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Abstract: Using Krasnoselskii’s fixed point theorem and Arzela-Ascoli theorem, we investigate the
existence of solutions for a system of nonlinear ¢-Hilfer fractional differential equations. Moreover,
applying an alternative fixed point theorem due to Diaz and Margolis, we prove the Kummer stability
of the system on the compact domains. We also apply our main results to study the existence and
Kummer stability of Lotka—Volterra’s equations that are useful to describe and characterize the
dynamics of biological systems.
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Fractional differential equations (FDEs) are important due to their applications in
engineering, economics, control theory, materials sciences, physics, chemistry, and biology
(see [1] and the references therein). Scientists have applied various mathematical approaches
through diverse research-oriented aspects of fractional differential systems. For instance,
existence, stability, and control theory for fractional differential equations were studied [2,3].
For the first time, Alsina and Ger [4] studied the Hyers—Ulam stability for differential
equations. Recently, mathematicians have paid more attention to the study of stability for a
wide range of differential systems [5-7].

In this paper, we begin by considering the following fractional differential equation

HDE P w(y) = A(w(n)) + a(p,w(n)) + [y b(n,s,w(s))ds, 1 € @ = (0,p]
1" "w(0) = o,

@

g € R

where H]D)gi'xp(.) is a ¢-Hilfer fractional derivative of order 0 < ¢ < land type0 <v <1,

and Ig % isa ¢ -Riemann-Liouville fractional integral of order 1 — 7 (y = ¢ +v(1 —¢))
with respect to the mapping ¢. Furthermore, g : @ x R — Rand h : @> x R — R are
given mappings, and A is a closed linear operator. In the following, we show the existence
of solutions to Equation (1) based on the Krasnoselskii FPT and Arzela—Ascoli theorem.
Using Kummer’s control function, we introduce a new concept of stability and further
deduce that the solution of Equation (1) is stable in Kummer’s sense.

1. Preliminaries

In this section, we recall some fundamental definitions of the ¢-Riemann-Liouville
fractional integral, ¢-Hilfer fractional derivative, and Kummer’s functions. For details,
please see [1,8] and the references therein.
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Let [n, m] be a finite and closed interval with 0 < n < m < co and €[n, m] be the space
of continuous functions ¢ : [n,m] — R equipped with the following norm

l[ellenm = max_lo(n)]-
7€[n,m]

Furthermore, the weighted space €, 4(n, m] is defined as
C1pplnsm] = {o: (n,m] = B (9(n) —(n))'7e(n) € €ln,m] | where 0 < 7 <1,
with norm

lellc, . gfmm = max [(¢(7) = p(n)" "a(y)|

7€[nm]
where ¢ : [n,m] — R is an arbitrary function, and 7 € [n, m].
Definition 1. Let (n,m), —oo < n < m < +o0 be a finite or infinite interval of the line R, T be
the gamma function ,and ¢ > 0. Additionally, let ¢(n) be a positive function defined on [n, m] so

that ¢'(n) > 0 on (n, m] and ¢'(17) is a continuous function on (n,m). The left- and right-sided
fractional integrals of a function o with respect to the function ¢ on [n, m| are defined by

; 1 x —
IPo(x) = 7/ ¢ (n)((x) = ¢(1) " a()dy,
I(¢) /n
and
1 0(x) = —— [ ¢f —¢(x))5 o(t)d
m-0(x) = o) (e(n) — ¢(x)* e(t)dn
respectively.
The fractional integrals with the above definition have a semi-group property given by
Iﬁ"flz;fg(x) = IﬁIV;‘PQ(x) and Iﬁf,’ I:fq(x) = Iﬁ:[wg(x).

Additionally, for g, > 0, we have [9]:

@i o(x) = (9(x) ~ ()", then 157(x) = 1T (p(x) ~ p(n))<70 ", and
()i () = (p(m) — (), then 157 o(x) = 17 (glm) = ()<

Definition 2. Let (n,m), —c0 < n < m < +co be a finite or infinite interval of the line R,
¢'(n) # 0 forally € (n,m), and ¢ > 0, n € N. The left-sided Riemann—Liouville derivative of a
function ¢ with respect to ¢ of order ¢ correspondent to the Riemann—Liouville is defined by

1 d

D%o(y) = (47’(77) )T e(n)

1 1 d., v, o
m(wa) ></n ¢'()(@(n) — Pp(£))"o(t)dt.
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Definition 3. Let n — 1 < ¢ < nwithn € N, I = [nm] (—o0 < n < m < o0) and
0,¢ € €"([n,m],R) be two mappings such that ¢’ (x) > 0 for all x € I. The left- and right-sided
¢-Hilfer fractional derivatives HDgi};(I’(.) of the arbitrary function ¢ of order ¢ and type 0 < v < 1
are defined by

) o). 1 d\" 41— o).
HD?{K,(PQ(X) :IZE:I Q)KP( ) I,(qlJr v)(n g),q)Q(x),

¢/ (x) dx
and
U oy — =0 (1 A" a-nm—ow
B = B () T et
respectively.

Theorem 1. Ifo € ¢![n,m],¢ >0,0<v < 1,andy = ¢+ v(l—g), then
MDY o(x) = o(x) and MDIPIT o(x) = o(x).

Additionally, we have

SR g(x) = gx) — P ;ﬁ;@“””‘l L g(w),

and

[P 1D o(x) = o(x) — (@(m) —¢(x))7 " [A-v(a-c)e

Proof. Ref. [9]. O

The solution of a hypergeometric differential equation is called a confluent hyperge-
ometric function [10]. There exist different standard forms of confluent hypergeometric
functions, such as Kummer’s functions, Tricomi’s functions, Whittaker’s functions, and
Coulomb’s wave functions. In this paper, we apply the following Kummer (confluent
hypergeometric) function to study our stability:

O (P1, Bos3) =15 (Pr, B2i3) = ?E?ﬁ"; i ?E

k=0

P1 +k)
Po +k)

k
BL @

which is the solution of the differential equation

d2u

du
e (B2 —3)[75 —Pu) =0,

where 3,31 € Cand P, € C\ Z,. Kummer’s function was introduced by Kummer in
1837. The series (2) is also known as the confluent hyper-geometric function of the first
kind, and is convergent for any 3 € C. In this article, we apply it on the real line R as our
control function. Clearly, for P31 = P, we have

oo k k oo Lk
O(P1, P2 3) = 1F (P, Pus) = L) Y ?(‘131 e _ Y 2

T(P1) (S TR +K) K = k!
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Letting ¢, v € @, we consider the following inequality for e > 0
- t
Do) = A(o(n) + a(n, (1) = [ 5(1,5,0(6)ds|

< e®(g,v;(o(n) — 9(0))°) ®)

where @ is the Kummer’s function (see [10]), to define a new stability concept called
Kummer’s stability.

Definition 4. For a positive constant Ce, for all € > 0, and every solution v € (€[0,p],R) to
inequality (3), if we can find a solution w € (€0, p], R) to Equation (1), with the following property:

[w(y) —o(n)| < Coed(c,v; (¢(17) — ¢(0))*), forall u € [0,p],

then we say that Equation (1) has Kummer’s stability with respect to ® (g, v; (¢(17) — ¢$(0))¢).

Our approach is motivated by the fact that inversion of a perturbed differential operator
may result from the sum of a compact operator and a contraction mapping (see [11-13] and
the references therein). We begin by stating the following Krasnoselskii FPT, which has many
applications in studying the existence of solutions to differential equations:

Theorem 2. (Krasnoselskii FPT) Let X be a Banach space and 9%t C X be a closed, convex, and
non-empty set. Additionally, let T, & be mappings so that:

. Tu + Gv € M whenever u,v € M,
. The operator ¥ is continuous and compact, and
*  Mapping & is a contraction.

Then, there exists a w € M so that w = Tw + SGw.

In addition, we mention an alternative FPT presented by Diaz and Margolis in 1967,
and it plays a crucial role in proving our stability result [14].

Theorem 3. Consider the generalized complete metric space (X,Y) and let © be a self-map operator
which is a strictly contraction mapping with the Lipschitz constant x < 1. Then, we have two
options: (i) either for every n € N, Y(@"*13,0"%;) = +oo; or (ii) if there exists n € N so that
the operator © satisfies Y(@"13,@%3) < oo for some 3 € X, then the sequence {®"3} tends to a
unique fixed point 3* of © in the set X* = {v € X : Y(O"v,®"v) < oo}. Furthermore, for all
;€ X:

1
Y(3,3°) < ——Y .
(3:37) = 7—Y(,03)
Now, we are ready to prove that Equation (1) is equivalent to an integral equation.
Then, by the above theorem, we infer that a fixed point exists for the integral equation, so
Equation (1) has at least one solution.

Proposition 1. Assume that g : @ x R — Rand b : @> x R — R are real-valued continu-
ous mappings, and A is a closed operator, then the following integral equation is equivalent to
Equation (1):

_1 s
w(n) = 7(0 mo+18f’[9(77,W(77),W(17))+/0 b(1, T, u(7))dt + A(w(n))] @)

where v > 0 and we obtain from vy = ¢+ v(l —¢g) for0 < ¢ <1land 0 <v < 1in (1).
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Proof. Using the properties of the ¢-Hilfer fractional derivative outlined in the preliminar-
ies, we have

Hpsvidw(y) = 1'"=9 DYy () = 179D w(y),
where v = ¢ +v(1 — ¢). So, by the above equality, we have

1D () = A(w(n) + o(r,w0) + [ 0015 w(s)ds.

Now, applying I¢? to both sides of the above equation and using Theorem 1, we obtain

[T =AD" (y) = 59 (A(w(q)) +g(ny,w(n)) + /Os h(y, T,w(T))dT),

and

1D () = 194 (Afwi) + a0 w00) + [ bl T () ).

Then,

— -1 s
wn) = PO IOV 4 159 (faon)) + s, 200 + [ 00 u(r)ie ).

Conversely, assuming that w € €[0, p] satisfies Equation (4), we claim that the frac-
tional differential Equation (1) holds. We apply #D¢"# to the Equation (4) and imply by
Theorem 1 that

Hpesti ()
= s (OO 1 etq(y,wi)) + 2| [ o, 00

+I5T (Aw(n)).

From "DV = 0, we obtain

”Déf“”wm) = A(w(n)) +a(n,w(n)) + /017 h(t,s,u(s))ds.

This completes the proof. [



Fractal Fract. 2021, 5, 200 6 of 15

Remark 1. Let o € €(@,R) satisfy inequality (3). Then the following integral inequality holds

(¢(17) — (0))7!

oge) - LULZLON s,
~ 1§ st wn) — 1§ [ [ v0n @] - 5 A

< mg e (1)@ (6, v; (@) — $(0)))ds

_ I() 5 T(e 1) (901) ~ 90)"

= /CP (1))s~ 1 G E‘;)F ) i ds

- Eggi 9060 — o) 0ln) — 9(0)<ds

e T() &T(c+b) - PO ONES w 1

= T TGy w00 e | (1 ¢<n>—¢<o>> whdw
e T & TR 1 L

= Hge) L et EOW O [l v

= RO S e gt — g0y eI

—~
<
_|_
o
~—
=

(v+¢) ¢!

< (g v (9(n) — ¢(0))°).

2. Existence Result
In this section, we study Equation (1) under the following hypotheses:

Hypothesis 1 (H1). g € €(@ x R, R). Moreover, there exists qq such that
lg(n7, w)| < a9,
where 7 € @, w € €([0,p],R) and My =|| w [|¢[o,p)-

Hypothesis 2 (H2). There exists qp such that |h(n,s,w)| < qo|w(n)| for all n € @ and
w € €([0,p], R).

T'(g+1)
T(7)(¢(p) — ¢(0))7

Hypothesis 4 (H4). The function ¢(1) is uniformly continuous for all j € @.

Hypothesis 3 (H3). The operator A is bounded and || A|| <
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Lemma 1. Let the operator T : €[0,p] — €[0, p] given as

_ -1 ,
)

+5? | [ a0 (o] + 8 (A()

and assume that the hypotheses (H1)—(H3) are satisfied. Then, the operator T maps the closed ball
B ={w e €([0,p] : ||w|| < v} into itself, if

(g + )|l

r(g + r)/) % [qu + Cllfml + r(g)gq)) :|

v >

©)

where €p := (¢(p) — ¢(0)).

Proof. Clearly, we need to prove that if w(1) € B, then (Tw)(y) € B,. Forally € [0,p],
we have

((Tw) ()
. ! o -1
< ol + _/0”"”(54),Ef>(‘°f¢<§)()01))3 ma [(9(6) = ¢(0))"a(s, ()
Lo - ey
g h T e ma U Ibn T, w(m)ldr|d
N ||Au /w<s><q>> 9(0))7- maxse[o,m(qxs)—qxo»l Tao(s)|ds
@01 — p(s))1¢
WMe (1§ = pO)T a1 (s 0(s) — p(0)7 !
R O T et v} M et
ALl 7 ¢/()(9(s) — p(0))7~1ds
- r<g>/o (9(1) — 9(s))1 <
. -1
< ol s 1Al g+ o] [ EENEE QUL
< ool + 0 _qu(g))sm [1A] e + e + a111] B(g, 7)

where B is the beta function. From the formula

T(gr(7)

Blem) = T(c+7)’

we have

(T < ol + GO 1444 goep 4 gy,

Applying H3 and condition (5), we have

[(7)€y° T(g+1)e
+ @ Me+ ===
F(g ¥ ,}/) qatp q1r4v I’(’y)@gﬂ >

|(Tw) ()| < |wo| +

This completes the proof. [
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The following theorem shows the existence of solutions to the fractional differential
Equation (1) using Krasnoselskii’s FPT listed above.

Theorem 4. Assume that hypotheses H1-H4 are satisfied. Then, Equation (1) has a solution.
Proof. Define T : €[0,p] — €[0, p] as

(Tw) () = (T1w) (1) + (T2w) (1),

where
_ -1 . . s
(i) ) i= L IOy g6t i) wn) + 62| [t e,
and

(Taw) () =I5 (A(w(y))).

From Proposition 1, solving Equation (1) is equivalent to finding a fixed point for the
operator T defined on the space €[0, p].

Suppose that v satisfies condition (5) and B, = {w € €([0,p] : ||w|| < t}. Due to
Lemma 1, the operator ¥ maps B, into itself. Now, we use Krasnoselskii FPT to show that
% has a fixed point.

Claim 1. The operator ¥y is continuous on B..
Let {wy, } be a sequence in B that converges to w. We need to prove that T1w, — Tiw. For
each i € [0, p], we have

~—~
A
=
g
=
N~—
—~
=
N
~—~
A
=
g
=
~—~
=
N~—

: 7]4)(5)(4)(5 —47(0 )7_1 max s) — 1=74(s, wy(s), (wy (s
/0 (‘P(T]) _(P(()))l—g |s€[0,17](¢( ) (P(O)) ’Yg( 4 ”( )/( n( ))

/ _ -1
TR A ("’)(S) PO e o ((5) — PO 167, 7, 0 (T))

—¢(0))'¢

Since g and b are continuous, and w, — w as n — +oo in B, we can conclude that
|T1w,) (1) — (T1w) ()| — 0as n — +oo by Lebesgue dominated convergence theorem.
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Claim 2. T is an equicontinuous operator.
To prove our second claim, we let 51,12 € @ with 7y < 11 and w € B,

[(T1w)(m) — (Taw) (12)]

(1) — p(12)) 7 (P(s) — p(0))1 7
()

_ 1- e
+ L) ST [y g(s) — 9(0) s

IN

|rog |

(P(1) — ¢(12))" Cquep M, B
- : r(S : ” ¢'(s)(¢(s) — ¢(0))' " ")ds

(@(1) — ¢(m12))" 7 (¢(s) — ¢(0)) 7

< I() ™
L (90n) ;(4;§WZ>>1‘€ @+ az0) [ 9'(5)(@(s) — 9(0)) s
_ @m) - 4’(772));(";()47(13) o)
G (¢(U1£)(g—+¢1(’)72))1€+7 (g2t + @10 v).

Hence, we have

[(Z1w) (1) — (T1w) (172) |

< (e(n) — ()"
- I'(7)

L) (@0n) — ¢(2)' <7
T(g+1)(o(b) — ¢(0))' =7

regarding Hypothesis 4, the right-hand side of the above inequality tends to zero whenever 11 — 12,
so it clearly claims that T, is equicontinuous. Furthermore, using the previous lemma, it is
uniformly bounded. Therefore, by Arzela—Ascoli Theorem, T, is compact on B..

|rog|

(qot + q190¢),

Claim 3. The operator T, is a contraction.
Let wy, wy € €1 ([0, p]); then, we have

[(T2w1)(t) — (Tw2)(t)]

[[A[] 7 ¢'(s) w1 (s) — wa(s)|ds
< r(g)/o (¢(;7)—¢(s))1_9| 1(s) —wa(s)|d
< ||A||F(')’IZ((Z’9_3)1)— $(0))7 lwy (1) — wa ()]

By Hypothesis 3 (H3), we infer that ||A||T(7)(¢(p) — ¢(0))Y < T(g+1). Thus, T, is
a contraction mapping. By Theorem 2, the mapping 7 has at least a fixed point, which
directly implies that Equation (1) has a solution. This completes the proof. [
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3. Stability Analysis

In this section, we present the Kummer stability with respect to
(g, v; (p() — ¢(0))¢) for Equation (1) based on Theorem 3. We begin by assuming
the following hypotheses:

(K1) g € €(@ x R,R). Moreover, there exists L4 > 0 such that

lg(n,101) — g(17,02)| < Lg[tog — 107}, (6)

forally € [0, p].
(K2) b : @* x R — R is a continuous function which satisfies a Lipschitz condition in the
third argument, i.e., there exists L, > 0 such that

[6(17,5,00) = (17,5, 0)] < L[ — v, )
foralls,7 € wand w,v € R.
Theorem 5. Suppose that g and b satisfy K1 and K2. Additionally, let

Tl +1) = (2Ls +pLy)T (1) (¢(p) — ¢(0))¢
L(7)(¢(p) — 9(0))¢ '

If a continuously differentiable function w : @ — R for € > 0 satisfies

Al <

®)

v; n
D5 w(n) — Aw(y)) — 8(7,w(n)) — /O b(11,s,w(s))ds|
< ed(,v; (¢(n) — ¢(0))°),
orall 1 € @, then there exists a unique continuous function vg : © — R that satisfies Equation (1) and
U q q
[w(n) —vo(1)] ©)

< T'(g+1)e
T Tlg+1) = (284 +pLy + |[AIDT (1) (¢ (p) — ¢

forally € w.

(0))g CD(QI v; ((P(U) - 4)(0))@)’

Proof. Let®) := &;_,4(0, p] be endowed with the following generalized metric, defined by
d*(w,v) (10)

= nf{C > 0+ [r(y) — v(n)| < Ce(5, i (p(n) — $(0))°), forall y € @},

for all ro,v € Q). It is not difficult to see that (2),d*) is a complete generalized metric
space [5]. Define the operator S : ) — 9) by

(Sw)(n) =

wo + 157 (A(w(n))) + 57 a(n, w(n))

. s
+I§f’ [/0 h(y, T, w(t))dt|,
forally € @ and w € 9. For any w, v € 9), choose a constant K so that d*(w,v) < IC, i.e,

() — ()] < Ked (g, v; (¢(17) — ¢(0))°) (11)
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for all # € @. So, using Remark 1, we have

(St)() — (S0)(n)
1 gl(s)
< T h G =gy et ) — st o)
g L e L o) - o) e

Al 7 ¢'(s)
" T(g)/o (¢(17)—¢(s))g|m(77)_u(77)|

(2L 0Ly +[AIDKe 1 ¢'(5) _
< fo L 00 = e v (900 = 9(0))
< Bor A I et v 90n) 9000,

which indicates that

(L4 +pLy + AT (9(0) ~ 9(O))F .
M+ 1) # e

forallw,v € (9,d*). From (8), wehave (2L4 +pLy + || A|)T(7)(¢(p) —$(0))s < T(g+1).
Hence, the operator S is a strict contraction. Moreover, for element vy € (9),d*), we have

[(Sv0)(17) — vo(17)]

d*((Sw), (Sv)) <

< oo(n) —

~ 1§ a0, = 152 | [0l v(e)e] — 2 (Aot

< eD(w, B (9(n) = ¢(0))%),

for all 7 € @. In summary, d*(Svg,v9) < 1 and d*(S"™ vy, S*lvy) < +oo foralln € N.
According to Theorem 3, there exists a unique continuous function to : @ — R such that
St = 1, to satisfies Equation (1) for all y € @ and

4 10000 + 552 | [ 001, 00(0)de| + B2 (Alsa(),

for every 17 € w. In addition, it follows from the above calculations that

. T(g+1)
A, 00) < Ty = Ly 1 Ly + AT (9 () — PO

which justifies inequality (9). O



Fractal Fract. 2021, 5, 200

12 of 15

3.1. The System of FDEs with Initial Conditions

Based on the results obtained in the previous section, we consider the following
system of FDEs with initial conditions:

{ D5 wi () = gilwi (), - )+ [ bils,wi(s), . wa(s))ds, 1 €@=(0,p]
(12)

Iy "w;(0) = 10;(0), wo € R,

wherei =1,...,n, HDgf;‘P(.) is a ¢-Hilfer fractional derivative of order 0 < ¢ < 1 and

type0 < v < 1, and Ié s ¢ -Riemann-Liouville fractional integral of order 1 — 7
(v = ¢+ v(1 — ¢)) with respect to the mapping ¢. Furthermore, g; : ® x R — R and
b : @* x R — R are given mappings.

We can rewrite the above equation as follows

{ MDEIW () = B(W(n)) + fJ H(W(s))ds, 1 € @ = (0,p] )
I "W(0) = 23,
where
wq 1(0)
wip = ||, = [
0y 10, (0)
and
o101, 01(7), - wa (1) + [ 0101,5,01(5), -, Wa(s))ds]
’ (1, 01(7), -, wa () + J§ 0207,5,w1(5), .., wa(s))ds
) + /0 H(W
gn (1, w1(n), -, wa (7)) + J§ 0u (5,1 (s), ..., wa(s))ds]

From Theorem 1, we obtain the equivalent matrix equation

W) =2 + 157 (@) + [ sWip)is). a9

Changing Equation (13) as

{ DG P w(n) = a(n,w(n) + i bw(s))ds, 1€ @ = (0,p] -
13*”%(0) = vy,
A continuous function w is said to be a solution of Equation (15) if it satisfies
U
wlr) = wo-+ 150 (a0 + 005,09 ). a6)

Using Theorem 5, under conditions (K1), (K2) and (8), Equation (15) has a unique solution.
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4. Application of ¢-Hilfer Fractional Derivative

In this section, we propose the proof of the existence of the solution of the Lotka—
Volterra model by considering it being ruled by a ¢-Hilfer fractional derivative of the
model, as an application.

First, we state the Lotka—Volterra model, which was introduced by Lotka and Volterra [15]
independently. This model is known as the predator-prey equations or the Lotka—Volterra
equations, and it is given by

X=ua(X-— %) — BXY, on [n,m],
1
, Y
Y = 6XY — o (Y — ﬁz)’ on [n,m], (17)
X(n) = Xn
Y(ﬂ) = Yn

where X and Y are population size or the population density of different species; X, Y, are
the initial conditions; &, B, §, and ¢ represent different growth or decay rates; and Ny, N»
are the carrying capacities. The above system shows an interaction between the logistic
growth and decay of two different species.

Based on the definitions in the previous sections, we can restate the model (17) in
the sense of the ¢-Hilfer fractional derivative. Taking « = ¢, = v and ¢ = v, where
¥ =¢+v(1—g), wewill apply the model

; X
HID)B’I’(PX(U) =¢(X——)—vXY, on[nm]

Ny
HDEY () = 6XY — 4(Y — —), ,
o Y () 1Y =) onnm] a8)
Iy "X (0) = oy
Iy "Y(0) = roy
where vy, wy € R to analyze the existence, uniqueness, and stability of solutions.
Proposition 2. Equation (18) has a unique solution (X,Y') on the ball with radius r, and
1 I'(c+1) )
L< —||A|| =pL (19)
2 (o — g 141960
where L = vrk 4 6r* + max {¢(1 — Ni),fy(l - ﬁ)}for some 0 < k < g. The solutions are of
1 2
the following form:
—o(0))7r1 . s
x0r) = PO PO 188 o, X000, X)) + [0, (0 + A1)
and
—o(0))7 ! . s
() = LTI o 4 a0, Y0, Y + [0, u(E)T 4 ACY ()

where v > 0 and we obtain from vy = ¢+ v(l —¢g) for0 < ¢ <1land 0 < v < 1in (1).
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Proof. Assume that 3, O—R is a continuous function on close set ) C R\, where
Si = gi(wi(n),..., —i—fo (s,w1(s L wn(s))dsandi=1,...,n. Let X1 = (x1,y1)
and X = (x2,12), then

x x
Ji+ 2= |g(x1 — 71\711) —vx1y1 —6(x2 — f\,zl) +vxoyn| + |0x1y1 — Y(y1 — %]1 )
Y2
-5 _ _J2
x2y2 — (2 Nz)"
but we have
X1 Xo 1
p— —_—— _— _— —_— — < J— —_— —
Ji = lg(x1 Nl) vxy1 —g(x2 Nl) +vxay2| < glxg — x2f(1 Nl)

+vlxr|lyr — yal +vlya|lx1 — x2|
and

Jo = [6x1y1 — v(y1 — 22) = dxaya — y(ya — 22)| < 8lx1|ly1 — va| + lyalx1 — xa|+
Np N»

1
Yy —yal(1— ﬁz)‘

Now, assume that Q) = B;, so for some 0 < k < ¢, we have
X 1
Ji+h < (G(l - ﬁll) + vk +5rk) |1 — x2| + (Wk +orf+ (1 - Nz)> ly1 — v

L(|x1 = x2| + [y1 — y2l)

1 1
where L = vrk + 8% + max {¢(1 — ﬁ)’ y(1— ﬁ)}’ and using the discussion in Section 3.1
1 2

and Theorem 5, our proof is complete. [

Example 1. Let K : [0,1] x [0,1] — R be a continuous function and w(1) be a continuous func-
tion on [0,1] so that |K(1, AM)w(n)| < Iass) (e— 1)’%, Consider the following fractional system

3T(2/9)
2y 35" 1. .,3
Dy fo (n)dn + fsm( )+ o s1n(311w(s))ds, 7 € (0,1] 0)
Ig;(Pw(O) = vy, wg € R

For all € [0,1] and continuous real-valued functions w on [0, 1], we have |4 sin(w(n))| <
|w(n)|. Moreover,

[ singotsnas] < S,

forally € [0,1]. Furthermore, by assumption, the operator 3 fol K(n, M)w(n)dn is bounded and we

have | fol K(n, Mw(n)dy| < %,for all 7, A € [0,1] and continuous functions w. So
H1-H3 are satisfied for q1 = 1/5 and qy = 3/5. Therefore, Theorem 4 proved that Equation (20)

has at least one solution.

5. Conclusions

In this paper, we considered a class of fractional differential equations including a
closed linear operator. Next, we used the Krasnoselskii fixed-point theorem to investigate
the existing result under some mild conditions. Moreover, we introduced and then proved
the Kummer stability of ¢-Hilfer fractional differential equations on the compact domains.
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