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Abstract: Several mechanisms in industrial use have significant applications in thermal transporta-
tion. The inclusion of hybrid nanoparticles in different mixtures has been studied extensively by
researchers due to their wide applications. This report discusses the flow of Powell–Eyring fluid
mixed with hybrid nanoparticles over a melting parabolic stretched surface. Flow rheology expres-
sions have been derived under boundary layer theory. Afterwards, similarity transformation has
been applied to convert PDEs into associated ODEs. These transformed ODEs have been solved
the using finite element procedure (FEP) in the symbolic computational package MAPLE 18.0. The
applicability and effectiveness of FEM are presented by addressing grid independent analysis. The
reliability of FEM is presented by computing the surface drag force and heat transportation coefficient.
The used methodology is highly effective and it can be easily implemented in MAPLE 18.0 for other
highly nonlinear problems. It is observed that the thermal profile varies directly with the magnetic
parameter, and the opposite trend is recorded for the Prandtl number.

Keywords: mathematical modeling; ordinary and partial differential equations; parametric investigation;
finite element technique; grid independent investigation; thermal enhancement

1. Introduction

Due to rapid developments, the modeling of real phenomena is a hot topic of research
due to its numerous applications and physical significance. Engineers, physicists and
modeling experts have proposed and developed different relations by seeing the materials
characteristics. Eyring–Powell is an important material whose constitute relation is

τ∗ = µ∗∇V +
1

γ∗
sinh−1

(
∇V
C∗

)
,
∣∣∣∣(∇V

C∗

)∣∣∣∣� 1.

Several important studies on this model have been reported. For instance, Islam
et al. [1] studied Powell–Eyring fluid over an inclined slider. They used the lubricant
approach to derive a constitutive equation for the considered phenomenon. They used the
homotopy perturbation scheme (HPS) to compute the solution. The impacts of numerous
involved parameters on the velocity field are sketched out, and their behavior is explained
via the underlying physics principles. Patel and Timol [2] computed the numerical solution
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of the Powell–Eyring model after reducing the boundary layer PDEs into ODEs. Several
important graphs have been plotted to monitor the bearings of different emerging param-
eters. The homotopy analysis approach (HAA) has been employed by Khan et al. [3] to
discuss the movement of the Powell–Eyring material over a rotating disc. They described
the convergence region/domain of the considered problem by sketching the h-curves. They
recorded a decline in the velocity field against thefluid parameter in both axial and tangen-
tial directions. Moreover, the opposite trend in velocity was recorded for Reynolds number.
Hayat et al. [4] worked on the convective axisymmetric flow of the Powell–Eyring model
via the optimal homotopic approach. They showed the effectiveness of this methodology
by tabulating the error analysis and CPU time. Moreover, the authenticity of the obtained
results was confirmed by comparing the obtained results with those available in the open
literature. They found a depreciation in the thermal field against the fluid parameter, and
an escalation was observed with Biot number. Krishna et al. [5] computed a dual solution
for an unsteady Powell–Eyring model in the presence of thermal radiation. They further
elaborated their results for suction and injection cases. They recorded enhancements in
the mass and heat transfer rates against the fluid parameter, whereas augmentations in the
unsteadiness parameter reduce the skin friction coefficient. Kumar et al. [6] examined the
flow of a magneto Powell–Eyring model in an annulus. They solved the modeled problem
via the ND-Solve tool in the MATHEMATICA 12.0 symbolic package.

The exploration of thermal transportation in fluid flows is an attractive topic for
researchers due to its wide applications. Moreover, thermal stability/instability is in high
demand in the current era. Buongrino proposed the relation in nanofluids by incorporating
Brownian diffusion and thermophoresis [7,8]. Several other relations are available in the
open literature, discussing the contributions of shape factors and nanoparticles [9–11]
mixed in the base fluids, which is beneficial for the enhancement of thermal transportation.
For instance, Khanafer and Vafai [12] reported a critical analysis on viscosity and thermal
conductivity, which were introduced and synthesized by them. They stated that at a low
volume fraction, a correlation can be established for effective thermal conductivity. In
their survey, they presented different empirical relations for heat capacitance, the thermal
expansion coefficient and the effective viscosity. Saba et al. [13] worked on radiative
boundary layer flow in a curved configuration conveying CNTs particles. The modeling of
thermal transport is presented with internal heating aspects. They tackled the modeled
problem via a shooting approach by using the MATHEMATICA computational package.
They presented a comparative analysis for the validity and authenticity of the obtained
results. They recorded a decline in the thermal profile by enhancing the heat absorption
parameter, and an upsurge was recorded against the heat generation parameter. Qasim
et al. [14] utilized Buongiorn’s model to investigate thermal and mass transportation in a
thin-film MHD flow model under dissipation via the shooting approach. They monitored
the enhancement in the mass and heat transportation coefficients against the unsteadiness
parameter. Awais et al. [15] examined the involvement of slips in MHD stretched stagnation
point nanofluids via an analytical approach. They plotted the slippage contribution via
streamlines plots. They showed that 15th order approximations are sufficient for the
convergent solution of velocity distribution and concentration, and thermal distributions
required 25th approximations for their convergent solutions. Moreover, enhancements
have been observed in temperature against the thermophoresis parameter. Some novel
contributions regarding transport problems are covered in [16–19].

The above-listed contributions do not show the use of the Powell–Eyring model
over a stretched parabolic surface in the presence of activation energy, Joule heating and
MHD effect. So far, no such attempt has been noted. This contribution will be used as
a reference to further study thermal and mass transportation over a parabolic stretched
surface with several important aspects. The reported study is arranged in the following
fashion: Section 1 contains a literature survey; modeling is included in Section 2; a novel
numerical tool to handle the coupled nonlinear ODEs is listed in Section 3; Section 4
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contains the description of obtained results and the important results are listed in Section 5.
The view of hybrid nanoparticles and nanoparticles in base fluids is shown in Figure 1.
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Figure 1. The view of hybrid nanoparticles and nanoparticles in base fluids.

2. Formulation of Physical Model

The physical aspects of thermal energy and solute particles in the rheology of Eyring–
Powell liquid are addressed for its passage over a parabolic heated surface. The enhance-
ments in solute and heated particles are analyzed using the concepts of hybrid nanoparticles
and nanoparticles. A layer of fluid particles is generated due to the movement of the wall,
which accelerates with velocity Ũw = a(b + x)m. The mathematical model is developed
using the following assumptions:

Two dimensional flow phenomenon;
The magnetic field is considered normally aligned to the heated surface;
The theory of Soret and Dufour influences is used in energy and concentration equa-

tions;
The roles of heat generation and chemical species are considered;
The activation energy is addressed in solute particles;
Eyring–Powell liquid is suspended along with hybrid nanoparticles and nanoparticles;
The base fluid is assumed to be ethylene glycol;
The role of bio-convection phenomena is excluded.
Various shapes of nanoparticles (cylinder, platelet and sphere) are visualized.
The current model with the considered effects is captured by Figure 2. It can be noticed

that the magnetic field is assumed to move in the y-direction, whereas the x-axis moves in
the horizontal direction. Moreover, illustration of various shapes related to nanoparticles is
shown in Figure 3.
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The system of PDEs is formulated using the above assumptions, and non-linear PDEs
are modeled as

∂Ũ
∂x

+
∂Ṽ
∂y

= 0, (1)

Ũ ∂Ũ
∂x + Ṽ ∂Ṽ

∂y −
∂

∂x

[(
xGY

(
m+1

2

))
(T − T∞)

]
− ∂

∂x

[(
G∗xY

(
m+1

2

))
(C− C∞)

]
= − (B0)

2σhn f
ρhn f

Ũ +
(

νhn f +
1

cαρhn f

)
∂2Ũ
∂y2 − 1

2c3αρhn f

(
∂Ũ
∂y

)2
∂2Ũ
∂y2 ,

(2)

Ũ
∂T
∂x

+ Ṽ
∂T
∂y

=
khn f(

ρCp
)

hn f

∂2T
∂y2 +

(B0)
2σhn f(

ρCp
)

hn f

(
Ũ
)2

+
KT Dhn f

Cs
(
Cp
)

f

(
∂2C
∂y2

)
+

Q(
ρCp

)
hn f

(T − T∞), (3)

Ũ
∂C
∂x

+ Ṽ
∂C
∂y

= Dhn f

(
∂2C
∂y2

)
− k1(C− C∞) +

KT Dhn f

Tm

(
∂2T
∂y2

)
−exp

(
−En

Kt

)(
T

T∞

)n
(kr)

2(C− C∞), (4)

The following boundary conditions are excluded to determine the physical behavior
of the current model:

Ũ = a(y + x)m, Ṽ = 0, T = Tw, C = Cw at y = a∗(b + x)1−m/2 Ũ → 0, C → C∞ , T → T∞ at y→ ∞. (5)

The variables are changed using the theory of no-slip, and the change in variables are

ψ = F

√
a2(x+b)m+1ν f

m+1 , Ũ = a(x + b)mFξ , ξ =

√
a(m+1)(x+b)m−1

2ν f

Ṽ = −
√

aν f (m+1)(x+b)m−1

2

[
F + η

(
m−1
m+1

)
Fξ

]
, Θ = T−T∞

Tw−T∞
, Φ = C−C∞

Cw−C∞
.

(6)

Transformers are used in Equations (2)–(6), and the nine modeled (ordinary differential
equations) are(

1 + ε(1− φ1)
2.5(1− φ2)

2.5
)

Fξξξ − ε(1− φ2)
2.5(1− φ1)

2.5δ∗
(

Fξξ

)2Fξξξ

+A1

(
FFξξ − 2m

m+1
(

Fξ

)2
)
+ A1GRΘ + A1ReΦ− σhn f

σf
M2Fξ = 0,

(7)

Θξξ + A2PrFΘξ + A3PrECM2(Fξ

)2
+ A4HsΘ ++A4 A5PrDFΦξξ = 0, (8)

Φξξ + Sc
(1−φ2)

2.5(1−φ1)
2.5 FΦξ − KcSc

(1−φ2)
2.5(1−φ1)

2.5 Φ + ScSrΘξξ

− Sc
(1−φ2)

2.5(1−φ1)
2.5 (1 + δΘ)nΦΓexp

(
− E

1+δΘ

)
= 0.

(9)
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The dimensionless boundary conditions of Equations (7)–(9) are

F(0) = α1

(
1−m
1+m

)
, Fξ(0) = 1, Fξ(∞) = 0,

Θ(0) = 1, Θ(∞) = 0, Φ(0) = 1, Φ(∞) = 0,
(10)

F(η) = f (η) = F(η − α1), Θ(η) = Θ(η − α1) = Θ(η), Φ(η) = Φ(η − α1) = Φ(η). (11)

Equation (11) is used in Equations (7)–(9), which gives(
1 + ε(1− φ2)

2.5(1− φ1)
2.5
)

fξξξ − ε(1− φ2)
2.5(1− φ1)

2.5( fξξ

)2 fξξξ

+A1

(
f fξξ − 2m

m+1
(

fξ

)2
)
+ A1GRθ+ A1Reϕ− σhn f

σf
M2 fξ = 0,

(12)

θξξ + A2Pr fθξ + A4PrECM2( fξ

)2
+ A4Hsθ+ A4 A5PrDFϕξξ = 0, (13)

ϕξξ +
Sc

(1−φ2)
2.5(1−φ1)

2.5 fϕξ − KcSc
(1−φ2)

2.5(1−φ1)
2.5ϕ+ ScSrθξξ

− Sc
(1−φ2)

2.5(1−φ1)
2.5 (1 + δθ)nΓϕexp

(
− E

1+δθ

)
= 0.

(14)

The BCs of Equations (12)–(14) are constructed as

f (0) = α1

(
1−m
1+m

)
, fξ(0) = 1, fξ(∞) = 0,

θ(0) = 1, θ(∞) = 0,ϕ(0) = 1, ϕ(∞) = 0.
(15)

Here, the parameters related to nanoparticles and hybrid nanoparticles are

A1 = (1− φ1)
2.5(1− φ2)

2.5
[
(1− φ2)

{
(1− φ1) + φ1

ρs1
ρ f

}]
+ φ2

ρs2
ρ f

,

A2 = A4

[
(1− φ2)

{
(1− φ1) + φ1

(ρCp)s1
(ρCp) f

}]
+ φ1

(ρCp)s2
(ρCp) f

,A4 =
k f

khn f
,

(16)

A5 = (1− φ1)
2.5(1− φ2)

2.5

[
(1− φ2)

{
(1− φ1) + φ1

(
ρCp

)
s1(

ρCp
)

f

}]
+ φ1

(
ρCp

)
s2(

ρCp
)

f
, (17)

khn f

kb f
=

 ks2 + (n− 1)kb f − (n− 1)φ2

(
kb f − ks2

)
ks2 + (n− 1)kb f − φ2

(
kb f − ks2

)
. (18)

where the fluid parameter (ε), thermal Grashof (GR), bio-convection Rayleigh (Re), mag-
netic (M2), Prandtl (Pr), Eckert (EC), Dufour (DF), chemical reaction (Kc), Schmidt (Sc),
Soret (Sr), activation energy (E) and temeprature differnece (δ) numbers are derived as

ε =
1

αµ f
, GR =

Y (Tw − T∞)G

a2(b + x)2m−1 , Re =
Y (Cw − C∞)G

a2(b + x)2m−1 , M2 =
2(B0)

2σf

ρ f (m + 1)a(b + x)m−1 , (19)

Pr =
µ f
(
Cp
)

f

k f
, Ec =

(b + x)2ma

(Tw − T∞)2(Cp
)

f

, Sc =
ν f

D f
, δ =

Tw − T∞

T∞
, E =

En
(x + b)T∞

, (20)

Kc =
2kr

(m + 1)a(x + b)m−1 , DF =
D f (Cw − C∞)Kt

ν f Cs(Tw − T∞)
(
Cp
)

f
, Sr =

KtD f (Tw − T∞)

ν f Tm(Cw − C∞)
. (21)

The present flow model is known as the pure fluid model for φ1 = φ2 = 0. Equation (2)
is called the continuity equation, while Equation (3) is known as a momentum equation (in
x-direction). The first two terms (on the LHS of Equation (3)) are inertial forces, and the last
two terms (on the LHS of Equation (3)) are impacts related to heat energy and concentration
due to gravitational force (acting downward on the parabolic surface). The first term (on
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the RHS of Equation (3)) is known as a Lorentz force, whereas the last two terms (on the
RHS of Equation (3)) occur due to the presence of Eyring–Powell fluid. Equation (4) shows
the heat energy equation, and the first two terms (on the LHS of Equation (4)) appear due
to convective heat transfer. The first term (on the RHS of Equation (4)) is Fourier’s law (of
heat conduction), and the last three terms (on the RHS of Equation (4)) are Joule heating,
Dufour effect and heat generation, respectively. Equation (5) is the concentration equation;
the first two terms (on the LHS of Equation (5)) are the diffusion of mass species (through
convection) while the last four terms (on the RHS of Equation (5)) are known as Fick’s
law, the chemical reaction, the Soret effect and the activation energy, respectively. Thermal
properties of hybrid nanoparticles and nanoparticles are mentioned in Table 1.

Table 1. Thermal properties of hybrid nanoparticles and nanoparticles in base fluid.

Cu C2H6O2 Al2O3

ρCu = 8933 ρC2 H6O2 = 1113.5 ρAl2O3 = 3970(
Cp
)

Cu = 4179
(
Cp
)

C2 H6O2
= 2430

(
Cp
)

Al2O3
= 765

kCu = 0.613 kC2 H6O2 = 0.253 kTAl2O3 = 40
σCu = 5.5× 10−6 σC2 H6O2 = 4.3× 10−5 σAl2O3 = 5.96× 107

The surface force at the wall of the parabolic surface is modeled as

C f =
τat wall

ρhn f
(
a(b + x)m)2 ,

(Ree)0.5C f(
m+1

2

)0.5 =
(1− φ2)

−2.5

(1− φ1)
2.5

[
(1 + ε) fξξ(0)− εδ∗

(
fξξ(0)

)3
]

(22)

The gradient temperature in the combination of hybrid nanoparticles and nanoparti-
cles is

(Ree)0.5Nu
(

m + 1
2

)−1/2
= A4θ′(0). (23)

The Sherwood number reflects the existence of activation energy, and is modeled as

(Ree)0.5Sh
(

m + 1
2

)−1/2
=

1

(1− φ2)
2.5(1− φ1)

2.5 φ′(0). (24)

Here, the local Reynolds is known as Ree = (b+x)m+1a
ν f

.

3. Grid Independent Analysis and Numerical Approach

The numerical approach is adopted as a finite element scheme (FEM) to compute the
solution of highly non-linear ODEs. The domain of the current model is broken into small
segments called finite element schemes. FEM is used in electrical systems, solid mechanics,
chemical processing and fluid-related problems, etc. The related steps of FEM are listed
below.

Construction of residuals: The collection of all terms on one side provides the residu-
als. The present model (Equations (12)–(15)) is called the strong form, while this strong
form is reduced to its weak form by integrating the non-linear terms. It is noticed that the
order of ODEs is reduced by considering the term f ′ = T. The simplified residuals are∫ ηe+1

ηe
wh1

[
f ′ − T

]
dη = 0, (25)

∫ ηe+1

ηe
wh2

[
θξξ + A2Pr fθξ + A4PrECM2(T)2 + A4Hsθ+ A4 A5PrDFϕξξ

]
dη = 0, (26)

∫ ηe+1

ηe
wh3

 ϕξξ +
Sc

(1−φ2)
2.5(1−φ1)

2.5 fϕξ − KcSc
(1−φ2)

2.5(1−φ1)
2.5ϕ

+ScSrθξξ − Sc
(1−φ2)

2.5(1−φ1)
2.5 (1 + δθ)nΓϕexp

(
− E

1+δθ

) dη = 0. (27)
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Here whl , l = 1.3 are the weight functions and ψi is the shape function.
Mesh-free investigation: The current model has a physical domain [0, ∞], while it is

clear that the computational domain is generated using the concept of the satisfaction of
asymptotic BCs. [0, 8] is considered the computational domain, where ηmax is considered
to be 8. The graphical views of the computational and physical domains, and the division
of the physical domain into elements, are addressed by Figures 4 and 5.
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Assembly procedure: the Galerikin scheme is used to obtain the elements’ stiffness
matrix. The elements’ stiffness matrix is developed using the assembly procedure. The
elements’ stiffness matrix is

K11
ij =

∫ ηe+1

ηe
ψi

(dψj

dη

)
dη, K12

ij = −
∫ ηe+1

ηe
ψi

(
ψj

)
dη, K13

ij = 0, K14
ij = 0, (28)

K22
ij =

∫ ηe+1

ηe


−
(

1 + ε(1− φ1)
2.5(1− φ1)

2.5
)

dψi
dη

dψj
dη

+δ*ε(1− φ1)
2.5(1− φ1)

2.5
(

T′
)2 dψi

dη

dψj
dη

+A1

(
fψi

dψj
dη −

2m
m+1 Tψi

dψj
dη

)
−− σhn f

σf
M2ψi

dψj
dη

dη, K21
ij = 0, (29)

K23
ij =

∫ ηe+1

ηe
A1GRψi

(
ψj

)
dη, K21

ij = 0, K24
ij =

∫ ηe+1

ηe
A1Reψi

(
ψj

)
dη, B2

i = 0, (30)

K33
ij =

∫ ηe+1

ηe

[
−

dψj

dη

dψi
dη

+ A2Pr f
dψj

dη
ψi + A4Hsψiψj

]
dη, (31)

K34
ij =

∫ ηe+1

ηe

[
−A4 A5PrDF

dψi
dη

dψj

dη

]
dη, K31

ij = 0, K31
ij = 0, B3

i = 0, (32)

K44
ij =

∫ ηe+1

ηe

 − dψi
dη

dψj
dη + Sc

(1−φ2)
2.5(1−φ1)

2.5 fψi
dψj
dη

− KcSc
(1−φ2)

2.5(1−φ1)
2.5ψiψj

dη, B4
i = 0, (33)

K43
ij =

∫ ηe+1

ηe

 −ScSr
( dψj

dη

dψj
dη

)
− Sc

(1−φ2)
2.5(1−φ1)

2.5×

Γ
(
1 + δθ

)nexp
(
− E

1+δθ

)
ψiψj

dη, (34)

K32
ij =

∫ ηe+1

ηe
A4PrECM2Tψjψidη, K44

ij = 0, K41
ij = 0. (35)

Error investigation and simulation of equations: The system of ODEs is linearized
using Picard linearization, considering the tolerance (10−8). The convergence analysis is
conducted as

Err =
∣∣∣χi − χi−1

∣∣∣ (36)

and the convergence criteria of the current model are defined as

Max
∣∣∣χi − χi−1

∣∣∣ < 10−8. (37)



Fractal Fract. 2021, 5, 119 8 of 17

Study of grid independent: Maple 18 software is used to generate the code related to
FEM. The solution of the current model is converged at 300 elements. The simulations of
grid independent with 300 elements are given in Table 2.

Table 2. Mesh-free analysis of velocity, concentration and temperature at the middle of each of the
300 elements.

Number of Elements fξ

( η∞
2
)

θ
( η∞

2
)

ϕ
( η∞

2
)

30 0.02563511179 0.5010430026 0.000002753767268
60 0.005590099064 0.4622252540 0.02471348366
90 0.005472897618 0.4564407494 0.02293467057

120 0.005415678507 0.4535558400 0.02208161164
150 0.005381789627 0.4518259302 0.02158116249
180 0.005359391320 0.4506744132 0.02125219796
210 0.005343470646 0.4498514616 0.02101947689
240 0.005331585746 0.4492371723 0.02084607618
270 0.005322299522 0.4487571006 0.02071193875
300 0.005314946586 0.4483716081 0.02060532127

4. Results and Discussion

This section contains graphical discussions of flow behavior, solute particles and
thermal energy in the presence of the Dufour and Soret effects, including various shapes
(cylinder, platelet and sphere) of nanoparticles. The flow of solute particles is affected
by the presence of activation energy and chemical reactions, whereas the transfer of
thermal energy occurs in the presence of heat generation phenomena. The effects of bio-
convection and magnetic fields are also imposed upon Eyring–Powel liquid containing
hybrid nanoparticles and nanoparticles. The finite element method is used to determine
the effects of various parameters on solute particles’ temperature and velocity profiles. The
outcomes are captured below:

4.1. Comparative Analysis of Flow Behavior in Hybrid Nanoparticles and Nanoparticles

A comparative analysis between hybrid nanoparticles and nanoparticles is carried
out in the flow behavior of Eyring–Powel liquid, considering cylinder, platelet and sphere
nanoparticles. Such analysis is simulated with the inclusion of various physical parameters,
as considered by Figures 6–10. Hybrid nanoparticles are called Cu/Al2O3 and nanofluid
is taken as Cu in the base fluid (ethylene glycol). Moreover, solid lines are plotted for
Cu/Al2O3 and dotted lines plot the influence of Cu. The effect of ε on the flow of fluid
particles over a stretched surface is visualized by Figure 6. The effect of an increment in
fluid speed on hybrid nanoparticles and nanoparticles is investigated using the large values
of ε. The speed of hybrid nanoparticles becomes higher, and the speed of nanoparticles does
not. The thickness of the momentum boundary layer becomes higher via an enlargement
of the fluid parameter. Physically, the parameter related to ε is affected by the presence
of Darcy’s porous medium in relation to fluid particles. The retardation force impacts
fluid particles due to the presence of Darcy’s porous medium. MBL (momentum boundary
layer thickness) is also managed with the help of ε. Figure 7 illustrates the role of the flow
in nanoparticles and Cu/Al2O3 versus the change in the power law index number (m).
The parameter related to m is observed in the flow model due to the parabolic surface.
m acts as a drag force in the flow of Cu/Al2O3 and Cu. The higher values of m bring
about a reduction in the speed of flow over a heated parabolic surface. In Figure 7, the
speed of flow attains the maximum speed in the hybrid nanoparticles rather than the
nanoparticles in ethylene glycol. The thickness of boundary layers becomes reduced by
applying large values of m. The parameter related to the power law number (m) is affected
by the transformations in the current model. Moreover, the thickness of the boundary layer
is reduced with higher values of the power law number. Hence, the fluid becomes thick
with positive values of the power law number. The effect of Re (bio-convection Rayleigh) on
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the speed of the fluid particles is measured by Figure 8. It is noticed that the motion of fluid
particles becomes slow due to the enlargement of Re. The flow of hybrid nanoparticles and
nanoparticles is higher than the flow of Cu-nanoparticles. The thicknesses of momentum
boundary layers are also reduced with positive values of Re. Figure 9 captures the flow
behavior in nanoparticles and hybrid nanoparticles with changes in GR. This parameter
is very useful to attain the maximum flow of fluid particles over a parabolic surface.
An enhancement in flow occurs due to the higher values of the Grashof number, based
on the volumetric (thermal expansion) coefficient. Hence, the Grashof number causes
an increment in flow behavior, since the thermal Grashof parameter (GR) is based on
coefficient (volumetric thermal) expansion. Therefore, the thermal Grashof parameter (GR)
generates an enhancement in fluid motion. Moreover, the thickness of the momentum
boundary layer in hybrid nanoparticles is greater than the MBLT of nanoparticles. Hence,
hybrid nanoparticles generate the maximum flow in fluid nanoparticles.
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4.2. Comparative Analysis of Thermal Energy in Hybrid Nanoparticles and Nanoparticles

The variation in thermal energy is assessed versus the change in the Dufour, heat
generation, Eckert and magnetic numbers. The influences of the Dufour, heat generation,
Eckert and magnetic numbers on the transfer of heat energy are captured by Figures 10–13.
The effect of the heat generation number on the transfer of heat energy is displayed by
Figure 10. The maximum heat energy is attained via the enlargement of Hs. It is estimated
that negative values relate to the absorption of thermal energy, while positive values of Hs
relate to the generation of thermal energy. The graphical representation illustrates strong
absorption via the higher negative values of Hs. The term of Hs in the dimensionless energy
equation is affected by the appearance of heat generation. The maximum heat energy is
generated by hybrid nanoparticles (Cu/Al2O3) rather than Cu-nanoparticles. Hence, Hs is
the best physical parameter in view of attaining the maximum amount of heat energy. The
dual role Hs in heat energy relates to the positive and negative values of Hs. Physically, Hs
is generated in the energy equation because of the external heat source. As such, thermal
aspects can be adjusted according to the values of Hs. The comparative analysis in view of
thermal energy, taking into account the impact of D f , is plotted by Figure 11. The increasing
effect of D f on the transfer of thermal energy is visualized by Figure 11. The Soret and
Dufour effects are inserted into the mass diffusion and heat energy equations. The fluid
particles become more heated following the involvement of D f . Hybrid nanoparticles are
more able to attain the maximum amount of heat energy than nanoparticles. The effect of
the Dufour number (D f ) in the heat energy equation (Dimensionless) occurs because of
the first law of thermodynamics. This law states that the transport of heat energy is due
to the concentration gradient. The fluid particles carry more heat energy at the surface
due to the diffusing of the nanoparticles into fluid. Figure 12 demonstrates the effects of
EC on thermal energy, as is further captured by Figure 13. EC has an effect due to the
role of viscous dissipation in the dimensionless energy equation. Physically, the direct
relation between viscous dissipation and EC is plain. The large values of EC relate to the
maximum viscous dissipation. Hence, more kinetic energy is produced in fluid particles,
considering the impacts of nanoparticles and hybrid nanoparticles. Moreover, the inclusion
of hybrid nanoparticles helps attain more heat energy than nanoparticles. The Eckert
number (EC) is also known as the work done by fluid particles. Positive values of EC
motivate the particles to carry more heat energy. So, the temperature of fluid particles is
increased by viscous dissipation. The variation in the effect of the magnetic number on
the transfer of heat energy is illustrated by Figure 13. An increment in thermal energy is
manifested by large values of the magnetic number. Physically, the magnetic number in the
dimensionless energy equation is generated by the role of the Joule heating phenomenon.
The Joule heating phenomenon brings about increments in thermal energy via higher
values of magnetic number. Joule heating is defined as the transformation of electrical
energy into heat energy. The fluid particles become heated due to the dissipation of heat
energy.
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4.3. Comparative Analysis of Solute Particles in Hybrid Nanoparticles and Nanoparticles

Figures 14–17 show the comparative analysis of solute particles in hybrid nanoparti-
cles and nanoparticles with variations in various parameters Sc, E, Sr and Kc. The graph
of diffusion mass species versus Sc is plotted in Figure 14. A reduction occurs in solute par-
ticles with the variation in Sc. According to the definition of Sc, solute particles slow down
following a reduction in mass diffusion. From another point of view, hybrid nanoparticles
are more concentrated in solute particles compared to nanoparticles affected by Sc. The
thicknesses of concentration layers are reduced via the enlargement of Sc. The impact of
activation energy (E) on solute particles can be observed in Figure 15. It is clear that a
modification of the Arrhenius function brings about an enlargement in activation energy.
The diffusion of solute particles is enhanced because of the activation energy. Activation
energy provides more heat energy to fluid particles. The process of diffusion becomes
fast. Further, the thickness of the boundary layer is increased with larger values of E.
Figure 16 illustrates the impact of Sr on the chemical species, including the evolution of
hybrid nanoparticles and nanoparticles. Sr is a coefficient term based on temperature
gradient. The diffusion of solute particles increases with the temperature gradient. The
physical parameter related to Sr is related to the concept of the Soret number. The Soret
number increases solute particles. There are less chemical species of nanoparticles (Cu)
than there are of hybrid nanoparticles (Cu/Al2O3). In this figure, CBLT also increases with
respect to Sr. The effect of concentration on the chemical reaction (Kc) is visualized by
Figure 17. Positive values of Kc result in a generative chemical reaction, while the tendency
of chemical species to transport is reduced. In this investigation, the chemical reaction
related to the first order is discussed in the equation (concentration). Further, destructive
chemical reactions occur with positive values of the chemical reaction number. Kc = 0
occurs when no reaction happens. This kind of reaction is seen as more significant than the
destructive chemical reaction. The chemical species of hybrid nanoparticles are greater in
number than the chemical species generated by nanoparticles.
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4.4. Comparative Simulations of Gradient Temperature, Surface Force and Rate of Solute 
Particles in Hybrid Nanoparticles and Nanoparticles 

The gradient velocity, Sherwood number and temperature gradient are measured 
against the changes in 𝜖, 𝑀, 𝐻 , 𝐷  and 𝑆𝑐 in hybrid nanoparticles and nano-structures. 
Table 3 shows a comparative analysis between hybrid nano-structures and nano-struc-
tures. The velocity gradient is enhanced with the variation in 𝜖, 𝑀 and 𝐷 , whereas the 
velocity gradient decreases with the enhancement in 𝐻  and 𝑆𝑐. It is important to men-
tion that the flow of hybrid nanoparticles is significantly increased as compared to nano-
particles in ethylene glycol. The temperature gradient becomes greater with larger values 
of 𝜖, 𝑀 and 𝑆𝑐. Hence, the roles of  𝑀 and 𝑆𝑐 in obtaining the maximum production of 
heat energy are considered significant. However, the rate of heat energy production is 
decreased with higher values of 𝐻  and 𝑆𝑐. Table 3 shows that hybrid nanoparticles are 
very useful for obtaining the maximum production of heat energy, as compared to nano-
particles. Rate mass diffusion has a similar impact as gradient temperature. In this case, 
hybrid nanoparticles are much more significant in obtaining the maximum rate of mass 
diffusion as compared to nanoparticles. 

Figure 16. Comparative analysis of concentration in hybrid nanoparticles and nanoparticles with
changes in Sr.
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4.4. Comparative Simulations of Gradient Temperature, Surface Force and Rate of Solute Particles
in Hybrid Nanoparticles and Nanoparticles

The gradient velocity, Sherwood number and temperature gradient are measured
against the changes in ε, M, Hs, D f and Sc in hybrid nanoparticles and nano-structures.
Table 3 shows a comparative analysis between hybrid nano-structures and nano-structures.
The velocity gradient is enhanced with the variation in ε, M and D f , whereas the velocity
gradient decreases with the enhancement in Hs and Sc. It is important to mention that
the flow of hybrid nanoparticles is significantly increased as compared to nanoparticles
in ethylene glycol. The temperature gradient becomes greater with larger values of ε, M
and Sc. Hence, the roles of M and Sc in obtaining the maximum production of heat
energy are considered significant. However, the rate of heat energy production is decreased
with higher values of Hs and Sc. Table 3 shows that hybrid nanoparticles are very useful
for obtaining the maximum production of heat energy, as compared to nanoparticles.
Rate mass diffusion has a similar impact as gradient temperature. In this case, hybrid
nanoparticles are much more significant in obtaining the maximum rate of mass diffusion
as compared to nanoparticles.

Table 3. Numerical values of (Ree)0.5Nu
(

m+1
2

)−1/2
and −(Ree)0.5Sh

(
m+1

2

)−1/2
versus ε, M, Hs, D f and Sc in nanoparti-

cles and hybrid nanoparticles.

Nanoparticles (Cu) Hybrid Nanoparticles (Cu/Al2O3)

Surface Force Nusselt Number Sherwood Number Surface Force Nusselt Number Sherwood Number

0.2 1.924813 1.565118 0.1384307 2.945961 2.565701 2.1399317
ε 0.5 0.221389 1.754730 0.5383389 2.549771 2.755495 2.3398409

0.7 0.161556 1.940713 0.8382172 2.451139 2.946134 2.7397592
0.0 1.512261 0.7328196 0.1368876 2.998115 2.533346 2.1396489

M 0.5 1.946357 1.530040 0.1381261 2.972760 2.731219 2.3396312
0.8 1.988206 1.725651 0.1390913 2.982020 2.926860 2.7395964
−1.3 1.414523 1.459182 0.1383186 2.063254 2.460611 2.1398258

Hs 0.3 1.262850 1.235944 0.1269818 2.074621 2.481310 2.1598612
0.5 1.185876 1.501063 0.7124085 2.077686 2.499332 2.3398757
0.0 1.908737 1.187635 0.4380280 2.077922 2.443122 3.1398757

D f 0.3 1.908929 1.195251 0.2380280 2.078114 2.346892 3.1098757
0.7 1.909124 1.299087 0.1380280 2.079462 2.152565 3.0398760
0.0 1.069600 1.512535 0.2237168 2.117654 2.511689 3.2259912

Sc 1.3 1.129306 1.797270 0.3764354 2.178452 2.496630 3.2791166
2.5 1.153055 1.985977 0.5326884 2.218099 2.488496 3.0189080

5. Prime Consequences of Current Model

Assessments of the thermal energy and chemical species in the presence of heat
generation, and Dufour and Soret effects, are addressed in Eyring–Powel liquid with
nanoparticles (cylinder, platelet and sphere) and hybrid nano-structures over a heated
parabolic surface. The roles of activation energy and chemical reactions are included in
the mass diffusion equation. The term related to bio-convection is also incorporated into
the flow phenomenon. The numerical approach (FEM) is adopted to simulate numerical
results of the current model. The prime consequences of the present study are listed below:

Three hundred elements are required for the convergence analysis of the current flow
phenomenon;

Hybrid nanoparticles (Cu/Al2O3) are very significant in the context of solute particles,
the flow of fluid particles and thermal energy, as compared to nanoparticles (Cu);

A greater acceleration of fluid particles is captured by the fluid parameter and the bio-
convection Rayleigh number, whereas declinations in flow are indicated by enlargements
in power law index and thermal Grashof number;

The performance of thermal energy is maximized by inserting the highest values of
the magnetic, Dufour, heat generation and Eckert numbers;
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The diffusion of solute particles increases due to increments in the values of activation
energy and Soret number. However, the diffusion of solute particles decreases when using
higher values of Schmidt and chemical reaction numbers;

Hybrid nanoparticles are very significant to obtaining the maximum rate of flow, heat
energy and concentration, compared to nanoparticles;

Divergent velocity is enhanced by using large values of fluid number, magnetic
number and Schmidt number, but reductions are seen in divergent velocity with changes
in the heat generation and Dufour numbers;

The temperature gradient increases with positive values of the fluid number, magnetic
number and Schmidt number, while the gradient temperature decreases with changes in
the heat generation and Dufour numbers. The same trend is noticed in the concentration
gradient.
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Nomenclature
Symbols Used for Symbols Used for
Ũ, Ṽ Velocity components (m/s) x, y Space coordinates
G Gravitational force (N) Whi, i = 1.3 Weight functions
m Power law index number T, T∞ Temperature and ambient temper-

ature
C, C∞ Concentration and ambient con-

centration (Kgm−3)
B0 Magnetic induction

k Thermal conductivity (Wm−1) KT Thermal diffusion
D Mass diffusion (m2s−1) Cs Concentration susceptibility
Cp Specific heat capacitance

(JKg−1K)
Q Heat generation

k1 Chemical reaction (s−1) Tm Fluid mean temperature
E Activation energy (JKg−1K) kt
a, b Constants F Dimensionless velocity
GR Thermal Grashof Re Bio-convection Rayleigh
M2 Magnetic field Pr Prandtl number
Ec Eckert number Hs Heat generation number
Hn f , b f Hybrid nanofluid D f Dufour number
Sc Schmidt number Sr Soret number
Kc Chemical reaction number Nu Nusselt number
Sh Sherwood number Ree Reynolds number
m∗ Size number of nanoparticles C f Skin friction coefficient
Cu, Al2O3 Copper and aluminum oxide C2H6O2 Ethylene glycol
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Greek Symbols
σ Electrically conductivity (S.m−1) γ Volumetric coefficients
ρ Fluid density (Kg.m−3) ∞ Infinite number
ψ Stream function Θ, θ Dimensionless temperature
ϕ, Φ Dimensionless concentration φ1, φ2, φ Volume fractions
ξ Independent variable ε Fluid number
τ Shear stress (N.m−2) e Euler number
δ Temeprature differnece (K) δ∗ Fluid number
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