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Abstract: In this paper, we study diffusion equations involving Hadamard-type time-fractional
derivatives related to ultra-slow random models. We start our analysis using the abstract fractional
Cauchy problem, replacing the classical time derivative with the Hadamard operator. The stochastic
meaning of the introduced abstract differential equation is provided, and the application to the
particular case of the fractional heat equation is then discussed in detail. The ultra-slow behaviour
emerges from the explicit form of the variance of the random process arising from our analysis.
Finally, we obtain a particular solution for the nonlinear Hadamard-diffusive equation.

Keywords: anomalous diffusions; Hadamard fractional derivatives; inverse stable subordinators;
Lévy processes

1. Introduction

Ultraslow diffusion processes include a wide class of different stochastic processes
characterised by a logarithmic growth of the mean squared displacement, namely

(2(1) ~ logPt,

with § > 0. A relevant example is the Sinai diffusion for which § = 4, which is related to a
model in which a particle moves in a quenched random force field [1]. Another interesting
case is B = 4/3 in polymer physics (see [2]). There are many different mathematical
models that are not equivalent and lead to this behaviour. Different formulations of the
macroscopic governing equations have been considered in the literature; for example, those
based on heat-type equations involving space or time-dependent diffusivity. We refer to the
recent survey in [3] for a complete bibliography of this topic. In a series of relevant papers,
the connection between distributed-order fractional differential equations and ultraslow
anomalous diffusion has been shown; we refer for example to [4-8]. It was shown that
distributed order fractional equations describe a kind of continuous time random walk
(CTRW) in which the waiting-time distribution is not a simple power law but a weighted
mixture of power law functions.

From the microscopic point of view, an interesting alternative derivation can be based
on CTRW models in expanding media (see [9]). Moreover, in this framework, a relevant
role is played by the so-called scaled Brownian motion model; see [10] for details. Finally,
in a recent paper [11], an ultraslow behaviour emerged in the context of an anomalous
diffusion in inhomogeneous media described by a fractional diffusion equation with a
space-dependent variable order.

In this paper, we explore a new approach based on the application of the Hadamard-
type fractional operator that was introduced in [12] and belongs to the general class of
fractional derivatives with regard to a function (see [13]). In particular, motivated by the
connection with ultra-slow processes, we first study the abstract Cauchy problem involv-
ing the Hadamard-type fractional derivative and supply the stochastic interpretation of
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its solution. For this purpose, we exploit the theory of time-changed processes. Indeed,

it is known (see, e.g., [14,15]) that the the solution of the time-fractional heat equation
'u
otV

=Lu, ve(0,1),

where % represents the Caputo derivative and L is the infinitesimal generator of a
Co-semigroup, is related to a time-changed Lévy process X(L(t)),t > 0. The random
time L(t) is the inverse of a stable subordinator. It is worthwhile to recall that the
interplay between anomalous diffusions, fractional partial differential equations and
time-changed processes has been extensively investigated in the last two decades. Many
papers that appear in the literature are devoted to the study of the fractional dynamics
arising from a diffusion process with random time. The reader can also consult, for
instance, refs. [16-23] for more information on this topic.

Then, we consider in detail the particular case of heat-type equations based on the
Hadamard-type fractional derivative that can be directly related to ultra-slow diffusions.
We first show the explicit fundamental solution and then discuss the probabilistic inter-
pretation, as well as some connections with higher-order diffusion equations. We finally
provide some simple explicit results for the non-linear diffusive case.

2. Preliminaries about Hadamard-Type Fractional Derivatives

Hadamard time-fractional integrals and derivatives are well-known in the literature
about fractional differential equations (we refer for example to the classical mono-
graph [24], Section 2.7). These fractional operators can be obtained essentially by a
change of variable t — Int starting from Riemann-Liouville integrals (a more gen-
eral definition is discussed in [25]). The connection between ultra-slow diffusion and
fractional equations involving Hadamard derivatives has been considered also in a
recent review [3]. In [12], motivated by a probabilistic problem, a Hadamard-type
fractional-time evolution operator was introduced, namely O,

Let [t1, 1] be a finite interval such that —co < #; < t; < oo and let AC[ty, t;] be the

space of absolutely continuous functions on [t1, f;]. Let us denote § = ((% + t) %), we
define the space

AC![ty, 1] = {f: (t,t2] = R: 0" L[f(1)] € AC[tl,tz]}. 1)
Clearly, AC}[ty, t2] = AC[t1, 1] forn = 1.
Definition 1. Let v € R" and n = [v] + 1, where [v] is the integer part of v. The Hadamard-type

fractional derivative of order v applied to the function f € ACJ[t,t5], 0 < t; < tp < 0, is
defined as

110 g () [( () o]

forn—1<v<mnael0,1andb e (0,1].

This is a generalization of the Hadamard fractional derivative that is recovered for
a = 0 and is particularly useful for the applications we discuss below. It is possible to
prove, by a simple adaptation, that Hadamard-type derivatives exist almost everywhere
for a function f € AC}[ty, tp] (see [25], Theorem 3.2).

A relevant property of this operator is given by the following result (see [12], p. 1057
for further details):
P~V (a + bt) )

O} Inf(a +bt) = F(Z(iiri)v)
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forve (0,1) and g > —1\ {0}. Starting from (2), we can show by simple calculations that
the composed Mittag-Leffler function

Ey1(—In"(a +bt)), ®)
where E, 1 (x) := Y22, r(%kﬂ), x € R, solves the following integro-differential equation:
OLf(t) = —£(t). @)

It can be proved that the integer counterpart of this differential operator—for example, for
n = 1l—becomes

(©L1)0) = @+ 00 51] 0)

We show in the next sections that this operator can be particularly interesting for
ultra-slow diffusions.

Hereafter, we wconsider for simplicity @ = b = 1 in Definition 1. We show that
this choice is meaningful for our aims, but the more general case can be obtained by
direct calculations.

Let us recall that the Caputo fractional derivative of order v > 0 is defined as

1)
(;;/f)(x,t) _ ggﬂm_v) ./0 (t—T)VH*de' form—1<v<m, )

Wf(x, t), forv =m.

Then, we show that by setting a = b = 1, the Hadamard-type fractional operator O}, can be
obtained by the deterministic time change t — In(1 + f) starting from the Caputo fractional
derivatives (5).

We finally observe that these Hadamard-type operators belong to the more general
class of fractional derivatives with regard to other functions that were recently studied in
detail, for instance, in [13]. These operators are gaining interest both in mathematics and in
certain applications.

3. A Fractional Cauchy Problem Involving the Hadamard-Type Derivative

We start our analysis with the abstract fractional Cauchy problem involving the
Hadamard-type derivative Of, with a = b = 1. First of all, let us recall some basic issues
about the theory of the semigroup operators (see, e.g., [26]) and their connection with the
stochastic processes.

A family of linear operators {T(t), t > 0} on a Banach space X is called a Cp-semigroup
if: 1) T(0)f = f; ) T(t)T(s)f = T(t+s)f; 3) |IT(t)f — f|| = 0, in the Banach space
norm as t — 0; 4) Vt > 0,3 a constant M > 0 such that || T(¢)f|| < M||f] forall f € X.
A Cp-semigroup such that ||T(t)f|| < ||f|| for all t > 0 and all f € X is called a
Feller semigroup.

Every Cp-semigroup has a generator L defined by the following limit in the norm:

i LB~ f
Lf = lgg)l P (6)
where f € Dom(L). Then, we recall that p := p(x,t) := T(t)f(x) is the unique classical
solution to the abstract Cauchy problem

Ip

= = Lp, p(x,0)= f(x), Vf e Dom(L). )
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Let X := {X(t),t > 0} be a Lévy process defined on a probability space (Q), F, P),
with the Lévy symbol (k) and characteristics (4, A, ¢); that is, the characteristic function
of X has the following representation (see e.g., [27]):

E[eik-X(t)] — €tl/)(k), (8)

where

(k) ::ik-a—%k-Ak—i—/

; k- x
hx g BT ) dx), keR? (9
e pldx), KeR, @

IR

where a € R?, A is an asymmetric, non-negative, definite d x d matrix and ¢ is a Borel
measure on R \ {0} such that fRd\{o} min{||x||?,1}¢(dx) < co.
It is well-known (see, e.g., [27]) that X admits a Feller semigroup operator given by

T(t)f(x) =E[f(x— X(1))], feL'(RY), (10)

with the infinitesimal generator L representing a pseudo-differential operator; that is, let
f(k) := [ e**f(x)dx, and thus we have

P

Lf (k) = p(k)f (k) (11)

for f € L1(R?) such that (k) f(k) € L1(R?). Furthermore, let W>!(R¢) be the Sobolev
space of the functions f € L'(R?) having first and second derivatives in L' (R?). We find
that (see [14,15])

- Vi) -y
oy (FE=0) =70+ Jotan, a2

Lf(x):_a-Vf(x)Jr%V-AVf(XH/ 1+ [[yl?

R
forall f € Dom(L) = W>1(R4).
Finally, we introduce the process L, := {L,(t),t > 0} representing the inverse of a
stable subordinator {D(t),t > 0} of index v € (0,1); i.e.,
Ly(t) :=inf{u: D(u) > t}. (13)

Furthermore, £, is defined on the same probability space as X such that X and L, are
independent. The density of the inverse of a stable subordinator becomes

t
ly(u,t) := ;u_l_l/"gv(tu_l/”), u>0,t>0,

where g, (u) is the density of D(t) such that the Laplace transform §, (s) = [~ e™"g, (u)du =

e~". For more details on {L£,(t),t > 0}, the reader can consult [15,28].

Now, we present the main theorem of this paper, which allows a stochastic repre-
sentation of the solution of the Hadamard heat equation. We deal with the infinitesimal
generator (11) and (12) associated to a Lévy process X.

Theorem 1. The unique strong solution q := q(x,t),x € R4t > 0, of the following time-
fractional Cauchy problem

Olg=1Lg, q(x,0)=f(x), VfeDom(L), ve(01), (14)

is given by

(x,8) = E[f(x = X(Lu(n( + )] = [ pleu)tu(un(l+H)dn,  (15)
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where X is the Lévy process generated by L, while L,(t),t > 0, is the inverse of the stable
subordinator (13) with density £, (u,t) and p(x,t) is the solution (10) of the Cauchy problem (7).

Furthermore, if X admits a Lévy symbol which is rotationally invariant—i.e., (k) =
Y(||k||)—we can represent q(x,t) as follows:

1 1 ® /2 v
t) = E In"(1+¢ d 16
q(x,t) (2m)ir2 ||x||§1/0 r B (Y(r) In" (L4 8)) gy (rl[x[])dr, (16)
where the above integral involves the Bessel function J,(x) = Y32 7(_](,1&;’3{,312;; V,x,pt eR.

Proof. In the literature (see e.g., [14,15,29]), it was proved that, for any Cy-semigroup, the
abstract fractional Cauchy problem involving the Caputo fractional derivative of order
v € (0,1) (here 9" /9t", see (5))

'u
otv

(x,t) = Lu(x,t), u(x,0) = f(x), VfeDom(L), (17)
has solution .
u(x,t) :/0 p(x, u)ly(u, t)du, (18)

where p(x,t) = T(t)f(x) is the solution (10) of the Cauchy problem (7), while ¢, (x, t) is
the density of the inverse of a stable subordinator. Therefore, a stochastic representation of
the solution of the fractional Cauchy problem (17) is given by

u(x,t) = E[p(x, Ly(t))]- (19)
Furthermore, by exploiting (11), we find that the following eigenfunctions problem

%(k, t) = lP(k)ﬁ(k, t), ﬁ(k,O) _1

has the unique solution

ik, t) = Ey1(p(k)t"). (20)
By means of the result (3.9) in [12], we can conclude that the solution of
OLi(k,t) = p(k)a(k,t), q4(k,0) =1, (21)

is equal to
q(k,£) = Ev(p(k) In" (1 + £)).

Then, from (20), we can conclude that the strong solution of the fractional Cauchy prob-
lem (14) is obtained by a time-rescaling ¢t — In(1 + t) of the solution u(x, t) of (17); i.e.,
g(x,t) = u(x,In(1+1)).

Now, we prove the result (16) by inverting (20). We use the spherical coordinates
transformation, and ¢ represents the uniform distribution on the unit d-dimensional sphere
S9-1, Therefore,

g(x,t) = (zi)d/Reik'xﬁ(k,t)dx

= d/Re’”‘"‘Ev,l(lP(HkI|>1n”(1+t))dx

(2m)
! " - v —ir-x
— W/o " E, 1 (¢(r) In (1+t))(/Sd_1e U(d@))dr
* Ja_o (rl[x[])
1d/2/0 PLE 1 (p(r) In' (14 1) 2 d

e i
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where in the last step we have used the following well-known result

Ja_y(r ||x||)

7zrx o(de d/2
/S“ 710 = @) (r|x]1)%-

O

Therefore, from Theorem 1, we can conclude that the stochastic model linked to (14)
results in the time-changed process {XL,(t),t > 0}.

Corollary 1. For v = 1/2, we obtain that

d
X(L1/2(In(1+1))) = X([B(In(1+1))]), (22)
where {B(t),t > 0} is a Brownian motion independent of X.

Proof. We observe that the characteristic function of the process X(Lq,,(In(1+1¢))),t >0,
is given by
ik, t) = Ey 1 ($(K) In(1 + 1)'/?)
and coincides with the characteristic function of the process X(|B(In(1 +t))|),t > 0,
which reads
/ e ~ I(TH 1+t w0,
Vrn(l+t)

Indeed we have that

¢ TR 1+f eV dy — ! i (k)" /ooe_%w”dw
0

\/W/ min(1+t) = n!
_ L5 k)@@ ) [ e

T =0 n!
1 & (k) AIn(1+ )2 (1
v i r<2+2)

= E1/o1(p(k) In(1+£)/2),

where in the last passage we used the following well-known result on the Gamma function

Therefore, the above equality leads to the result claimed in the statement of the
theorem. [

Example 1. A relevant case is given by the space-fractional Laplacian

1 X B
L= ()2 = [ el (23)

that is the generator of a d-dimensional, B-stable process, namely Sg (t). Then, we find that the
Fourier transform of the fundamental solution of the fractional equation

Olg=—(-A)F"%q, ve(01), (24)

is given by
3k t) = Eva (= KIP 10" (1 +1)) (25)
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and coincides with the characteristic function of the process Sg (Ly(In(1+t))). In the special case
B = 2, we recover the Hadamard-type fractional diffusion equation that is related to ultra-slow
diffusions. A full discussion of this model-equation is presented in the next section.

Example 2. If

o

L = Hyq ::m—(m%—A)j, a € (0,2), m>0, (26)

we obtain the infinitesimal generator of the relativistic stable process. In [30], the time-fractional
generalization was considered by replacing the first-order time-derivative with a Caputo time-
fractional derivative. Then, we find (according to Theorem 3.1) that the Fourier transform of the
fundamental solution of the fractional equation

Olg=Huag, veO1), (27)

is given by
3k, 1) = By (—[0m2/* 4 [K)*/2 = m] In¥ (1 + 1) ) (28)

and coincides with the characteristic function of the process R(L,(In(1+t))), where R(t) is a
relativistic stable subordinator.

From [31], Example 3.2, we have that

Var(X(1))
r(l1+v)

Var(X(L,(In(1+41)))) =In"(1 +¢) +1In?(1+¢

(EX(1))2 [/ 1 1
) <r<2v> v<r<v>>2)

and lett :=In(1+¢)and s’ := In(1+5)

Cov(X(Ly(#), X(Lo(s'))) = min{t’,s’}”%
(EX(l))2 el 2V I 2v .min{t/,s’} AN
T+ 02 <vmm{t ,s'YB(v,v +1) + vmax{t,s'}? B(v,v +1; W) —(t's") ),

where B(v,v + 1) and B(v, v + 1; x) are the beta function and the incomplete beta function,
respectively. Let t > s and then t > s’. Fixed s and &’

v Var(X(1)) 2 (EX(1))?

Cov(X(Ly(t)), X(Ly(s))) — (s) T(1+v) () T(1+2v)

as t — oo. Therefore, the previous variance and the covariance increase as In"(1 + t),
and this confirm the ultra-slow behaviour of the stochastic processes related to fractional
equations involving Hadamard-type derivatives.

4. The Hadamard-Type Fractional Heat Equation
Here, we consider analytical and probabilistic results regarding the Hadamard-type

2
fractional heat equation obtained by setting L = % in (14). We first observe that the
obtained heat-type equation is, in fact, the generalization of the diffusion equation

2
u Dtau

i ( )@, (29)

with D(t) = 1/(1+t). This is the governing equation of a scaled Brownian motion;
see [3] Equations (81) and (82), where the time-dependence of the diffusion coefficient is
considered. We obtain the following interesting result.
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Theorem 2. The fundamental solution of the time-fractional heat equation
Otu(x, 1) = 24 0,1), xR t>0 30
Vu(xr)_@r G(,),XG , >0, ( )
is given by
1 1 | x|
,t —- = 71\/{,! _v 7
) = i st (G s )
where
M_v V(Z):i (=2)" zeC,0<v<1
,7,172 = Tl'r(—%n—f—l—%), 7 7
is the M-Wright function.
Proof. By taking the Fourier transform of (30), we obtain
Obit, (k,t) = —K2ii, (k, t),
whose solution is given by
ity (k1) = By [K(In(1+1))"]. (31)

Recalling that (see [32])

1 1 | x|
k _ 2
/Rel xi (A)v/2 M _yiy ((/\)v/2>dx B EV(_k AV)’ 52)

it is easy to see that the inverse Fourier transform of (31) leads to the claimed result. [

<

As already seen, in the non-fractional case—namely for v = 1—the equation with a
time-varying diffusion coefficient considered here is directly related to ultra-slow scaled
Brownian motion (see [10] for a full discussion). We must then consider the fractional
counterpart? In order to proceed, we apply the general Theorem 1 directly and observe
that the fractional operator involved in the governing equation can be obtained from the
Caputo derivative by means of the deterministic time-change ' = In(1 + t).

Thus, we obtain the following result; that is, the direct generalization of the well-known
result for the stochastic interpretation of the time-fractional diffusion equation.

Corollary 2. The solution to the Cauchy problem

bu(x, t) = ax2, ve(0,1), xeR,t>0, (33)
(x0)=5( )

coincides with the probability law of the process
B(L"(In(1+1))),
where B is a Brownian motion independent of LY (t).

Remark 1. Observe that for v =1, as expected, we find that

u(x,t) =

that is, the fundamental solution of the heat-type equation

ou %u
o ~ Pz



Fractal Fract. 2021, 5, 48

9of 12

where the time-dependent diffusivity coefficient is given by

1
14+t

D(t) =

By using our approach, we obtain the composition of the classical solution of the time-fractional
diffusion equation with a new time variable t' = In(1 + t). Therefore, in the non-fractional case,
this is the governing equation of a scaled diffusion equation with a time-variable diffusion coefficient.
On the other hand, the relevance of our approach lies in the ability to obtain a simple solution to a
fractional problem with time-varying diffusivity.

Remark 2. We observe that (Theorem 2.1 in [23] with our time-scaling) the fundamental solution
to the Cauchy problem (33) becomes

ZZ
07 (x, z)dz,

+oo
/ e 41In
«/nln 1+1¢)

where 7 (x, z) denotes the fundamental solution for

u(x, t) =

%u
évu:aixz, vV E (0,1/2)

Therefore, for v = 1/2, we have that

) 2
+o0 e 4].n 4In(1+t) e 4mn(T+z)
(x,1) 2/ Z,
VArIn(1+t) \/4rIn(1+z)

which coincides with the probability density of the time-scaled iterated Brownian motion, namely
B1(|B2(In(1+4t))|), t > 0, where By (t) and By(t) are independent Brownian motions. Moreover,
according to Remark 3.1, we find that the characteristic function of By(|B2(In(1 4 t))|) coincides
with that of B(Ly2(In(1+4t))).
We observe that, by using similar methods, it is possible to prove that the fundamental solution
of the generalized fractional equation of order v = 5
0%u
t
Ozn u(x, t) = 2 > 1. (34)
coincides with the density function of the n-times iterated Brownian motion with a scaled-time
change t — In(1 + t) (see [23] for details).

Corollary 3. The fundamental solution of the fractional Equation (30) for v = 2/3 is given by

32/3 < x| )
u(x,t) = Ai ,
2-3/In(1+1t) V/3(In(1+1))

which corresponds to the solution of the linearized KdV equation with the time-varying coefficient

ou 1 d%u

ot 1+t0x3

where Ai(x) = 1 fooo cos (% + xz) dz,x € R, represents the so-called Airy function.

Proof. The last Corollary is a consequence of the well-known fact that

M_1/31-1/3(z) = 3*/3Ai(z/3!3).
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5. The Nonlinear Case: Some Explicit Results

In this section, we provide some results regarding the nonlinear diffusive counterpart
of the fractional Equation (30)

% (u™)

Olu =
v ox2 ’

m > 0. (35)

This is a generalized time-fractional porous medium equation with time-varying diffusivity.
One can observe that, in the recent literature, there are many relevant studies about the
time-fractional porous medium equation; see, e.g., Dipierro et al. in [33].

In this case, we obtain the following result.

Theorem 3. Let v € (0,1), m € R™ \ {1}, then Equation (35) admits a solution of the form

u(x,t) =

(m—1)2 T(A—5g) Jm1 2 T
T L) (Garey) 0 Y 0

Proof. We can search a particular solution in the separating variable form

v
m—1

u(x,t) = f(H)xiT, 7)

based on the fact that

92 2 \M 2m 2m 2
a2 (77) :(m_J(m_l—me“ (38)

00 = (725 ) (g —1) 0. 9)

m
We now assume that (39) admits a solution of the form
f(t) =Ci(In(1+1))7, (40)

where 7 and C; are two as-yet unknown functions of m and v.
By substituting (40) in (39) and by using the property (2) of the fractional operator
appearing in (35), we find that

[(y+1) -
t T = v
O,Ci(In(14+1))" =C; Ty +1-1) (In(1+1¢)) (41)

[ 2m 2m m ym

(2 (2 erma s
and this equality is clearly satisfied only if

_ v
T T

as claimed. [
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Remark 3. Observe that the obtained solution can be considered as a fractional counterpart of the
similarity solution

of the nonlinear diffusive equation

ou 02 (u™)
a3 ()—2 (42)
with
D(t) ~ 1
t+1

Remark 4. The sign of the solution obtained above clearly depends on m and v. Moreover, this similarity-
type solution is peculiar for non-linear diffusive equations, as m clearly has to be non-vanishing.

6. Conclusions

In this paper, we have introduced an ultraslow stochastic diffusion scattering as
In(1 + t). We have solved a fractional-time abstract heat equation involving the Hadamard-
time derivative and the infinitesimal generator L of a Cyp-semigroup. The solution of this
equation is interpreted as a time-changed Lévy process. Furthermore, the Hadamard
derivative leads to a deterministic rescaling time in our model as well. Particularly interest-
ingis the case L = dd—;, which is examined in depth. Finally, we have shown that a nonlinear
Hadamard-type fractional heat equation has a particular solution. This mathematical ap-
proach can be applied in future studies; for example, for the analysis of Hadamard-type
fractional diffusions in a bounded domain. Moreover, we observe that sub-diffusion equa-
tions with Caputo fractional derivatives with respect to another function are attracting
interest and should be objects of further research (see [34]).
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