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Abstract: In this paper, we are interested in the rate of convergence for the central limit theorem of
the maximum likelihood estimator of the drift coefficient for a stochastic partial differential equation
based on continuous time observations of the Fourier coefficients u;(t), i = 1,..., N of the solution,
over some finite interval of time [0, T]. We provide explicit upper bounds for the Wasserstein distance
for the rate of convergence when N — oo and/or T — co. In the case when T is fixed and N — oo,
the upper bounds obtained in our results are more efficient than those of the Kolmogorov distance
given by the relevant papers of Mishra and Prakasa Rao, and Kim and Park.
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1. Introduction

Consider the process {u(t,x),0 < x < 1,0 <t < T} defined on a probability space
(Q), F,P) as a solution to the stochastic partial differential equation

du(t,x) = 0Au(t,x) +dWq(t, x) 1)

with initial and boundary conditions

u(0,x) = f(x), feL*([0,1]),
u(t,0) =u(t,1)=0, 0<t<T,

2 . . .
where A = aa? and 0 > 0 is an unknown parameter, whereas Q is the covariance operator
for the Wiener process W (t, x), so that

Wol(t, x) = QY2W(t, x),

with W(t, x) being a cylindrical Brownian motion in L?([0,1]). It is a standard fact (see,
e.g., [1]) that, given Q is nuclear,

dWq(t,z) = qu.l/zei(x) dW; (1),
i=1

where Wp, Wy, ... are independent standard Brownian motions and {e;,i =1,2,...} isa
complete orthonormal system in L?([0, 1]), which consists of eigenvectors of Q. We denote
g; as the eigenvalue corresponding to e;. For simplicity, we consider a special covariance
operator Q = (1 — A)~! and a complete orthonormal system e; := sininx, i = 1,2, ...
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with A; = (m’)z, i =1,2,...In this case, the corresponding eigenvalues {¢;, i =1,2,...}
areq; == (1+A;) "%, i=1,2..., thatis,

Qei=qiei = (14+A;) e, i=1,2....

We define a solution u(t, x) to the problem (1) as a formal sum (see [1])

agk

u(t,x) =) u(t)ei(x), i=12...,

1

where the Fourier coefficient u;(t), i = 1,2. .. follows the dynamics of Ornstein-Uhlenbeck
processes as follows:

1

dui(t) = —)\ﬂu,(t)dt + \/)tj—i—l
1

dW;(t), @

with initial condition
u;(0) = v;.

Here, the v;, i = 1,2... are determined by
o] 1 )
f(x) =) viei(x), v; = /0 f(x)ej(x)dx, i=1,2....
i=0

It can be shown (see [1]) that u(t, x) belongs to L2([0, T] x Q; L2([0,1])) together
with its derivative in x. It vanishes at 0 and 1 and its norm in L2([0,1]) is continuous in
t. In addition, u(t, x) is the only solution to (1) with the above properties. Let ITN be the
finite dimensional subspace of L?(Q) generated by {ey, ..., en}. The likelihood ratio of the
projection of the solution u(, x) onto the subspace TTV (see [2,3])

N
ul(t,x) = ) ui(t)ei(x)
i=1
can be expressed as follows:
dR%+9(uN)
dpy!

= exp{— %)\i(/\i +1) {9 /OT u;(t)(du;(t) + OpAu;(t)dt) + %92/\1‘ /OT u%(t)dt] },
i=1

where Py denotes the probability measure on C([0, T]) generated by the u.
By maximizing the log likelihood ratio with respect to the parameter 6, we obtain the
Maximum Likelihood Estimator (MLE) 6y, 1 for 6 based on uN as follows:

SN AT A S wis)dui(s)
YN A2+ M) [ uB(s)ds

OnT = — , N>1,T>0. (3)

Moreover, using (2) and (3), we can write

EN AT A S wi(s)dWi(s)

0—Onr =
YN AR 1+ A) foT u?(s)ds

, N>1,T>0. @)

Recently, several papers provided explicit upper bounds for the Kolmogorov distance
for the rate of convergence for the central limit theorem of estimators for coefficients in
stochastic Gaussian models, see, e.g., [4-8].
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The purpose of this paper is to derive upper bounds of the Wasserstein distance for
the rate of convergence of the distribution of the MLE §N,T when N — oo and/or T — co.
Upper bounds of the Kolmogorov distance for the central limit theorem of the MLE 8y T, as
N — co and T fixed, are provided in [4,9]. Let us describe what is proved in this direction.
In [9], Mishra and Prakasa Rao proved that there exists a constant Cy 7 depending on
0, f ||%2 (01)) and T such that, for any v > 0 and N > Ny, depending on 6 and T,

(1+VT)N>*T g
TN3 + Y ko2 N3

IP’( on(6) (aN,T - e) < z) —P(Z <z) ®)

sup
zeR

< Cor

where Z ~ N (0,1) denotes a standard normal random variable and the normalizing factor
on(6) is

¢ (9):i§A-(A-+1) vz(l—e—z“fT)+—T
V)= 5 l Ai+1f

Moreover, in ([9], Remark 4.4), Mishra and Prakasa Rao proved that, if 21?1:1 k4v% >
g(N) = O(N®), then the upper bound given by (5) is of order O(N7~2)+ O(N’7/2>,

and, in such case, the upper bound can be obtained to be of order O (N -2/ 3) by choosing
v = 4/3. However, if Y8 ; k*0? < ¢(N) = O(N?) (for example, f = 0 i.e., v; = 0 for all

i=1,2,...), then the upper bound in (5) is given by

sup < CyprN7. (6)

zeR

P( on(0) (aN,T - 9) < Z) —P(Z <z)

In this case, we notice that the upper bound of the Kolmogorov distance given by
(6) does not show that the normal approximation of the MLE §N,T holds. Hence, the
sharp upper bound is needed to prove the normal approximation through the Kolmogorov
distance. This problem has been solved by Kim and Park in [4], where they improved the
bound in (5) to that converging to zero when N — oo and T fixed, by using techniques
based the combination Malliavin calculus and Stein’s method. More precisely, they proved,
in the case when f = 0, that, for sufficiently large N, there exists a constant Cg 1 depending
on 8 and T such that
1

<Cor+

]P’( on () (§N,T - 9) < z> ~P(Z < 2) 5

sup
z€R

where the normalizing factor gy () is given by ¢n(0) = 5 YN A

The goal of this paper is to provide Berry—Esseen bounds in Wasserstein distance
for the MLE §N,T when N — oo and/or T — oo. Let us first recall that the estimator
§N,T is strongly consistent and asymptotically normal in three asymptotic regimes: for
the two cases N — oo and T fixed, and T — oo and N fixed, see, for instance, [10] and
references therein, and for the case when both N, T — oo, see [11]. However, the study
of the asymptotic distribution of an estimator is not very useful in general for practical
purposes unless the rate of convergence is known. To the best of our knowledge, no
results of Berry—Esseen bounds are known for MLE @N,T in terms of Wasserstein distance
when N — oo and/or T — co. Recall that, if X, Y are two real-valued integrable random
variables, then the Wasserstein distance between the law of X and the law of Y is given by

dw(X,Y) = sup [E[f(X)] -E[f(Y)]],
feLip(1)

where Lip(1) is the set of all Lipschitz functions with Lipschitz constant < 1.
In what follows, in order to simplify the notation, we set u(0, x) = f(x) = 0 and hence
u;(0) = 0 for all i > 1. The following are the main results of this paper.
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¢ C(Casel: N = coand T fixed. Then, there exists a positive constant Cg 7 depending
only on 6 and T such that, for every N > 1,

3 ~ 60 C
dw (NZ (9 — GN,T),N(O, 71’2'1—')> < ]\?%T (7)

In particular, as N — oo,

" 2T

N3 (9—5N,T) ’“—“’>N(o 69).

¢ (Case2: T — ooand N fixed. Then, there exists a positive constant Cy 5y depending
only on 6 and N such that, forevery T > 1,

dw<ﬁ(9—§N,T),N<o,zﬁf)k>> < f% ®)
i=1""

In particular, as T — oo,

Vr(0-aur) 5 (0.

“YNLA

¢ (Case3: N — ooand T — co. Then, there exists a positive constant Cy depending only
on 6 such that, forevery N > 1land T > 1,

dy (ﬁN3 (9 - §N,T),N(o, fg)) < \/;;[% . )

In particular, as N, T — oo,
VIN3 (0—Byr) “5 N (0 ud
N,T v 3 )

Remark 1. Note that, in Case 1, N — oo and T fixed, we obtaiged the upper bound O(1/N %)
in Wasserstein distance for normal approximation of the MLE 0y 1, while the upper bound in
Kolmogorov distance obtained by Kim and Park [4] is O(1/N).

The paper is organized as follows: Section 2 contains some preliminaries presenting
the tools needed from the analysis on Wiener space, including Wiener chaos calculus and
Malliavin calculus. In Section 3, we derive upper bounds for the rate of convergence of
the distribution of the MLE GAN,T when N — oo and/or T — oo, see Theorem 1. We also
included in this section a lemma that plays an important role in the proof of Theorem 1.

2. Preliminaries

In this section, we recall some elements from the analysis on Wiener space and the
Malliavin calculus for Gaussian processes that we will need in the paper. For more details,
we refer the reader to [12,13]. Let H := L2([0,T]) and let {W(¢), ¢ € H} be a Wiener
process that is a centered Gaussian family of random variables on a probability space
(Q, F,P) such that E(W(@)W(y)) = (@, )3 In this case, we denote W; := W (1o ;) and
fOT @(s)dW(s) =: W(¢p) for every ¢ € H.

The Wiener chaos H, of order p is defined as the closure in L?(Q) of the linear span
of the random variables H,(W(¢)), where ¢ € H,|¢|l4 = 1 and H, is the Hermite
polynomial of degree p.

*  Multiple Wiener-It6 integral. The multiple Wiener stochastic integral I, with re-
spect to W of order p is defined as an isometry between the Hilbert space H“? =
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L3, ([0, T]) (symmetric tensor product) equipped with the norm /p!|| - ||/ and the
Wiener chaos of order p under Lz(Q)'s norm, that is, the multiple Wiener stochastic
integral of order p:

s (Ko7, /P ) — (M 12()

is a linear isometry defined by I,(f“?) = H,(W(f)).
The Wiener chaos expansion. Let F € L2(Q); then, there exists a unique sequence of
functions f, in H? such that

[e9)

F=E[F]+ ) L(fp),

p=1

where the terms I,,(f,) are all mutually orthogonal in L?(Q2) and

E[1,(4)7] = Pl e

Product formula and contractions. Let p, ¢ > 1 be integers and f € H®? and
¢ € H®7; then,

L =Y (f) (‘Z) ly+g-2(fEg), (10)

r=0

where f ®, g is the contraction of f and g of order r, which is an element of H®(P+1-27)
defined by

(f®7’g)(slr'-c/sp—r,t1,...,tq,r)

= [O/T]erqurf(sl’ oy Spor Uty )b, by i, Uy) duy - - duy

Its symmetrization is denoted by f ®,g, where the symmetrization f of a function
f is defined by f(x1,...,xp) = %Zf(x[,(l), s Xg(p)) Where the sum runs over all
g

permutations ¢ of {1,...,p}. The special case for p = g = 1 in (10) is particularly
handy, and can be written in its symmetrized form:

L(L(g) =2""L(fog+8g®f)+(f.&n (11)

where f ® g means the tensor product of f and g.
Hypercontractivity property in Wiener chaos. Fix g > 1. For any p > 2, there exists
¢p,q depending only on p and g such that, for every F € @lq:l’H Ir

(B[IFP)"” < cpq (E[IFPT) 12)

It should be noted that the constants ¢, ; above are known with some precision when
F € H,: by ([12], Corollary 2.8.14), cpqg = (p — 1)1/2,

Optimal fourth moment theorem. Let Z denote the standard normal law. Let a
sequence X : X;; € H,, such that EX;, = 0 and Var[X,] = 1, and assume X, con-
verges to a normal law in distribution, which is equivalent to lim, E[X}] = 3 (this
equivalence, proved originally in [14], is known as the fourth moment theorem). Then,
we have the optimal estimate for total variation distance dry (X,, Z), known as the
optimal 4th moment theorem, proved in [15]. This optimal estimate also holds with
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Wasserstein distance dy (X, Z), see ([16], Remark 2.2), as follows: there exist two
constants ¢, C > 0 depending only on the sequence X but not on 7, such that

E [xg} E [Xﬁ]

Moreover, we recall that, for a standardized random variable X, i.e., with E[X] = 0 and
E [X2] = 1, the third and fourth cumulants are, respectively,

cmax{E [Xﬂ

} <dw(Xu, Z) < Cmax{E [Xﬂ

}. (13)

K3(X) 1= E[Xﬂ, Ky(X) = E{Xﬂ _3.

Fix T > 1 and an integer N > 1. Recall that, if # = L2([0,T],RN) and W =
(W1, Wa, ..., Wy) with Wy, W, ..., Wy are independent standard Brownian motions; then,
forevery h = (h!,...,hN) € H, the multiple integral I; (h) is defined by

I (k) o= 1V (k) = Y 1

N
i=1

N T .
=L /0 HdW;(s), (14)
and

N T
B, = Y [ ()2
i=1

Moreover, if ¢ € H®?, then the third and fourth cumulants for I;(g) satisfy the follow-
ing (see (6.2) and (6.6) in [17], respectively):

ks(I2(g)) = E[(12(8))°] = 8(g, & ©1 8)3e2 (15)
and
k(@) = 16(llg®1 glea +2l18Engl32)
< 48]lg @1 g3 (16)

Throughout the paper, Z ~ N(0,1) denotes a standard normal random variable,

while V(y,0?) denotes a normal variable with mean y and variance 2.

3. Berry-Esseen Bounds for the MLE

Recall that, in what follows, in order to simplify the notation, we set (0, x) = f(x) =0
and hence u;(0) = 0 for all i > 1. In this case, since the Equation (2) is linear, it is immediate
to solve it explicitly; one then gets the following formula:

76)\ t
(¢ de i=1,...,N. 17
ul( ) m 1 ( )
Let us introduce the following sequences:
N T
r=Y A/l +A1~/ wi(s)dWi(s), N >1,T >0, (18)
i=1 0
and
T X m?T N(N+1)(2N +1)
= — ;= > .
ONT =55 ) A= S5 g , N>1,T>0 (19)

Combining (4) and (18), we have, forevery N > 1,T > 0,
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YN AT A S ui(s)dWi(s)

0—0nr =
TN, A2+ A) fy 13 (s)ds

SN,T
= 2 20
(Sn,T) 20)

Using (14), we can write
1 1 Wi ( ¢i
SNT = EIZ(fN,T) =5 Y. L(fY), (21)
i—1

where

fN,T = (fl, .. .,fN), fi(S, l‘) = )\ieie)\i‘tish[o,ﬂz (S, t), i=1,...,N.

On the other hand, using the product formula (11),

s 2 s
(/O e@/\,»rdwi(r)) _ I;’Vi (eé)x,'(u-&-v)lm’s]z(u,v)) +/O 20N 4,

I;Ni (e‘”‘f(”*”)l[ols]z(u,v)) + ﬁ <€29)\is - 1).

Thus, foreveryi=1,...,N,

) e 20his (s 2
R e L)
6729)\,'5 W oA 1
— i i(u+v) _ ,—20A;s
P (e 1[0'5}2(”'”))+29Ai(Ai+1)(1 ¢ )
This and the linearity of I;N " imply
T 1w T 1 e 00T _q
2 — Wi 9Ai(u+v)/ —20A;s
2(s)ds = I d T
/0 i (s)ds A 12 (6 o S>+29Ai()\i+1)< METY )
—9/\i|M—Zi| —29/\1'T 9/\,‘(11"!"0)
- W; e W e e
- (29%@#1)1[0'“2(%0)) " ( 205, + 1) 1[0'”2(%0))

1 6729)\1"1—' -1
T .
1) ( T )

Consequently,

N

T
(Snr) = Y AZ(1+A) /0 12 (s)ds
i=1
N —0A;|u—0] —20A;T ,0A;(u+v)
w; [ € w; [ € e
= Zl/\l [12 (261[0’7"]2(“, U)) - 12 (261[0’T]2 (u, v))
i=
1 6—29)\1-T -1
+29<” 200, ) }
1
= Db (ZGfN,T> — L(hn,T) + 0N,

S
= % — L(hnT) +ON,T) (22)

where
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/\iefze)\;Tee)L,' (M+U)

hN,T = (hl,. . .,I’ZN), hi(u, U) = 20 l[OIT]z(u,v),

and

- ;i Z( —200T _ )

=1
. S —200,T
= oNTT+ 102 l;(@ 1>‘
According to (20)—(22), we can write, for every N > 1,T > 0,

3L(fnT) .
) — L(hnT) +0NT

0—Onr =

sa(fnr

(23)

Lemma 1. Let & > Qand V; = e~ fot e*dWs, where {Wy, t > 0} is a Wiener process. Let F
denote the sigma-field generated by W, that is, F; = c{Wy, u < t}. Then, for every 0 < a < b,

b—a e 20(b-a) 1

b
2 ZW) g > oy
/HE(Vt | FYdt = palb—a) = T e >, (24)

where the function p,(x) is increasing and hence py(x) > 1a(0) = 0 for all x > 0.
Furthermore, for every p, Ty > 0, there exists a positive constant Cq 1, depending only on 0
and Ty such that

T>T,

-r
supE[((PN Z)@ 1+)\)/0Tu12(s)ds> ] < Co,1, < 0, (25)

where the processes u;, i = 1..., N are given by (17).

Proof. We will use similar arguments as in ([16], Proposition 6.3). Let 0 < a < b. Using the
fact that, for every t > a, f e~*(t=1)dW, is independent of ¥, we have

/abE(vﬂf;V)dt - /;E((/Ouea(tu)dwu>2|]:!\/>dt
A (O RE

b t 2

> / E (/ e_"‘(t_“)qu> dt

a a
- / / () gy gy

e—20(t—a)

- /a ———a

b—a e -2 _q
= 2 F 4n
= pa(b—a).

Moreover, since i (x) = =% ™ > 0 forall x > 0, the function Ha(x) is increasing.

Thus, the proof (24) is complete.
Let us now prove (25). Fix p, Ty > 0, and let m be a positive integer such that % > 1.

Using Holder’s inequality, we have, for all xq,...,x, > 0,
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m -p © - P m 0 % mo
(Z xk> = (/ e—tZchkdt) <H(/ e—mtxkdt) :m_pl—[xk m
k=1 0 et \JO Pl
Hence,
[ N )\2(14-)\) T -P
E 171/ u?(s)ds
(,_Zl ent  Jo i(s)
= E[ ) AF(1+A) /kT/’"
== ent JenT/m i
— /m
m (N A2(1 4 \.) kT/m P
< mPE [H<Zl(+l)/ W2 (s ds) ] 26)
=1 \i=1 P¢NT (k=1)T/m
Using the fact that if X > 0, almost surely, E(X | F) fo X > x | F)dx, we obtain
— /m
NOA2(14A;) pkT/m P
E ’71/ u?(s)ds FW
[(1_21 ¢N, T (k=1)T/m i) | (k=1)T/m
o (N A2(1+A;) (kT/m
= Zi\s T ) 2 —m/p | TW
B /0 P(; ¢N,T /(k—l)T/mul (s)ds < x |]:(k—1)T/m dx
N AZ 1+/\) kT /m 9 "
: —m/p W
= 1+/ <_1 N, T /(k—l)T/mul(s)dSSx | Fle—iyr/m 4% (27)

Applying Carbery—Wright Inequality, there is a universal constant ¢ > 0 such that, for
any ¢ > 0, we can write

N OA2(1+4 ;) (kT/m
(zg PN,T (k=1)T/m ui(s)ds < | (k=1)T/m
= 1 A kT/ C\ﬁ . (28)
(14 T/m
<Z oNT S0 /m u?(s)ds | ]:k 1 T/m>

Using (24) for « = 0A; and the fact that, for any fixed x > 0, the function y — p(x)

is increasing on (0, ). Moreover, since ( ) is positive and continuous on (0, 0) and

tory (%) Hoa, (x)
X X

— 0asx — oo, we have 0 < sup 1 < co. Combining these facts, we get,

forevery T > T, that

N A2(14A;) [kT/m N2 T
E 171/ W2(s)ds | FW S A7 ( )
(12% PN, T (k=1)T/m i (s)ds | (k=1)T/m = X%q)N Hori\ o,
N 20A2 T
z 149/\< >
ZZ% TYN m
T\ & 20A;
> Aipea < ) .
' 21 TyYN
2074 T
= Tﬂ% P
> 20 sup Ko (%) > 0. (29)

m X
>h

— m
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Therefore, combining (27)—(29), we deduce that, for every T > Ty,

—p/m
N )\2(14_/\.) kT/m b cm ®© _m
E 2171/ 12(s)ds | F | < 1+ — / .
-1 PNT  J(k=1)T/m 2074 sup 1 1
Thus,
—p/m
YR A) o, N
Ym, T, = su E ’7/ us(s)ds FV < 00, (30)
o TZTo,lSkam [(g oNT S =1)T/m i(®) | Flenyr/m

Consequently, it follows from (26) and (30) that, for all T > Ty,

N A2(1+A;) T P
E o ui(s)d
(t020 )
N A2(1+4A;) (KT/m —p/m
i ! 2 d
P (,‘; ¢N,T /(kfl)T/m i (s) S)

[m—1/N )2 kT /m —p/m
= m*E (ZAI (1+/\Z)/( u%(s)ds)

k=1 \i=1  PNT k=1)T/m

—p/m
N A2(1+A;) (T p
E 171/ 2()4 Fooo
g {(zg ¢N,T (m—=1)T/m i (S) ° | (m—-1)T/

m— 2 . m —p/m
= m Py pE [ﬁ(i}w/(kw u%(s)ds> ]

k=1 \i=1 PNT k=1)T/m

m~PE

IN
=

Il
—

< m P ()" <o,
which completes the proof of (25). [

Theorem 1. Suppose that 6 > 0. Let GAN,T be the MILE given by (3), and let ¢ 1(0) be the
normalizing factor given by (19). Then, there exists a positive constant Cy depending only on 0
such that, for any integer N > 1 and any real number T > 1,

dw(Voa(o-tur).z) < 2l 61

where Z is standard Normal law.
Consequently, the estimates (7)—(9) are obtained.

Proof. It follows from (21) that
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E[SX 1] = E[(EIZ(fN,T))Z] =
N T
= Z/\lz/ /tefsz(tfs)dsdt
= "Jo Jo
N T ,t
= Z/\lz/ / e 20Nx dxdt
T 1 _ p—20MT
= /\2/ 7111‘
Z 20,
_ L —20MT _ 1)
= onT+ 4922(6 1) =onr-
Thus,

E

< SN,T )2] _ 0Nt _ 14 1 i(e_Ze’\"Tfl).

VPN, T ON,T 429N S

Combining (19) and (32), we get

SNn,T ON,T 3
E| |l —— 1 =1L < 2
| l(\/?’N,T) ] | ‘ ¢N,T ’ = 2072TN?2
Notice also that, from (32), we have
2
< SN,T > <1
VPN, T

Moreover, since SN.T belongs to H,, it follows from (12) and (34) that

E

PN,T
il A28
YN, T L4(Q) ¢N, T L2(Q)

On the other hand, since

/\2 40\, T 29/\ +
— M 'U
492 / / dudo

= i 166 (1 - eimigz

IN

we obtain

E

L(hnr)\? < 9
¢N,T —  202m4T2N5T

1N T T
2 _ 1 2 —20A;t—s|
= E A / / dsdt
H 2 2 = 1 0 0 e S

(32)

(33)

(34)

(35)

(36)

Therefore, using (19), (22), (33), (34) and (36), there exists a positive constant Cy

depending only on 0 such that, for every N, T > 1,
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at

SN,T

VPN, T

)

H ) 4 < H SN,T L(hn,T) L ‘ ONT 1‘
@N,T 12(0) OonT 120 ¢NT 2@ |PNT
1 n 3 " 3
0/ PNT /20m2TN5/2  2072TN?2
< = @7)
V@N,T
Using (15), we have
3
k3< SN,T > — ks <12(fNT)> _ <12(fNT > %E L(fy)
VON,T 2,/¢N 2,/¢N = 2,/¢N,T
1 N, .
= TnZ<fﬁf/fﬁf®1fﬁf>ng
(PN T i=1
— 3/2 Z /0 - 6—9)\1‘\Xl—Xz|e—9/\i\xz—x3|e—9/\i|x3—x1\dxldedxg
PN,T i=
- 3/2 ZA3/ dx3/ dxz/ dxpe~04i(2xs—2x1)
PN,T i=
3 N 5 (1 _ 6729/\,‘363 204,
= — A-/ — — X3¢ Z"3>dx3
i b h
PR W -
B 262(PBI‘\]/ZTZ 1 l Oy PNT
Using (16), straightforward calculations lead to
- h(E52)
2 (PN
3 , ,
< =5 Z f ®1 fIl\IH’ZHm
PN,T =1
3 N o/ . ‘ . ,
= 5 / In(x,x2) fy (x2, x3) fy (%3, %) fy (x4, %1)dx1dxodxadxy
N, iz /10T
= % 4!)»;-1/ dx4/ dX3/ dxz/ dxpe0(2xa—2x1)
PN,T i=1
18
< 39
S Ponr (39)

Combining (13), (38) and (39), there exists a positive constant Cy depending only on 6
such that, for every N, T > 1,

dw< SNT ,z) < G (40)
V@N,T 0\/@N,T

It follows from (20) that

S ~ _ SNT/V/PNT
(PN/T(GieN'T)  (Snr)/enT @

On the other hand, from (25), we have
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< Cy. (42)

&
LH(Q)

(Sn,T)

Using (35), (37) and (40)—(42), there exists a positive constant Cy depending only on 6
such that, for every N, T > 1,

(SNT/\/(PT Z)

(Snr)/onT’

dy (W(Q - §N,T), z)

< ( ) <SN,T/\/(PN,T SN,T >
> +dW ’
(SnT)/oNT  \JONT

< 4 ( Z) ’ SNT//PNT SN
>~ w 7

VON,T (SnT)/9NT  JONT
- dw( SNT Z) HSNT/\/GDT _ (Sn1)
- VonT (Snr)/onT (o) PNt 12000
< dw( SN,T ,Z) H SN,T (gN,T ~ (Sn,1)

PN,T VONT [l () 1 S8 I 14(00) NS | PEICON)

<

Vi §0N,T
Therefore, the desired result is obtained. [

In this paper, we are interested in the rate of convergence for the central limit theo-
rem of the maximum likelihood estimator of the drift coefficient for a stochastic partial
differential equation based on continuous time observations of the Fourier coefficients
u;(t), i=1,..., N of the solution, over some finite interval of time [0, T]. We provide ex-
plicit upper bounds for the Wasserstein distance for the rate of convergence when N — oo
and/or T — oco. In the case when T is fixed and N — oo, the upper bounds obtained in
our results are more efficient than those of the Kolmogorov distance given by Mishra and
Prakasa Rao [9] and Kim and Park [4].

4. Conclusions

To conclude, in this paper, we provide a rate of convergence for the central limit theo-
rem of the MLE GN T of the drift coefficient for the stochastic partial differential Equation (1)
based on continuous time observations of the Fourier coefficients u;(¢), i = 1,..., N of
the solution, over some finite interval of time [0, T]. The novelty of our approach is that it
allows, comparing with the literature on the rate of convergence for éN,T discussed in [4,9],
for improving the upper bound for the Wasserstein distance for the rate of convergence of
the MLE @N,T when N — oo and/or T — co. More precisely,

e if N = ocoand T fixed, then there exists a positive constant Cy r depending only on
and T such that, for every N > 1,

3 -~ 60 Cf),T
dw(NZ (QGN,T),N(O 2T)> < N% .

e IfT — coand N is fixed, then there exists a positive constant Cy 5y depending only on
f and N such that, for every T > 1,

dw<ﬁ(e—§N,T),N(o,zN29k>> < f;%“
i=1""1

e If N = coand T — oo, then there exists a positive constant Cy depending only on 6
such that, forevery N > land T > 1,
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dw<\/TN3(8—§N,T),N(O,76£)> < \/%\13
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