
fractal and fractional

Article

Fractional Integral Inequalities for Exponentially Nonconvex
Functions and Their Applications

Hari Mohan Srivastava 1,2,3,4 , Artion Kashuri 5 , Pshtiwan Othman Mohammed 6,* , Dumitru Baleanu 7,8,*
and Y. S. Hamed 9

����������
�������

Citation: Srivastava, H.M.; Kashuri,

A.; Mohammed, P.O.; Baleanu, D.;

Hamed, Y.S. Fractional Integral

Inequalities for Exponentially

Nonconvex Functions and Their

Applications. Fractal Fract. 2021, 5, 80.

https://doi.org/10.3390/fractalfract

5030080

Academic Editors: António M. Lopes,

Liping Chen and Bruce Henry

Received: 08 June 2021

Accepted: 27 July 2021

Published: 29 July 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Department of Mathematics and Statistics, University of Victoria, Victoria, BC V8W 3R4, Canada;
harimsri@math.uvic.ca

2 Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung 40402, Taiwan

3 Department of Mathematics and Informatics, Azerbaijan University, 71 Jeyhun Hajibeyli Street,
Baku AZ1007, Azerbaijan

4 Section of Mathematics, International Telematic University Uninettuno, I-00186 Rome, Italy
5 Department of Mathematics, Faculty of Technical Science, University “Ismail Qemali”, 9400 Vlora, Albania;

artionkashuri@gmail.com
6 Department of Mathematics, College of Education, University of Sulaimani, Sulaimani 46001,

Kurdistan Region, Iraq
7 Department of Mathematics, Faculty of Arts and Sciences, Cankaya University, Ankara TR-06530, Turkey
8 Institute of Space Sciences, R-76900 Magurele-Bucharest, Romania
9 Department of Mathematics and Statistics, College of Science, Taif University, P.O. Box 11099, Taif 21944,

Saudi Arabia; yasersalah@tu.edu.sa
* Correspondence: pshtiwansangawi@gmail.com (P.O.M.); dumitru@cankaya.edu.tr (D.B.)

Abstract: In this paper, the authors define a new generic class of functions involving a certain
modified Fox–Wright function. A useful identity using fractional integrals and this modified Fox–
Wright function with two parameters is also found. Applying this as an auxiliary result, we establish
some Hermite–Hadamard-type integral inequalities by using the above-mentioned class of functions.
Some special cases are derived with relevant details. Moreover, in order to show the efficiency of our
main results, an application for error estimation is obtained as well.
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1. Introduction and Preliminaries

In many problems in mathematics and its applications, fractional calculus has a crucial
role (see [1–6]). The analysis of the uniqueness of fractional ordinary differential equations
can be accomplished by using fractional integral inequalities (see [7–9]).

Integral inequalities play a major role in the fields of differential equations and applied
mathematics (see [10,11]). Moreover, they are linked with such other areas as differential
equations, difference equations, mathematical analysis, mathematical physics, convexity
theory, and discrete fractional calculus (see [12–18]).

Convexity is a fascinating and natural concept; it is beneficial in optimization theory,
the theory of inequalities, numerical analysis, economics, and in other fields of pure and
applied mathematics.

The notion of the h–convex function is introduced below.

Definition 1 (see [19]). Let h : [0, 1]→ [0, ∞) be a function. A function ψ : I→ R is said to be
h–convex if

ψ(ıξ1 + (1− ı)ξ2) 5 h(ı)ψ(ξ1) + h(1− ı)ψ(ξ2)

holds true for every ξ1, ξ2 ∈ I and ı ∈ [0, 1].

Fractal Fract. 2021, 5, 80. https://doi.org/10.3390/fractalfract5030080 https://www.mdpi.com/journal/fractalfract

https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0002-9277-8092
https://orcid.org/0000-0003-0115-3079
https://orcid.org/0000-0001-6837-8075
https://orcid.org/0000-0002-0286-7244
https://orcid.org/0000-0002-0365-0282
https://doi.org/10.3390/fractalfract5030080
https://doi.org/10.3390/fractalfract5030080
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/fractalfract5030080
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract5030080?type=check_update&version=1


Fractal Fract. 2021, 5, 80 2 of 13

The following class of functions was introduced by Awan et al. (see [20]) and was
demonstrated to play an important role in optimization theory and mathematical eco-
nomics.

Definition 2. A function ψ : I ⊆ R→ R is called exponentially convex if

ψ(ıξ1 + (1− ı)ξ2) 5 ı
ψ(ξ1)

evξ1
+ (1− ı)

ψ(ξ2)

evξ2

holds true for all ξ1, ξ2 ∈ I, v ∈ R and ı ∈ [0, 1].

The most significant inequality about a convex function ψ on the closed interval
[ξ1, ξ2] is the Hermite–Hadamard integral inequality (that is, the trapezium inequality).
This two-sided inequality is expressed as follows:

ψ

(
ξ1 + ξ2

2

)
5

1
ξ2 − ξ1

∫ ξ2

ξ1

ψ(ı)dı 5
ψ(ξ1) + ψ(ξ2)

2
. (1)

The two-sided inequality (1) has become a very important foundation within the field
of mathematical analysis and optimization. Several applications of inequalities of this type
have been derived in a number of different settings (see [21–29]).

In the context of fractional calculus, the standard left and right-sided Riemann–
Liouville (RL) fractional integrals of order α > 0 are given, respectively, by

Iα
ξ+1

ψ(x) =
1

Γ(α)

∫ x

ξ1

(x− ı)α−1ψ(ı)dı (x > ξ1)

and

Iα
ξ−2

ψ(x) =
1

Γ(α)

∫ ξ2

x
(ı− x)α−1ψ(ı)dı (x < ξ2),

(2)

where ψ is a function defined on the closed interval [ξ1, ξ2] and Γ(·) is the classical (Euler’s)
gamma function.

Regarding information for some of the fractional integral operators, including those
that are known as Erdélyi–Kober, Riemann–Liouville (RL), Weyl and Liouville–Caputo
(LC) operators, see [30–34].

There are many directions in which one can introduce a new definition of fractional
derivatives and fractional integrals, which are related to or inspired by (for example) the RL
definitions (see [35,36]), with reference to some general classes into which such fractional
calculus operators can be classified. In applied mathematics, it is important to consider
particular types of fractional calculus operators which are suited to the fractional-order
modeling of a given real-world problem.

We now recall the familiar Fox–Wright hypergeometric function pΨq(z) (with p nu-
merator and q denominator parameters), which is given by the following series (see [5]
(p. 67, Equation (1.12(68))) and [37] (p. 21, Equation (1.2(38)))):

pΨq

 (α1,U1), · · · , (αp,Up);

(β1,V1), · · · , (βq,Vq);
z

 :=
∞

∑
n=0

p
∏
`=1

Γ(α` + nU`)
q

∏
=1

Γ(β  + nV)

zn

n!
, (3)

where the parameters

α`, β  ∈ C (` = 1, · · · , p;  = 1, · · · , q)
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and the coefficients

U1, · · · ,Up ∈ R+ and V1, · · · ,Vq ∈ R+

satisfy the following condition:

1 +
q

∑
=1
V −

p

∑
`=1
U` = 0. (4)

Here and in what follows, we have made use of the general Pochhammer symbol (η)ν (η, ν ∈ C)
defined by

(η)ν :=
Γ(η + ν)

Γ(η)
=


1 (ν = 0; η ∈ C \ {0})

η(η + 1) · · · (η + n− 1) (ν = n ∈ N; η ∈ C),
(5)

it being assumed conventionally that (0)0 := 1 and understand tacitly that the Γ-quotient
in (5) exists.

The following modified version of the Fox–Wright function pΨq(z) in (3) was intro-
duced, as long ago as 1940, by Wright [38] (p. 424), who partially and formally replaced the
Γ-quotient in (3) by a sequence {σ(n)}∞

n=0 based upon a suitably-restricted function σ(τ)
as follows (see also [39], where the same definition is reproduced without giving credit to
Wright [38]):

Fσ
ρ,ς(z) = F

σ(0),σ(1),···
ρ,ς (z) =

∞

∑
`=0

σ(`)

Γ(ρ`+ ς)
z` (ρ > 0; ς > 0). (6)

If, in Wright’s definition (6) from 1940 (see [38] (p. 424)), we take ρ = ς = 1 and

σ(`) =

p
∏
j=1

Γ(αj + Uj`)

q
∏

k=1
Γ(βk + Vk`)

(` = 0, 1, 2, · · · ),

then Wright’s definition (6) would immediately yield the familiar Fox–Wright hypergeomet-
ric function pΨq(z) defined by (3). The one- and two-parameter Mittag–Leffler functions
Eα(z) and Eα,β(z), and indeed also almost all of the parametric generalizations of the
Mittag–Leffler type functions, can be deduced as obvious special cases of the Fox–Wright
hypergeometric function pΨq(z) defined by (3) (see [40] for details).

We are now in the position to introduce a new generic class of functions involving the
modified Fox–Wright function Fσ

ρ,ς(·).

Definition 3. Let h1, h2 : [0, 1]→ [0, ∞) be two functions and ψ : I ⊆ R→ R. If ψ satisfies the
following inequality,

ψ
(

ξ1 + ıFσ
ρ,ς(ξ2 − ξ1)

)
5 h1(ı)

ψ(ξ1)

ev1ξ1
+ h2(ı)

ψ(ξ2)

ev2ξ2

for all ı ∈ [0, 1], v1, v2 ∈ R, and ξ1, ξ2 ∈ I, where Fσ
ρ,ς(ξ2 − ξ1) > 0, then ψ is called an

exponentially (v1, v2, h1, h2)–nonconvex function.

Remark 1. Upon setting

v1 = v2 = v, h1(ı) = 1− ı, h2(ı) = ı



Fractal Fract. 2021, 5, 80 4 of 13

and
Fσ

ρ,ς(ξ2 − ξ1) = ξ2 − ξ1

in Definition 3, we then obtain Definition 2.

Remark 2. Some special cases of our Definition 3 are listed below:

(I) Taking h1(ı) = h2(ı) = 1, we have an exponentially (v1, v2, P)–nonconvex function.
(II) Choosing h1(ı) = h(1− ı) and h2(ı) = h(ı), we obtain an exponentially (v1, v2, h)–

nonconvex function.
(III) Setting h1(ı) = (1 − ı)s and h2(ı) = ıs for s ∈ (0, 1], we obtain an exponentially

(s, v1, v2)–Breckner-nonconvex function.
(IV) Putting h1(ı) = (1− ı)−s and h2(ı) = ı−s for s ∈ (0, 1), we obtain an exponentially

(s, v1, v2)–Godunova–Levin–Dragomir-nonconvex function.
(V) Taking h1(ı) = h2(ı) = ı(1− ı), we obtain an exponentially (v1, v2, tgs)–nonconvex

function.

Our paper has the following structure: in Section 2, we first find a useful identity
using fractional integrals with two parameters λ and µ involving the modified Fox–Wright
function Fσ

ρ,ς(·). Applying this as an auxiliary result, we give some Hermite–Hadamard-
type integral inequalities pertaining to exponentially (v1, v2, h1, h2)–nonconvex functions,
and some special cases are derived in details. In Section 3, the efficiency of our main results
is demonstrated with an application for error estimation. Section 4 presents the conclusion
of this paper.

2. Main Results and Their Consequences

The following notations are used below:

∆ :=
[
ξ1, ξ1 +Fσ

ρ,ς(ξ2 − ξ1)
]
,

where
Fσ

ρ,ς(ξ2 − ξ1) > 0

and ∆◦ is the interior of the closed interval ∆ with v1, v2 ∈ R. We denote by L1(∆) the
space of integrable functions over ∆. We need to prove the following basic lemma.

Lemma 1. Let the function ψ : ∆→ R be differentiable on ∆◦ and λ, µ ∈ (0, 1]. If ψ′ ∈ L1(∆),
then, for α > 0,

µαψ(ξ1) + λαψ
(

ξ1 +Fσ
ρ,ς(ξ2 − ξ1)

)
(λ + µ)α

− Γ(α + 1)[
Fσ

ρ,ς(ξ2 − ξ1)
]α

·
[
Iα

ξ+1
ψ

(
ξ1 +

µ

λ + µ
Fσ

ρ,ς(ξ2 − ξ1)

)
+ Iα

(ξ1+Fσ
ρ,ς(ξ2−ξ1))

−ψ

(
ξ1 +

µ

λ + µ
Fσ

ρ,ς(ξ2 − ξ1)

)]

=
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

·
[∫ λ

0
ıαψ′

(
ξ1 +

µ + ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)
dı−

∫ µ

0
ıαψ′

(
ξ1 +

µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)
dı
]

. (7)

Proof. We define

T α
λ,µ(ξ1, ξ2) :=

Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1 [I2 − I1], (8)
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where

I1 :=
∫ µ

0
ıαψ′

(
ξ1 +

µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)
dı,

and

I2 :=
∫ λ

0
ıαψ′

(
ξ1 +

µ + ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)
dı,

which, upon integrating by parts, would yield

I1 = − (λ + µ)

Fσ
ρ,ς(ξ2 − ξ1)

ıαψ

(
ξ1 +

µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣µ
0

+
α(λ + µ)

Fσ
ρ,ς(ξ2 − ξ1)

∫ µ

0
ıα−1ψ

(
ξ1 +

µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)
dı

= Γ(α + 1)

(
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)α+1

· Iα
ξ+1

ψ

(
ξ1 +

µ

λ + µ
Fσ

ρ,ς(ξ2 − ξ1)

)
− µα(λ + µ)

Fσ
ρ,ς(ξ2 − ξ1)

ψ(ξ1). (9)

Similarly, we find that

I2 =
λα(λ + µ)

Fσ
ρ,ς(ξ2 − ξ1)

ψ
(

ξ1 +Fσ
ρ,ς(ξ2 − ξ1)

)
− Γ(α + 1)

(
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)α+1

· Iα

(ξ1+Fσ
ρ,ς(ξ2−ξ1))

−ψ

(
ξ1 +

µ

λ + µ
Fσ

ρ,ς(ξ2 − ξ1)

)
. (10)

Substituting from (9) and (10) into (8), we obtain the desired result (7).

From Lemma 1, we can derive the following case:

Remark 3. Taking α = 1 in Lemma 1, we have

µψ(ξ1) + λψ
(

ξ1 +Fσ
ρ,ς(ξ2 − ξ1)

)
λ + µ

− 1
Fσ

ρ,ς(ξ2 − ξ1)

∫ ξ1+Fσ
ρ,ς(ξ2−ξ1)

ξ1

ψ(ı)dı

=
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)2

[∫ λ

0
ıψ′
(

ξ1 +
µ + ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)
dı

−
∫ µ

0
ıψ′
(

ξ1 +
µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)
dı

]
. (11)

Our first main result is stated as Theorem 1 below.

Theorem 1. Assume that h1, h2 : [0, 1]→ [0, ∞) are two continuous functions and let ψ : ∆→ R
be a differentiable function on ∆◦ with λ, µ ∈ (0, 1]. Furthermore, let ψ′ ∈ L1(∆). If |ψ′|q is an
exponentially (v1, v2, h1, h2)–nonconvex function, then, for q > 1, 1

p + 1
q = 1 and α > 0, it is

asserted that
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∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

[
A

1
p
1

(
|ψ′(ξ1)|q

ev1ξ1
H1,1 +

|ψ′(ξ2)|q
ev2ξ2

H1,2

) 1
q

+A
1
p
2

(
|ψ′(ξ1)|q

ev1ξ1
H2,1 +

|ψ′(ξ2)|q
ev2ξ2

H2,2

) 1
q
]

, (12)

where

A1 :=
λpα+1

pα + 1
, A2 :=

µpα+1

pα + 1
,

H1,1 :=
∫ λ

0
h1

(
µ + ı
λ + µ

)
dı, H1,2 :=

∫ λ

0
h2

(
µ + ı
λ + µ

)
dı,

H2,1 :=
∫ µ

0
h1

(
µ− ı
λ + µ

)
dı and H2,2 :=

∫ µ

0
h2

(
µ− ı
λ + µ

)
dı.

Proof. Applying Lemma 1, the property of the modulus, Hölder’s inequality, and the
exponential (v1, v2, h1, h2)–nonconvexity of |ψ′|q, we have

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

[∫ λ

0
ıα

∣∣∣∣ψ′(ξ1 +
µ + ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣dı

+
∫ µ

0
ıα

∣∣∣∣ψ′(ξ1 +
µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣dı

]

5
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

[(∫ λ

0
ıpαdı

) 1
p
(∫ λ

0

∣∣∣∣ψ′(ξ1 +
µ + ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣qdı
) 1

q

+

(∫ µ

0
ıpαdı

) 1
p
(∫ µ

0

∣∣∣∣ψ′(ξ1 +
µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣qdı
) 1

q
]

5
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

[(∫ λ

0
ıpαdı

) 1
p
(∫ λ

0

{
h1

(
µ + ı
λ + µ

)
|ψ′(ξ1)|q

ev1ξ1
+ h2

(
µ + ı
λ + µ

)
|ψ′(ξ2)|q

ev2ξ2

}
dı
) 1

q

+

(∫ µ

0
ıpαdı

) 1
p
(∫ µ

0

{
h1

(
µ− ı
λ− µ

)
|ψ′(ξ1)|q

ev1ξ1
+ h2

(
µ− ı
λ + µ

)
|ψ′(ξ2)|q

ev2ξ2

}
dı
) 1

q
]

=
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

[
A

1
p
1

(
|ψ′(ξ1)|q

ev1ξ1
H1,1 +

|ψ′(ξ2)|q
ev2ξ2

H1,2

) 1
q

+A
1
p
2

(
|ψ′(ξ1)|q

ev1ξ1
H2,1 +

|ψ′(ξ2)|q
ev2ξ2

H2,2

) 1
q
]

,

which completes the proof of Theorem 1.

Some corollaries and consequences of Theorem 1 are listed below:

Corollary 1. Upon setting α = 1, Theorem 1 yields
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∣∣∣∣∣∣
µψ(ξ1) + λψ

(
ξ1 +Fσ

ρ,ς(ξ2 − ξ1)
)

λ + µ
− 1
Fσ

ρ,ς(ξ2 − ξ1)

∫ ξ1+Fσ
ρ,ς(ξ2−ξ1)

ξ1

ψ(ı)dı

∣∣∣∣∣∣
5
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)2

[(
λp+1

p + 1

) 1
p
(
|ψ′(ξ1)|q

ev1ξ1
H1,1 +

|ψ′(ξ2)|q
ev2ξ2

H1,2

) 1
q

+

(
µp+1

p + 1

) 1
p
(
|ψ′(ξ1)|q

ev1ξ1
H2,1 +

|ψ′(ξ2)|q
ev2ξ2

H2,2

) 1
q
]

. (13)

Corollary 2. Choosing h1(ı) = h2(ı) = 1 in Theorem 1, it is asserted that

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

(
A

1
p
1 λ

1
q +A

1
p
2 µ

1
q

)[
|ψ′(ξ1)|q

ev1ξ1
+
|ψ′(ξ2)|q

ev2ξ2

] 1
q
. (14)

Corollary 3. Choosing

h1(ı) = (1− ı)s and h2(ı) = ıs (s ∈ (0, 1])

in Theorem 1, it is asserted that

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

[
A

1
p
1

(
|ψ′(ξ1)|q

ev1ξ1
D1,1 +

|ψ′(ξ2)|q
ev2ξ2

D1,2

) 1
q

+A
1
p
2

(
|ψ′(ξ1)|q

ev1ξ1
D2,1 +

|ψ′(ξ2)|q
ev2ξ2

D2,2

) 1
q
]

, (15)

where

D1,1 :=
λs+1

(s + 1)(λ + µ)s , D1,2 :=
(λ + µ)s+1 − µs+1

(s + 1)(λ + µ)s ,

D2,1 :=
(λ + µ)s+1 − λs+1

(s + 1)(λ + µ)s and D2,2 :=
µs+1

(s + 1)(λ + µ)s .

Corollary 4. Taking

h1(ı) = (1− ı)−s and h2(ı) = ı−s (
s ∈ (0, 1)

)
in Theorem 1, the following inequality is deduced:

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

[
A

1
p
1

(
|ψ′(ξ1)|q

ev1ξ1
F1,1 +

|ψ′(ξ2)|q
ev2ξ2

F1,2

) 1
q

+A
1
p
2

(
|ψ′(ξ1)|q

ev1ξ1
F2,1 +

|ψ′(ξ2)|q
ev2ξ2

F2,2

) 1
q
]

, (16)

where

F1,1 :=
λ1−s(λ + µ)s

1− s
, F1,2 :=

(
(λ + µ)1−s − µ1−s)(λ + µ)s

1− s
,

F2,1 :=

(
(λ + µ)1−s − λ1−s)(λ + µ)s

1− s
and F2,2 :=

µ1−s(λ + µ)s

1− s
.

Corollary 5. For
h1(ı) = h2(ı) = ı(1− ı),
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Theorem 1 yields

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

(
A

1
p
1 G

1
q

1 +A
1
p
2 G

1
q

2

)[
|ψ′(ξ1)|q

ev1ξ1
+
|ψ′(ξ2)|q

ev2ξ2

] 1
q
, (17)

where

G1 :=
λ2(3µ + λ)

6(λ + µ)2 and G2 :=
µ2(3λ + µ)

6(λ + µ)2 .

Our second main result is stated as Theorem 2 below.

Theorem 2. Assume that h1, h2 : [0, 1]→ [0, ∞) are two continuous functions and ψ : ∆→ R
is a differentiable function on ∆◦ with λ, µ ∈ (0, 1]. Furthermore, let ψ′ ∈ L1(∆). If |ψ′|q be an
exponentially (v1, v2, h1, h2)–nonconvex function; then, for q = 1 and α > 0, it is asserted that

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

[
B

1− 1
q

1

(
|ψ′(ξ1)|q

ev1ξ1
S1,1 +

|ψ′(ξ2)|q
ev2ξ2

S1,2

) 1
q

+ B
1− 1

q
2

(
|ψ′(ξ1)|q

ev1ξ1
S2,1 +

|ψ′(ξ2)|q
ev2ξ2

S2,2

) 1
q
]

, (18)

where

B1 :=
λα+1

α + 1
, B2 :=

µα+1

α + 1
,

S1,1 :=
∫ λ

0
ıαh1

(
µ + ı
λ + µ

)
dı, S1,2 :=

∫ λ

0
ıαh2

(
µ + ı
λ + µ

)
dı,

S2,1 :=
∫ µ

0
ıαh1

(
µ− ı
λ + µ

)
dı and S2,2 :=

∫ µ

0
ıαh2

(
µ− ı
λ + µ

)
dı.

Proof. Applying Lemma 1, the property of the modulus, power-mean inequality and the
exponential (v1, v2, h1, h2)-nonconvexity of |ψ′|q, we obtain

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

·
[∫ λ

0
ıα
∣∣∣∣ψ′(ξ1 +

µ + ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣dı +
∫ µ

0
ıα

∣∣∣∣ψ′(ξ1 +
µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣dı
]

5
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

·
[(∫ λ

0
ıαdı

)1− 1
q
(∫ λ

0
ıα

∣∣∣∣ψ′(ξ1 +
µ + ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣qdı
) 1

q

+

(∫ µ

0
ıαdı

)1− 1
q
(∫ µ

0
ıα
∣∣∣∣ψ′(ξ1 +

µ− ı
λ + µ

Fσ
ρ,ς(ξ2 − ξ1)

)∣∣∣∣qdı
) 1

q
]

5
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

·
[(∫ λ

0
ıαdı

)1− 1
q
(∫ λ

0
ıα

{
h1

(
µ + ı
λ + µ

)
|ψ′(ξ1)|q

ev1ξ1
+ h2

(
µ + ı
λ + µ

)
|ψ′(ξ2)|q

ev2ξ2

}
dı
) 1

q
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+

(∫ µ

0
ıαdı

)1− 1
q
(∫ µ

0
ıα
{

h1

(
µ− ı
λ− µ

)
|ψ′(ξ1)|q

ev1ξ1
+ h2

(
µ− ı
λ + µ

)
|ψ′(ξ2)|q

ev2ξ2

}
dı
) 1

q
]

=
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

·
[
B

1− 1
q

1

(
|ψ′(ξ1)|q

ev1ξ1
S1,1 +

|ψ′(ξ2)|q
ev2ξ2

S1,2

) 1
q
+ B

1− 1
q

2

(
|ψ′(ξ1)|q

ev1ξ1
S2,1 +

|ψ′(ξ2)|q
ev2ξ2

S2,2

) 1
q
]

.

The proof of Theorem 2 is completed.

We now state several corollaries and consequences of Theorem 2.

Corollary 6. Upon setting α = 1, Theorem 2 yields∣∣∣∣∣∣
µψ(ξ1) + λψ

(
ξ1 +Fσ

ρ,ς(ξ2 − ξ1)
)

λ + µ
− 1
Fσ

ρ,ς(ξ2 − ξ1)

∫ ξ1+Fσ
ρ,ς(ξ2−ξ1)

ξ1

ψ(ı)dı

∣∣∣∣∣∣
5
Fσ

ρ,ς(ξ2 − ξ1)

(λ + µ)2

[(
λ2

2

)1− 1
q
(
|ψ′(ξ1)|q

ev1ξ1
M1,1 +

|ψ′(ξ2)|q
ev2ξ2

M1,2

) 1
q

+

(
µ2

2

)1− 1
q
(
|ψ′(ξ1)|q

ev1ξ1
M2,1 +

|ψ′(ξ2)|q
ev2ξ2

M2,2

) 1
q
]

, (19)

where

M1,1 :=
∫ λ

0
ıh1

(
µ + ı
λ + µ

)
dı, M1,2 :=

∫ λ

0
ıh2

(
µ + ı
λ + µ

)
dı,

M2,1 :=
∫ µ

0
ıh1

(
µ− ı
λ + µ

)
dı and M2,2 :=

∫ µ

0
ıh2

(
µ− ı
λ + µ

)
dı.

Corollary 7. Choosing h1(ı) = h2(ı) = 1 in Theorem 2, the following inequality holds true:

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1 (B1 + B2)

[
|ψ′(ξ1)|q

ev1ξ1
+
|ψ′(ξ2)|q

ev2ξ2

] 1
q
. (20)

Corollary 8. Choosing

h1(ı) = (1− ı)s and h2(ı) = ıs (
s ∈ (0, 1]

)
,

Theorem 2 is reduced to the following inequality:

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)
α+ s

q +1

[
B

1− 1
q

1

(
|ψ′(ξ1)|q

ev1ξ1
P1,1 +

|ψ′(ξ2)|q
ev2ξ2

P1,2

) 1
q

+ B
1− 1

q
2

(
|ψ′(ξ1)|q

ev1ξ1
P2,1 +

|ψ′(ξ2)|q
ev2ξ2

P2,2

) 1
q
]

, (21)

where

P1,1 :=
∫ λ

0
ıα(λ− ı)sdı, P1,2 :=

∫ λ

0
ıα(µ + ı)sdı,

P2,1 :=
∫ µ

0
ıα(λ + ı)sdı and P2,2 :=

∫ µ

0
ıα(µ− ı)sdı.
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Corollary 9. By putting

h1(ı) = (1− ı)−s and h2(ı) = ı−s (
s ∈ (0, 1)

)
,

Theorem 2 yields the following inequality:

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)
α− s

q +1

[
B

1− 1
q

1

(
|ψ′(ξ1)|q

ev1ξ1
R1,1 +

|ψ′(ξ2)|q
ev2ξ2

R1,2

) 1
q

+ B
1− 1

q
2

(
|ψ′(ξ1)|q

ev1ξ1
R2,1 +

|ψ′(ξ2)|q
ev2ξ2

R2,2

) 1
q
]

, (22)

where

R1,1 :=
∫ λ

0

ıα

(λ− ı)s dı, R1,2 :=
∫ λ

0

ıα

(µ + ı)s dı,

R2,1 :=
∫ µ

0

ıα

(λ + ı)s dı and R2,2 :=
∫ µ

0

ıα

(µ− ı)s dı.

Corollary 10. Upon letting
h1(ı) = h2(ı) = ı(1− ı),

Theorem 2 yields the following inequality:

∣∣∣T α
λ, µ(ξ1, ξ2)

∣∣∣ 5 Fσ
ρ,ς(ξ2 − ξ1)

(λ + µ)α+1

(
B

1− 1
q

1 K
1
q
1 + B

1− 1
q

2 K
1
q
2

)[
|ψ′(ξ1)|q

ev1ξ1
+
|ψ′(ξ2)|q

ev2ξ2

] 1
q
, (23)

where

K1 :=
1

(λ + µ)2

[
µλα+2

α + 1
− µλα+2

α + 2
+

λα+3

α + 2
− λα+3

α + 3

]
,

and

K2 :=
1

(λ + µ)2

[
λµα+2

α + 1
− λµα+2

α + 2
+

µα+3

α + 2
− µα+3

α + 3

]
.

Remark 4. If we take λ = µ = 1 or Fσ
ρ,ς(ξ2 − ξ1) = ξ2 − ξ1 or h1(ı) = h(1 − ı) and

h2(ı) = h(ı) in Theorem 1 and Theorem 2, then we can obtain some interesting results imme-
diately. We omit their proofs here, and the details are left to the interested reader.

Remark 5. If we choose v1 = v2 = 0 in our results in this paper, then all of the consequent
results will hold true for the (h1, h2)–nonconvex functions.

3. Application

In this section, we present an application involving a new error estimation for the
trapezoidal formula by using the inequalities obtained in Section 2. We fix the parameters
ρ and ς. We also suppose that the bounded sequence {σ(`)}∞

`=0 of positive real numbers is
given.

Let
U : ξ1 = χ0 < χ1 < · · · < χn−1 < χn = ξ1 +Fσ

ρ,ς(ξ2 − ξ1)

be a partition of the closed interval ∆.
For λ, µ ∈ (0, 1], let us define

T(U, ψ) :=
n−1

∑
i=0

µψ(χi) + λψ
(

χi +Fσ
ρ,ς(h̄i)

)
λ + µ

Fσ
ρ,ς(h̄i),
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and ∫ ξ1+Fσ
ρ,ς(ξ2−ξ1)

ξ1

ψ(ı)dı = T(U, ψ) + R(U, ψ),

where R(U, ψ) is the remainder term and

h̄i = χi+1 − χi (∀ i = 0, 1, 2, · · · , n− 1).

From the above notations, we can obtain some new bounds regarding error estimation.

Proposition 1. Assume that h1, h2 : [0, 1]→ [0, ∞) are two continuous functions. Furthermore,
let ψ : ∆ → R be a differentiable function on ∆◦ with λ, µ ∈ (0, 1]. Suppose that ψ′ ∈ L1(∆)
and that |ψ′|q is an exponentially (v1, v2, h1, h2)–nonconvex function. Then, for q > 1 and
1
p + 1

q = 1, it is asserted that

|R(U, ψ)| 5 1
(λ + µ)2

n−1

∑
i=0

[
Fσ

ρ,ς(h̄i)
]2

·
[(

λp+1

p + 1

) 1
p
(
|ψ′(χi)|q

ev1χi
H1,1 +

|ψ′(χi+1)|q
ev2χi+1

H1,2

) 1
q

+

(
µp+1

p + 1

) 1
p
(
|ψ′(χi)|q

ev1χi
H2,1 +

|ψ′(χi+1)|q
ev2χi+1

H2,2

) 1
q
]

. (24)

Proof. Applying Theorem 1 on the subinterval [χi, χi+1] of the closed interval
∆ (∀ i = 0, 1, 2, · · · , n− 1), and taking α = 1, we obtain

∣∣∣∣∣∣
µψ(χi) + λψ

(
χi +Fσ

ρ,ς(h̄i)
)

λ + µ

Fσ
ρ,ς(h̄i)−

∫ χi+Fσ
ρ,ς(h̄i)

χi

ψ(ı)dı

∣∣∣∣∣∣ 5
[
Fσ

ρ,ς(h̄i)
]2

(λ + µ)2

·
[(

λp+1

p + 1

) 1
p
(
|ψ′(χi)|q

ev1χi
H1,1 +

|ψ′(χi+1)|q
ev2χi+1

H1,2

) 1
q

+

(
µp+1

p + 1

) 1
p
(
|ψ′(χi)|q

ev1χi
H2,1 +

|ψ′(χi+1)|q
ev2χi+1

H2,2

) 1
q
]

. (25)

Upon summing the inequality (25) over i from 0 to n− 1 and using the property of
the modulus, we obtain inequality (24).

Proposition 2. Assume that h1, h2 : [0, 1]→ [0, ∞) are two continuous functions. Furthermore,
let ψ : ∆→ R be a differentiable function on ∆◦ with λ, µ ∈ (0, 1]. Suppose that ψ′ ∈ L1(∆) and
that |ψ′|q is an exponentially (v1, v2, h1, h2)–nonconvex function. Then, for q = 1, the following
inequality holds true:

|R(U, ψ)| 5 1
(λ + µ)2

n−1

∑
i=0

[
Fσ

ρ,ς(h̄i)
]2

·
[(

λ2

2

)1− 1
q
(
|ψ′(χi)|q

ev1χi
M1,1 +

|ψ′(χi+1)|q
ev2χi+1

M1,2

) 1
q

+

(
µ2

2

)1− 1
q
(
|ψ′(χi)|q

ev1χi
M2,1 +

|ψ′(χi+1)|q
ev2χi+1

M2,2

) 1
q
]

. (26)
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Proof. Choosing α = 1 in Theorem 2 and using the same technique as in our demonstration
of Proposition 1, we obtain the desired inequality (26).

Remark 6. In view of Remark 2, we can establish new error estimations by using Proposition 1
and Proposition 2.

4. Conclusions

In this paper, the authors have defined a new generic class of functions involving the
modified Fox–Wright functionFσ

ρ,ς(·) as well as the so-called exponentially (v1, v2, h1, h2)–
nonconvex function. A useful identity has also been found by using fractional integrals
and the function Fσ

ρ,ς(·) with two parameters λ and µ. We have established some Hermite–
Hadamard-type integral inequalities by using the above class of functions and the afore-
mentioned identity as an auxiliary result. Several special cases have been deduced as
corollaries including relevant details. We have also outlined the derivations of several
other corollaries and consequences for the interested reader. The efficiency of our main
results has been shown by proving an application for error estimation.
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