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Abstract: In the present paper, the Karhunen-Loéve eigenvalues for a sub-fractional Brownian
motion are considered. Rigorous large n asymptotics for those eigenvalues are shown, based on
the functional analysis method. By virtue of these asymptotics, along with some standard large
deviations results, asymptotical estimates for the small L?-ball probabilities for a sub-fractional
Brownian motion are derived. Asymptotic analysis on the Karhunen-Loéve eigenvalues for the
corresponding “derivative” process is also established.
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1. Introduction

The eigenproblem for a centered stochastic process X = (X(t));e[o1) over a probability
space (Q), .#, P) with covariance function K(s, t) = E[X(s)X(t)] consists of finding all pairs
(A, ) satisfying the equation

Ko = Ag @

in L2([0,1]), where the corresponding linear operator is defined by the following:

1
(Kg)(t) 2 /0 K(s, t)g(s)ds, Ve [0,1]. @)

If K(s, ) is square integrable, then K : L2([0,1]) — L?(]0,1]) is self-adjoint, positive
and compact. Hence, the eigenvalues {A, } for the operator K are nonnegative and con-
verge to zero after being arranged in decreasing order. The corresponding normalized
eigenfunctions { ¢, } form a complete orthonormal basis in L?([0,1]).

In addition, if (X(#));e[o1 is a square-integrable process with zero mean and continu-
ous covariance, there exists a Karhunen-Loéve expansion(cf. [1]). More precisely, it admits
a representation over [0, 1] as a uniformly L?(Q)-convergent series:

X(t) = io VinEngn(®), 3

where {¢, } are orthonormal (i.e., E[¢;Cx] = Jjx) random variables in L?(Q) with zero mean.
Since the Karhunen-Loeéve expansion is an influential tool in analyzing the properties of
stochastic processes, {A, } are also called Karhunen-Loeve eigenvalues for (X(t))c(o,1-

There are many applications relevant to the eigenproblems for stochastic processes:
asymptotics of the small ball probabilities(cf. [2]), sampling from heavy tailed distribu-
tions(cf. [3]) and so on.

On most occasions, such kinds of eigenvalues and eigenfunctions are notoriously hard
to find explicitly. One exception is for the standard Brownian motion B = (Bt)te[o,l]r where
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1
M= 120 @)
and
@n(t) = V2sin(n 4+ 1/2)mt (5)

hold for n = 0,1,2,---. This problem can be easily solved by reducing (1) to a simple
boundary value problem for an ordinary differential equation (cf. [1]).

A widely used extension of Brownian motion is fractional Brownian motion BH =
(BH (t))tefo,1]- Its covariance function is as follows:

KH (s, ) = 2 (27 + P — |s — i21), (6)
where H € (0,1) is called its Hurst exponent. The case H = % corresponds to Brownian
motion. There are some important properties of fractional Brownian motion. For examples,
it has self-similarity and stationary increments (cf. [4]). The eigenproblem of fractional
Brownian motion is discussed in several papers (cf. [5,6]).

The author in [5] used the functional analysis method, and obtained the asymptotics
of the eigenvalues for fractional Brownian motion. The following is just a rephrasing of
one of his results:

Theorem 1 (J. C. Bronski, 2003). For the fractional Brownian motion with Hurst exponent
H € (0,1), its Karhunen—Loeve eigenvalues satisfy the following large n asymptotics:

sin(mH)I['(2H +1) +o(n (2H+2)(4H+3) +5)

Ap = (n71’)2H+1 - 4H+5

@)
for every & > 0, where I denotes the usual Euler gamma function.

The authors in [6] converted the eigenproblem for fractional Brownian motion into an
integro-algebraic system by using Laplace transform, and solved it by taking the inversion
of the Laplace transform. Some other processes derived by Brownian motion, such as
Brownian bridge (cf. [7]), the Ornstein—Uhlenbeck process (cf. [8]), etc., can be solved in a
similar way. Compared to [5], the profile of the eigenpair analyzed with the method in [6]
is more complete and accurate.

Similar to the fractional Brownian motion, the sub-fractional Brownian motion also
presents the properties of self-similarity and long-range dependence (when the Hurst
exponent H > 1). Different from the fractional Brownian motion, there is an additional
term |t + 5|2 in its covariance, and the increment is not stationary as a result. From
this point of view, it was expected that the idea in [6] could also work for sub-fractional
Brownian motion. However, it seems that it does not work for sub-fractional Brownian
motion because of the loss of some translation structure.

Consequently, the main results in this paper are based on the idea in [5]. It should be
pointed out that there are some flaws in [5]. To some extent, the results (see Remark 2 in
Section 5) in this paper are supplements and corrections of the ones in [5].

This paper is organized as follows. In the next section, the asymptotics of eigenvalues
for sub-fractional Brownian motion and its derivative process are stated. As an application
of those results, the small ball estimates for sub-fractional Brownian motion are presented
in Section 3, but its proof is omitted since it is just a duplication of the one in [5]. Some
technical lemmas are presented in Section 4. Section 5 concludes with the details of the
proofs of the main results.
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2. The Main Results

Sub-fractional Brownian motion(sfBm) B, = (ng(t))te[o,l] is a centered long-range
dependence Gaussian process. Like fractional Brownian motion, its covariance function is
as follows:

KH(s,t) = 2 + 20 — S[(s + £)2H + |s — 1] ®)

N =

with an exponent H € (0,1). The case H = % also corresponds to Brownian motion. To
some extent, sfBm is intermediate between Brownian motion and fractional Brownian
motion (cf. [9]). This is reflected in the nonstationarity and correlation of the increments
and the covariance of the non-overlapping intervals. The increments on non-overlapping
intervals are more weakly correlated than fractional Brownian motion, and the covariance
decays polynomially at a higher rate.

In this paper, the eigenproblems for the following two operators are studied:

(KE ) (1) = [ 42 T+ 02 4 s — 1P )g(s) ds, ©

(RE9)(0) = [ HEH-1)(s— 1212~ (40P 2p()ds  (0)

The operator in (9) for H € (0,1) is related to sfBm itself, and the one in (10) for
H e ( ,1) corresponds to the formal derivative of the sfBm. In fact, the operator K b
determines the correlation structure of Wiener integrals of square-integrable deterministic

functions through the following formula:

E[./:f stub/ gdBgy] = / F(8) (Kipg)(H)d (11)

To the best of the authors’ knowledge, those eigenproblems have not been rigorously
considered before. Borrowed the idea from [5], rough asymptotics of eigenvalues of
sub-fractional Brownian motion are derived as follows.

Theorem 2. The Karhunen—Loeve eigenvalues of sub-fractional Brownian motion with exponent
H € (0,1) satisfies the following:

o Case0 < H < *”Tm:

YH (2H+2)(4H+3)

M= —sprr + o(n= s 10) (12)
foreveryd > 0andn > 1;
e Case *HT‘/% <H<I1:
M = i +0(n™?) (13)
for every n > 1, where vy = zs’m(ﬁ#

Specifically, given an orthonormal basis in L?([0,1]), the operator K!I, in (9) over
L%(]0,1]) is of a representation as a linear operator over ¢, which is essentlally an infinite-
dimensional matrix. Asymptotic analysis on matrix elements is performed, based on some
technical lemmas, some of which (see Lemma 3) are improvements of the ones in [5].
Afterward, Theorem 2 is obtained in terms of the theory of compact operators. However,
the asymptotics in Theorem 2 are rough by simple observation or through numerical
simulation, although the details of the simulation are not provided here.

Next, the conclusion is about the eigenvalues of the derivative process of sub-fractional
Brownian. Unlike [6], the case H € (0, 1) is skipped.
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Theorem 3. The Karhunen—Loeve eigenvalues of the derivative process of sub-fractional Brownian
with H € (%,1) satisfy the following:

Ky 2H(4H-1)

An = —3iig +o(n~ eI 19 (14)
for every 6 > 0and n > 1, where kg = M@%

3. An Application: Small L?-Ball Estimate

The small ball estimate is an interesting topic in probability theory, and also has
important applications in statistical mechanic models. It yields estimates of the probability
that some stochastic process X = (X(t));¢[o,1) will lie inside a ball of radius ¢ in a certain
given norm || - ||. As for the L?([0,1])-norm, if X is a centered Gaussian process with
continuous covariance, there holds the following:

1 ©
X1 = [ x(Pdt= Y A, (15)
n=0

where {¢, } areii.d. N(0,1) random variables. As pointed out in [5], a crucial quantity to
derive the small ball estimate for fractional Brownian motion is the following determinant:

[e0)

DH(A) = TT(142AA,) (16)
n=0

which is a variant of the Fredholm determinant of K.

Now, the small L?([0,1])-ball estimate of sfBm is carried out. Let DI (A) be the
corresponding determinant with respect to sfBm. Note that the dominant terms of the
eigenvalues of sfBm(see Theorem 2) are just twice the ones of fractional Brownian motion
(see Theorem 1) when n > 1. Through a slight modification of the proof of Corollary 1 in
Appendix C of [5], the logarithmic asymptotics of ng(/\) read as follows:

Lemma 1. There holds the following:
e CaseH € (0, —HT\/ﬁ):

. 1
log(DH, (1)) = (4s1n(nH)F(2H +1)) 2 A 4 0(/\7(41#*5@%”])%) (17)
su sin( —2Hﬂ+1 )

foreveryd > 0and A > 1;
e CuaseH e [_1+Tm,1):

(4sin(7H)T(2H 4 1)) 71

sin(577)

log(DH, (1)) = AT 4 O(AFH) (18)

sub

for every A > 1.

Thereafter, the small L2([0,1])-ball estimate of sfBm can be directly established by
using standard large deviations calculation and de Bruijn’s exponential Tauberian theorem
(cf. [10]), which is exactly the same procedure as the one in [5].

Theorem 4. For 0 < ¢ < 1, the small ball probability P(||ng||i2 < ¢€) of a sub-fractional
Brownian motion satisfies the following:

e CuaseH e (0,%):
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1

2sin(7H)T(2H + 1 o .
o PIFali <€) = H(((2H+(1)sis1(iHn 1>>23L”1> e
+
(19)
for every 6 > 0;
e CaseH e [_HT‘/ﬂ,l):
m
2sin(tH)T(2H + 1) 1 _2H-1
ol <) = _H<<<2H+1>sm<2; T ) E e
+

(20)

Remark 1. The proofs of Lemma 1 and Theorem 4 are almost the same as the ones in [5], except for

some constants. It is necessary to emphasize the derivation of the number *HTM. It comes from
the classified discussion (namely, the derivations of (81) and (82)) in the proof of Theorem 2.

4. Technical Lemmas

Some lemmas will be used in the proofs of the main results; they should be illus-
trated firstly.

Lemma 2. Letting a be a real number, there holds the following:

+o<§ 1)

) 2 6in(2w) — si
/u”cos(wu)du: sm(cz}) s

)s
1
+0(5) (22)

2 4 2w) —
/ u’ sin(wu)du = — cos(2w) — cosw
1 w

forw > 1.

Proof. It is necessary to prove the first identity since the second could be proved in a
similar way. Noticing that

1 /2 2%gin(2w) — sinw
— [ d(u"si = 2
o /1 (u® sin(wu)) ” (23)
it implies the following:
2 24 gin(2w) — si 2
/ u" cos(wu)du = sin(2w) —sinw _ 4 u" L sin(wu) d u. (24)
1 w w J1

Combining with the second mean value theorem for Riemann integrals, the desired
result is obtained. [

Lemma 3. Ifa € (0,1), there holds the following:

T ['(a)cos(Fa) sinw 1
a—1 _ 2
/0 X" cos(wx)dx = - + +0(—), (25)
T ['(a)sin(Za) cosw 1
a—1 g — 27/ —
/0 2" sin(wx)dx = - +0(—) (26)

forw > 1.
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Proof. It is sufficient to prove the first identity. The proof of the second identity is similar
to the first one. First, by changing of variable in integration, the following can be deduced:

1 1 +o00 +o00
/ x" 1 eos(wx)dx = — (/ t"leostdt — / t*leostd t> . (27)
0 w* \ Jo w

On the one hand, by using contour integration, it is easy to verify the following:
® a1 T
/ " costdt =T(a) COS(EQ). (28)
0

On the other hand, by using the integration by parts and the second mean value
theorem for Riemann integrals, the following is valid:

[0.0) [e9)
/ t”_lcostdt:—a)“_lsinw—(11—1)/ " 2sintdt
w

Jw

(29)
= —w" lsinw + O(w"2).

The proof is completed. [

Next, two lemmas are taken from [11].

Lemma 4 (Porter and Stirling). If T, K are compact and K is self-adjoint, then the eigenvalues of
T*KT satisfy the following:

Aa(TKT) < min [A(K)| Ay_ja (T'T). (30)
je{l, m}

Lemma 5 (Porter and Stirling). If Ky, Ky are compact and self-adjoint, then we have the following:

An(Ky + Kz) Sj mi{ln}l/\n—j+1(K1)| +[A(K2) . (31)

{1
5. Proofs of the Main Results

Throughout this section, the eigenfunctions {¢, } in (5) are chosen as an orthonormal
basis in L?([0, 1]). Therefore, any bounded linear operator K over L?(]0, 1]) is one-to-one
corresponding to the operator A over /2 with the same operator norm. The linear operator
A over (2 is essentially an infinite-dimensional matrix (Ay, ), whose element is given by
the following:

1 1
A= [ [ Ky pn(x)gn(y) dxdy. (32)

Actually, such kind of mapping K to A is a topologically isomorphism. It implies
that, if K is compact (Hilbert-Schmidt, etc.) in L%([0,1]), then A = (A,;,) is also compact
(Hilbert-Schmidst, etc.) in ¢ and vice versa.

For the sake of simplicity, denote the following in the sequel:

1 1
m*:(m—i—i)n, n*:(n+§)7'c, m,n=20,12,--- (33)

Now, the eigenfunctions for Brownian motion could be rewritten as follows:
¢u(t) = V2sin (n*t), n=0,1,2,---. (34)

It is ready to prove the main results in this paper.
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5.1. Proof of Theorem 2

Here, the eigenproblem is Kgb(p = A@. The proof is finished in five steps. In the
first four steps, H € (3,1) is imposed temporarily, but this condition is dropped off
in Remark 3.

Step 1. Obviously, for the operator K, in L2([0,1]), there exists a linear operator
Al = ((AL),n) in 02 with the same operator norm, whose element is as follows:

Alun= [ [/ [ GRS yFHﬂ sin(n"x) sin(m*y) d xdy. (35)
It is easy to see that for every m,n = 0,1,2, - - -, there holds the following:
2H 2H — 1 _ _ . .
(Agtb)”/ E—— / / ZH 2 (x+y)2H 2) cos(n*x) cos(m*y)dxdy. (36)

by utilizing the integration by parts since H > % Splitting the right hand side of (36) into
two integrals, the linear operator Af, has a decomposition Af, =24 — AW, where their
corresponding elements share the same relations, i.e., (Af, ), = 24, — A,(f,)n for every
mn=0,1,2,---

Step 2. Tt is worth mentioning that the linear operator A = (A, ) in £2 with its
elements of the forms

11
)/o /0 |x — y[*H 2 cos(n*x) cos(m*y) dxdy (37)

which was discussed in [5]. There exists a decomposition A = D + O, where the linear
operators D and O are corresponding to infinite-dimensional matrices, whose elements are
respectively a leading order diagonal piece and a higher order off-diagonal piece of (A»).
Accurately speaking, according to the proof of Theorem 1 in Appendix A in [5], there holds
the following:

_ (sin(mH)T(2H +1) 1

Dnm = ( n*2H+1 +O(n2(H+l)) On,ms (38)
B cos(mH)T'(2H + 1) 1 yme1 1 1

Onm = nim*(n* + (—1)rmtlge) \ pe2H-1 + (=Dt m*2H—1 +O(nzmz) (39)

for m,n > 1, where O, , = O foreveryn =0,1,2,- - -

Remark 2. By applying Lemma 3 above, it is accidentally found that the remainder order of D, »
in [5] (or see (38) above) is not correct, while (56) is the right one instead.

In order to obtain the exact rate of convergence of O, (39) could be rewritten as follows:

H)['(2H+1
0. — CO;'(:;'S) ( mj )(n*z}i—l - m*ZlH—l) + O(nzlmz) m+mn even (40)
nm = H)T(2H+1
Cons*(;z*(n*&m;; ) (n*ZlH—l + m*ZlH—l ) + O(nzgnz) m+n odd.

It is sufficient to discuss the case of m > n > 1 because of the symmetry with respect
to the subscripts m and 7 in (37). Whenever m + n is even or not, it is clear that the
following holds:

*

1 1 1 _ 1 14 (&)2HA
n*m*(n* + m*) (n*ZHfl m*ZHfl) T T m2px2H 14+
m*

(41)

which leads to the following (the notation f < ¢ means f and g are the same order
of magnitude):

Onm =< m>n>1 (42)

m2n2H’
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by noticing the boundedness of f(t) = 1i1t —int € (0,1).

Step 3. It is time to deal with the linear operator A(1) = (A,(},L)

as follows:

, whose element is

_ 1 /1
A,(f,)n = w/o /0 (x +y)?H "2 cos(n*x) cos(m*y)d xdy, (43)

n*m*

Simply decompose A1) into AV = D) 4 0() as done in Step 2, where D,sl% £
Al and Ol £ Al — Dl

Step 3.1. To calculate the elements of A1) = (AE})H), firstly divide the square [0, 1] x
[0,1] into two sub-domains Ij, I, (see Figure 1), where I; represents the triangle enclosed
by the lines x = 0, y = 0 and x +y = 1; I is the triangle enclosed by x = 1, y = 1 and
x +y = 1. It leads to the following:

1 .1
//(x—l—y)ZH*Zcos(n*x)cos(m*y)dxdy

(44)
(// //> (x + )22 cos(n*x) cos(m*y) d xd y.
I
Through the change of variables,
{u =x+y (45)
v=Xx—Y,

it maps I and I, to [; and ], respectively. By the changing of variables in the double
integration, it implies the following:

1.1
2/0 /O(x+y)2H_2cos(n*x)cos(m*y)dxdy

([ [ [ ) ot (st (e

It is convenient to denote two integral terms on the right hand side of (46) by Q} ,,

and Q%/m

(46)

Y v

I

L

X = i 2 u

Figure 1. Domains for calculating A, ;.
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Combined with the formulae for trigeometric functions, it implies the following:

1 /1 L,y u m* + n* m* —n* m* — n* m* + n*
1 _ 1 2H-2 _ —
Qum = 2/0 u du/ﬁ <cos( U 7 v) + cos( 5 5 v)) do, (47)
1 /2 —u+2 m* +n* m* —n* m* —n* m* + n*
2 2H-2
= — - . 4
Qum 2/1 u du/lh2 (cos( y 5 v) + cos( 5 3 v))dv (48)
Substituting the above identities into AWM it can be deduced the following:
1 H(2H -1
Agz,m = % (Q'}l,m + Q%,m) . (49)
Step 3.2. Since the singularity among the integrands in A,(ﬂl)71 only occurs at (0,0),
it seems that the contribution of Q}, , should be much greater than the one of an,n.
[id=ADD,comment=appending]. To see it, the following integral identities are needed.
They are mainly based on Lemma 2 and Lemma 3.
To calculate Q%,/m, the order of f12 u?1=2sin(m*u) d u needs to be estimated. By setting
a=2H —2and w = m*, Lemma 2 gives the following;:
2 m+1
2H-2 * (71) 1
du=-—"—+0(—), 50
/1 u cos(m*u)du e + (mz) (50)
2 2H—2 22H72 1
“Csin(m*u)du = — 1
/1 u sin(m*u)du et O(mz) (51)
for m >> 1. Based on the same idea, the order of the remainder term can be improved. For
example, the following is true for m > 1:
2 2H—-1 (2 1"
/ u?H =1 cos(m*u)du = — . / w?H=2sin(m*u)du — ( *)
1 m* )1 n (52)
B (_1)m+1 1
= TG
Moreover, there holds the following:
1 2 2o, . . ) . 1 22H—2 22H—2 1
——— [ w2 (sin(m*u) —sinn'n) du = ——— (e = ) £ O(=) (53)

form >n>1.
By setting a = 2H — 1 and w = m*, the two identities in Lemma 3 are turned into the

following:
Lo ['(2H —1)sin(H) (—1)" 1
2H-2 * _ _
/0 x cos(m*x)dx = A + +O(m2), (54)
Voo o, I'(2H — 1) cos(tH) 1
2H-2 x _
/0 x sin(m*x)dx = — oy +O(—m2). (55)

for m > 1, in order to calculate Q} ,,.

On the one hand, it is mentioned in Remark 2 that the asymptotics in (38) are not
correct. As a matter of fact, using Lemma 3, the correct ones can be deduced. That is, the
diagonal part of the matrix corresponding to fractional Brownian motion can be revised as
follows:

sin(7tH)T'(2H + 1) n (=" +0

1
Dun = 2H+1 3 (,,74)

(56)

forn > 1.
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On the other hand, by using the integration by parts (see the proof of Lemma 3) and
the second mean value theorem for Riemann integrals, the following is valid:

1 m
SH_1 (-1 I'(2H) cos(tH) 1
/0 u cos(m*u)du = Tt ol +O($)/ (57)

for m > 1. Furthermore, there holds the following:

_ T(2H — 1) cos(mH) 1 1 1

+0(—) (58)

2H-2 ( _ )
m* — n* m*2H-1 n*2H-1 mn

sin(m*x)dx =

form >n> 1.
Step 3.3. Calculate Q#m and ng,m in the case of m > n >> 1. Firstly, using the
fundamental theorem for Riemann integrals in (47), it implies the following:

1
m* + n*
1
m* — n*

1
Qb= / u?H=2 (sin(m*u) 4 sin(n*u)) d u
’ 0

(59)

1
+ /0 u?H=2(sin(m*u) — sin(n*u)) du

which gives the following:

1 T(2H —1)cos(mH) 1 1 1 1
Qum = m* + n* (m*szl + n*2H-1 m2 n2 (60)
I'(2H — 1) cos(tH) 1 1 o 1
- m* — n* (m*ZHfl - n*ZH*l) + (%

)

in terms of Lemma 3 (see (55) and (58)). Observing that form > n > 1,

1 1 1

1
P (O(W—i-()(ﬁ)) :O(%) (61)

it means that

I'(2H — 1) cos(tH) 1 1
1
Qn,m - m* + n* (m*ZH—l + n*ZH—l)

I'(2H — 1) cos(tH) 1 1 1

m* — n* (m*qu o n*szl) + O(%)

(62)

1,—(2H-1)

i.e., the order of Q} ,, is the same as m ™~ n( .
Next, the goal is to calculate Qﬁ,m. It is clear that the following holds:

(_1)m+n+1 2
W/l w2 (sin(m*u) + sin(m*u)) du

(_1)m+n+l

Q% m —
' (63)

2
+ / u?H=2(sin(m*u) — sin(n*u)) du
1

m* —n*
which leads to the following:

_1)m+n+1 22H72 22H72 1 1
(m*+n* ( m* + n* +O(W)+O(ﬁ)>
(64)
(_1)m+'rl+l 22H72 22H72 1
- ) +0(—)

m* —n* m* n* mn

2
Qn,m =

+

in terms of Lemma 2 (see (51) and (53)). After all, it gives the following:

1

Qi =O0(-—) (65)

which verifies that the contribution of Q%,m is smaller than the one of Q%m.
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Since
n=HCED (1 @2, (66)

n*m*

1)

for m # n, O,(lrm is the same order as m—2n2H form > n > 1.
Step 3.4. Calculate Q}q,m and Q%,m in the case of m = n > 1. At first, (47) can be
transformed into the following:

1 1 /1
QL= / u?H1 cos(m*u) du + powrs / w?H=2sin(m*u) du (67)
’ 0 0

which gives the following:

—-1)"  cos(mH 1
Qb = C T (o) 12 1)) 10 ) (68)
by virtue of (57) and (55). Secondly, the following is valid:
2 2 2
Q2. =— / =Y cos(m*u)du + 2/ u?H=2 cos(m*u) du + mi / w?H=2sin(m*u) du (69)
’ 1 1 N
which implies the following:
5 B (71)m+1 1
mm = TWLO(W) (70)
by using (50)—(52). Since
H(2H -1
Dt = alh, = 1TV (g1 v @2,,) 7
it implies the following:
1) _ (H—1)cos(mH)I'(2H +1) 1
Dm,m - m*2H+2 + O(ﬁ) (72)

ie., Dﬁ,})m is the same order as m~2H=2 for m > 1.

Step 4. Summarize all asymptotic information for A,;. Noting that Ag,, = 2A — AQ)
and A = DM 4+ o), Agyp has also a decomposition Ay, = Dgyp + Ogyp, just like the
linear operator A in Step 2, if Dy, = 2D — D@ and O, = 20 — O are set.

The orders of the elements of Ay, are as follows. As for the diagonal piece, com-
bined (56) with (72), it gives the following;:

_2sin(nH)T2H+1) (=)™

(Dsub)mJﬂ m*2H+1 m*3 (73)
4 (H—1)cos(mH)T'(2H +1) —|—O(i)
<2H+2 mh

for m >> 1. As for the off-diagonal piece, noticing (42) and (66), it implies the following:

1
(Osup ) nm = 2n2H (74)

form >n> 1.

Indeed, it is easily found (See Remark 3) that the results for the orders of the elements
of Ay, are still true for H € (0,1) since every function on both sides of (73) and (74) is
holomorphic in (0,1).
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Step 5. Tt is clear that Dy, is self-adjoint, positive and compact in 2. For any fixed

g (0,1), Dsﬁ . 18 well-defined by the spectral decomposition theorem. Hence, O, can be
turned into the following:

Osub - DfubosubDfub/ (75)
where
Osus = DyhOsus Dy (76)

The order of the elements of D;{’i is mP2H+1Y) for m >> 1, so the order of the ones
of Ogp is n2H+VE=2 CHANE=2H for 1y > 5 > 1. If B € (0,1), the elements of O,
are square summablAe. Therefore, 65111, is a Hilbert-Schmidt operator (and thus compact).
The eigenvalues of Oy,; are square summable, and thus (arranged in order of decreasing
magnitude) satisfy the following:

An (ésub)‘ 5 n-z. (77)

Givenany J € (0, 1), by setting = 1 — 4, the following is true:

A 2
|An(osub)| = )‘H(DfubosubDfub)‘ < )‘n—j(osub)HAj(Dsfb)‘
<n77n72ﬁ(2H+1) — y2H—3+(4H+2)s

in terms of Lemma 4. Since § € (0, 2) is arbitrarily chosen, the above inequality can be
rewritten as follows: s
[An(Osu)| 5 207272, (78)

Now, Lemma 5 yields the following;:

An(Asuh) < |/\7l*n"‘(Dsub)| + |/\7l“ (Osuh)|

TH 2H+1 3 Cw(OH+3—s
< g (L )P 1 O((n — %) 7%) O (n*2H+27)
_ TH n* n2e
= 2H+1(1+(2H—|—1) fn“+O((n—n“)2)) (79)

+ O((Tl _ n“)f ) + O(nle(zHJr%*(s))

TH —2H-— - - 3_
— 2H+1 +O( 2H 2+a)+o(n 3)+O(n a(2H+3 5))

by setting Ky = Dy, Ko = Ogyp and j = n*. Letting 2H +2 —a = «(2H + %)(i.e.,

&= Zzgﬁ ) and making use of the arbitrariness of § € (0, 1), it implies the following:
2
v _ (2H+2)(4H+3) B
)\n(Asub> < nZTH+1 + 0(” S +5) + O(Tl 3)' (80)

There are two error terms in the above inequality. It is necessary to merge them
together. Obviously, the orders of the error terms need to be compared, which leads to the
following two cases:

1. If % <3(e,0<H< *HT\/%), there holds the following:

(2H+2)(4H+3)
An(As) S s +o(n™ s ), (81)

2. If % > 3 (e, *HT‘/% < H < 1), there holds the following:

Mn(Aq) < —its +0(n~3). (82)
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Repeating the above argument with K; = Ag,;,, Ko = —Ogy; gives the following:
1. IfO<HK *HTM, there holds the following:
Ml Asup) = o= HHHE 0, 53)
2. If *HTM < H < 1, there holds the following:
Mn(Agp) > % +0(nd). (84)

The proof is completed. [

Remark 3. During processing the proof of Theorem 2, H € (%, 1) is imposed. In fact, Ay m(see (35))
is holomorphic with respect to the variable H in (0, 1), and so are Dy, and Oy, ;. Moreover, the first
three terms on the right hand side of (73) are holomorphic in H € (0,1), and so is the remaining
term in (73). In terms of the principle of analytic continuation, (73) is still valid for H € (0,1).
The same argument works for the off-diagonal piece in the case of H € (0,1).

5.2. Proof of Theorem 3

Following the lines in the proof of Theorem 2, it is easy to justify Theorem 3. Here, the
sketch of its proof is given, and the different parts from the steps in the proof of Theorem 2
are emphasized. Step 3.2. in the proof of Theorem 2 is skipped since the technical lemmas
are exhibited there.

Formally speaking, the covariance function K;{b is the “mixed partial derivative” of

KM From the point of view of the general white noise theory (cf. [4]), the sfBm is the

sub*
integral process of the one related to K, in a rigorous sense since the following holds:

s t
/0 /O Kl (x,y)dxdy =KL, (s,t) (85)

if H > 1. Hence, it is reasonable to study the eigenproblem th(p = Ag.

Step 1. The matrix element related to the linear operator K

-,» becomes the following:

(Auus o =2HEH 1) [ M=y P12 = a2 2)sin(n'x) sin(m'y) d vy, 86)

By splitting the right hand side of the above identity into two integrals, (Ag,p)n,m has a
decomposition (gsub)n,m = ZAn,m — 2511,31, where Avn,m corresponds to the part of fractional
Brownian noise (cf. [5,6]).

To calculate A, ,;, through imitating the method in [5], [0,1] x [0,1] can be represented
by a parallelogram V; minus two triangles V, and V3 (see Figure 2), where V; is enclosed
by thelinesy =0,y =1, y—x=1landy —x = —1; V isenclosed by x = 0, y = 0 and
y—x=1and Vzisenclosedbyx =1,y =1landy —x = —1.

V2

Figure 2. Domains for calculating Aum.
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By denoting
K}l,m = // |x — y[21 2 sin(n*x) sin(m*y)d xd y (87)
Vi
R%3, = // |x — y[*1 2 sin(n*x) sin(m*y) d xd y, (88)
g VLUVs

it’s clear that B _ _
An,m = H(2H - 1)(R111,m - R%t/,%n) (89)

By changing the variables u = y — x, v = y in double integral, the following can
be deduced:

1 1
Ry :/ sin(m*v) sin(n*v)dv/ |u|?H=2 cos(n*u) d u. (90)
0 -1

To calculate ﬁ%ﬁ%, first of all, perform the mapping V3 to V, by changing variables
x' =1-—x,and y’ =1 —y. Then, the integral over this region is greatly simplified under
the change of variables u = x + y, v = x — y, which gives the following;:

(_1)m+n+1

~. 1 u B
R23, = . /0 qu—zdu/ﬁ cos(n*%-f- (_1)m+”m*v+7u)dv.

2

To calculate Eﬁ},)n, two sub-domains I;, I are chosen as is done in Step 3.1. of
Section 5.1. Designating

Qb= //I (x +y)?H 2 sin(n*x) sin(m*y) d xd y (91)
@%,m = //I (x —|—y)2H*2 sin(n*x) sin(m*y)dxdy (92)

it gives the following:
Ay = 2HQ2H =1)(Q} 0 + Q). ©3)

Step 2. Now, it is time to extract diagonal and off-diagonal information from (Agp)nm-
By setting (Dgyp)nm = (Asup)nmOnm, and (Osup)nm = (Asup)nm — Dnm, a decomposition
(Asup)nm = (Dsup)nm + (Osup)n,m is obtained. Moreover, there hold the following:

(ﬁsub)ﬂ,n :ZH(ZH - 1)(ﬁ}z,n - ﬁ%z’,:; - @}t,n - Q%,n)/ (94)

(631117)71,711 :ZH(ZH - 1)(ﬁ31,m - ﬁ%z’,?n - Q%,m - é%,m)/ n 7& m. (95)

The details for handling the gn,m part are emphasized, but the ones for g,(ql% are
omitted, except for the conclusions.

Step 2.1. Calculate A, ,, and E,(})n in the case of m > n > 1. Simple calculations
show the following:

R}, =0. (96)

2,3 (_1)m+n+1 ! 2H-2/_: * m—+n _: *
Rn;m:m*+(_1)m+nn*/0 W2H=2(sin(m*u) + (—1)" " sin(n*u)) du.  (97)
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Processing, as in Step 3 in Section 5.1, it is no trouble to verify the following:

Qlw=— 2(m1—|—n) /O " 2H2 (sin (' u) + sin(n*u)) d u .
+ Ml_n) / U 2H=2 (gin (1) — sin(n* 1)) d . w0
2., —w /1 * J2H=2 (sin (1) + sin(n*u)) d
+ zg;}{”n’j) [ 2 sin(mu) —sin(n'a) d .

Using (51), (53), (55) and (58), it implies the following:

Ry — Ry = Qi — Qi
3(_1)m+n1-(2H — 1) COS(TL’H) 1 1ymn 1
2(111* T (_1)m+nn*> (m*ZH—l + (_ ) n*2H—1) (100)

T(2H —1)cos(nH) , 1 1 1
2((;71* — (Blc;)nfgrnn*)) (m*2H*1 ) + O(

+ (_1)m+n . (_1)m+n

n*2H-1 mn)

Using the same techniques as Step 3.3 with Lemma 3, it is obvious that ﬁ%,m - ﬁ%i’n -
Gl — Q1

Step 2.2. Calculate An,m and g,(f,)n in the case of m = n > 1. It is easy to check the
following:

- 1
Ry :/ sin(m™*v) sin(m* )dv/ lu[*172 cos(m*u) d u
0 1

[(2H —1)sin(wH) (—1)" 1 (o)
— smi 7t -
=2( *2H-1 i +O(W))
- 1
Ry, =— i*/ w?H=2sin(m*u) du
meJo (102)
I'(2H — 1) cos(tH) 1

Following the similar procedures as Step 3. in Section 5.1, there holds the following:

1
Qmm :2/ Leos(m*u)du — Zm*/ w?H=2sin(m*u) d u. (103)
2
M 2H-2 _ 2H-2 x
m,m _Zm*/l u sin(m*u)du + 2/ “Leos(m*u)du /1 u cos(m*u) du. (104)

Using (50)—(52) and (57), it leads to the following:

§111,n - ﬁizi,,%z - Q}z,n - Q%,n
_ZT(ZH —1)sin(rH) (2I'(2H) +3T(2H — 1)) cos(7tH) 1
- p*2H-1 - 2n*2H +

Step 2.3. Summarize the asymptotic information for the matrix elements of Agup- The
asymptotics for the diagonal piece of (Ag,p)n,m are as follows:

~ 2I'(2H +1)sin(mH) (4H +1)T'(2H 4 1) cos(tH)

1
(Dsuh)m,m = 2H-1 - ym*2H + O(W) (105)




Fractal Fract. 2021, 5, 226

16 of 17

if m > 1, and the ones for the off-diagonal piece are as follows:

- 1
g 2H—
(Osub)nm mn2H—1 (106)

ifm>n>1. ~
Step 3. Noticing that Dgyp is self-adjoint and posmve given any f € (0,1), Ogyp

can also be written as Osub = DfubOder Df up With Oder = DsuﬁhOsuhD P Since the or-
der of the elements of Dsu’i is mP(2H=1) when m >> 1, the order of the ones of édﬂ is

m(2H-1)p—1,QH-1-2H+1 ywwhen m > n > 1. If B € (0, 1), it is easy to verify whether the
elements of O,, are square summable. In fact,

y (éder)%,m <Y 2(2H=1)p=2,2(2H—1)B—4H+2

m>n m>n

_Zn (2H-1)p—4H+2 Z m 2(2H-1)p-2
m=n+1
SZ” 2H—1)/S—4H+1_

The square summability of Oy,, is verified since 42H — 1) —4H +1 € (—4H +1,—1)
when B € (0, %) Therefore, O, is a Hilbert-Schmidt operator (and thus compact). Using
Lemma 4, it is immediately obtained the following:

|An( suh)| < 2R (107)

Setting K; = Dqyp, Ko = Ogyyp and j = n® in Lemma 5, it can be deduced the following:

An(Asup) < gy +O(n™2H0) - O(n*BH27)), (108)
Choosing 2H — « = a(2H — 1)(ie, a = 2H+1) it implies the following:
N K _2H@H-1) |,
/\H(Asub) S nZTI_I—l +O(}’l 4H+1 +())‘ (109)

Repeating the argument with K; = Ay, Ko = —Ogyp gives the following:

Ky 2H(4H-1) +5)

Mn(Agp) > AHT +o(n™ 4 (110)

The proof is completed. [

6. Discussion

Asymptotics for the Karhunen-Loeve eigenvalues for a sub-fractional Brownian mo-
tion are proved, based on functional analysis method. However, those asymptotics are
too rough to be simulated since the magnitude of data storage for the discretization of the
corresponding eigenproblem is so huge, even for the small precision. The authors believe
that it is limited by the current method to obtain those asympotics. It was expected that
more accurate asympotics would be established if the idea in [6] could be applicable in
this case. In principle, a circumvention of loss of translation structure in this eigenproblem
should exist. To find an effective asymptotics method of analysis for the eigenproblem is
our next goal.

7. Comments

At first, the authors were inspired by the idea in [6] and tried to use that method
to solve the eigenproblem for sub-fractional Brownian motion. However, the algebraic
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structure of the Laplace transform of the eigenequation turned out to be different. Hence,
the authors thought that the method in [6] was possibly unapplicable in the case of sub-
fractional Brownian motion. In [12], the covariance of Brownian motion is considered a
“perturbation” of the one of fractional Brownian motion. It inspired the authors to consider
the term (s + t)2H in the covariance function to be a “perturbation” of the covariance of
fractional Brownian motion. It still did not work after the elementary trial. This could also
be an important part of our further research.
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