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Abstract: In this paper, we consider the time-fractional two-mode coupled Burgers equation with
the Caputo fractional derivative. A modified homotopy perturbation method coupled with Laplace
transform (He-Laplace method) is applied to find its approximate analytical solution. The method
is to decompose the equation into a series of linear equations, which can be effectively and easily
solved by the Laplace transform. The solution process is illustrated step by step, and the results show
that the present method is extremely powerful for fractional differential equations.

Keywords: fractional coupled burgers equation; caputo fractional derivative; laplace homotopy
perturbation method

1. Introduction

The classical Burgers equation, introduced by Bateman [1], is a fundamental model in
viscous fluid mechanics. In fact, it is widely used to express different physical phenomenon
like shock waves, dispersion in porous media, modelling of gas dynamics, traffic flow
and so on [2–6]. The partial differential equations that are first-order in time model the
right-moving unidirectional waves in the positive x-direction. A new nonlinear PDE of
second-order in time which model both left- and right- going waves are called two-mode
equations. Korunsky [7] was the first one to introduce two-mode KdV equation in the
scaled form as

utt − α2uxx + (
∂

∂t
− µα

∂

∂x
)uxxx + (

∂

∂t
− λα

∂

∂x
)uux = 0,

where x, t ∈ R, α > 0, |λ| ≤ 1, |µ| ≤ 1, u(x, t) is a field function and represents the height of
the water’s free surface above a flat bottom. λ, µ and α are the parameters of nonlinearity,
dispersion and phase velocities respectively. This two-mode KdV equation describes the
propagation of two different wave modes in the same direction simultaneously, with the
same dispersion relation but different parameters of phase velocities, nonlinearity and
dispersion. In 2016, Wazwaz [8] used the sense of Korunsky to introduce a new two-mode
Burgers equation (TMBE) in the scaled for as

utt − α2uxx + (
∂

∂t
− µα

∂

∂x
)uxx + (

∂

∂t
− λα

∂

∂x
)uux = 0

where λ, µ, α are as defined earlier.
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However, it is very rare that a real life model can be represented by a single partial
differential equation, therefore, a couple of partial differential equations are required to
provide a complete model. This idea of Korunsky and Wazwaz was further generalized
by Jaradat [9], where he introduced a new two-mode coupled Burgers equation (TMCBE)
which has the form

utt − α2uxx − a1(
∂

∂t
− µα

∂

∂x
)uxx − b1(

∂

∂t
− λα

∂

∂x
)uux

+ c1(
∂

∂t
− µα

∂

∂x
)(uv)x = 0,

vtt − α2vxx − a2(
∂

∂t
− µα

∂

∂x
)vxx − b2(

∂

∂t
− λα

∂

∂x
)vvx

+ c2(
∂

∂t
− µα

∂

∂x
)(uv)x = 0.

(1)

It can be observed that if we put α = 0 in Equation (1) and integrate with respect to
the variable t once, we obtain the standard coupled Burgers equation (see [10]).
The study of coupled Burgers equations is very important in the sense that it describes the
sedimentation of polydispersive suspension under the effect of gravity [11].

Fractional differential equations involve real or complex order derivatives. They
provide more accurate models of the real world problems than the integer order differential
equations (for detail [12–15]). Due to the vast applications of fractional calculus in various
disciplines of Science and Engineering, there has been significant growth in its literature in
the last few decades. In this paper, we extend the time-derivative in Equation (1) with the
fractional derivative. Thus, for 1/2 < ξ ≤ 1, the modified fractional version of Equation (1)
obtained is given by the following.

D2ξ
t u− α2uxx − a1(Dξ

t − µα
∂

∂x
)uxx − b1(Dξ

t − λα
∂

∂x
)uux

+ c1(Dξ
t − µα

∂

∂x
)(uv)x = 0,

D2ξ
t v− α2vxx − a2(Dξ

t − µα
∂

∂x
)vxx − b2(Dξ

t − λα
∂

∂x
)vvx

+ c2(Dξ
t − µα

∂

∂x
)(uv)x = 0.

(2)

where the fractional derivative Dξ
t may be considered as Caputo fractional derivative as

defined in Definition 2 in Section 2. The Equation (2) can be rewritten as

D2ξ
t u = Dξ

t (a1uxx + b1uux − c1(uv)x) + α2uxx − a1µαuxxx − b1λα(uux)x

+ c1µα(uv)xx,

D2ξ
t v = Dξ

t (a2vxx + b2vvx − c2(uv)x) + α2vxx − a2µαvxxx − b2λα(vvx)x

+ c2µα(uv)xx.

(3)

Explicit solutions to the fractional problems involving Burgers equation are rare and
possibly non-existent in the literature. Therefore, it is more desirable to look for new
techniques to get solutions of fractional differential equations. Methods like Adomian
Decomposition Method, Iteration Method, Homotopy Analysis Method, Homotopy Per-
turbation Method, and Laplace Transform Methods are some of very powerful and useful
techniques [16–21]. The combination of Laplace Transform and Homotopy Perturbation
Method is a new tool which is being used to solve linear and nonlinear fractional differential
equations [22].

The paper is organised as follows: Section 2 consists of the definitions and theory
required for rest of the paper. In Section 3, we apply Laplace homotopy perturbation
method to the considered nonlinear time-fractional model. In Section 4, we discuss a
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concrete example of main equation and demonstrate the solution graphically. The last
section concludes this paper.

2. Definitions and Mathematical Preliminaries

There are various versions of fractional derivatives given by different authors and
new definitions have been proposed in recent decades. Here we give the Caputo defini-
tion of fractional derivative. Please refer to the books [23–25] for the detailed theory of
fractional calculus.

Definition 1. The Riemann-Liouville fractional integral of order ξ for a locally integerable function
f of two variables is defined by

J ξ
t f (x, t) =

1
Γ(ξ)

∫ t

0
(t− s)ξ−1 f (x, s) ds, ξ > 0,

and
J 0

t f (x, t) = f (x, t),

where Γ denotes the Gamma function.

Definition 2. The Caputo fractional derivative of order ξ of a m-times continuously differentiable
function which is locally integerable function f is defined by

Dξ
t f (x, t) =

1
Γ(m− ξ)

∫ t

0
(t− k)m−ξ−1 f (m)(x, k)dk,

where m− 1 < ξ ≤ m.

In particular, for 0 < ξ ≤ 1, we have

Dξ
t f (x, t) =

1
Γ(1− ξ)

∫ t

0
(t− k)−ξ f ′(x, k)dk.

Definition 3. The Laplace transform of the Caputo fractional derivative is given by

L
{
Dξ

t g(x, t)
}
(p) =

1
pm−ξ

[pmL{g(x, t)}(p)− pm−1g(x, 0)− . . .− g(m−1)(x, 0)],

In particular, for 0 < ξ ≤ 1, we have

L
{
Dξ

t g(x, t)
}
(p) = pξL{g(x, t)}(p)− pξ−1g(x, 0).

3. Existence and Uniqueness

Let Ω be a bounded interval of real numbers and T be a constant such that 0 < T < ∞.
We establish the existence and uniqueness of the solution of the system (3) in this section.
Consider the Banach space of real-valued continuous functions defined on Ω× [0, T] (that
is, C(Ω× [0, T])) with norm given by

‖u‖ = max
(x,t)∈Ω×[0,T]

|u(x, t)|.

Apply the integral operator J 2ξ
t on both sides of each equation in system (3), to have

u(x, t)− u(x, 0) = J ξ
t τ1(x, t, u) + J 2ξ

t τ2(x, t, u),

v(x, t)− v(x, 0) = J ξ
t τ3(x, t, v) + J 2ξ

t τ4(x, t, v),
(4)
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where

τ1(x, t, u) = a1uxx + b1uux − c1(uv)x,

τ2(x, t, u) = α2uxx − a1µαuxxx − b1λα(uux)x + c1µα(uv)xx,

τ3(x, t, v) = a2vxx + b2vvx − c2(uv)x,

τ4(x, t, v) = α2vxx − a2µαvxxx − b2λα(vvx)x + c2µα(uv)xx.

(5)

If we assume that ‖u‖ ≤ m1, ‖w‖ ≤ m2, ‖v‖ ≤ m3, ‖vx‖ ≤ m4, ‖(u − w)xx‖ ≤
δ1‖u−w‖, ‖(u2 −w2)x‖ ≤ δ2‖u2 −w2‖ ≤ δ2(m1 + m2)‖u−w‖, ‖(u−w)x‖ ≤ δ3‖u−w‖,
for m1, m2, m3, m4, δ1, δ2, δ3 ≥ 0, then τ1(x, t, u) satisfy the Lipschitz condition. For, let
u(x, t) and w(x, t) be any two arbitrary functions bounded above, then we have

‖τ1(x, t, u)− τ1(x, t, w)‖

=‖a1(uxx − wxx) +
b1

2
(u2 − w2)x − c1(uxv + uvx) + c1(wxv + wvx)‖

≤‖a1(u− w)xx‖+ ‖
b1

2
((u + w)(u− w))x‖+ ‖c1(u− w)xv‖+ ‖c1(u− w)vx‖

≤δ1|a1| ‖u− w‖+ δ2(m1 + m2)
|b1|

2
‖u− w‖+ (m3δ3 + m4)|c1|‖u− w‖

=L1||u− w||,

where L1 = |a1|δ1 + | b1
2 |δ2(m1 + m2) + |c1|(m3δ3 + m4) is the Lipschitz constant. Similarly,

it can be shown that there exist Lipschitz constants L2, L3 and L4 for τ2(x, t, u), τ3(x, t, v)
and τ4(x, t, v) respectively. Thus, we note that if u(x, t) and v(x, t) are bounded above, then

‖τ1(x, t, u)− τ1(x, t, w)‖ ≤ L1‖u− w‖,
‖τ2(x, t, u)− τ2(x, t, w)‖ ≤ L2‖u− w‖,
‖τ3(x, t, v)− τ3(x, t, y)‖ ≤ L3‖v− y‖,
‖τ4(x, t, v)− τ4(x, t, y)‖ ≤ L4‖v− y‖.

where Li ≥ 0, i = 1, 2, 3, 4, are Lipschitz constants.

3.1. Existence of the Solution

Using the definition of integral operator (1), we construct the following iterative
formula for the system (4)

un+1(x, t) =
1

Γ(ξ)

∫ t

0
(t− k)ξ−1τ1(x, k, un)dk,

+
1

Γ(2ξ)

∫ t

0
(t− k)2ξ−1τ2(x, k, un)dk,

vn+1(x, t) =
1

Γ(ξ)

∫ t

0
(t− k)ξ−1τ3(x, k, vn)dk,

+
1

Γ(2ξ)

∫ t

0
(t− k)2ξ−1τ4(x, k, vn)dk.

Let the differences between successive terms be given by Ξn(x, t) = un(x, t) −
un−1(x, t) and Θn(x, t) = vn(x, t)− vn−1(x, t), then we have

un(x, t) =
n

∑
j=0

Ξj(x, t),
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vn(x, t) =
n

∑
j=0

Θj(x, t).

Now, we consider

‖Ξn(x, t)‖ = ‖un(x, t)− un−1(x, t)‖

= ‖ 1
Γ(ξ)

∫ t

0
(t− k)ξ−1[τ1(x, k, un−1)− τ1(x, k, un−2)]dk,

+
1

Γ(2ξ)

∫ t

0
(t− k)2ξ−1[τ2(x, k, un)− τ2(x, k, un−2)]dk, ‖

≤ L1

Γ(ξ)
‖un−1 − un−2‖

tξ

ξ
+

L2

Γ(2ξ)
‖un−1 − un−2‖

t2ξ

2ξ

≤ [
L1Tξ

Γ(ξ + 1)
+

L2T2ξ

Γ(2ξ + 1)
]‖un−1 − un−2‖.

Let γ := L1Tξ

Γ(ξ+1) +
L2T2ξ

Γ(2ξ+1) < 1, then

‖Ξn(x, t)‖ < γ‖un−1 − un−2‖
< γ2‖un−2 − un−3‖
·
·
·
< γn‖u0‖.

Therefore, un(x, t) = ∑n
j=0 Ξj(x, t) exists and is smooth. Similarly, it can be shown that

vn(x, t) = ∑n
j=0 Θj(x, t) exists and is smooth.

3.2. Uniqueness

Let u(x, t) and r(x, t) are two solutions, then

u(x, t)− r(x, t) =
1

Γ(ξ)

∫ t

0
(t− k)ξ−1[τ1(x, k, u)− τ1(x, k, r)]dk

+
1

Γ(2ξ)

∫ t

0
(t− k)2ξ−1[τ2(x, k, u)− τ2(x, k, r)]dk‖.

=⇒ ‖u(x, t)− r(x, t)‖ ≤ [
L1Tξ

Γ(ξ + 1)
+

L2T2ξ

Γ(2ξ + 1)
]‖u(x, t)− r(x, t)‖,

that is

(1− L1Tξ

Γ(ξ + 1)
− L2T2ξ

Γ(2ξ + 1)
)‖u(x, t)− r(x, t)‖ ≤ 0.

If we assume that 1− L1Tξ

Γ(ξ+1) −
L2T2ξ

Γ(2ξ+1) > 0, then

‖u(x, t)− r(x, t)‖ = 0 =⇒ u(x, t) = r(x, t).

Similarly, we can prove the uniqueness of v(x, t).
Hence, system (3) has a unique solution.

4. Solution of Two Mode Coupled Burgers Equations

We consider the nonlinear coupled fractional partial differential Equation (3) and apply
Laplace Homotopy Perturbation Method [19,26–28]. Now, applying Laplace transform
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in Equation (3) with respect to the variable t and using the Laplace transform of Caputo
fractional derivative, we get

U(x, p) =
1

p2ξ
L
{

α2uxx − a1µαuxxx − b1λα(uux)x + c1µα(uv)xx

}
,

+
1
pξ
L{a1uxx + b1uux − c1(uv)x}

− 1
pξ+1 [a1uxx + b1uux − c1(uv)x](x, 0) +

u(x, 0)
p

+
ut(x, 0)

p2 .

V(x, p) =
1

p2ξ
L
{

α2vxx − a2µαvxxx − b2λα(vvx)x + c2µα(uv)xx

}
+

1
pξ
L{a2vxx + b2vvx − c2(uv)x}

− 1
pξ+1 [a2vxx + b2vvx − c2(uv)x](x, 0) +

v(x, 0)
p

+
vt(x, 0)

p2 ,

(6)

whereLu(x, t) = U(x, p),Lv(x, t) = V(x, p). We construct the homotopy for the Equation (6)
as follows.

U(x, p) =
h

p2ξ
L
{

α2uxx − a1µαuxxx − b1λα(uux)x + c1µα(uv)xx

}
+

h
pξ
L{a1uxx + b1uux − c1(uv)x}

− 1
pξ+1 [a1uxx + b1uux − c1(uv)x](x, 0)

+
u(x, 0)

p
+

ut(x, 0)
p2 .

V(x, p) =
h

p2ξ
L
{

α2vxx − a2µαvxxx − b2λα(vvx)x + c2µα(uv)xx

}
+

h
pξ
L{a2vxx + b2vvx − c2(uv)x}

− 1
pξ+1 [a2vxx + b2vvx − c2(uv)x](x, 0)

+
v(x, 0)

p
+

vt(x, 0)
p2 .

(7)

Let

U(x, p) =
∞

∑
m=0

hmUm(x, p),

V(x, p) =
∞

∑
m=0

hmVm(x, p),
(8)

or

u(x, t) =
∞

∑
m=0

hmum(x, t),

v(x, t) =
∞

∑
m=0

hmvm(x, t),
(9)
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whereLum(x, t) = Um(x, p),Lvm(x, t) = Vm(x, p). Substituting Equation (8) into Equation (7),
we have

∞

∑
m=0

hmUm(x, p) =
h

p2ξ
L
{

α2
∞

∑
m=0

hmumxx − a1µα
∞

∑
m=0

hmumxxx

−b1λα
∞

∑
m=0

hm(
m

∑
k=0

uku(m−k)x )x + c1µα
∞

∑
m=0

hm(
m

∑
k=0

ukvm−k)xx

}

+
h
pξ
L
{

a1

∞

∑
m=0

hmumxx + b1

∞

∑
m=0

hm
m

∑
k=0

uku(m−k)x

−c1

∞

∑
m=0

hm(
m

∑
k=0

ukvm−k)x

}
− [a1uxx + b1uux − c1(uv)x](x, 0)

pξ+1

+
u(x, 0)

p
+

ut(x, 0)
p2 .

∞

∑
m=0

hmVm(x, p) =
h

p2ξ
L
{

α2
∞

∑
m=0

hmvmxx − a2µα
∞

∑
m=0

hmvmxxx

−b2λα
∞

∑
m=0

hm(
m

∑
k=0

vkv(m−k)x )x + c2µα
∞

∑
m=0

hm(
m

∑
k=0

ukvm−k)xx

}

+
h
pξ
L
{

a2

∞

∑
m=0

hmvmxx + b2

∞

∑
m=0

hm
m

∑
k=0

vkv(m−k)x

−c2

∞

∑
m=0

hm(
m

∑
k=0

ukvm−k)x

}
− [a2vxx + b2vvx − c2(uv)x](x, 0)

pξ+1

+
v(x, 0)

p
+

vt(x, 0)
p2 .

(10)

Now comparing the corresponding powers of h in (10), we get the following homo-
topies.

h0 : U0(x, p) =
u(x, 0)

p
+

ut(x, 0)
p2 − 1

pξ+1 [a1uxx(x, 0) + b1u(x, 0)ux(x, 0)

− c1(u(x, 0)v(x, 0))x]

V0(x, p) =
v(x, 0)

p
+

vt(x, 0)
p2 − 1

pξ+1 [a2vxx(x, 0) + b2v(x, 0)vx(x, 0)

− c2(u(x, 0)v(x, 0))x],

h1 : U1(x, p) =
1

p2ξ
L
{

α2u0xx − a1µαu0xxx − b1λα(u0u0x )x + c1µα(u0v0)xx

}
+

1
pξ
L{a1u0xx + b1u0u0x − c1(u0v0)x},

V1(x, p) =
1

p2ξ
L
{

α2v0xx − a2µαv0xxx − b2λα(v0v0x )x + c2µα(u0v0)xx

}
,

+
1
pξ
L{a2v0xx + b2v0v0x − c2(u0v0)x},
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h2 : U2(x, p) =
1

p2ξ
L
{

α2u1xx − a1µαu1xxx − b1λα(u0u1x + u1u0x )x

+c1µα(u0v1 + u1v0)xx}

+
1
pξ
L
{

a1u1xx + b1(u0u1x + u1u0x )− c1(u0v1 + u1v0)x
}

,

V2(x, p) =
1

p2ξ
L
{

α2v1xx − a2µαv1xxx − b2λα(v0v1x + v1v0x )x

+c2µα(u0v1 + u1v0)xx}

+
1
pξ
L{a2v1xx + b2(v0v1x + v1v0x )− c2(u0v1 + u1v0)x, }

and so on. In fact, we can rewrite the above system of equations as

U0(x, p) =
u(x, 0)

p
+

ut(x, 0)
p2 − 1

pξ+1 [a1uxx(x, 0) + b1u(x, 0)ux(x, 0)

− c1(u(x, 0)v(x, 0))x]

V0(x, p) =
v(x, 0)

p
+

vt(x, 0)
p2 − 1

pξ+1 [a2vxx(x, 0) + b2v(x, 0)vx(x, 0)

− c2(u(x, 0)v(x, 0))x],

(11)

Uk+1(x, p) =
1

p2ξ
L
{

α2ukxx − a1µαukxxx − b1λα(
k

∑
j=0

ujuk−jx
)x

+c1µα(
k

∑
j=0

ujvk−j)xx

}

+
1
pξ
L
{

a1ukxx + b1

k

∑
j=0

ujuk−jx
− c1(

k

∑
j=0

ujvk−j)x

}

Vk+1(x, p) =
1

p2ξ
L
{

α2vkxx − a2µαvkxxx − b2λα(
k

∑
j=0

vjvk−jx
)x

+c2µα(
k

∑
j=0

ujvk−j)xx

}

+
1
pξ
L
{

a2vkxx + b2

k

∑
j=0

vjvk−jx
− c2(

k

∑
j=0

ujvk−j)x

}

(12)

for k = 0, 1, 2, . . .
Now applying the inverse laplace transform in each of the above equations, we obtain

u0, v0, u1, v1, u2, v2 . . . and so on.
Hence, we get an approximate solution of Equation (2) as

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t) + . . .

and
v(x, t) = v0(x, t) + v1(x, t) + v2(x, t) + . . .

5. Convergence Analysis

We discuss the convergence of the solution of given problem in the following theorem.
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Theorem 1. Let un(x, t), vn(x, t), u(x, t) and v(x, t) be in the Banach space C(Ω × [0, T]) as
defined by Equation (9). If there exist constants 0 < βu < 1, 0 < βv < 1 such that un(x, t) ≤
βuun−1(x, t), vn(x, t) ≤ βvvn−1(x, t) for all n ∈ N, then the infinite series ∑∞

k=0 uk(x, t) and
∑∞

k=0 vk(x, t) converge to the solution u(x, t) and v(x, t) of the problem (2).

Proof. Let Sn and Rn be the sequence of partial sums of the series ∑∞
k=0 uk(x, t) and

∑∞
k=0 vk(x, t) respectively. For all n ∈ N, we have

Sn(x, t)− Sn−1(x, t) = un(x, t) ≤ βuun−1(x, t) ≤ β2
uun−2(x, t) ≤ . . . ≤ βn

uu0(x, t),

So that

Sn(x, t)− Sm(x, t) = (Sn(x, t)− Sn−1(x, t)) + (Sn−1(x, t)− Sn−2(x, t))

+ . . . + (Sm+1(x, t)− Sm(x, t))

= un(x, t) + un−1(x, t) + . . . + um+1(x, t)

≤ βm+1
u (1 + βu + β2

u + . . . + βn−m−1
u )u0(x, t),

which implies

|Sn(x, t)− Sm(x, t)| ≤ βm+1
u

(1− βn−m
u )

(1− βu)
max

(x,t)∈Ω×[0,T]
|u0(x, t)|. (13)

Now, 0 < βu < 1 implies that 1− βn−m
u < 1, then

‖Sn − Sm‖ ≤
βm+1

u
(1− βu)

max
(x,t)∈Ω×[0,T]

|v0(x, t)|.

Since, v0 is bounded, we get

lim
n,m→∞

‖Sn − Sm‖ = 0.

Thus the sequence (Sn) is Cauchy in the Banach space C(Ω × [0, T]) and hence
convergent. Similarly, we can show that the sequence (Rn) is convergent. Hence, that the
infinite series ∑∞

k=0 uk(x, t) and ∑∞
k=0 vk(x, t) converge to u(x, t) and v(x, t) respectively.

6. An Illustrative Example

We consider the nonlinear coupled fractional partial differential Equation (3) along
with the initial conditions given as

u(x, 0) = v(x, 0) = sin x, ux(x, 0) = vx(x, 0) = cos x,

uxx(x, 0) = vxx(x, 0) = − sin x, ut(x, 0) = vt(x, 0) = − sin x.

Now solving the system (3) by Laplace Homotopy Perturbation Method, we have

U0(x, p) =
sin x

p
− sin x

p2 −
−a1 sin x + b1 sin x cos x− c1 sin 2x

pξ+1

V0(x, p) =
sin x

p
− sin x

p2 −
−a2 sin x + b2 sin x cos x− c2 sin 2x

pξ+1



Fractal Fract. 2021, 5, 196 10 of 18

Taking inverse Laplace transform of above equations, we get

u0(x, t) = sin x− t sin x− tξ

Γ(ξ + 1)
(−a1 sin x + b1 sin x cos x− c1 sin 2x)

v0(x, t) = sin x− t sin x− tξ

Γ(ξ + 1)
(−a2 sin x + b2 sin x cos x− c2 sin 2x)

Next, we have

U1(x, p) = α2
{
− sin x
p2ξ+1 +

sin x
p2ξ+2 −

a1 sin x + (4c1 − 2b1) sin 2x
p3ξ+1

}
− a1µα

{
− cos x
p2ξ+1 +

cos x
p2ξ+2 −

a1 cos x + 2(4c1 − 2b1) cos 2x
p3ξ+1

}
− b1λα

{
cos 2x(

1
p2ξ+1 −

2
p2ξ+2 +

2
p2ξ+3 ) + (

ξ + 1
p3ξ+2 −

1
p3ξ+1 )(−a1 cos 2x

+ b1(cos3 x− 2 sin2 x cos x)− c1(2 cos 2x cos x− sin 2x sin x))

+ (
ξ + 1
p3ξ+2 −

1
p3ξ+1 )(−a1 cos 2x + (b1 − 2c1)(cos 2x cos x− 2 sin 2x sin x))

+
Γ(2ξ + 1)

Γ(ξ + 1)2 p4ξ+1 [(−a1 cos x + b1 cos 2x− 2c1 cos 2x)2

+ (−a1 sin x + b1 sin x cos x− c1 sin 2x)(a1 sin x− 2b1 sin 2x + 4c1 sin 2x)]}

+ c1µα

{
2 cos 2x(

1
p2ξ+1 −

2
p2ξ+2 +

2
p2ξ+3 ) + (

ξ + 1
p3ξ+2 −

1
p3ξ+1 )(−2a1 cos 2x

+ b1(2 cos3 x− 7 sin2 x cos x)− c1(4 cos 2x cos x− 5 sin 2x sin x))

+ (
ξ + 1
p3ξ+2 −

1
p3ξ+1 )(−2a2 cos 2x + b2(2 cos3 x− 7 sin2 x cos x)

− c2(4 cos 2x cos x− 5 sin 2x sin x)) +
Γ(2ξ + 1)

Γ(ξ + 1)2 p4ξ+1

[2(−a1 cos x + (b1 − 2c1) cos 2x)(−a2 cos x + (b2 − 2c2) cos 2x)

+ (−a1 sin x− 2(b1 − 2c1) sin 2x)(−a2 sin x + b2 sin x cos x− c2 sin 2x)

+ (−a1 sin x + b1 sin x cos x− c1 sin 2x)(a2 sin x− 2(b2 − 2c2) sin 2x)]}

+ a1

{
− sin x

pξ+1 +
sin x
pξ+2 −

a1 sin x + (4c1 − 2b1) sin 2x
p2ξ+1

}
+ b1

{
cos x sin x(

1
pξ+1 −

2
pξ+2 +

2
pξ+3 ) + (

ξ + 1
p2ξ+2 −

1
p2ξ+1 )(−a1 sin x cos x
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+ b1 sin x cos2 x− c1 sin 2x cos x)

+ (
ξ + 1
p2ξ+2 −

1
p2ξ+1 )(−a1 sin x cos x + (b1 − 2c1)(cos 2x sin x))

+
Γ(2ξ + 1)

Γ(ξ + 1)2 p3ξ+1 [(−a1 cos x + b1 cos 2x− 2c1 cos 2x)

(−a1 sin x + b1 sin x cos x− c1 sin 2x)]}

− c1

{
sin 2x(

1
pξ+1 −

2
pξ+2 +

2
pξ+3 ) + (

ξ + 1
p2ξ+2 −

1
p2ξ+1 )(−a1 sin 2x

+ b1(2 sin x cos2 x− sin3 x)− c1(2 cos 2x sin x + sin 2x cos x))

+ (
ξ + 1
p2ξ+2 −

1
p2ξ+1 )(−a2 sin 2x + b2(2 sin x cos2 x− sin3 x)

− c2(2 cos 2x sin x + sin 2x cos x)) +
Γ(2ξ + 1)

Γ(ξ + 1)2 p3ξ+1

[(−a1 cos x + (b1 − 2c1) cos 2x)(−a2 sin x + b2 sin x cos x− c2 sin 2x)

(−a2 cos x + (b2 − 2c2) cos 2x)(−a1 sin x + b1 sin x cos x− c1 sin 2x)]}

V1(x, p) = α2
{
− sin x
p2ξ+1 +

sin x
p2ξ+2 −

a2 sin x + (4c2 − 2b2) sin 2x
p3ξ+1

}
− a2µα

{
− cos x
p2ξ+1 +

cos x
p2ξ+2 −

a2 cos x + 2(4c2 − 2b2) cos 2x
p3ξ+1

}
− b2λα

{
cos 2x(

1
p2ξ+1 −

2
p2ξ+2 +

2
p2ξ+3 ) + (

ξ + 1
p3ξ+2 −

1
p3ξ+1 )(−a2 cos 2x

+ b2(cos3 x− 2 sin2 x cos x)− c2(2 cos 2x cos x− sin 2x sin x))

+ (
ξ + 1
p3ξ+2 −

1
p3ξ+1 )(−a2 cos 2x + (b2 − 2c2)(cos 2x cos x− 2 sin 2x sin x))

+
Γ(2ξ + 1)

Γ(ξ + 1)2 p4ξ+1 [(−a2 cos x + b2 cos 2x− 2c2 cos 2x)2

+ (−a2 sin x + b2 sin x cos x− c2 sin 2x)(a2 sin x− 2b2 sin 2x + 4c2 sin 2x)]}

+ c2µα

{
2 cos 2x(

1
p2ξ+1 −

2
p2ξ+2 +

2
p2ξ+3 ) + (

ξ + 1
p3ξ+2 −

1
p3ξ+1 )(−2a1 cos 2x

+ b1(2 cos3 x− 7 sin2 x cos x)− c1(4 cos 2x cos x− 5 sin 2x sin x))

+ (
ξ + 1
p3ξ+2 −

1
p3ξ+1 )(−2a2 cos 2x + b2(2 cos3 x− 7 sin2 x cos x)

− c2(4 cos 2x cos x− 5 sin 2x sin x)) +
Γ(2ξ + 1)

Γ(ξ + 1)2 p4ξ+1

[2(−a1 cos x + (b1 − 2c1) cos 2x)(−a2 cos x + (b2 − 2c2) cos 2x)
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+ (−a1 sin x− 2(b1 − 2c1) sin 2x)(−a2 sin x + b2 sin x cos x− c2 sin 2x)

+ (−a1 sin x + b1 sin x cos x− c1 sin 2x)(a2 sin x− 2(b2 − 2c2) sin 2x)]}

+ a2

{
− sin x

pξ+1 +
sin x
pξ+2 −

a2 sin x + (4c2 − 2b2) sin 2x
p2ξ+1

}
+ b2

{
cos x sin x(

1
pξ+1 −

2
pξ+2 +

2
pξ+3 ) + (

ξ + 1
p2ξ+2 −

1
p2ξ+1 )

(−a2 sin x cos x + b2 sin x cos2 x− c2 sin 2x cos x)

+ (
ξ + 1
p2ξ+2 −

1
p2ξ+1 )(−a2 sin x cos x + (b2 − 2c2)(cos 2x sin x))

+
Γ(2ξ + 1)

Γ(ξ + 1)2 p3ξ+1 [(−a2 cos x + b2 cos 2x− 2c2 cos 2x)

(−a2 sin x + b2 sin x cos x− c2 sin 2x)]}

− c1

{
sin 2x(

1
pξ+1 −

2
pξ+2 +

2
pξ+3 ) + (

ξ + 1
p2ξ+2 −

1
p2ξ+1 )(−a1 sin 2x

+ b1(2 sin x cos2 x− sin3 x)− c1(2 cos 2x sin x + sin 2x cos x))

+ (
ξ + 1
p2ξ+2 −

1
p2ξ+1 )(−a2 sin 2x + b2(2 sin x cos2 x− sin3 x)

− c2(2 cos 2x sin x + sin 2x cos x)) +
Γ(2ξ + 1)

Γ(ξ + 1)2 p3ξ+1

[(−a1 cos x + (b1 − 2c1) cos 2x)(−a2 sin x + b2 sin x cos x− c2 sin 2x)

(−a2 cos x + (b2 − 2c2) cos 2x)(−a1 sin x + b1 sin x cos x− c1 sin 2x)]}

Taking inverse Laplace transform, we get

u1(x, t)

= α2
{
−t2ξ sin x
Γ(2ξ + 1)

+
t2ξ+1 sin x

Γ2ξ + 2
− (a1 sin x + (4c1 − 2b1) sin 2x)

t3ξ

Γ(3ξ + 1)

}
− a1µα

{
−t2ξ cos x
Γ(2ξ + 1)

+
t2ξ+1 cos x

Γ2ξ + 2
− (a1 cos x + (4c1 − 2b1) cos 2x)

t3ξ

Γ(3ξ + 1)

}
− b1λα

{
cos 2x(

t2ξ

Γ(2ξ + 1)
− 2t2ξ+1

Γ(2ξ + 2)
+

2t2ξ+2

Γ(2ξ + 3)
)

+ (
(ξ + 1)t3ξ+1

Γ(3ξ + 2)
− t3ξ

Γ(3ξ + 1)
)(−a1 cos 2x + b1(cos3 x− 2 sin2 x cos x)

− c1(2 cos 2x cos x− sin 2x sin x)) + (
(ξ + 1)t3ξ+1

Γ(3ξ + 2)
− t3ξ

Γ(3ξ + 1)
)
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(−a1 cos 2x + (b1 − 2c1)(cos 2x cos x− 2 sin 2x sin x))

+
Γ(2ξ + 1)t4ξ

Γ(ξ + 1)2Γ(4ξ + 1)
[(−a1 cos x + b1 cos 2x− 2c1 cos 2x)2

+ (−a1 sin x + b1 sin x cos x− c1 sin 2x)(a1 sin x− 2b1 sin 2x + 4c1 sin 2x)]}

+ c1µα

{
2 cos 2x(

t2ξ

Γ(2ξ + 1)
− 2t2ξ+1

Γ(2ξ + 2)
+

2t2ξ+2

Γ(2ξ + 3)
)

+ (
(ξ + 1)t3ξ+1

Γ(3ξ + 2)
− t3ξ

Γ(3ξ + 1)
)(−2a1 cos 2x + b1(2 cos3 x− 7 sin2 x cos x)

− c1(4 cos 2x cos x− 5 sin 2x sin x))

+ (
(ξ + 1)t3ξ+1

Γ(3ξ + 2)
− t3ξ

Γ(3ξ + 1)
)(−2a2 cos 2x + b2(2 cos3 x− 7 sin2 x cos x)

− c2(4 cos 2x cos x− 5 sin 2x sin x))

+
Γ(2ξ + 1)t4ξ

Γ(ξ + 1)2Γ(4ξ + 1)
[2(−a1 cos x + (b1 − 2c1) cos 2x)

(−a2 cos x + (b2 − 2c2) cos 2x)

+ (−a1 sin x− 2(b1 − 2c1) sin 2x)(−a2 sin x + b2 sin x cos x− c2 sin 2x)

+ (−a1 sin x + b1 sin x cos x− c1 sin 2x)(a2 sin x− 2(b2 − 2c2) sin 2x)]}

+ a1

{
−tξ sin x
Γ(ξ + 1)

+
tξ+1 sin x
Γ(ξ + 2)

− t2ξ

Γ(2ξ + 1)
(a1 sin x + (4c1 − 2b1) sin 2x)

}
+ b1

{
cos x sin x(

tξ

Γ(ξ + 1)
− 2tξ+1

Γ(ξ + 2)
+

2pξ+2

Γ(ξ + 3)
)+

(
(ξ + 1)t2ξ+1

Γ(2ξ + 2)
− t2ξ

Γ(2ξ + 1)
)(−a1 sin x cos x + b1 sin x cos2 x− c1 sin 2x cos x)

+ (
(ξ + 1)t2ξ+1

Γ(2ξ + 2)
− t2ξ

Γ(2ξ + 1)
)(−a1 sin x cos x + (b1 − 2c1)(cos 2x sin x))

+
Γ(2ξ + 1)t3ξ

Γ(ξ + 1)2Γ(3ξ + 1)
[(−a1 cos x + b1 cos 2x− 2c1 cos 2x)

(−a1 sin x + b1 sin x cos x− c1 sin 2x)]}

− c1

{
sin 2x(

tξ

Γ(ξ + 1)
− 2tξ+1

Γ(ξ + 2)
+

2pξ+2

Γ(ξ + 3)
)(−a1 sin 2x

+ b1(2 sin x cos2 x− sin3 x)− c1(2 cos 2x sin x + sin 2x cos x))

+ (
(ξ + 1)t2ξ+1

Γ(2ξ + 2)
− t2ξ

Γ(2ξ + 1)
)(−a2 sin 2x + b2(2 sin x cos2 x− sin3 x)

− c2(2 cos 2x sin x + sin 2x cos x)) +
Γ(2ξ + 1)t3ξ

Γ(ξ + 1)2Γ(3ξ + 1)

[(−a1 cos x + (b1 − 2c1) cos 2x)(−a2 sin x + b2 sin x cos x− c2 sin 2x)

(−a2 cos x + (b2 − 2c2) cos 2x)(−a1 sin x + b1 sin x cos x− c1 sin 2x)]}
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v1(x, t)

=α2
{
−t2ξ sin x
Γ(2ξ + 1)

+
t2ξ+1 sin x

Γ2ξ + 2
− (a2 sin x + (4c2 − 2b2) sin 2x)t3ξ

Γ(3ξ + 1)

}
− a2µα

{
−t2ξ cos x
Γ(2ξ + 1)

+
t2ξ+1 cos x

Γ2ξ + 2
− (a2 cos x + (4c2 − 2b2) cos 2x)t3ξ

Γ(3ξ + 1)

}
− b2λα

{
cos 2x(

t2ξ

Γ(2ξ + 1)
− 2t2ξ+1

Γ(2ξ + 2)
+

2t2ξ+2

Γ(2ξ + 3)
)

+ (
(ξ + 1)t3ξ+1

Γ(3ξ + 2)
− t3ξ

Γ(3ξ + 1)
)(−a2 cos 2x + b2(cos3 x− 2 sin2 x cos x)

− c2(2 cos 2x cos x− sin 2x sin x)) + (
(ξ + 1)t3ξ+1

Γ(3ξ + 2)
− t3ξ

Γ(3ξ + 1)
)

(−a2 cos 2x + (b2 − 2c2)(cos 2x cos x− 2 sin 2x sin x))

+
Γ(2ξ + 1)t4ξ

Γ(ξ + 1)2Γ(4ξ + 1)
[(−a2 cos x + b2 cos 2x− 2c2 cos 2x)2

+(−a2 sin x + b2 sin x cos x− c2 sin 2x)(a2 sin x− 2b2 sin 2x + 4c2 sin 2x)]}

+ c2µα

{
2 cos 2x(

t2ξ

Γ(2ξ + 1)
− 2t2ξ+1

Γ(2ξ + 2)
+

2t2ξ+2

Γ(2ξ + 3)
)

+ (
(ξ + 1)t3ξ+1

Γ(3ξ + 2)
− t3ξ

Γ(3ξ + 1)
)(−2a1 cos 2x + b1(2 cos3 x− 7 sin2 x cos x)

− c1(4 cos 2x cos x− 5 sin 2x sin x))

+ (
(ξ + 1)t3ξ+1

Γ(3ξ + 2)
− t3ξ

Γ(3ξ + 1)
)(−2a2 cos 2x + b2(2 cos3 x− 7 sin2 x cos x)

− c2(4 cos 2x cos x− 5 sin 2x sin x)) +
Γ(2ξ + 1)t4ξ

Γ(ξ + 1)2Γ(4ξ + 1)

[2(−a1 cos x + (b1 − 2c1) cos 2x)(−a2 cos x + (b2 − 2c2) cos 2x)

+ (−a1 sin x− 2(b1 − 2c1) sin 2x)(−a2 sin x + b2 sin x cos x− c2 sin 2x)

+ (−a1 sin x + b1 sin x cos x− c1 sin 2x)(a2 sin x− 2(b2 − 2c2) sin 2x)]}

+ a2

{
−tξ sin x
Γ(ξ + 1)

+
tξ+1 sin x
Γ(ξ + 2)

− t2ξ

Γ(2ξ + 1)
(a2 sin x + (4c2 − 2b2) sin 2x)

}
+ b2

{
cos x sin x(

tξ

Γ(ξ + 1)
− 2tξ+1

Γ(ξ + 2)
+

2tξ+2

Γ(ξ + 3)
) + (

(ξ + 1)t2ξ+1

Γ(2ξ + 2)

− t2ξ

Γ(2ξ + 1)
)(−a2 sin x cos x + b2 sin x cos2 x− c2 sin 2x cos x)

+ (
(ξ + 1)t2ξ+1

Γ(2ξ + 2)
− t2ξ

Γ(2ξ + 1)
)(−a2 sin x cos x + (b2 − 2c2)(cos 2x sin x))

+
Γ(2ξ + 1)t3ξ

Γ(ξ + 1)2Γ(3ξ + 1)
[(−a2 cos x + b2 cos 2x− 2c2 cos 2x)

(−a2 sin x + b2 sin x cos x− c2 sin 2x)]}
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− c2

{
sin 2x(

tξ

Γ(ξ + 1)
− 2tξ+1

Γ(ξ + 2)
+

2pξ+2

Γ(ξ + 3)
)(−a1 sin 2x

+ b1(2 sin x cos2 x− sin3 x)− c1(2 cos 2x sin x + sin 2x cos x))

+ (
(ξ + 1)t2ξ+1

Γ(2ξ + 2)
− t2ξ

Γ(2ξ + 1)
)(−a2 sin 2x + b2(2 sin x cos2 x− sin3 x)

− c2(2 cos 2x sin x + sin 2x cos x)) +
Γ(2ξ + 1)t3ξ

Γ(ξ + 1)2Γ(3ξ + 1)

[(−a1 cos x + (b1 − 2c1) cos 2x)(−a2 sin x + b2 sin x cos x− c2 sin 2x)

(−a2 cos x + (b2 − 2c2) cos 2x)(−a1 sin x + b1 sin x cos x− c1 sin 2x)]}

Thus, we can find the rest of the terms in a similar manner.
Hence, the approximate solution is given by u(x, t) = u0(x, t) + u1(x, t) + . . . and

v(x, t) = v0(x, t) + v1(x, t) + . . ..
As we can see that the evaluation of the terms u1, v1, u2, v2, . . . becomes cumbersome,

we further simplify the fractional two-mode coupled burgers equations by taking α = 0,
a1 = a2 = 1, b1 = b2 = 2, c1 = c2 = 1

D2ξ
t u = Dξ

t (uxx + 2uux − (uv)x)

D2ξ
t v = Dξ

t (vxx + 2vvx − (uv)x)
(14)

with initial conditions

u(x, 0) = v(x, 0) = sin x, ux(x, 0) = vx(x, 0) = cos x,

uxx(x, 0) = vxx(x, 0) = − sin x, ut(x, 0) = vt(x, 0) = − sin x.

Applying LHPM, we have

h0 : U0(x, p) =
sin x

p
− sin x

p2 −
− sin x

pξ+1

=
sin x

p
− sin x

p2 +
sin x
pξ+1

h1 : U1(x, p) =
1
pξ
L{u0xx + 2u0u0x − (u0v0)x}

=
1
pξ
L
{
− sin x + t sin x− tξ sin x

Γ(ξ + 1)

}
= − sin x

pξ+1 +
sin x
pξ+2 −

sin x
p2ξ+1

h2 : U2(x, p) =
1
pξ
L{u1xx + 2(u0u1)x − (u0v1 + u1v0)x}

=
1
pξ
L
{

tξ sin x
Γ(ξ + 1)

− tξ+1 sin x
Γ(ξ + 2)

+
t2ξ sin x

Γ(2ξ + 1)

}
=

sin x
p2ξ+1 −

cos x
p2ξ+2 +

sin x
p3ξ+1
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and so on. Now we apply inverse Laplace transform in each of the above equations to get
the u0, u1, u2, . . . as follows,

u0(x, t) = sin x− t sin x +
tξ sin x

Γ(ξ + 1)

u1(x, t) = L−1
{
− sin x

pξ+1 +
sin x
pξ+2 −

sin x
p2ξ+1

}
= − tξ sin x

Γ(ξ + 1)
+

tξ+1 sin x
Γ(ξ + 2)

− t2ξ sin x
Γ(2ξ + 1)

u2(x, t) = L−1
{

sin x
p2ξ+1 −

sin x
p2ξ+2 +

sin x
p3ξ+1

}
=

t2ξ sin x
Γ(2ξ + 1)

− t2ξ+1 sin x
Γ(2ξ + 2)

+
t3ξ sin x

Γ(3ξ + 1)

and so on. Thus, the approximate solution is given by

u0(x, t) + u1(x, t) + u2(x, t) + . . . = sin x− t sin x +
tξ sin x

Γ(ξ + 1)

− tξ sin x
Γ(ξ + 1)

+
tξ+1 sin x
Γ(ξ + 2)

− t2ξ sin x
Γ(2ξ + 1)

+
t2ξ sin x

Γ(2ξ + 1)
− t2ξ+1 sin x

Γ(2ξ + 2)
+

t3ξ sin x
Γ(3ξ + 1)

+ . . .

Following the similar arguments give us

v0(x, t) + v1(x, t) + v2(x, t) + . . . = sin x− t sin x +
tξ sin x

Γ(ξ + 1)

− tξ sin x
Γ(ξ + 1)

+
tξ+1 sin x
Γ(ξ + 2)

− t2ξ sin x
Γ(2ξ + 1)

+
t2ξ sin x

Γ(2ξ + 1)
− t2ξ+1 sin x

Γ(2ξ + 2)
+

t3ξ sin x
Γ(3ξ + 1)

+ . . .

We note that the approximate solutions u(x, t) and v(x, t) both tend to sin x e−t as
ξ → 1 which is the exact solution of the standard coupled burgers equation.
The graphical representation of an approximate solutions for different values of ξ are given
in Figure 1. Furthermore, the comparison of Figures 1 and 2 shows that the approximate
solutions calculated by LHPM is very close to the exact solution as ξ is very close to 1
because both graphs are similar.
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(a) ξ = 0.5 (b) ξ = 0.9
Figure 1. Approximate solutions for ξ = 0.5 and ξ = 0.9.

Figure 2. Exact solution.

7. Conclusions

In this paper, we have solved time-fractional two-mode coupled Burgers equations
using Laplace homotopy perturbation method. An illustrative example has been solved
with initial conditions. It has been shown by a well-known example that the given method
is very efficient and reliable.
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