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Abstract: In this article, we apply one fixed point theorem in the setting of b-metric-like spaces to
prove the existence of solutions for one type of Caputo fractional differential equation as well as the
existence of solutions for one integral equation created in mechanical engineering.
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1. Introduction and Preliminaries

It is well known that fixed point theory has applications in various fields of research.
These fields include engineering, economics, natural sciences, game and graph theory, etc.
The first known and perhaps most applicable result comes from Stefan Banach in 1922. It
is known as the Banach contraction mapping principle. This principle claims that every
contraction in a complete metric space has a unique fixed point. It is useful to say that this
fixed point is also a unique fixed point for all iterations of the given contractive mapping.

After 1922, a large number of authors generalized Banach’s famous result. Hundreds
of papers have been written on the subject. The generalizations went in two important
directions:

(1) New conditions were introduced in the given contractive relation using new relations
(Kannan, Chatterje, Reich, Hardy-Rogers, Ciri¢, )
(2) The axioms of metric space have been changed.
Thus, many classes of new spaces are obtained. For more details see papers [1-10].
One of the mentioned generalizations of Banach’s result from 1922 was introduced by
the Polish mathematician D. Wardowski. In 2012, he defined the F-contraction as follows.
The mapping T of the metric space (X, d) into itself, is an F -contraction if there is a
positive number T such that for all x,y € X

d(Tx, Ty) > O yields T + F(d(Tx, Ty)) < F(d(x, 7)), (1)

where F is a mapping of the interval (0, +-c0) into the set R= (—00,4+00) of real numbers,
which satisfies the following three properties:
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(F1) F(7) < F(p) whenever 0 < 7 < 7;
(F2) If {&,} C (0, +o0) then &, — 0if and only if F(a,) — —oc;
(F3) @F (@) — 0as@ — 0 for some k € (0,1).
The set of all functions satisfying the above definition of D. Wardowski is denoted

with F. B
The following functions IF : (0, +c0) — (—00, +00) are in F.
Flw) -

Fla) =a+ ln ;
Fla) =
F(a) = ln((x + a?).
By using F-contraction, Wardowski [11] proved the following fixed point theorem that
generalizes Banach'’s [3] contraction principle.

Ina;

I

L

Theorem 1. Ref. [11] Let (X, d) be a complete metric space and T : X — X an F-contraction.
Then T has a unique fixed point X* € X and for every X € X the sequence {Tnf} N Conerges to
ne

x*.

To prove his main result in [11] D. Wardovski used all three properties (F1), (F2)
and (F3) of the mapping F. They were also used in the works [12-19]. However in the
works [20-22] instead of all three properties, the authors used only property (F1).

Since Wardowski’s main result is true if the function I satisfies only (F1) (see [20-22]),
it is natural to ask whether it is also true for the other five classes of generalized metric
spaces: b-metric spaces, partial metric spaces, metric like spaces, partial b-metric spaces,
and b-metric like spaces. Clearly, it is sufficient to check it for b-metric-like spaces.

Let us recall the definitions of the b-metric like space as well as of the generalized
(s,q)— Jaggi-F-contraction type mapping.

Definition 1. A b-metric-like on a nonempty set X is a function dy; : X x X — [0, +00) such
that for all X, 7,z € X and a constant s > 1, the following three conditions are satisfied:

(dp1) dp (%, 7) = 0 yields X = y;
(dp2) dp (X, y) = dy (Y, %);
(dp3) dp (%, 2) < s5(dy (X, Y) +dp (¥, 2))-

In this case, the triple (X, dj, s > 1) is called b-metric-like space with constant s or
b-dislocated metric space by some author. It should be noted that the class of b-metric-like
spaces is larger that the class of metric-like spaces, since a b-metric-like is a metric like with
5 = 1. For some examples of metric-like and b-metric-like spaces (see [13,15,23,24]).

The definitions of convergent and Cauchy sequences are formally the same in partial
metric, metric-like, partial b-metric and b-metric-like spaces. Therefore we give only the
definition of convergence and Cauchyness of the sequences in b-metric-like space.

Definition 2. Ref. [1] Let {X,} be a sequence in a b-metric-like space (X, dp;, s > 1).

(i) The sequence {X,} is said to be convergent to X zf hm dbl(xn, X) =dp(X,%);

(i) The sequence {X, } is said to be dy;—Cauchy in (X dbl,ﬁ >1) zf hrrb_ Ay (X, X ) exists
and is finite. If 11m dbl(xn,xm) =0, then {Xy } is called 0 — dbl Cauchy sequence.

(iii)  One says that a b metrzc like space (X, dp, s > 1) is dyj—complete (resp. 0 — dy;—complete)
if for every dy—Cauchy (resp. 0 — dy—Cauchy) sequence {X, } in it there exists an ¥ € X
such that li_r)r}r Ay (Xn, Xm) = 11m dbl(xn/ X) = dy (%, %).

n,m 1)
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(iv) Amapping T : (X,dp,5 > 1) — (X, dy;, s > 1) is called dy—continuous if the sequence
{T%y} tends to TX whenever the sequence {X,} C X tends to X as n — oo, that is, if
nlirfw dp1 (X, X) = dpy (X, %) yields nLiTm dp (Tfn, Tf) =dy (Tf, Tf)

Herein, we discuss first some fixed points considerations for the case of b-metric-like
spaces. Then we give a (s, q) —Jaggi-IF- contraction fixed point theorem in 0 — dy; —complete
b-metric-like space without conditions (F2) and (F3) using the property of strictly increasing
function defined on (0, +o0). Moreover, using this fixed point result we prove the existence
of solutions for one type of Caputo fractional differential equation as well as existence of
solutions for one integral equation created in mechanical engineering.

2. Fixed Point Remarks

Let us start this section with an important remark for the case of b-metric-like spaces.

Remark 1. In a b-metric-like space the limit of a sequence does not need to be unique and a
convergent sequence does not need to be a dy;—Cauchy one. However, if the sequence {X,} is a
0 — dy—Cauchy sequence in the d,—complete b-metric-like space (X, dy, s > 1), then the limit
of such sequence is unique. Indeed, in such case if X, — X as n — —+o0 we get that dy (%, x) = 0.
Now, if X, — X and X, — y where X # ¥, we obtain that:

1. _ _ _ _ S _
S0 (%, 7) < dpt (X, %n) + dpt (¥, X) = dpr (X, X) + dpy (7,5) = 0+0 = 0. @)
From (dy;1) follows that X =y, which is a contradiction.

We shall use the following result, the proof is similar to that in the paper [25] (see
also [26,27]).

Lemma 1. Let {X,} be a sequence in b-metric-like space (X, dy;, s > 1) such that
Apr (Xn, K1) < A~ dp (Xn—1,%n) ®)
for some A € [0, %) and for each n € N. Then {X,,} is a 0 — dy;—Cauchy sequence.

Remark 2. It is worth noting that the previous Lemma holds in the setting of b-metric-like spaces
foreach A € [0,1). For more details see [26,28].

Definition 3. Let T be a self-mapping on a b-metric-like space (X, dy, 5 > 1). Then the mapping
T is said to be generalized (s,q)—Jaggi F—contraction-type if there is strictly increasing F :
(0,400) — (—o00,400) and T > 0 such that for all X,y € X :

(dy (TX, Ty) > 0 and dyy (X, ) > 0) yields T + F (s9dy (TX, Ty)) < F (N;?'B'C (%, y)), )

dy (X,Tx) dy (9,T7)

forall x,y € X, where NQ’B “xy) = A- e

A,B,C>0withA+B+2Cs < landg > 1.

+B-dy(x,y)+C-dy (y,Ty)/

Remark 3. Due to division by dy; (X, )in previously it must be dp; (X, y) > 0. Hence, we improved
Definition 6 from [13].

We give further, various results using only some conditions of the definition of F-
contractions. Then, we prove a (s,q)—Jaggi-F- contraction fixed point theorem in 0 —
dp;—complete b-metric-like space without conditions (F2) and (F3) using the property of
strictly increasing function defined on (0, 4-c0). For all details on monotone real functions
see [29].

Let us give the following main result of this section.
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Theorem 2. Let (X, dy,s > 1) be 0 — dy—complete and T : X — X be a generalized (s, q)-Jaggi-
F- contmctzon type mapping. Then, T has a unique fixed point x* € X, if it is dy;—continuous and

lim T'% = X*, for every @ € X.
n—+oo

Proof. First of all, we will prove the uniqueness of a possible fixed point. If the map-
ping T has a two distinct fixed point ¥* and ¥* in X then since d; (Tx*, Ty*) > 0 and
dy (x*,y*) > 0 we get by to (4):

F(dy (T¥', T7")) < T+ F(s" - dy (T2, T7")) < F(NAPC(@, 7)), ®)

. . d 7*/?7* d 7*,7 * e —x Cx Tx .
where N{:}’B’C(x*,y*) _p. W dz()?;*()y r) + B -dy(x*,7*) + C-dy (y*, Ty"), that s,

Fdu(,7%)) < F(Ny " @.77))

=F(A-0+B-dy(x*,y")+C-dy(x", ")), (6)
or equivalently,
dp (X", y") < (B+C) -dy(X",y7). )

The last obtained relation is in fact, a contradiction. Indeed,

B+C < B+Cs
< B+42Cs
< A+B+2CS<1.

In the previously we used that d, (¥, %) = 0 if X is a fixed point in X of the mapping T.
Further, (4) yields

dy (TY,T]?) < s1dy, (Tf,Ty) <A- % +B- db,(x y) +C-dy (y, Ty) (8)
foralls > 1,9 > 1and X,7 € X whenever dy; (Tx, Ty) > 0 and dj, (X, 7) > 0.

Now, consider the following Picard sequence X, = Tx,_1,n € N where X is arbitrary
point in X. if Xy = X;_; for some k € N then X;_; is a unique fixed point of the mapping T.
Therefore, suppose that X, # X,,_1 for all n € N. In this case we have that dy;(¥,,_1,%,) > 0
forall n € N. Since, dp (TX,_1, TXy) > 0 and dy (%,_1, %) > 0 then according to (4) we get

Ay (Fn, Trsa) < A ESRIMRIA) B dyy (71, ) + C g (T )
= A-dp(Xn,Xp1) + B dp(Xn-1,%n) + C - dpy (X, Xn) ©)
< A-dy(Xn, Xpg1) + B dp (-1, %n) +25C - dyy (X1, %n).
The relation (9) yields
_ B+ 2sC _ _
dp1 (Xn, Xn 1) < qT—A “dp (X1, Xn).- (10)

As B25C < 1 then, by Lemma 1 and Remark 2, we have that the sequence {X, } .y is

a0 —dy —Cauchy in O-complete b-metric-like space (X, dp;, s > 1). This means that exists
a unique point X* € X such that

lim dbl(xn,xm) = lim dbl(xn, )Z dbl(f*,f*). (11)

n,m——~+oo n——+oo
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Now, we will prove that * is a fixed point of T. Since, the mapping T is continuous,
then we get

dp (Tfn,ﬁ*) — dyy (TE*,TY*), ie., dy (Yn—i-l/ﬁ*) — dy (ﬁ*,ﬁ*), (12)

as n — +oo0. The conditions (11) and (12) show that Tx* = X*,, i.e., ¥* is a fixed point of T.
This completes the proof of Theorem 2. [J

Now we give some corollaries of Theorem 2.

Corollary 1. Putting in (4) A = C = 0 we get that result of D. Wardowski holds true for all
five classes of generalized metric spaces (partial metric, metric-like, b-metric, partial b-metric and
b-metric-like) for continuous mapping T. Indeed, it this case, (4) yields

T+ F (s (T%,T7)) <F(B- du(%.7)), (13)
forall X,y € X, with dy (TX, Ty) > 0 and dy; (X, ) > 0. Further, from (13) follows
+F(dy (Tx, Ty)) < F(dn(x.9)), (14)

that is., D. Wardowski F-contractive condition. This means that continuous mapping T has a
unique fixed point ¥* in X and dy, (Tnf, Tf*) = dy, (T"f, f*) — dy (X, X*) as n — oo, for all
xeX.

Corollary 2. Puttingin (4) A =0, B+ 2sC < 1 we get the following F-contractive condition:

T+ F(sdy (Tx, Ty)) <F(B-dy(x,5) + C-dy(y,Ty)), (15)
that is B o _ B
T+ F(dy(Tx, Ty)) <F(B-du(%,y) +C-du(y,Ty)), (16)
or equivalently, o B
dp (TX, Ty) < B-dy(X,9) + C - dy (, Ty). (17)

Then, continuous mapping T : X — X has a unique fixed point ¥* € X and dy, (ﬂlf, TY*) =
dy; (T"f,f*) — dy (X, x*) asn — +oo, forall X € X.

The immediately corollaries of Theorem 2 have new contraction conditions that
generalize and complement results from [30,31].

Corollary 3. Let (X, dp;,s > 1) be a0 — dy—complete b-metric-like space and T be a self mapping
satisfying a generalized (s, q) —Jaggi F-contraction-type (4) where C; > 0,i = 1,3 such that for all
%, 5 € X with dy (Tx, Ty) > 0 and dy, (%, 7) > 0 the following inequalities hold true.

Ci +exp(s? - dy (T%,T7)) < exp (N "< (%9)), (18)

, (19)

Cs + exp(s9 - dy (T, T9)) -In (s - dyy(T5,T9)) < exp (N2 C(2.9)) - In (N2PC(5,9)), (20)
(o7

ABC = — _
where Ny~ (X,y) = A-
with A+ B +2sC < landq > 1.
Then T has a unique fixed point X* € X if it is continuous and then for every ¥ € X the

— y
sequence 1 T x converges to X*.
neN
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Proof. First of all, put in Theorem 2. F(r) = exp(r), F(r) = —1, F(r) = exp(r) - In(r),
respectively. Since every of the functions r +— F(r) is strictly increasing on (0, +c0) the
result follows by Theorem 2. [

3. Main Results

Fixed point theory is an important tool for developing studies and calculations of
solutions to differential and integral equations, dynamical systems, models in economy,
game theory, physics, computer science, engineering, neural networks and many others.
In this section, let us give two applications of our fixed point theorems previously dis-
cussed in fractional differential equations and in an initial value problem from mechanical
engineering.

Letp : [0, +00) — R be a continuous function. Next, we recall the definition of Caputo
derivative of function 7 order B > 0 (see [32,33]):

CDP(H(t)) := / (t— )" P50 (s)ds (n—1 < B < nn=[B] +1),
0

where [B] denotes the integer part of the positive real number f and I' is a gamma function.
Further, we will provide an application of the Theorem 2 for proving the existence of
a solution of the following nonlinear fractional differential equation

CDP(R()) + f(1E(H) =0 (0 <t <1,B <1) (21)
with the boundary conditions ¥(0) = 0 = ¥(1), with X € @([O, 1],@), @([O, 1],@) denotes

the set of all continuous functions with real values from [0,1] and f : [0,1] x R — Risa
continuous function (see [34-37]). The Green function connected with the problem (21) is

(=) g < <5 <1,

B(ts) = { (t(l 75))“*1 _ (tfs)“fl f0<s<t<1
I(a)

Let X = 5([0, 1], @) endowed with the b-metric-like

dp (X, ) = sup |x(t) +7(t)|7, forallx,y € X.
te[0,1]

We can prove easily that (X, dj;, s > 1) is a 0 — dj—complete b-metric-like space with

parameter s = 29~ 1. For simplicity let us denote the triple (X, d;, s > 1) by X. Obviously
x* € X is a solution of (21) if and only if ¥* € X is a solution of the equation

1
() = /@(t,s)f(s,z(s))ds forall t € [0,1].
0

Let us give our first main result of this section.

Theorem 3. Consider the nonlinear fractional order differential Equation (21). Let ©: RxR—R
be a given mapping and f : [0;1] x R — R be a continuous function. Suppose that the following
assertions are true:
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t
(i)  there exists Xy € X such that ¢ xo(t),fTEO(t)> > 0 foralt € [0,1], where T :
0

@([O, 1],@) — @([0, 1],@) is defined by
t
:/Qﬁ(t,s)f(s,f(s))ds; (22)
0

(i) there exists T > 0 such that for all X,j € X :

dp (TX, Ty) > 0 and dy (X, 7) > 0 yields

FEF0) + FET)] < Y NEPEE e, )

forall t € [0,1], where

dy (%, TX) - dy (7, T7)
dy (%, )
A,B,C>0withA+B+2Cs <landg>1;

(iii) forallt € [0,1]) and y,v € E([O 1], R) B(x(t),y(t)) = 0 yields 9(Tx(t), Ty(t)) >

(iv) forallt € [0,1], if {X,} is a sequence in C( [0,1] ,@) such that X, — X in C([O,l] R) and

O(Xy(t), Xp41(t)) > 0 forall n € N, then (X, (t),x(t)) > 0 foralln € N.
Then problem (21) has a solution.

+B-dy(%,7) +C-dy(y,TX),  (24)

A-

N )

Proof. Itis obvious that the problem (21) can be reduced to find an element x* € X, which

is a fixed point for the mapping T.
LetX,7 € X such that 9(%(t),y(t)) > Oforall t € [0,1]. By (iii) we have ¢(Tx, Ty) >
Then by hypothesis (i) and (ii) we have the following inequalities

— _ 1 1
|Tx(t) + Ty(t)| = Of(’j(t,s)f(s,f(s))ds —l—Of@(t,s)f(s,y(s))ds
1
= |/ 8(ts)[f(5,%(s)) + f(s,5(s))]d
o (25)
=< Of\f( X(s)) + f(s,H(s) Idsf® (t,5)d
1
< HYNGPCE e [ Gt s)ds
0
1
Since [ &(t,s)ds < 1 and taking supremum in both sides we get
0
_ _ 1
supyepo [TE(1) + TH(H| < gsuprepgy) § NZ?’B’C(Y/?)E‘T~suPte[o,1]bf & (t,s)ds (26)
< gsupyey (NP E e
This means 1
sup [Tx(t) + Ty(t)|" < SNy Pz y)e ™. (27)
tef0,1] s
Then we get

sdy (TZ, Ty) < Ny PC (%, 7)™ (28)
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If we take F(w) = In(w) for all w > 0 and since F € F we get

In(s7dy (T, Ty)) < ln(N,;?'B’C (?,y)e_T) or

7+ In(s7dy (T%, Ty)) < In (NZ?’B'C (%, y)) . (29)

Equivalently

= = = = dy (%,Tx)dy (7, Ty _ _ =
T+ F(s7dy, (TX, Ty)) < IF<A . B (2T%) u (977) dbl)@;)( ) 1B dy(x,7)+C dy (¥, Tf)) (30)
where A,B,C > O0with A+ B+2Cs < land g > 1.

Applying Theorem 2, we deduce that T has a fixed point, which yields that Equation (21)
has at least one solution. [

Next, we will give a new application of Theorem 2, in mechanical engineering. Then,
an automobile suspension system is the practicable application for the spring-mass system
in engineering matters. Let us study the motion of an automobile spring when motion of it
is upon a rugged and pitted road, where the forcing term is the rugged road and shock
absorbers provide the damping. The possible external forces acting on the system are the
gravity, the tension force, the earthquake, etc. We denote by m be the spring mass and by
P the external force acting on it. Then, the next initial value problem express the critical
damped motion of the spring-mass system under the action of an external force ®.

mEE 4l — (1, %(t)) = 0;
x(0) = 0; (31)
X (0) =0;

where 77 > 0 denote the dumping constant and @ : [0,6] x RT — R is a continuous map.
Obviously, the problem (31) with the following integral equation are equivalent.

0
() = / & (t,5)D(s, T(s))ds, with t,5 € [0,6]. (32)
0

where &(t, s) is the corresponding Green'’s function, defined as follows

]—eé(t*S) )
&(t,s) = — for0<s<t<g;
0, for0<t<s<6;

where ¢ = 7 is a constant ratio.
Let us consider X = @([O, 9],@) be the set of real continuous functions defined on

[0,6]. Then, for g > 1 we consider the following b-metric-like
dy(%,7) = ([0 + [7])?, forall 7,7 € X. (33)

where ||X]|c = sup [X(t)|e” ™, withT > 1and t € [0,0].
te[0,6]
Then, it is easy to check that (X, dy, s > 1) form a 0 — dj,j—complete b-metric-like
space with the coefficient s = 2. Let us denote again the triple (X, dy, s > 1) by X.
Then, we have the prove that the problem (31) admits a solution if and only if there
exists ¥* € X, a solution of the equation

0
() = /ﬁ(t,s)CID(s,Y(s))ds, with 5 € [0,6)].
0
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Further, let us give the following second main theorem of this section.

Theorem 4. Consider the problem (31) and the operator T : E([O, 0],@) — @([0, 9},@)

0
Tx(t) = /es(t,s)@(s,y(s))ds, with t,s € [0,6].
0

Suppose that:
(i) the function @ : [0,0] x RT — R is a continuous function;
(ii) there exists T > 0 such that, for all X,y € X, we have:

dp (T, Ty) > 0 and dy, (%, ) > 0 yields

efr(lft) AB,C

(L %(0)] + |D( ()] < \/ NP, N
forallt € [0,0] and T > 1, where

_ dp Y,Tf - dp; 7,? L -
NYPC(x ) =A- ( dbz)(x y>(y 7) + B-dy(X,7) + C-dy(y,Tx),  (35)
A,B,C>0withA+B+2Cs < landg > 1.

(iif) forall t € (0,0] and ,v € C([0,0)K),

B(x(t),y(t)) > 0yields O(Tx(t), Ty(t)) > 0.
Then, the integral Equation (31) has a unique solution.

Proof. Then problem (31) can be considered to find an element ¥* € X, which is a fixed
point for the operator T.

Let %,y € X such that dy; (%(t),7(t)) > 0 for all t € [0,6]. By hypothesis (iii) we have
dy (Tx, Ty) > 0. According with the hypothesis (i) and (ii) of the theorem, we have the
following inequalities

) 2

2

v2)

VD(s,%(s))ds| +

4

2(|Tx(1)| +|Tx(1)])* = 52<

C =
G

fgﬁ(t,s)CID(s,y(s))ds
0

G
—~

~~

©»

IN
w
¥}
R

IN
o
N
N
Ceo P—mo =

, ><1><s,x<s>>|ds+f|®<t,s><1><s,y<s>>|ds)
O(t,5) ({5, 7()]| + |d><s,y<s>>|>ds>2
B(t,s)y/ N;‘}/Bf(x,y)ds)z
2eNARC (R, ) (

e T ANJABC = =\ 1t
efzrthl (x,y)e " (

IN
o
N
/N

IN

@(t,s)ds)

IN

2
05(t,s)ds> .
(36)
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Then, we have
0 2
(| Tx(8)| + [Tx(t)])%e 2 < e INAPC(x, 7)o T ( / (’5(t,s)ds) . (37)
0
0
Since [ &(t,s)ds < 1 and taking supremum on both sides, results
0
= = 2 _ S
(T2 + [ TH ) < e [N E 7). (39)
Then 5%dy,; (Tx, Ty) < e © N;?Bc(f y)H :
For F(w) = Inw, for allw > 0 and F(w) € F we obtain
1n<52db, (Tx, T7) ) < 1n( NABC (z,7) H ) (39)

Equivalently

dy (%, Tx) - dp (7, TY)
dpi (X, )

T+ F(s7dy, (Tx, Ty)) < ]F(A- +B-dy(%,7) +C-dy (y,TY)). (40)

By Theorem 2 with the coefficient § = 2, we get that T has a fixed point, which is the
unique solution of the problem 31. O

4. Numerical Example

In this section, we provide a numerical example to sustain our applications. For the
case of the first application of the previous section, Theorem 3, let us consider the following
nonlinear differential equation

x(t) = /Ot[(t(l — )t — (t—s)"" 1}605( X(s))ds, with0 <s <t <1. (41)

Then, we consider the operator T : C ([O, 9],@) —C ([O, 9],@) defined as

Tx(t) = /Ot [(t(l —s)) (- s)“—l]cos(y(s))ds.

It is easy to check that, for = 1 and s = 1, under the assumptions of Theorem 3, the

integral Equation (41) has a unique solution, such that X(t) = Tx(t) = £.
Further, we shall use the iteration method to underline the validity of our approaches

T1(t) = /01 [(t(l —s)) (¢t - s)ﬂfl}cos(yn(s))ds.

Let « € (1,2). Then, we consider « = 1.5 and Yo( ) = 0 as starting point. Table 1
show that for t = 0.1 the sequence X, 1 ( fo [(¢( )t — (=) Y cos(Xn(s))ds
converge to the exact solution ¥(0.1) = T(x (0 1)) = 0 033

Table 1. For t = 0.1 exact solution is ¥(0.1) = 0.033.

n Xp+1(0.1) Approximate Solution Absolute Error
0 %1(0.1) 0.0308 25%1073
1 %,(0.1) 0.0307 261073
2 %3(0.1) 0.0307 261073




Fractal Fract. 2021, 5,211 11 of 13

Using Python, a well known scientific computer program, in order to obtain the
interpolated graphs of nonlinear integral equation for two cases, t = 0.1 and t = 0.9, we
get the following interpolated graphs, Figure 1 respectively, Figure 2.

Interpolated graph of nonlinear integral equation at t=0.1

100
#  Linear

075 InterpolatedUnivariateSpline
— Tue
0.50

025

0.00 }

-0.25

Approximate solutions

—0.50

-0.75

-1.00

000 025 050 075 100 125 150 175 200
Iterations

Figure 1. Interpolated graph for t = 0.1.

Interpolated graph of nonlinear integral equation at t=0.9

100
*  Linear

075 InterpolatedUnivariateSpline
— Tue
0.50

025

0.00 /

—0.25

Approximate solutions

—0.50

-0.75

-1.00

000 025 050 07 100 125 150 175 200
Iterations

Figure 2. Interpolated graph for t = 0.9.

5. Conclusions
In this manuscript, among other things, using one theorem from the fixed point theory,
we prove the following:

*  One type of Caputo fractional differential equation has at least one solution.
¢ A special integral equation created in mechanical engineering has a solution.
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