0= #,
we find
G (Dl — isech(ax + By — %ﬂ +0z) /B3 — B2 — D% + Botanh(ax + By — %tv + 92))

u = , (29)

By (Bo + sech(ax + By — %t’Y + 60z)By 4+ Dytanh(ax + By — %ﬂ + 92))

where B3 — BZ — D? > 0 for a valid solution. Taking some values of parameters under the
strain conditions, we plot its surfaces in Figures 10-12.

_ 3kBj

—2k—a(a2+p2)
aC?’ o

Case2.If Ay = iCy, By = iDy, Ag = 2L, p 0= , we obtain

G <D1 + By(isech(ax + By — %t”’ +0z) + tanh(ax + By — %t” + 92)))

Uus , (30)

By (BO + Dy (isech(ax + By — £ + 02) + tanh(ax + py — £e7+ ez)))

where —2k — a(a? + %) > 0 for a valid solution.
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. 3(a2+/32+92)(—233+3%+D%)
2A
1

AD
Case 3. If Ap = -] C = =
0 BB LT T mein P T

2 2 2
w, we extract

4

k= —

Aq (— sinh(ax + By + 6z + M)BO
M)Bo + By + sinh(ax + By + 6z + W)Dl)r

Uz =
(cosh(ocx + By + 0z +
Aq (cosh(we + py + 0z + T Dy 4 [ B3+ B2 + DY)
2

(Cosh(ocx + By +0z+ %)BO + By + sinh(ax + By + 6z + tm(az—';ﬁzw )Dl)

where T = / —B(Z) + B% + D2, and also, —B% + B% + D% > 0 for a valid solution.
3kBO 9 — —k—20(a2+4p2)

_ GDy
By 7 P a2’ V2 /a

(31)

Case 4. In case of selecting A} =0, By =0, Ag =
Equation (2) has the following hyperbolic function solution

C1Dq + CyBptanh(ax + By — %t,y + 92) 32)
Ug =
! B3 + ByDjtanh(ax + By — %ﬂ +0z)

where C; # 0, By # 0, D1 # 0 for a valid solution.
3(a?+p*+6%)D3

Case 5. If we consider A} = —/A2—C2?,B; = 0,By = %,p = — 7

2 2 2
k= *wr we obtain

A3 — Agsech(ax + By — % +26) /A3 — C2 4+ AoCytanh(ax + By — m + z0) )

Us = kt”Y
D:Ci + DlAOtanh(ocx + ,By - =+ 29)D1

4

C% > 0 for a valid solution.

_ V/3VkDy A = _i\/P"‘C%\;;\k/%g%*D%)/ By = \f\fQ , B =

Case 6. When Ay = NG

V2%oal 4 ) e find

7

where A% -

(3\/1;(\@\/ED1 + isech(ax — % + 0z — By)w — /p/aCrtanh (ax — % +0z— Ey))) -
~ ¥ 46z - Ey)Dy))’

U =
(ﬂpa@ - 3\/§\/E\/ﬁ\/&sech(zxx - ]%7 + 0z — Ey)(By + sinh(ax

9 21092
V(o2 +0) for a valid solution. In Figures 13-15,

where w = \/pocC% —3k(B? + D?),E = T
several simulations are plotted.
C . v/ —2k—a(a2+62
\/ﬁ\/&l Blle],‘B:_ \;C;EIX"F)

_ V3VkD . .
Case 7. If Ap ffl,Alfzcl, By = NV

results in
— M 4oz Ey))

V3VED, | C (isech( ax — M + 60z — Ey) + tanh(ax
uy = et . - . 6)
\p@ﬂ1 + Dy (isech(zxx - ki + 0z — Ey) + tanh(ax — kL + 0z — y))

7%%“2%. Figures 16-18 present the graphs of (35).

where & =
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VAVKDL | py — 0, By = —¥PYC By — ), p= —

Case 8. Coefficients such as Ag = N NV

iVk+2034+2062\/— paC3+3kD?
v/ —2pa2C2+6kaD?

produce

iyVk+263+2062/— paC3+3kD? )
V/—2pa2C?+6kaD?

iyVk+203+2062 \/— paCZ +3kD? ) '
v/ —2pa2C2+6kaD?

3V3VkD kt?
) W — 3v/kCjtanh (ax — oz —
g =

V3y/Pv/aCy — 3vkDytanh (ax — l% +0z —

(36)

Tm[u;]
1

Figure 10. Three-dimensional graphs of imaginary and real part of (29).

Refny ] Tl ]

Figure 11. Contour graphs of imaginary and real part of (29).

Refuy]
Im[w] 0
X
i i 4
s
o
— X
oo -6 4 ) 2
a5
—as
)
—aw
—an

Figure 12. Two-dimensional graphs of imaginary and real part of (29).
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Refog]

Im[ug]

oo ~100 ,
s 40

Figure 13. Three-dimensional graphs of imaginary and real part of (34).

Refig] ]

W e 0 b w -2 -1 o 1 )

Figure 14. Contour graphs of imaginary and real part of (34).

I [a5] Re
o 5]
(i1} Qé%
- [ib)
X
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i)
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e -04

-06

X
-10 -5 ] [] 0

Figure 15. Two-dimensional graphs of imaginary and real part of (34).
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Figure 16. Three-dimensional graphs of imaginary and real part of (35).

T[]

Re[r-]

30 " 30 20 10 o 10

—40 -2 0 0 40

Figure 17. Contour graphs of imaginary and real part of (35).

Tm [a17]

n -8 -6 -’4 ) 2 4
2l

-4

-6

Figure 18. Two-dimensional graphs of imaginary and real part of (35).

5. Discussion and Physical Meanings

By using RSGEM, we found some traveling wave solutions of the nonlinear Gardner and
(3+1)-dimensional mKdV-ZK equations including a conformable operator. These solutions are
in the forms of the rational, hyperbolic, periodic, trigonometric, complex and mixed hyperbolic
function solutions. Figure 1 symbolizes the exponential surfaces of (18) when D; = 1.5,
x =02C = —-05A4; =0329 =099,-50 < x < 50,0 < t < 150 for 3D and
t = 0.21 for 2D. Figure 2 represents the hyperbolic function graphs of (19) when D; = 1.5,
a = 02,C = —059 = 099,-50 < x < 50,0 < t < 150 for 3D and —150 < x <
150,t = 0.21 for 2D. Figure 3 explains the 3D graphs in —35 < x < 35,0 < t < 35, and
Figure 4 investigates the 2D with —13 < x < 13,t = 0.1. Figure 5 represents the contour
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surfaces with 0 < t < 35 of the complex hyperbolic function solution of (20) if it is selected
as D; = 05,04 = —0.65,C; = 0.1,By = 2,7 = 099,k = —0.2. Figure 6 presents the 3D
and 2D graphs of the hyperbolic function solution of (21) for D; = 1.5,a = 0.2,C; = 0.5,
Ay = -2,y =051t =105-150 < x < 150, for 3D and 0 < t < 150, —150 < x < 150
for 2D solutions. Figure 7 is used to explain the 3D and 2D hyperbolic function solution
of 22) fora = 0.2,C; = 05,A1 = 2,7 =099,0 <t < 150 — 50 < x < 50, for 3D and
t =0.12 — 150 < x < 150 for 2D solutions. Figures 8 and 9 symbolize the singular wave
distributions of (24) under thea = 2, Ag = 7,C; = —02,A90 = 2,7 = 05,0 < x < 50,
50 < t < 50,-50 < x < 50,0 <t < 50,and t = 1 for 2D. Figures 10-12 are plotted
to observe the 3D, 2D and contour surfaces of the mixed hyperbolic function solution of
(29) under C; = 0.3,D; = 0.12,B) = 3,4 =4, =3,v =05k =03,z =15,y = 2.5,
0 =34,B; =0.13,-20 < x < 20,—10 < t < 10 for 3D and t = 0.01 for 2D solutions.
Figures 13-15 are plotted to explain 3D, 2D and contour surfaces of the mixed complex
hyperbolic function solution (34) under the terms of C; = 0.3,D1 = 0.12, 0« = 1.4, v = 0.5,
k=03,z=15y=2560=14A0=13,p=2,B; =12,-20 < x <20, -160 < t < 20,

—20 < x <20,—40 < t < 40 for 3D, and, —40 < x < 40,-50 <t < 10,-20 < x < 20
for contour graphand t = 0.2 — 10 < x < 10, — 15 < x < 15 for 2D graph. Figures 16-18
introduce the singular wave properties of (35) under the values of C; = 0.2,D; = 0.12,
a=14,vy=05k=-3,z=15y=250=14,p=2,-60 < x <20, —60 < t < 20, for
3D graphs and —40 < x < 40, =50 < t < 10, —60 < t < 50 for the contour surface, as well
ast =0.1, —15 < x < 15 for the 2D graph.

6. Conclusions

In this paper, we have successfully applied RSGEM to the nonlinear Gardner and (3+1)-
dimensional mKdV-ZK equations including a conformable operator. We extracted some
solutions such as complex, rational, exponential, complex hyperbolic and mixed complex
function solutions. We have chosen suitable values of the parameters, and some graphical
simulations are also plotted. Necessary strain conditions are also reported in detail. When
we consider these results and Figures 1-18, it may be observed that these solutions are
used to explain the wave distributions for the governing models. Moreover, it is observed
that these findings produce the estimated behaviors of models. When we compare these
solutions with [38], it may be seen that these are new wave function solutions.

In this paper, we considered n = m = 1 in particular. If we consider other equalities of
n and m, this will produce more sophisticated solutions to the models studied. This newly
presented method can be also used to find many entirely new traveling, singular and com-
plex solutions to the nonlinear partial differential equations arising in real-world problems.
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