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Abstract

:

The present paper deals with the advancement of non-Newtonian fluid containing some nanoparticles between two parallel plates. A novel fractional operator is used to model memory effects, and analytical solutions are obtained for temperature and velocity fields by the method of Laplace transform. Moreover, a parametric study is elaborated to show the impact of flow parameters and presented in graphical form. As a result, dual solutions are predicted for increasing values of fractional parameters for short and long times. Furthermore, by increasing nanoparticle concentration, the temperature can be raised along with decreasing velocity. A fractional approach can provide new insight for the analytical solutions which makes the interpretation of the results easier and enable the way of testing possible approximate solutions.






Keywords:


non-Newtonian; fractional derivatives; vertical channel; nanoparticles; heat transfer












1. Introduction


Channel flow plays an important part in an inclusive range of industrial applications, such as heat exchangers in power plants and chemical reactors in the development industry. Although many processes of practical interest can be considered as two-phase flows by Newtonian behavior in both phases, there is a large number of related applications where the continuous liquid phase exhibits non-Newtonian flow features. Many examples can be found in the biochemical and biomedical as well as the food processing industries [1]. Zheng et al. [2] investigated the impact of a vortex generator shape on liquids and the heat transformation of hybrid nanofluids in a channel. D’Ippolito et al. [3] studied the resistance of open channel flow because of vegetation at the research scale.



Nanofluids (term familiarized by Choi [4]) are considered identical in significant studies due to their thermal transfer development application. Some recent studies showed that the capability of heat transfer of nanofluids is more improved than of consistent fluids. Therefore, it is reasonable to exchange regular fluids with nanofluids. Because of their higher heat capability, the attention of numerous researchers is drawn toward the study of nanofluids. They play a dynamic role in industrial sectors such as electronics, transportation, foods, nuclear reactor, as well as biomedicine. The size of nanoparticles is very small, and these particles enhance the conductivity of base fluids when added to them. The construction of nanoparticles consists of metal oxide, carbon tubes, nitride, metal, and carbide [5]. Reddy et al. [6] addressed the performance of a micropolar thermal flux model magnesium oxide and molybdenum disulfide nanoparticle. The impact of a nanoparticle’s mixture ratio, as well as the temperature and concentration on the thermal conductivity of hybrid nanofluids, was established by Wole-Osho et al. [7]. Haque et al. [8] discussed the laminar nanoparticles having heat transfer, using convection force in the presence of noncircular ducts. Khashi’ie et al. [9] deliberated a stream of hybrid nanoparticles due to melting heat transfer in the presence of a moving surface. Goldanlou et al. [10] introduced a heat exchanger pipe prepared by the edge-form of turbulators of the heat transfer of hybrid nanoparticles in an explosive. Montazer et al. [11] described the development of the original relationships and the heat transfer of the stormy nanoparticles. Benkhedda et al. [12] defined the horizontal tube considering the forms of nanoparticles, resulting in convective heat transfer presentation of the hybrid nanoparticles. Bhattad et al. [13] conferred the plate in the heat exchanger of hydrothermal presentation of dissimilar alumina hybrid nanoparticles. Izadi et al. [14] exclusively debated the three-sided cavity and the properties of porous solid on fleeting normal convection of the heat transfer of nanofluids.



Concerning the hybrid nanofluid, which is a combination of two diverse nanosized particles with base liquids, which influences the convective heat transfer, one can follow the following progress in the literature. Waini et al. [15] examined steady fully developed mixed convection flow of a lengthwise an upright surface, fixed in a porous medium with hybrid nanoparticles was examined. Pandya et al.’s [16] study focuses on the numerical model, developed to maximize the thermal performance of axial lined heat tube, working on CeO2+ MWCNT/water-based hybrid nano-liquid. Babazadeh et al. [17] investigated the hybrid nano-liquid of a free convection transport inside a permeable average in the appearance of an outside applied magnetics force, modeling it through control volume, creating a fixed element technique. In Asadi et al.’s study [18], the discussion about the influence of hybrid nano-liquid n on the system performance was presented. Ikram et al. [19] studied clay nanoparticles for diverse-based liquids with a modern fractional scientific model that extracts nanofluids. Huminic et al.’s study [20] addressed dissimilar kinds of thermal structures aimed at dissimilar boundary situations and physical conditions, and contained a review of the contributions on entropy generation of the nano-liquid and hybrid nano-liquids. In their study, Nadeem et al. [21] addressed the base fluid ending in an exponentially stretching curved surface. The investigation evaluates the stimulus of including constraints of the hybrid nano-element.



Several fractional operators like the Grünwald–Letnikov derivative, Liouville and Riemann–Liouville derivatives, Caputo derivative, Marchaud derivative, Hadamard derivative, and Riesz derivative were applied as well [22,23]. Sene [24] studied the design of second-grade liquids, using the fractional differential equation through the Caputo Liouville fractional derivative. Mozafarifarda et al. [25] analyzed the fractional heat transfer equation for thin metal films utilizing the Caputo fractional derivative. Thabet et al. [26] studied the numerical findings of a novel disease of COVID-19 by using the mathematical method related to the existence and stability of ABC.



In the recent literature, researchers have paid attention to the vertical geometry for fractional models with different operators but they ignored the fluid flow problem between two plates and obtained the fractional model through generalized constitutive laws with the Prabhakar fractional model. The main advantage of a fractional operator is only the kernel that consists of three parameters, but, namely, the generalized Mittag-Leffler function. The Prabhakar fractional operator with a fractional coefficient can be a useful tool for determining an appropriate mathematical model that can result in a good agreement between theoretical and real data. For a detailed discussion about the Prabhakar integral and its properties, see the following references [27,28,29,30]. Giusti and Colombaro [31] proposed a generalized fractional model for non-Newtonian fluid by using the generalized constitutes laws. The Prabhakar type fractional derivative contains a generalized Mittage-Leffler function as a kernel that is responsible for the history of fluid properties and controls the thermal and momentum boundary layers. Elnaqeeb et al. [32] studied an infinite vertical heated plate via Prabhakar-like thermal carriage. The generalized fractional constitutive equation aimed at shear stress proportion and thermal flux density vector of natural convective flows of Prabhakar-like fractional viscoelastic fluids via an infinite vertical frenzied wall was studied by Shah et al. [33]. Finally, in Akgül et al.’s study [34], the magnetohydrodynamics effects on heat transfer phenomena was examined. Wang et al. [35] discussed the Casson nanofluid with a modified Mittag-Leffler kernel of a Prabhakar form of unsteady thermal transportation flow.



In the presented state of the art, no work was applying a fractional operator in an important class of fluids, like non-Newtonian fluid between two vertical plates. The Prabhakar fractional derivative was used to model the channel flow problem, containing hybrid nanoparticles. Therefore, the prime interest is to find the analytical solutions of energy and momentum with the Laplace transform method and parametric analysis to show the flexibility of the proposed model.




2. Materials and Methods


Let us consider MHD convection flow through the microchannel of electrically conductive (Ag-TiO2-H2O) hybrid nanofluid as shown in the Figure 1 under the following constraints:




	(a)

	
Microchannel length is infinite with width L;




	(b)

	
The channel is along x-axis and normal to y-axis;




	(c)

	
At t ≤ 0, the temperature of the system is    T 0   ;




	(d)

	
After t =    0 +   , the temperature increases from    T 0    to    T w   ;




	(e)

	
Fluid accelerates in the x-direction;




	(f)

	
The magnetic field of strength    B 0    works transversely to the flow direction.









The flow of electrically conductive Ag-TiO2 -H2O hybrid nanofluid causes the electromotive force, which yields current. Simultaneously, the induced magnetic field is ignored because of the hypothesis of a very small Reynolds number. Moreover, the electromagnetic force changes the intensity of the electric flux [36].



Within the above discussion, the governing equations for the stated problem are [37].








	
The momentum equation


   ρ  h n f       ∂ u   y , t     ∂ t   +  β   b *    u   y , t     =  μ  h n f      ∂ 2  u   y , t     ∂  y 2    −  σ  h n f    B 0 2  u   y , t   + g     ρ  β T      h n f     T −  T 0    ,  



(1)

















	
The energy balance equation


      ρ  C p      h n f     ∂ T   y , t     ∂ t   = −   ∂ q   y , t     ∂ y   ,  



(2)

















	
The generalized Fourier’s law for thermal flux


   q   y , t   = −  k  h n f      C   D  α , β , α  γ     ∂ T   y , t     ∂ y   .   



(3)












We consider the following initial and boundary conditions:


   u   y , 0   = 0 ,                T   y , 0   =  T 0    ,              y ≥ 0 ,   



(4)






   u   0 , t   = 0 ,                T   0 , t   =  T 0                 t > 0 ,   



(5)






   u   L , t   = 0 ,                T   L , t   =  T w    ,              t > 0 ,   



(6)




where the definition of the regularized Prabhakar derivative is [32,38]


     C   D  α , β , α  γ  f ( t ) =  E  α , m − β , α   − γ    f  ( m )   ( t ) =  e  α , m − β   − γ   ( a ; t ) ∗  f  ( m )   ( t )  =    ∫ 0 t     ( t − τ )   m − β − 1       E  α , m − β   − γ     a   ( t − τ )  α     f  ( m )   ( τ ) d τ ,   



(7)




where “*” represent the convolution product,    f   m      denotes the mth derivative of f(t) ∈A    C m    (0, b) stands for the set of real-valued functions f(t) whose derivatives are continuous up to order (m − 1) on the interval (0, b) where    f    m − 1       (t) is absolutely continuous function, and m = [β] represents the integer part of the parameter β.



For Equations (1)–(3), the thermophysical boundaries of the considered nanofluid and hybrid nanofluid are listed in Table 1.



Finally, for generality, we introduce the dimensionless form as


   τ =    v f     L 2    t ,   V =  L   v f    u ,   Y =  y L  ,   θ =   T −  T 0     T w  −  T 0      ,    q *  =  q   q 0    ,    q 0  =    k  h n f    T w  −  T ∞       u 0     v  h n f     .   



(8)




Therefore (neglecting the star notations), we have


   A 0 *      ∂ V   Y , τ     ∂ τ   +  β b *  V   Y , τ     =  A 1 *     ∂ 2  V   Y , τ     ∂  Y 2    −  A 2 *  M V   Y , τ   +  A 3 *  G r θ   Y , τ   ,  



(9)






  P r   ∂ θ   Y , τ     ∂ τ   = −   ∂ q   Y , τ     ∂ Y   ,  



(10)






  q  Y τ  = −   C   D  α , β , α  γ    ∂ θ   Y , τ     ∂ Y    



(11)




under the constraints


   V   Y , 0   = 0   ,              θ   Y , 0   = 0   ,              Y ≥ 0 ,   



(12)






   V   0 , τ   = 0   ,              θ   0 , τ   = 0   ,              τ > 0 ,   



(13)






   V   1 , τ   = 0   ,              θ   1 , τ   = 1   ,              τ > 0 ,   



(14)




where


    β b *  =    β   b *     L 2     v f      ,   M =    L 2   σ f   B 0 2     μ f      ,   G r =   g      β T     f     T w  −  T 0     L 3     v f 2      ,   P r =       μ  C p     f     k f      ,    λ  h n f   =    k  h n f      k f      ,    A 1 *  =  1      1 −    Φ  A g   +  Φ  T i  O 2          2.5     ,     A 0 *  = 1 −  Φ  h n f   +    Φ  A g    ρ  A g   +  Φ  T i  O 2     ρ  T i  O 2       ρ f      ,    A 2 *  =    σ  h n f      σ f      ,    A 3 *  = 1 −  Φ  h n f   +    Φ  A g       ρ  β T      A g   +  Φ  T i  O 2        ρ  β T      T i  O 2          ρ  β T     f    .   



(15)







In the above equations,    β b *    denotes Brinkman parameter, M is the magnetic field,   P r   is the Prandtl number, and   G r   is the Grashof number, respectively. It is essential that to accomplish the heat memory impacts, we additionally postulate the summed-up Fourier’s law dependent on Prabhakar’s fractional derivative, namely.




3. Solution of the Problem


3.1. Temperature Field


Applying the Laplace transform to Equations (10) and (11) with requirements       13    2    and       14    2    and utilizing Prabhakar fractional derivative, we get for the temperature field


  P r s  θ ¯    Y , s   = −   ∂  q ¯    Y , s     ∂ y   ,  



(16)






   q ¯    Y , s   = −  s β      1 − a  s  − α      γ    ∂  θ ¯    Y , s     ∂ Y   .  



(17)




In the following, using Equations (16) and (17), we have


     ∂ 2   θ ¯    Y , s     ∂  Y 2    −     P r s  θ ¯    Y , s      s β      1 − a  s  − α      γ    = 0 ,  



(18)




which satisfies the following boundary conditions


    θ ¯    0 , s   = 0   ,                     θ ¯    1 , s   =  1 s    ,                    τ > 0 .   



(19)







The general solution of Equation (18) with conditions Equation (19) is


   θ ¯    Y , s   =  1 s      s i n h   Y     P r s    s β      1 − a  s  − α      γ          s i n h       P r s    s β      1 − a  s  − α      γ            .  



(20)







It is important that Equation (20) can be written in the equivalent form


   θ ¯    Y , s   =  1 s    ∑   n = 0  ∞     e  −   2 n + 1 − Y       P r s    s β      1 − a  s  − α      γ        −  e  −   2 n + 1 + Y       P r s    s β      1 − a  s  − α      γ          .  



(21)







Moreover, Equation (21) can also be expressed in series form so that we can find the inverse of Laplace transform analytically, namely,


   θ ¯    Y , s   =  1 s  + [    ∑   n = 0  ∞    ∑   m = 1  ∞    ∑   k = 0  ∞        − 2 n − 1 + Y    m     a   k      P r      m 2    Γ     γ m  2  + k     m ! k !         Γ     γ m  2         1   s  α k +   β m  2  −  m 2  + 1     ] −    [   ∑   n = 0  ∞    ∑   l = 0  ∞    ∑   p = 0  ∞        − 2 n − 1 − Y    l     a   p      P r      l 2      Γ     γ l  2  + p     l ! p !         Γ     γ l  2         1   s  α p +   β l  2  −  l 2  + 1      ]  



(22)




with its inverse Laplace transform


  θ   Y , τ   =   1 +   ∑   n = 0  ∞    ∑   m = 1  ∞    ∑   k = 0  ∞        − 2 n − 1 + Y    m     a   k      P r      m 2      Γ     γ m  2  + k     m ! k !       Γ     γ m  2           t  α k +   β m  2  −  m 2      Γ   α k +   β m  2  −  m 2  + 1     −    ∑   n = 0  ∞    ∑   l = 0  ∞    ∑   p = 0  ∞        −   2 n + 1 + Y      l     a   p      P r      l 2      Γ     γ l  2  + p       l ! p !       Γ     γ l  2           t  α p +   β l  2  −  l 2      Γ   α p +   β l  2  −  l 2  + 1     .  



(23)








3.2. Velocity Field


By applying the Laplace transform to Equation (9) with constraints ,      12    1   ,       13    1    and       14    1   , we obtain


       ∂ 2    ∂  Y 2    −  B 1  s −  B 2     V ¯    Y , s   = −  B 3   θ ¯    Y , s   ,  



(24)




which satisfies the following conditions


    V ¯    0 , s   = 0   ,                     V ¯    1 , s   = 0   ,                    τ > 0 .   



(25)







The solution of Equation (24) subjected to constraint (25) is


   V ¯    Y , s   = −    B 4   s    ∑   n = 0  ∞       e  −   2 n       P r s    s β      1 − a  s  − α      γ        −  e  −   2 n + 2       P r s    s β      1 − a  s  − α      γ            1 +      B 1  s    B 2    −   P r s    B 2   s β      1 − a  s  − α      γ            ×       ∑   m = 0  ∞   e  −   2 m + 1 − Y      B  2 +  B 1  s       −    ∑   m = 0  ∞   e  −   2 m + 1 + Y      B  2 +  B 1  s           +                                                          B 4   s    ∑   n = 0  ∞       e  −   2 n + 1 − Y       P r s    s β      1 − a  s  − α      γ        − e       −   2 n + 1 + Y       P r s    s β      1 − a  s  − α      γ            1 +      B 1  s    B 2    −   P r s    B 2   s β      1 − a  s  − α      γ            ,  



(26)




where


    B 1  =    A 0 *     A 1 *      ,         B 2  =    A 2 *  M +  β b *     A 1 *      ,         B 3  =    A 3 *  G r    A 1 *      ,         B 4  =    B 3     B 2    .   











Equation (26) can be written as


   V ¯    Y , s   =    V 1   ¯    Y , s   +    V 2   ¯    Y , s   +    V 3   ¯    Y , s   +    V 4   ¯    Y , s   +    V 5   ¯    Y , s   +    V 6   ¯    Y , s   ,  



(27)




where


     V 1   ¯    Y , s   = −    B 4   s    ∑   n = 0  ∞       e  −   2 n       P r s    s β      1 − a  s  − α      γ              1 +      B 1  s    B 2    −   P r s    B 2   s β      1 − a  s  − α      γ              ×   ∑   m = 0  ∞     e  −   2 m + 1 − Y      B 2  +  B 1  s       ,  



(28)






     V 2   ¯    Y , s   =    B 4   s    ∑   n = 0  ∞       e  −   2 n       P r s    s β      1 − a  s  − α      γ            1 +      B 1  s    B 2    −   P r s    B 2   s β      1 − a  s  − α      γ            ×   ∑   m = 0  ∞     e  −   2 m + 1 + Y      B 2  +  B 1  s       ,  



(29)






     V 3   ¯    Y , s   =    B 4   s    ∑   n = 0  ∞       e  −   2 n + 2       P r s    s β      1 − a  s  − α      γ              1 +      B 1  s    B 2    −   P r s    B 2   s β      1 − a  s  − α      γ              ×   ∑   m = 0  ∞     e  −   2 m + 1 − Y      B 2  +  B 1  s       ,  



(30)






     V 4   ¯    Y , s   = −    B 4   s    ∑   n = 0  ∞       e  −   2 n + 2       P r s    s β      1 − a  s  − α      γ            1 +      B 1  s    B 2    −   P r s    B 2   s β      1 − a  s  − α      γ            ×   ∑   m = 0  ∞     e  −   2 m + 1 + Y      B 2  +  B 1  s       ,  



(31)






     V 5   ¯    Y , s   =    B 4   s    ∑   n = 0  ∞       e  −   2 n + 1 − Y       P r s    s β      1 − a  s  − α      γ            1 +      B 1  s    B 2    −   P r s    B 2   s β      1 − a  s  − α      γ            ,  



(32)






     V 6   ¯    Y , s   = −    B 4   s    ∑   n = 0  ∞       e  −   2 n + 1 + Y       P r s    s β      1 − a  s  − α      γ              1 +      B 1  s    B 2    −   P r s    B 2   s β      1 − a  s  − α      γ              .  



(33)







It is challenging to find the inverse of Laplace transform of Equations (28)–(33), so we can rewrite it in a suitable series form.


     V 1   ¯   (  Y , s  )  =  B 4    ∑   n = 0  ∞    ∑   m = 0  ∞    ∑    δ 1  = 0  ∞    ∑    δ 2  = 0  ∞    ∑    ω 1  = 0  ∞    ∑    ω 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3  = 0  ∞          (  Y − 2 m − 1  )     ω 1       (  −  B 1   )     z 1       (  P r  )       δ 1   2       δ  1 !    δ 2  !  ω 1  !  ω 2  !  z 2  !  z 3  !    (   B 1   )     z 2  −  ω 2         (   B 2   )     ω 2  +  z 1  −    ω 1   2        ×       (  − 2 n  )     δ 1       (  − P r  )     z 2       ( a )     δ 2  +  z 3       s  α  δ 2  +   β  δ 1   2  −    δ 1   2  −  ω 2  + β  z 2  + α  z 3  −  z 1  + 1           ×   Γ  (    γ  δ 1   2  +  δ 2   )  Γ  (     ω 1   2  + 1  )  Γ  (   z 1  + 1  )  Γ  (  γ  z 2  +  z 3   )    Γ  (    γ  δ 1   2   )  Γ  (     ω 1   2  + 1 −  ω 2   )  Γ  (   z 1  + 1 −  z 2   )  Γ  (  γ  z 2   )     ,  



(34)






     V 2   ¯   (  Y , s  )  =  B 4    ∑   n = 0  ∞    ∑   m = 0  ∞    ∑    δ 1  = 0  ∞    ∑    δ 2  = 0  ∞    ∑    q 1  = 0  ∞    ∑    q 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3  = 0  ∞          ( − (  Y + 2 m + 1  ) )     q 1       (  −  B 1   )     z 1       (  P r  )       δ 1   2       δ  1 !    δ 2  !  q 1  !  q 2  !  z 2  !  z 3  !    (   B 1   )     z 2  −  q 2         (   B 2   )     q 2  +  z 1  −    q 1   2        ×       (  − 2 n  )     δ 1       (  − P r  )     z 2       ( a )     δ 2  +  z 3       s  α  δ 2  +   β  δ 1   2  −    δ 1   2  −  q 2  + β  z 2  + α  z 3  −  z 1  + 1           ×   Γ  (    γ  δ 1   2  +  δ 2   )  Γ  (     q 1   2  + 1  )  Γ  (   z 1  + 1  )  Γ  (  γ  z 2  +  z 3   )    Γ  (    γ  δ 1   2   )  Γ  (     q 1   2  + 1 −  q 2   )  Γ  (   z 1  + 1 −  z 2   )  Γ  (  γ  z 2   )     ,  



(35)






     V 3   ¯    Y , s   =  B 4    ∑   n = 0  ∞    ∑   m = 0  ∞    ∑    j 1  = 0  ∞    ∑    j 2  = 0  ∞    ∑    ω 1  = 0  ∞    ∑    ω 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3  = 0  ∞        Y − 2 m − 1      ω 1        −  B 1       z 1        P r        j 1   2       j  1 !    j 2  !  ω 1  !  ω 2  !  z 2  !  z 3  !      B 1       z 2  −  ω 2           B 2       ω 2  +  z 1  −    ω 1   2      ×             − 2 n − 2      j 1        − P r      z 2       a     j 2  +  z 3       s  α  j 2  +   β  j 1   2  −    j 1   2  −  ω 2  + β  z 2  + α  z 3  −  z 1  + 1       ×   Γ     γ  j 1   2  +  j 2    Γ      ω 1   2  + 1   Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  j 1   2    Γ      ω 1   2  + 1 −  ω 2    Γ    z 1  + 1 −  z 2    Γ   γ  z 2       ,  



(36)






     V 4   ¯    Y , s   = −  B 4    ∑   n = 0  ∞    ∑   m = 0  ∞    ∑    j 1  = 0  ∞    ∑    j 2  = 0  ∞    ∑    q 1  = 0  ∞    ∑    q 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3  = 0  ∞        −   Y + 2 m + 1        q 1        −  B 1       z 1        P r        j 1   2       j  1 !    j 2  !  q 1  !  q 2  !  z 2  !  z 3  !      B 1       z 2  −  q 2           B 2       q 2  +  z 1  −    q 1   2      ×           − 2 n − 2      j 1        − P r      z 2       a     j 2  +  z 3       s  α  j 2  +   β  j 1   2  −    j 1   2  −  q 2  + β  z 2  + α  z 3  −  z 1  + 1      ×   Γ     γ  j 1   2  +  j 2    Γ      q 1   2  + 1   Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  j 1   2    Γ      q 1   2  + 1 −  q 2    Γ    z 1  + 1 −  z 2    Γ   γ  z 2      ,  



(37)






     V 5   ¯    Y , s   =    B 4    ∑   n = 0  ∞    ∑    t 1  = 0  ∞    ∑    t 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3   ∞        Y − 2 n − 1      t 1        P r        t 1   2        −  B 1       z 1       t  1 !    t 2  !  z 2  !  z  3 !            B 2       z 1         B 1       z 2      ×        − P r      z 2       a     t 2  +  z 3       s  α  t 2  +   β  t 1   2  −    t 1   2  + β  z 2  + α  z 3  −  z 1  + 1     ×   Γ     γ  t 1   2  +  t 2    Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  t 1   2    Γ    z 1  + 1 −  z 2    Γ   γ  z 2      ,  



(38)






     V 6   ¯    Y , s   = −  B 4    ∑   n = 0  ∞    ∑    v 1  = 0  ∞    ∑    v 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3   ∞        −   Y + 2 n + 1        v 1        P r        v 1   2        −  B 1       z 1       v  1 !    v 2  !  z 2  !  z  3 !            B 2       z 1         B 1       z 2      ×       − P r      z 2       a     v 2  +  z 3       s  α  v 2  +   β  v 1   2  −    v 1   2  + β  z 2  + α  z 3  −  z 1  + 1        ×                                                Γ     γ  v 1   2  +  v 2    Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  v 1   2    Γ    z 1  + 1 −  z 2    Γ   γ  z 2       ,  



(39)







Next, taking the inverse of Equations (34)–(39) Laplace transform, we have


  V   Y , τ   =  V 1    Y , τ   +  V 2    Y , τ   +  V 3    Y , τ   +  V 4    Y , τ   +  V 5    Y , τ   +  V 6    Y , τ   ,  



(40)






    V 1    Y , τ   = −  B 4    ∑   n = 0  ∞    ∑   m = 0  ∞    ∑    δ 1  = 0  ∞    ∑    δ 2  = 0  ∞    ∑    ω 1  = 0  ∞    ∑    ω 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3  = 0  ∞          Y − 2 m − 1      ω 1        −  B 1       z 1        P r        δ 1   2       δ  1 !    δ 2  !  ω 1  !  ω 2  !  z 2  !  z 3  !      B 1       z 2  −  ω 2           B 2       ω 2  +  z 1  −    ω 1   2        ×                                                − 2 n      δ 1        − P r      z 2       a     δ 2  +  z 3       τ  α  δ 2  +   β  δ 1   2  −    δ 1   2  −  ω 2  + β  z 2  + α  z 3  −  z 1      Γ   α  δ 2  +   β  δ 1   2  −    δ 1   2  −  ω 2  + β  z 2  + α  z 3  −  z 1  + 1       ×   Γ     γ  δ 1   2  +  δ 2    Γ      q 1   2  + 1   Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  δ 1   2    Γ      q 1   2  + 1 −  q 2    Γ    z 1  + 1 −  z 2     Γ   γ  z 2        ,  



(41)






    V 2    Y , τ   =  B 4    ∑   n = 0  ∞    ∑   m = 0  ∞    ∑    δ 1  = 0  ∞    ∑    δ 2  = 0  ∞    ∑    q 1  = 0  ∞    ∑    q 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3  = 0  ∞        −   Y + 2 m + 1        q 1        −  B 1       z 1        P r        δ 1   2       δ  1 !    δ 2  !  q 1  !  q 2  !  z 2  !  z 3  !      B 1       z 2  −  q 2           B 2       q 2  +  z 1  −    q 1   2        ×                                              − 2 n      δ 1        − P r      z 2       a     δ 2  +  z 3     τ  α  δ 2  +   β  δ 1   2  −    δ 1   2  −  q 2  + β  z 2  + α  z 3  −  z 1      Γ   α  δ 2  +   β  δ 1   2  −    δ 1   2  −  q 2  + β  z 2  + α  z 3  −  z 1  + 1      ×   Γ     γ  δ 1   2  +  δ 2    Γ      q 1   2  + 1   Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  δ 1   2    Γ      q 1   2  + 1 −  q 2    Γ    z 1  + 1 −  z 2     Γ   γ  z 2       ,  



(42)






    V 3    Y , τ   =  B 4    ∑   n = 0  ∞    ∑   m = 0  ∞    ∑    j 1  = 0  ∞    ∑    j 2  = 0  ∞    ∑    ω 1  = 0  ∞    ∑    ω 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3  = 0  ∞          Y − 2 m − 1      ω 1        −  B 1       z 1        P r        j 1   2       j  1 !    j 2  !  ω 1  !  ω 2  !  z 2  !  z 3  !      B 1       z 2  −  ω 2           B 2       ω 2  +  z 1  −    ω 1   2       ×         − 2 n − 2      j 1        − P r      z 2       a     j 2  +  z 3     τ  α  j 2  +   β  j 1   2  −    j 1   2  −  q 2  + β  z 2  + α  z 3  −  z 1      Γ   α  j 2  +   β  j 1   2  −    j 1   2  −  q 2  + β  z 2  + α  z 3  −  z 1  + 1      ×    Γ     γ  δ 1   2  +  δ 2    Γ      q 1   2  + 1   Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  δ 1   2    Γ      q 1   2  + 1 −  q 2    Γ    z 1  + 1 −  z 2     Γ   γ  z 2        ,  



(43)






   V 4    Y , τ   = −  B 4    ∑   n = 0  ∞    ∑   m = 0  ∞    ∑    j 1  = 0  ∞    ∑    j 2  = 0  ∞    ∑    q 1  = 0  ∞    ∑    q 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3  = 0  ∞        −   Y + 2 m + 1        q 1        −  B 1       z 1        P r        j 1   2       j  1 !   j !  q 1  !  q 2  !  z 2  !  z 3  !      B 1       z 2  −  q 2           B 2       q 2  +  z 1  −    q 1   2      ×                                            − 2 n − 2      j 1        − P r      z 2       a     j 2  +  z 3     τ  α  j 2  +   β  j 1   2  −    j 1   2  −  q 2  + β  z 2  + α  z 3  −  z 1      Γ   α  j 2  +   β  j 1   2  −    j 1   2  −  q 2  + β  z 2  + α  z 3  −  z 1  + 1     ×   Γ     γ  j 1   2  +  j 2    Γ      q 1   2  + 1   Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  j 1   2    Γ      q 1   2  + 1 −  q 2    Γ    z 1  + 1 −  z 2    Γ   γ  z 2      ,  



(44)






       V 6    Y , τ   = −  B 4    ∑   n = 0  ∞    ∑    v 1  = 0  ∞    ∑    v 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3   ∞        −   Y + 2 n + 1        v 1        P r        v 1   2        −  B 1       z 1       v  1 !    v 2  !  z 2  !  z  3 !            B 2       z 1         B 1       z 2      ×       − P r      z 2       a     v 2  +  z 3     τ  α  v 2  +   β  v 1   2  −    v 1   2  + β  z 2  + α  z 3  −  z 1      Γ   α  v 2  +   β  v 1   2  −    v 1   2  + β  z 2  + α  z 3  −  z 1  + 1     ×          Γ     γ  v 1   2  +  v 2    Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  v 1   2    Γ    z 1  + 1 −  z 2    Γ   γ  z 2      ,  



(45)






       V 6    Y , τ   = −  B 4    ∑   n = 0  ∞    ∑    v 1  = 0  ∞    ∑    v 2  = 0  ∞    ∑    z 1  = 0  ∞    ∑    z 2  = 0  ∞    ∑    z 3   ∞        −   Y + 2 n + 1        v 1        P r        v 1   2        −  B 1       z 1       v  1 !    v 2  !  z 2  !  z  3 !            B 2       z 1         B 1       z 2      ×        − P r      z 2       a     v 2  +  z 3     τ  α  v 2  +   β  v 1   2  −    v 1   2  + β  z 2  + α  z 3  −  z 1      Γ   α  v 2  +   β  v 1   2  −    v 1   2  + β  z 2  + α  z 3  −  z 1  + 1     ×         Γ     γ  v 1   2  +  v 2    Γ    z 1  + 1   Γ   γ  z 2  +  z 3      Γ     γ  v 1   2    Γ    z 1  + 1 −  z 2    Γ   γ  z 2      .  



(46)









4. Discussion


Analytical solutions of heat transfer flow of a Brinkman fluid with a Prabhakar fractional derivative are obtained with the Laplace transform method. In order to see the physical insight of flow parameters, and especially fractional parameters, some graphs are presented in Figure 2, Figure 3, Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9, Figure 10, Figure 11, Figure 12, and Figure 13. Moreover, we have applied a time-fractional operator in a heat transfer problem. We plotted Figure 2 and Figure 3 for the temperature and velocity fluids for different values of fractional parameters by considering small and large values of the time. It is evident from the Figures that for a large time the fluid properties can be enhanced by considering greater values of fractional parameters. However, in Figure 4 and Figure 5, an opposite trend was observed for small values of the time. It is concluded that the fractional solutions show dual behavior for a different time. The fractional parameters can be used to control the thermal and momentum boundary layer, respectively.



The influence of    ϕ  h n f     volume fraction of hybrid nanoparticles is depicted in Figure 6 and Figure 7. It is found that the temperature can be enhanced for greater values of    ϕ  h n f     and velocity depicted declines, respectively. For example, from    ϕ  h n f   = 0  , the base fluid is water and has greater velocity, but on increasing    ϕ  h n f   = 0.01 ,   0.02 ,   0.04  , decay was observed in velocity. Physically, for large values of    ϕ  h n f    , the viscous forces dominate and finally velocity decreases. As a result, water-based hybrid nanoparticles are denser than pure water.



Temperature decreases when increasing the value of Pr in Figure 8. Physically, the thermal conductivity increasing the values of Pr, making fluid thicker, causes the minimum thickness of the thermal boundary layer. The effect of the velocity profile on Pr is shown in Figure 9. Velocity reduces for bigger values of Pr. Actually, the fluids have bigger viscosity for a large Pr number, and minimum thermal conductivity reduces the velocity due to thicker fluid. In the following, the influence of time to temperature and velocity can be seen in Figure 10 and Figure 11. Time advance causes the increase of the temperature as well as velocity.



Velocity increases as we increase the values of Gr in Figure 12. This is because when Gr is increased, the buoyancy forces become stronger, which results in more convection taking place. Therefore, after that, the velocity increases. Figure 13 shows that the velocity decreases as we rise the values of M. Physically, it can occur that it answers to the drag force, which has an influence on the velocity profile that faces the fluid motion. As a result, velocity decreases.




5. Conclusions


This paper deals with the analytical solutions of fractional partial differential equations appearing in heat transport phenomena. The analysis includes base fluid modeled as water together with different nanoparticles. The solutions are obtained via the Laplace transform method, and the following conclusions can be drawn:




	
Dual solutions for both temperature and velocity fields are predicted for different values of fractional parameters describing generalized. Fourier’s law (based on Prabhakar’s fractional derivative);



	
Fluid property, i.e., temperature, can be enhanced by increasing the concentration level of nanoparticles;



	
Finally, the fractional parameters (which accomplish the heat memory impacts) can control the thermal and momentum boundary layer thickness;



	
The obtained solutions can be beneficial for proper analysis of real data and provide a tool for testing possible approximate solutions where needed.
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Figure 1. Flow geometry. 






Figure 1. Flow geometry.
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Figure 2. Temperature distribution against y due to fractional parameters   α , β , γ   for large time, when t = 3, Pr = 6.2,     ϕ  h n f     = 0.02. 
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Figure 3. Velocity distribution against y due to for fractional parameters   α , β , γ   for large time, when t = 3, Pr = 6.2,    ϕ  h n f     = 0.04, Gr = 15, M = 0.1. 
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Figure 4. Temperature distribution against y due to fractional parameters   α , β , γ   for small time, when t = 0.1, Pr = 6.2,    ϕ  h n f     = 0.02. 
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Figure 5. Velocity distribution against y due to fractional parameters   α , β , γ   for small time, when t = 0.3, Pr = 6.2,    ϕ  h n f     = 0.04, Gr = 25, M = 0.1. 
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Figure 6. Temperature distribution against y due to    ϕ  h n f    , when t = 3, Pr = 6.2,   α = β = γ = 0.5  . 
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Figure 7. Velocity distribution against y due to    ϕ  h n f    , when t = 40, Pr = 6.2, Gr = 15, M = 2,   α = β = γ = 0.5  . 
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Figure 8. Temperature distribution against y due to Pr, when t = 3,    ϕ  h n f     = 0.02,   α = β = γ = 0.5  . 
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Figure 9. Velocity distribution against y due to Pr, when t = 3,    ϕ  h n f     = 0.04, Gr = 15, M = 0.1,   α = β = γ = 0.5  . 
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Figure 10. Temperature distribution against y due to t, when Pr = 6.2,    ϕ  h n f     = 0.02,   α = β = γ = 0.5  . 
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Figure 11. Velocity distribution against y due to t, when Pr = 6.2,    ϕ  h n f     = 0.04, Gr = 15, M = 0.1,   α = β = γ = 0.5  . 
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Figure 12. Velocity distribution against y due to Gr, when Pr = 6.2,    ϕ  h n f     = 0.04, t = 3, M = 0.1,   α = β = γ = 0.5  . 
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Figure 13. Velocity distribution against y due to M, when Pr = 6.2,    ϕ  h n f     = 0.04, t = 3, Gr = 15,   α = β = γ = 0.5  . 
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Table 1. The thermophysical boundaries of the considered nanofluids.






Table 1. The thermophysical boundaries of the considered nanofluids.





	Nanofluid
	Hybrid Nanofluid





	    ρ  n f   =   1 − ϕ    ρ f  + ϕ  ρ s    
	    ρ  h n f   = ( 1 −  ϕ  h n f   )  ρ f  +  ϕ  A g    ρ  A g   +  ϕ  T i  O 2     ρ  T i  O 2      



	    μ  n f   =    μ f        1 − ϕ     2.5       
	    μ  h n f   =    μ f        1 −    ϕ  A g   +  ϕ  T i  O 2          2.5       



	       ρ  C p      n f   =   1 − ϕ       ρ  C p     f  + ϕ     ρ  C p     s    
	     ( ρ  C p  )   h n f   = ( 1 −  ϕ  h n f   )   ( ρ  C p  )  f  +  ϕ  A g     ( ρ  c p  )   A g   +  ϕ  T i  O 2        ρ  C p      T i  O 2      



	       ρ  B T      n f   =   1 − ϕ       ρ  B T     f  + ϕ     ρ  B T     s    
	     ( ρ  β T  )   h n f   = ( 1 −  ϕ  h n f   )   ( ρ  β T  )  f  +  ϕ  A g     ( ρ  β T  )   A g   +  ϕ  T i  O 2      ( ρ  β T  )   T i  O 2      



	      σ  n f      σ f    = 1 +   3      σ s     σ f    − 1   ϕ        σ s     σ f    + 2   −      σ s     σ f    − 1   ϕ     
	      σ  h n f      σ f    = 1 +   3      ϕ  A g    σ  A g   +  ϕ  T i  O 2     σ  T i  O 2       σ f    −  ϕ  h n f            ϕ  A g    σ  A g   +  ϕ  T i  O 2     σ  T i  O 2       ϕ  h n f    σ f    + 2   −      ϕ  A g    σ  A g   +  ϕ  T i  O 2     σ  T i  O 2       σ f    −  ϕ  h n f         



	      K  n f      K f    =    k s  + 2  k f  − 2 ϕ    k s  −  k f       k s  + 2  k f  + ϕ    k s  −  k f        
	      K  h n f      K f    =      ϕ  A g    k  A g   +  ϕ  T i  O 2     k  T i  O 2       ϕ  h n f     + 2  k f  + 2    ϕ  A g    k  A g   +  ϕ  T i  O 2     k  T i  O 2      − 2  ϕ  h n f    K f       ϕ  A g    k  A g   +  ϕ  T i  O 2     k  T i  O 2       ϕ  h n f     + 2  k f  +    ϕ  A g    k  A g   +  ϕ  T i  O 2     k  T i  O 2      −  ϕ  h n f    K f      







where    ρ  h n f    , u(y, t),    β   b *     ,    μ  h n f    ,    σ  h n f    ,    B 0   ,    β  h n f    ,       C p      h n f    , T(y, t), and    k  h n f     are the density, velocity, Brinkmann parameter, dynamic viscosity, electrical conductivity, magnetic field, thermal expansion, specific heat, temperature, and thermal conductivity, respectively.
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