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Abstract: The existence of solutions for a class of nonlinear neutral Hadamard-type fractional integro-
differential equations with infinite delay is researched in this paper. By constructing an appropriate
normed space and utilizing the Banach contraction principle, Krasnoselskii’s fixed point theorem, we
obtain some sufficient conditions for the existence of solutions. Finally, we provide an example to
illustrate the validity of our main results.
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1. Introduction

The main purpose of this paper is to study the existence of solutions for the follow-
ing Hadamard-type neutral fractional integro-differential equation with infinite delay
written by

HDi‘+[u(t)—£l 1B ei(t )] = a(t) f(tw, [F g(t,s,us)ds), t€]=[1,T],

i= )
u(t) = ¢(t), t € (—oo,1],

where T > 1,0 <« <landp; > 0(i = 1,2,...,m) are some given real constants. HDi‘+

denotes the Hadamard-type fractional derivative of order &, 1 ]fi stands the Hadamard
fractional integral of order Bj. ¢;: [ x By, = R, f: [ x By xR—-Randg: ] x [ x B, = R
are given continuous functions satisfying some assumptions that will be introduced later.
The function a(t) € C[J,R] and it is not identically zero on any subinterval of [1, T]. We
also assume that u; : (—o0,0] — By, with u;(6) = u(t +6) (6 < 0) belongs to an abstract
phase space B, which is defined in Preliminaries. ¢(t) : (—o0,1] — R is a given continuous
initial function with ¢(1) = 0.

Fractional calculus, especially fractional differential equation is an advantageous math-
ematical model used to describe properties of various processes and applications in lots of
fields. Therefore, the fractional differential equations are widely concerned and studied by
many people. There have been many papers dealing with fractional differential equations
with different conditions such as impulses [1-6], time delays [1,3,4,7,8], implicit conditions [9],
algebraic conditions [10], stochastic conditions [4], neutral conditions [1,2,6,10,11], boundary
value conditions [5,7-9,12], and so on. In 1892, Hadamard [13] proposed a new kind of
fractional calculus. The definition of this fractional calculus contains the logarithmic function
of any index in the integral kernel. This kind of fractional calculus is later called Hadamard
fractional calculus. Hadamard fractional calculus has been widely concerned and studied
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by many scholars since it was put forward. In the monographs [14,15], the authors intro-
duced the basic knowledge and results of Hadamard'’s fractional calculus and differential
equation in detail. Some researchers have studied and explored the dynamic properties
of Hadamard fractional calculus and differential equations. For example, the Hadamard
fractional integration operators and the semigroup property were discussed in [16]. The
Mellin’s transformation of Hadamard fractional calculus was investigated in [17]. Some
papers on Hadamard fractional differential boundary value problems [5,18-23], integro-
differential equations [5,18,24], neutral equations [24] and coupled systems [5,25] have
been published. Compared with the research results of Riemann-Liouville and Caputo
fractional differential equations, the study on Hadamard fractional differential equation are
relatively rare. Therefore, it is valuable and challenging to study the dynamic properties of
Hadamard fractional differential equations.

In addition, the research on system (1) is also inspired by the literature [24]. The
author studied the existence and uniqueness results of solutions for the following system

{ HDR[u(t) —

M=

I‘Bi”li(t, u)| = f(t,ut), te]=[1,T],
i=1
u(t)=¢(t), tel—r1], r>0,

where T > 1,0 <a <1landp; > 0(i =1,2,...,m) are some given real constants. Hpe
denotes the left-side Hadamard fractional derivative of order «, I?i stands the Riemann—
Liouville fractional integral of order p; > 0. f,h; : J x C([-r,0],R) — R are given
continuous functions, ¢ € C([1 —r,1],R) with ¢(1) = 0. For any u, it is a function defined
on[l—rT|and forany t € ], us(6) = u(t+6) € C([-r,0],R), 8 € [—r,0]. The author
established the uniqueness of solutions by the Banach contraction principle and derived
the existence of solutions by the Leray—Schauder alternative.

The rest of the paper is organized as follows. In Section 2, we recall some useful
definitions, notations and lemmas. The main results are proved in Section 3. In Section 4,
an example is given to demonstrate the application of our main results. Finally, we conclude
the importance of studying problem (1) and our obtained results in Section 5.

2. Preliminaries

In this section, we introduce some necessary definitions, notations, lemmas and
preliminary facts, which are required in the sequel.

First of all, we present the abstract phase B, similar to [26]. Here we assume that
h: (—o0,0] — (0,+00) is a continuous function with [ = f?oo h(t)dt < +oo. Forany ¢ > 0,
we define B = C([—c, 0], R) equipped with the norm |[¢||(_c,0] = supse(—c0[$(s)|, V¢ €
B. Define

0
B, = {1,0 | ¢ € C(—00,0],R) such that for any b > 0,4 ||_ o€ B and /700}1(5)”‘/’“[5,0]515 < +oo}.

Clearly, (By, || - ||5,) is a Banach space equipped with the norm

0
19ls, = [ _ B¢ ls0ds, 79 € By

Define

B, :{w | w e C(—oo, T],R) such that w(1) = ¢(1) = 0},

equipped with [[w]| g = max{]|¢l|ec, [[w]|T}, where [[¢]lcc = max{[[¢]|5,, sup;c(oq [P(E)]},
lwllr = SUPgc[1,7] |w(s)|. Let X = By, for any u € X, define ||u| = ||u||B;', it is easy to
verify that X is a Banach space.
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Definition 1 ([14]). The left-sided Hadamard fractional integral of order &« > 0 for a function
u:[1,00) — Ris defined by

fﬁﬁu0%=ré»AfOnzykidﬂfi

provided the integral exists.

Definition 2 ([14]). Let u € C"([1,00)). Then the Hadamard type fractional derivative of order
a > 0 for a function u : [1,00) — R is defined by

1 dN" rt/ e\ ds
Hpu - — — p — < —
DY, u(t) T —a) (tdt> /1 <lns> u(s) oo l<a<n n=[a]+1,

where [a] denotes the integer part of the real number « > 0, and T'(-) is the Gamma function.

Lemma 1 ([14]). Assume that u € C"(1,T) "\ L' (1, T) with a Hadamard type fractional deriva-
tive of order & > 0. Then

H HDY u(t) = u(t) + e (Int)* '+ co(Int)¥ 2 + .. 4 cp (Int)* ",
wherec; €eR,i=1,2,...,n—1,nandn = [a] + 1.

Lemma 2 ([14]). Ifa > 0, > 0, then the following properties hold:

Hpg. (nppt = P (;(f)a) (Inp)f=1,

x —1_ _T(B) o
HTt (nt)P =t = W(lnf)ﬁJr !

M1 DS u(t) = u(t),

in particular, HDi‘+ (Int)¥7=0,j=1,2,...,[a] +1.

Lemma 3 (Banach contraction principle [27]). If E is a real Banach spaceand F : E — E isa
contraction mapping, then F has a unique fixed point in E.

Lemma 4 (Krasnoselskii’s fixed point theorem [28]). Let Xy be a nonempty closed convex
subset of a Banach space (X, || - ||). Let P, Q be two operators such that
(i) Px+Qy € Xj forany x,y € Xy;
(ii) P is a contraction mapping;
(iii) Q is continuous and compact.
Then there exists a z € X such that z = Pz + Qz.

Lemma 5. Let §(t),5(t) € C(J,R) and ¢(t) € ((—o0,1],R) with ¢(1) = 0 be some given

functions, and 0 < o <1, B > 0and T > 1 be some constants. Then a function u(t) € Xisa
solution of the following linear system

)= rn0) =20, te =0T, @
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ifand only if u(t) € X is a solution of the integral equation as follows:
ja-1 + HP —
u(t) a fl h‘l g( ) ]1+17(t>l te ]_ [LTL (3)
¢(t), te ( oo, 1].

Proof. Assume that u(t) € X is a solution of (2). When t € | = [1, T], according to the first
equation of (2) and Lemma 1, we have

1t o=l ds .
ut) = ") = i [ (D) E0F ety

In the light of the existence of u(1) = 0, we have ¢; = 0. When t € (—oo,1], then
u(t) = ¢(t). Thus, we derive

u(t) = { ﬁff(lnﬁ)“*l@(s)% + H]fﬂ?(f), te]=[1T],
¢(t)’ te (7001 1]1

which indicates that u(t) € X is also a solution of (3). Conversely, if u(t) € X is a solution
of (3), noting that the above process is completely reversible, then we know that u(t) € X
is also a solution of (2). The proof is completed. [

3. Main Results

Foranyt € (—oo,T|,e;: [ x By = R, f: [ x By xR =R, g: > x B, — R, u(t) € X,
it follows from Lemma 5 that an operator F : X — X defined by

riay i D) als) f(s,us, [7 g(s, T, ur)d) % + Z 1P eit ), te],
(4)

¢(t), t € (—oo,1].

Then solving the problem (1) is equivalent to finding the fixed point of the operator F
defined by (4). Next we shall present and prove our main results. To this end, the following
assumptions are needed later.

(Hp) The functions e; : | x B, — R(i = 1,2,...,m) are continuous, and there exist some
constants k; > 0 such that

leit,u) —ei(t,W)| < killu —ul[g,, t €], uu € By.

(Hy) The function a(t) € C(J,R) is not identically zero on any subinterval of [1, T], and
there exists a constant M > 0 such that forany ¢ € J, |a(t)| < M.

(H3) The function f : | x By x R — R is continuous, and there exist some constants
ny, npy > 0 such that

If(tu,x) — f(tu,y)| <mllu—71lg, +nafx—yl, t€], u,ue By x,y €R.

(H4) The function g : | x | x B, — R is continuous, and there exists a constant 4 > 0
such that

g(t,s,u) - g(t,s, M| < qllu~lls, t,s € J, w7 € B,

(H5)0 < 01 < 1, where

M(InT " ki (InT)Pi 0
01 =1 1"(Ex+l))(nl +12qT) —1—12181_’_)1)], l:[wh(s)ds.

Theorem 1. Assume that (Hy)—(Hs) hold. Then the problem (1) has a unique solution u* € X.
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Proof. Now we are applying Lemma 3 to prove that F : X — X defined by (4) has a unique
fixed point. Actually, forall t € (—oo, T], u,u € X, when t € (—o0,1], we have

(Fu)(t) — (Fu)(t) = ¢(t) — ¢(t) =0, ®)
which implies that
I(Fu)(t) = (Fu) ()] = 0. (6)
When t € [1, T}, it follows from (4) and (H;)-(Hs) that

[[(Fu)(t) — (Fu) (#)]]
_Hr(lf") /; <ln ;)ala(s) [f(s, us,/ls g(s, T, ur)dT)

—f(s,ﬂs,/ls (s,7,1)dT) ] ZH]ﬁ ei(t, ur) —e;(t, uy)] ’

1t/ \*! _ s
<ty (2) oo (ol il + o] [ v e

ds M1 t N\ Bi—1 _ds
)5+ Ky h (03) et —esml

1 t ¢ a—1 s
<t () e (malle il + v [ fgts 00
ds

1

m t
)s + L (n P s — sl

M AN = ds
Sl’(oc)/l <lns> <ﬂ1||us—us||3h+n2/ q||ur—ur||31dr) -
U t 1\ Bi—1 ds
N T ACH TS
t

B
. ¢ a—1 B ds
<]ns> <nll||u—u||T+n2/ q””_””TdT)

m . t t ﬁi—l ds

Int N -l 2
YA CH RIS
K— 1ds

< 25 (nll||u—u||T+nquT||M—“||T)f1( 95

—1
X it —ar [ (in )P

n m nT)Pi _
= l{ FE}HTl)) (”1+”2’7T>+Zz 1 krlﬁJTr)l)}H”_”H

= o1l —al| < [lu —ul.

Q(s, T, ur)dt

|
—

@)

In view of (Hs), (6) and (7), we conclude that F defined as (4) is a contraction mapping.
Thus, F has a unique fixed point u*(t) € X. Consequently, the problem (1) has a unique
solution u*(t) € X. The proof of Theorem 1 is completed. [

Theorem 2. Assume that (Hy)—(Hy) hold. If the following conditions (Hg)—(Hy) also hold, then
the problem (1) has at least a solution u*(t) € X.

(Hg) The functions ¢; : | x B, — R(i = 1,2,...,m) are continuous functions, and there
exist some positive constants K; such that

|ei(t,ut)| < KiHutHBh, te], u € By.
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(Hy) The function f : | x B, x R — Ris a continuous function, and there exist two positive
constants Ny, N such that

|f(t,ut, x)| < Nillug||g, + Naolx|, t € ], uy € By, x € R.

(Hg) The function g : J? x B;, — R is a continuous function, and there exists a positive
constant Q such that

g(t,s,ur)| < Qlluelg,, t,s €], ur € By

(Hy)0 < 02 < 1, where

~ [M(InT)* " K;(InT)Pi /0
0 =1 r(1x+1)(N1+N2QT)+§r(5i+1)}’ l—[mh(s)ds.

Proof. Given a constant r > 0, define Q = {u € X : |lu|| < r}, where ||u|| = ||”||B;- Itis

clear that () is a nonempty closed convex subset of the Banach space X. We also define the
operator F : X — X as (4). Here we split F = F; + F, such that, forany t € (—oco, T], u € X,

ri S (0 ) ta(s) f(s,us, 7 (s, T uc)dT) %, t €],

(Fu)(t) = (8)
0, t € (—o00,1],
LAt u), te ],
(Fu)(t)={ ™ )
¢(t), t € (—oo,1].
When t € (—o0,1], for all u € O, we have
[(Fu)(®)] = l[¢(t) || = max{{|p(t)[lo} < |lull <7, (10)

When t € [1,T], for all u € Q, it follows from (4), (H,) and (Hg)—(Ho) that
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el (O =| 5 (lnz)ﬂa(s)f(s,us, [ st ruyin® szﬁez (tur)

1

(a)
Sold (1“2
/1 ) le; (s, us)|dss

ds

a—1
1( ) g, + N [ el e

tﬂl S (11)
A GH T

a—1 s ds
(N1|\Ms|\6h+N2| | s e
t

_.I_
[\13
_J

‘zn

;1
~—

(a

_l_
M§

M t “ly
< g Ml + QT ) [ ()" E
m t /gz 1dS
L e N
(InT) " Ki(InT)
<l[r(a+1)(N1+N2QT +121F(/31+1>} [[ullT

<oaffull < flul <r.

We derive that Fu = Fju + Fu € Q from (10) and (11), that is, the condition (i) of Lemma 4
holds. Similarly, we can also prove that F;, > : 3 — Q) C X, and F; is uniformly bounded.

Next we only need to prove that Fj is equicontinuous, and F, is a contraction mapping.
In fact, for all u,u € Q), when t € (—oo,1],

(Fau)(t) — (Ru)(t) = ¢(t) — ¢(t) =0, (12)
which implies that
[(Fau) () — (Fu) (1) ]| = O. (13)

When ¢ € [1, T}, it follows from (9), (H;) and (Hs) that

cc|[(Fu)(t) — (Ru) ()| = || EH] lei(t,ur) — e;(t,7)] ||

m 1 t Bi—1 s
Si_zlr(ﬁi)/l (lns> ei(o,us) = eils, )|

m 1 t t Bi—1 B ds
<L | (mg) sl min .,
<y K /Kmffiuu—m|“ "
3 r(ﬁi) 1 s T

>

IN
—

[
—

(ﬁl)znu—uh/lt(lns)ﬁ' *

kil(InT)Pi
L(gi+1)

[l =2l < oullu —wl] < [Ju—ul.

IN
M§

I
—
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(13) and (14) means that F; is a contraction mapping. Therefore, the condition (ii) of
Lemma 4 holds. Finally, we show that F; is equicontinuous. For all u € (), t1,t, € (—o0o, T|
with #; < tp, when —oo < t] < tp < 1, from (8),

|(Fu)(t2) — (Fiu)(t)|| =0— 0, as t, — t1. (15)
When1 < t; < tp < T, from (8),

cc|[(Fru)(t2) — Fl“)(tl |

H T () 1t2< )“ S)f(s,us,/lsg(slflur)dﬂ%

r(la) /1t1<n ) £(s, us,/lsg(s,r,uT)dT)d:H

g [0 < ) ot st

r(lx) /1t1 K )a 1 ( t1>zx 1} (Nl”uS”Bh+N2|/Sg(s,r,uT)dT\)%

ey ——

<rtes [ [ (1" ) (m“)“ } Nyl s, + N2 [ Hufnghdr)% (16)
M ds

t
() /t1 (mtj) (N1||us||3h+N2Q/ ||uT||Bth)

M t\ " ds
<t (0 2) = (02) | ol + NaQT el

ds

M ty tz a—1
In = N N,OT i
T(a) /fl (n S) (N1lus||, + N2Q H”THB,I)

]E/U)(N1+N2QT)| Ir [ Kln?)al (1 t;) Tl:

A(/H)(NlJerQT)II ||T/ (1 ”) s

w | Sh

—
=]

+

+

s s
_ M £\ * 1 f ds
N1+ N>QT) In = In = —
()( 1+ ZQ H ||/ [( ) < S S
Ml 2\
—_— T In = .
+r(“+1)(N1+N2Q )|u||<ntl) — 0, astp) - 1
When —o0 < t; < 1 < t, < T, thent; — t; means thatt; — 1~ and t, — 1. We can
obtain that
[ (Fiu)(t2) — (Fu)(t)|| = [[0—0[| =0, as t, — . (17)

(15)-(17) implies that F; is equicontinuous. By the Arzeld-Ascoli theorem, we conclude
that F; : Q — Q) is completely continuous, that is, the condition (iii) of Lemma 4 holds.
According to Lemma 4, we derive that the problem (1) has at least a solution u*(t) € X.
The proof is completed. [
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4. Illustrative Example

Consider the following nonlinear neutral Hadamard fractional integro-differential
equation with infinite delay of the form

FDL (1)~ 1 P E et )] = a0t J gt s,u)ds), e ] = (1,6

i= (18)
u(t) = ¢(t), te(—oo,1],

where ¢ = %, Bi = 21’;1,1' =1,2,m=2u(0) =u(t+6),0 <0, HDi‘+ is the Hadamard
fractional derivative of order a and ]fi is the Hadamard fractional integral of order B;.
Let h(s) = e*,s < 0, then | = f?mh(s)ds = 1 < 0. Thus, we easily obtain B, By,

B = X and their norms from the definitions of B, By, B),. Take ¢;(t,u;) = “St (i = 1,2),

2 .
a(t) = t(iat),f(f,ut,X) = %, g(ts,us) = ¢ (go)us and ¢(t) = sint. By a simple
calculation, for t € J, us, uy € By, x,y € R, we have

1
|ei(t/ut) - el(t/ﬁt” S @”Mt _ﬁtHBh/ l = 1/2/

1
_ m < — —Uu
Fltye, ) = £, )| < g5l — g, + o5 x ],

_ 1
g (t,s,ur) — g(t,s,u)| < 150H“t |,

We can easily obtain |a(f)| < z5. Hence, from the above calculatlons, we know | = %,

T=ek = 51—0,k2 = 1(1)0' M = 4901 n = 9101 ny = 180’ q= 150‘ Noticing thatl"(z) =V,
then we derive

M(InT)* " k;i(In T)Pi

0O<o=1l|——= + T) 7m0.0165<1.
e R +Z T(Bi+1)

Thus the assumptions (Hj)—(Hs) of Theorem (1) hold. According to Theorem (1), We know
that the problem (18) has a unique solution u* € X.

5. Conclusions

As a useful mathematical model, fractional-order differential calculus is used to de-
scribe properties of various processes and applications in lots of fields such as blood flow
problems, chemical engineering, porous medium, aerodynamics, polymer rheology, popu-
lation dynamics, and so on. Compared with Caputo or Riemann-Liouville type fractional
differential equations, the study on Hadamard-type fractional differential equations is
more difficult and complicated. The study on Hadamard-type fractional differential equa-
tions involving the time delays will be more challenging. Therefore, we mainly study the
existence of solutions of the problem (1) in this paper. By applying the Banach contraction
principle and Krasnoselskii’s fixed point theorem, some new existence criteria of solutions
are obtained.
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