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Abstract: New oscillatory properties for the oscillation of unbounded solutions to a class of third-
order neutral differential equations with several deviating arguments are established. Several
oscillation results are established by using generalized Riccati transformation and a integral average
technique under the case of unbounded neutral coefficients. Examples are given to prove the

significance of new theorems.
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1. Introduction

In this work, we investigate the oscillation properties of solutions to the third-order
neutral differential equations with several deviating arguments

(r(1) (z”(l))“)/ + iqi(l)x”‘(@(l)) =0, 1>14>0, 1)

where z(1) = x(1) + p(1)x(o(t)) and « is a quotient of odd positive integers.
The main results of this paper are obtained considering the following conditions:

r € C([tg,00),(0,00)) and f[zo r~1/%(s)ds = oo;

gi(1) € C([tg,0),[0,00)), ¢;(1) € C([10,00),R) and IILTO¢i(L) =00, wherei=1,2,---n;
0 € C([tg, 00), R) is strictly increasing, o(¢) < ¢, and lim o(1) = oo;

p(1) € C([tg, ), R) with p(¢) > 1, and p(1) # 1, eventually.

By a solution of (1), we mean a function x : [1y, ) — R such that z(:) € C?([iy, ), R)
and r(1)(z"(1))* € C([tx,o0),R), and which satisfies Equation (1) on [, ). We only
consider those solutions x(1)) of (1) defined on some ray iy, 00), for some iy > 1y, which
satisfy sup{|x(s)| : t > T} > 0 for every T > 1. We start with the assumption that
Equation (1) does possess a proper solution. A proper solution of (1) is called oscillatory if
it has a sequence of large zeros lending to co; otherwise we call nonoscillatory.
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Because of the enormous advantage of neutral differential equations in describing
several neutral phenomena, there is great scientific and academic value in studying neutral
differential equations, both theoretically and practically; see [1]. Lately, there have been
numerous articles investigating the oscillation of the solutions of third /higher order neutral
differential equations with/without deviating arguments; see [2-16].

Baculikova et al. [17], DZurina et al. [18], and Li et al. [19] investigated third-order
equations of the form:

[ x() + pWx(EW)"T"] + (e =0, 1>,

Jiang et al. [20] obtained several oscillation results for the third-order equation

[a)x() + p0x(6(0)" %] + a0 f(x0) =0, 1>,

Tung [21] investigated the third-order equation

(r(t) ((x(1) + P(t)x(T(t)))”)“), + /ab q(1,&)x*(¢(1,¢))dE = 0.

Soliman et al. [22] investigated a third-order delay differential equation
n I ! m
(2 (=) = X pil0x(@(0)")") + X fie x(5(0))) = 0.
i=1 j=1

The articles listed above deal with the case when the neutral coefficient p(¢) is bounded,
i.e., the cases where 0 < p(1) < pp <1, -1 < py < p(t) <0,and 0 < p(1) < pg < o were
considered, and so the results established in these papers cannot be applied to the case of
p(1) — coas 1 — oo.

More precisely, the existing literature does not provide any criteria for the oscillation
of third-order unbounded neutral differential equations with several deviating arguments
in the case when p(1) — oo as 1 — oco. With this motivation, we provide several criteria
for oscillation of the differential Equation (1) under the assumptions of o(1) > ¢;(¢) and
o(1) < ¢i(1) fori =1,2,--- ,n when p(t) > 1. Furthermore, the results presented in this
paper can be simply extended to more general third-order unbounded neutral differential
equations with several deviating arguments in order to achieve more generalized oscillation
results. As aresult, it is envisaged that the present paper will make a significant contribution
to the study of oscillations of solutions of (1).

2. Main Results

We start with the following lemmas, which are required to prove our main theorems.
Through this paper, we will be using the following notations:

¢ (1) :== max{0,¢' (1)},
B1(: 1)'—/lifort>l
1\&) -— " Tl/“(S) = 1,
L
Ba(i,13) := / Bi(s,11)ds for 1 > 15 > 1.
173

Furthermore, throughout this paper, we assume that

1 1
N = ST - ra o]~ ° @
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and

b= — o1 B W)n)
© plo(1) p(o~1(071(1))) Ba(o~1(1),12)

for all sufficiently large ¢, where ¢! is the inverse function of ¢, and we consider

>0, 3)

(1) =} ai()(Wr(@i(1)", (1) =} qi() (a(ei(1)))".
i=1 i=1
Lemma 1 ([23]). If X and Y are nonnegative and A > 1, then
X AXYM L4 (A —1)Yr > 0.

Lemma 2. If x(1) is an eventually positive solution of (1), then z(1) satisfies either
(Cp) z(1) >0,2'(1) > 0,2" (1) > 0,and (r(1)(z"(1))*) <0, or
(Crp)z(1) >0,2'(1) <0,2" (1) >0, and (r(1)(z"(1))*)" <O0.

The proof of the above lemma is standard and thus omitted.

Lemma 3. Let (2) hold, and let x (1) be an eventually positive solution of (1) with z(1) satisfying

(Cyp) of Lemma 2. If
/: /voorl/iw)(/uooﬂl(s)dsf/adudv—oo, @)

then lim, 0 x(1) = 0.

Proof. Let x(1) be an eventually positive solution of (1). Then, there exists 11 € [1g,00) such
that, for: > 11, x(¢) > 0, x(0(2)) > 0, x(¢;(¢)) > 0and i =1,2,--- ,n. From the definition
of z, we have (see also [2] [(8.6)]):

x(t = z *11 —X *11
0 = Sy Ee W) e W)
_ Z(Q_l(l))_ 1 “1(,-1(, “1(,-1(,
= ) p(el@))p(el(el@)))(z(q () = x(e™ (e “”)
Z(Qfl(l))_ 1 (0o 1(;
P w) Pl e @y e @ W) ©

From o(1) < 1, (iv) and the fact that z(¢) is decreasing, we have

z2(e7' (1) = z(e7 (e ' (W)),

using this in (5), we obtain
x(1) = 1 (0z(e71 (1),
SO

x(¢i(1) = 91 (@i(1)z(e " (9i(1)), i=1,2-,m ©)
for 1 > 1p. Using (6) in (1) gives

(r(1)( +qu (P1(¢i(1))*z" (e (¢i(1))) <0, @)
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for 1 > 1. From (iv)—(v) and the fact that z(1) is decreasing, (7) yields
n
(r() (" (0)") +2%(e7 (1)) 1o ai (1) (91 (¢:(1)))* <O fore > 1. ®)
i=1
Since z(1) > 0 and z/(¢) < 0, there exists a constant x such that
IILIEIOZ(L) =K < oo,
where k > 0. If x > 0, then there exists 13 > 1, such that ¢~1(6; (1)) > 15 and
z(1) >k fori > 13. )

Integrating (8) from ¢ to co two times we derive

—Z'(1) ZK[ rl/ac / qu (P1(¢i(s)))" ) /adu.

Integrating the resulting inequality from 3 to ¢, we obtain

) 25 [ [7 i (7 Lo o)) audo

which contradicts (4), and so we have k = 0. Therefore, lim,_,« z(¢) = 0. Since 0 < x(¢) < z(1)
on [i1,00), we obtain lim, e x(1) = 0. O

Theorem 1. Assume that (2)—(4) hold and o(1) > ¢;(¢) fori = 1,2,--- ,n. If there exists a
function { € C'([1g, ), R) such that

' - o (B2(0 ! (¢i(s)),12) \* gl (s)
{ Z ) (W2(i(5))) ( : : ) - (Bl(t‘/ll))”‘

= Bi(s, 1)
forall 11,15, T € 19, 00), where T > 1 > 11, then any solution of (1) is either oscillatory or satisfies
lim, 00 x(t) = 0.

lim sup
1— 00

}ds — 0, (10)

Proof. Assume that (1) has a nonoscillatory solution x(1) on [i, o), say there exists
11 € [1p,00) such that, for 1 > 11, x(1) > 0, x(o(¢)) > 0, and x(¢;(z)) > 0, (2) and (3)
hold, and z(1) satisfies either (C;) or (Cyy) fori = 1,2, - - ,n. Assuming that (Cj) holds and
proceeding as in the proof of Lemma 3, we obtain (5). Since (1) (z”(1))* is decreasing, we
see that

l/oc
+/ rl/zx ds > (r(1)(z" (1)) By (1) fore>n.  (11)

From (11), we have for all ¢t > 15 := 11 + 1 that

Z() \ VRO ()2 (1B (1, n) — 2 ()]
(Bl(l,ll)) - (B1(,11))? =0
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s0z(1)/By(t,11) is decreasing for : > 1. Next, using the fact that z/() /By (1, 11) is decreasing
for 1 > 15, we obtain
t_2Z(s)

1 Bi(s, 1)
> _Z Q) /L Bi(s,11)ds (12)

z(1) = z(1) +

By (s, 11)ds

= "227 (1) for i > 1.

From (12), for all ¢t > 13 := 1p + 1 we have that

z(t) \' _ Z'(1)Ba(t,12) — z(1)By (1, 11)
(Biay) = (Ba(1,12) )2 =0

s0 z(1)/Ba(1,12) is decreasing for 1 > 13. Next, in view of the fact that z(¢)/Ba(1, 12) is
decreasing for ¢t > 13 and ¢(¢) < tor 0~ (1) < 07 (07 (1)), we obtain

Ble e O ) 51 )
Using (13) in (5) yields
1 _ 1 Bae ('), 2)] a0y _ 4
2T [ e T Bale ) 10 ) =BT
SO
X(¢i(1) = Pa(@i(1)z( (¢i(0)), i=1,2---,n (14)
for 1 > 13. Using (14) in (1) gives
(r()( ) + qu (¥2(i(1)))*z" (0™ (i(1))) < 0. (15)
Next, we define )
w(t) = (1) 0" for ¢ > u. (16)

Then w(r) > 0, and from (15), we see that

() = U [r<t><z"<t>>“}/+[ 40 ]'ro)(z"(o)“

EI0)E CI0)
L E ) FOE W) )& ) ()Y
= YOG *g”{ E0)E (D)% }
,DE W) e (@)
< G0N ER -0 Lo e =G
l“+1
—aZ()r(1) ((7; ,((l));m (17)

for 1 > 13 with 13 € (15,00) and 15 € (17, 00). From (11),z'(1) > 0 and 2" (1) > 0, (17) yields

w,(l) < 5-&-()

(o~ 1(p.(4 af,
(B1(1,11)) {Z‘h (P2(ei(s)))" 2o (@il )))] (Z (>) for 1 > 3. (18)

Z’(l )a
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Using the fact that z(¢) /By (1, 1) is nonincreasing for 1 > 13, and noting that o(¢) > ¢; (1)
implies 0! (¢;(1)) < 1, we obtain

07 @0) | Bale 0D,

z(1) = Ba(1,12) (19)
for 1 > 3. Substituting (19) and (12) into (18), we obtain
/ g\ (1) z By(o~(¢i(1)), 12) \®
w'(1) < Bloa))® Z V(a2 (i) ( Br(,n) ) for: > 3. (20)

An integration of (20) from /3 to : yields

/ { i ) (2 (i (s ))a<BZ(Q;(‘Pi(S))r‘2)>“ _ (Bl(/:,(lsl)))m}ds < w(13),

— 1(51 ll)

which contradicts (10).
This implies that (Cy) holds, and so from Lemma 3, we have lim, x(t) = 0. This
completes the proof. [

Theorem 2. Assume that (2)—(4) hold and o(1) > ¢;(¢) fori = 1,2,--- ,n. If there exists a
function { € C'([1p,00), R) such that

P " -1 : , o U a+1
limsup, ., [7 [4(s) Liq 4i(s) (¥a(ei(s)))* (BZ(QB]EZZ(]S))) IZ)) - Eg%ﬁﬁg(s)] ds =00, (21)

forall 11,15, T € 19, 00), where T > 1 > 11, then any solution of (1) is either oscillatory or satisfies
lim, 00 x(t) = 0.

Proof. Assume that (1) has a nonoscillatory solution x(z) on [y, c0), say there exists
11 € [1p,00) such that, for 1 > 1, x(1) > 0, x(o(¢)) > 0, and x(¢;(1)) > 0, (2) and (3)
hold, for z() satisfies either (Cy) or (Cjj) andi = 1,2, - -, n. Assume that (Cj) holds. We
use the same type of argument as in the proof of the Theorem 1, and arrive at (17). In view
of (16), inequality (17) takes the form

) ’Xw(wrl)/a(l)

L
NE @)

w'(1) < &) - ¢()| T qim<¢2<¢i<t>>>“Z”“\z;f(i‘)”fi””} E (22)

Using (12) and (19) in (22), for ¢ > 13, we obtain

1 ( et /ag, n L (1), 15)\ &
() < it - Gt - 20 L e o) (R e

. /A DNV /A 7 14
If we apply Lemma 1 with X = me Y = [Raﬁ[(é() i1)/)A ] C&E))} and

A= ‘X“ , we see that

2. b e 1 @)
00 g VS e pw
Using this in (23) gives
, R OA0) . Ba(g ™ (91(1)), )
YOS G a0 LW (TRl )
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Integrating the latter inequality from i3 to ¢ yields

lim sup [ qu (baln(e )>a<Bz<eBl<¢i<s>>,lz>>a_r<s><€’+<s>)a+1]dsgw(8)/

1—»00 1(51 ll) (0( + 1)IX+1€IX(S>

which contradicts (21). Therefore (Cjy) holds, and so lim, .« x(¢) = 0 by Lemma 3. This
completes the proof. [

Next, we examine the oscillation results of solutions of (1) by Philos-type [3]. Let
So={(s):a<s<i<+4o},S={(s):a<s <1< +oo}; the continuous function
E(y,s), E : S — R belongs to the class function
(Cr) E(z t) = 0for: > 1pand E(1,s) > 0 for (1,5) € Sp,

(Cr) £

) <, (1,5) € Sp and some locally integrable function e(z, s) such that

JE(L,s)
ds

+ E([’S)g((zl)) = ez((tl,)s) (E([,s))% for all (1,s) € Sp.

Theorem 3. Assume that (2)—(4) hold and o(1) > ¢;(¢) fori = 1,2,--- ,n. If there exists a
function { € C'([19,00),R) such that

L. n o (B2l (9i(5)), 12) \
hmlpzs()/,*l £ L)t ()
(24)
I’S)(gﬁr S))a+1

forall 11,12, 1+ € [19,00), where 1. > 1y > 11, then any solution of (1) is either oscillatory or satisfies
lim, o0 x(1) = 0.

Proof. Assume that (1) has a nonoscillatory solution x(1) on [i, ), say there exists
11 € [1p,00) such that, for t+ > 11, x(¢1) > 0, x(e(1)) > 0, and x(¢;(¢)) > 0, (2) and (3)
hold, for z(1) satisfies either (Cy) or (Cj;) and i = 1,2, -+ ,n. Assume that (C;) holds.
Following the same arguments as in the proof of the Theorem 1, we arrive at (17). In view
of (16), inequality (17) takes the form

" -1 (1)), o / (a+1)/a(,
00 Xl (1) (i gi(1))" (2 82) " < (1) 4 &) - 225l (25)

1L

Multiplying by E(1,s) and integrating (25) from 3 to ¢, one can obtain that

~/13,[ qu 1,[72 ¢z ))’J‘(BZ(Q;1(¢i(S)),l2))ads

1(5/ ll)

aw(zx-i-l)/zx(s)

< — /IS E(y,8)w'(s)ds + /13 E(l,s)gg(g)w(s)ds — /1; E(['S)i(g(s)r(s))l/“ ds

! ' (s ! (a+1)/a
< E(,13)w(13) + /13 { aE(.g:S) +E(,5) gg(i)) }w(s)ds — /l3 E(t,s)W&ls

L 1 . ! (a+1)/a

ds. (26)

Now, using the Lemma 1, set
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and
o

Y:
14+a

((Z(s)r(s) /%) ew,s)r
)

al/A (s

we obtain that

—1( 4. . o r ! a+1
I {Eus)@(s) T i) (palp(s))* (L 000 ) ﬂ%ﬂ??a(s)} ds < E(1,13)0(13),

which contradicts (24). Therefore (Cyy) holds, and so lim, , x(£) = 0 by Lemma 3. This
completes the proof. [

Corollary 1. Suppose that all conditions of Theorem 3 are satisfied with (24) replaced by

oo E(,14) By(s,11)

L n (. )\«
imsup o [0 S)2(6) 1 a(e) (9l (9)" (P2 s = oo

and

/‘ r(s)(g ()
L ga (S)

then any solution of (1) is either oscillatory or satisfies im, o0 x(1) = 0.

limsup 3 ds < oo,

1—00 ([/ Ly )

Theorem 4. Let « > 1. Assume that (2)—(4) hold and o(t) > ¢;(¢) fori =1,2,--- ,n. If there
exists a function { € C'([1p,00), R) such that

! n =1/ 4. ! « e\ (! ()2
lim sup lig(s) 2qi(s)(¢2(¢i(s)))a<32(g (471(5))/ 2)) _ ( )(ng( )) ds — oo 27)

oo JT = Bi(s,11) 4aZ(s)[Bi(s, 11)]* '
forall 11,1, T € [1g,00), where T > 1 > 11, then any solution of (1) is either oscillatory or satisfies

Proof. Let (1) have a nonoscillatory solution x(z) on [, o), and say there exists 11 € [19 o0)
such that, for 1 > 11, x(1) > 0, x(0(¢)) > 0, and x(¢;(¢)) > 0, (2) and (3) hold, and z(1)
satisfies either (Cj) or (Cyy) fori = 1,2,--- ,n. Assume (Cj) holds. Following the same
arguments as in the proof of the Theorem 2, we arrive at (23), which can be rewritten as

-1 I w 2 I %71
w() ~ g0 (HG ) T e

(
= @ (2 )

Using (29) in (28), for ¢+ > 13, we obtain

i (1)2) \ ¥ ' (1 a—1
W' (1) < 50 Ty 0:(0) ($a(gi (1)) (Blgrlnl )" 4 Eelleo(r) — sBliza?(n). - (30)



Fractal Fract. 2021, 5, 95

90f13

Bringing the square to a close with respect to w, from (30) it follows that
n Bo(0—1(o; @ 1/a ' (1)2
2 )V (a(i(0)))" ( 2(0 (<l>z(l)),lz)> I OB (<1 Oy
- ' Bi(t,11) 4a[By(1, 1)1 (1)

Integrating this inequality from /3 to 1 gives

o (B2(@7(62(s)),12) \x M (s)(E ()
/[ Zqz (92(91()* (22 O 2) ) B T S ),

which contradicts (27).
If (Cy7) holds, then again from Lemma 3, we have lim, ;o x(1) = 0. The proof is
complete. O

Next, we give oscillation results in the case when o(¢) < ¢;(1) fori =1,2,--- ,n holds.

Theorem 5. Assume that (2)—(4) hold and o(1) < ¢;(¢) fori = 1,2,--- ,n. If there exists a
function { € C'([1p,00), R) such that

lim sup l {g(s)(b(s)(BZ(S'Q))a 1 & (s) ]ds = oo, (31)

oo JT By(s,11) By (s, 11))*

forall 11,1, T € [1g,00), where T > 1 > 11, then any solution of (1) is either oscillatory or satisfies

Proof. Let (1) has a nonoscillatory solution x(¢) on [i, o), say there exists 11 € [i9o0)
such that, for 1 > 11, x(¢1) > 0, x(0(z)) > 0, and x(¢;(1)) > 0, (2) and (3) hold, for z(1)
satisfies either (Cj) or (Cjy)andi = 1,2, - - - , n. Assume that (C;) holds. Following the same
arguments as in the proof of the Theorem 1, we arrive at (18). Using the fact that o(:) is
strictly increasing and o(1) < ¢;(¢), we have

1 < Q_1(¢i(l)), i=1,2,--,n.

Thus, in view of the fact that z(1) is increasing, we obtain

207 (@)

I (32)
Using (32) in (18), we obtain that
/()< =) 2O @) foriz s (Y
Bar WEDr &
In view of (12), (33) takes the form
w’(t)<%—é(t)ﬂz<1)(gjgj:ﬁjg)“ for 1 > 1 (34)

The remainder of the proof is similar to that of Theorem 1 and so we omitit. [

Theorem 6. Assume that (2)—(4) hold and o(1) < ¢;(¢) fori = 1,2,--- ,n. If there exists a
function { € C'([1g, ), R) such that

: : Ba(s,12)\*  7(s)(g(s)* !
limsup /- [g(S)QZ(S)(Bj(s,:Q - (0c+1)+"‘+1§"‘(s)}ds = (35)
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forall 11,15, T € [1g,00), where T > 15 > 11, then any solution of (1) is either oscillatory or satisfies
lim, 00 x(£) = 0.

Theorem 7. Assume that (2)—(4) hold and o(1) < ¢;(1) fori = 1,2,--- ,n. If there exists a
function { € C'([1g, ), R) such that

By (s, lz))“ (8@ ()

By (S, 11) (0( + 1)t¥+lé'04 (S) :| ds = oo, (36)

limsupE(il*)/l: [E(,9)2()02(5)

11— 00
forall i1, 12,1+ € [19,00), where 1. > 1y > 11, then any solution of (1) is either oscillatory or satisfies

lim, 00 x(t) = 0.

Corollary 2. Suppose that all conditions of Theorem 7 are satisfied with (36) replaced by

lim sup %) /1: E(1,5)(s)0a(s) (gjg:i;)ads =00

1—00 (l/ Lx

and

[ TOEE,

y
P E . (a4 1)*+1ga(s)

§ <0
L— 00 (I'/ [*) ’

then any solution of (1) is either oscillatory or satisfies lim, 0 x(1) = 0.

Theorem 8. Let « > 1. Assume that (2)—(4) hold and o(t) < ¢;(¢) fori =1,2,--- ,n. If there
exists a function { € C!([1g, %), R) such that

2

lim sup [@(S)QZ (s)(

1—00 T

" /a T (s))2
Bz(s,tz)> 740‘[ r/%(s) (¢ (s)) ]dszoo, (37)

Bi(s,11) Bi(s,n)]*"1 {(s)

forall 11,15, T € [1g,00), where T > 15 > 11, then any solution of (1) is either oscillatory or satisfies
lim, 00 x(1) = 0.

Example 1. Consider the differential equation
!/
(((x()+8x(1/2))")°) +223(/4) + P3(1/8) =0, 121 (38)

where w = 3, (1) = 1, p(t) = 8, 0(t) = /2, ;1(t) = & q2(t) = 2, ¢1(1) = 1/4 and
¢2(1) = 1/8. Then, we obtain

Bi(t, 1) = Bi(,1) =11,

By(1,12) = Ba(1,2) = (2 —21)/2,

Ba(o 1 (1), ) = Ba(21,2) = 22 — 2,

By(o (071 (1),12) = Ba(41,2) = 82 — 4

32(971(4;1(!)),!2) — By(1/2,2) = 4[28_1
82—

By(0 7 (¢2(1)),12) = Ba(1/4,2) = T
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and
1, 1
™o, g(1—§)_7/64>0,
1, 182—4 1,2—1\ 1
$2(1) 8( 822 _ 2) 8(1—1)_32>0' fort2 1 =2,

010 = a0 i) = 2(2) +2 (L) = 2(Z) 1+,

It is easy to verify that

/,om/vwruiw(/ o)) audo = [7 [ [7 (D)0 o) asdudo o,

and picking { (1) = 1, we see that

“1(i(s)),12)\ 3
A [Zqz o) (P B s e
i 2_
G ) o () - i e

Hence, any solution of (38) is either oscillatory or satisfies lim, o x (1) = 0 by Theorem 1.

Example 2. Consider the differential equation

(((x(l) + B x (s —2))//)1/5)/ + P+ 0)x50=3)+ (B +0)x51—-5) =0, 1>2 (39)

where « = 1/5,r(1) =1, p(1) = 715:38, o) =1—=2,q1(1) = 2+14,q2(1) = B+, 1(1) =
t—3/2and ¢p(1) = 1 — 1/2. Then, we obtain

7<p()<8
Bi(t, 1) = B1(4,2) =1 -2,

Ba(,12) = By(1,3) = (* — 41 +3)/2,

Ba(o ' (1)) = Ba(14+2,3) = (A - 1)/2,

Ba(o 7 (071 (1)),12) = Ba(1+4,3) = (P +4143) /2,

and
1 1
pi() > 5(1-2) =3/28>0,
1 1244143 1
1l)2(l):§(1 7%)2ﬁ>0, fori> 1 =3,
2 1 3 1
N0 = Y a0 i(@i()* = (55) @+ 72 +20),

2
0a) = L)o@ > (1) (2420, forezn=3
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It is easy to verify that

© oo 1 5] 1/a
/lo/ 7 ) /u Ql(s)ds> dudv =

23 /// s34 52 4 25)1/5ds du dv = oo,

and picking {(1) = 1, we see that

/°°[§<s>oz<s>( E 3) S £ ALY

JT (Bi(s,11))1/5
1 3. 9 s2 — 45 +3\1/5 7

Hence, any solution of (39) is either oscillatory or satisfies lim, o x(1) = 0, by Theorem 5.

3. Conclusions

We established several oscillation theorems for (1) under the assumptions of ¢(1) > ¢; (1)
and o(1) < ¢;(¢) fori =1,2,--- ,n, when p(1) > 1. The main outcomes were proven via
the means of a generalized Riccati technique, integral averaging conditions under the

. © 1/« . . c g
assumptions of flo r (s)ds = co. Two examples were given to prove the significance of
new theorems. The primary conclusions given in this work are basically new and have a
high degree of generality. For future consideration, it will be of great importance to study
the oscillation of (1) when fl;o r~1/%(s)ds < co.
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