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Abstract: We considered relaxation, creep, dissipation, and hysteresis resulting from a six-parameter
fractional constitutive model and its particular cases. The storage modulus, loss modulus, and loss
factor, as well as their characteristics based on the thermodynamic requirements, were investigated.
It was proved that for the fractional Maxwell model, the storage modulus increases monotonically,
while the loss modulus has symmetrical peaks for its curve against the logarithmic scale log(ω), and
for the fractional Zener model, the storage modulus monotonically increases while the loss modulus
and the loss factor have symmetrical peaks for their curves against the logarithmic scale log(ω). The
peak values and corresponding stationary points were analytically given. The relaxation modulus
and the creep compliance for the six-parameter fractional constitutive model were given in terms of
the Mittag–Leffler functions. Finally, the stress–strain hysteresis loops were simulated by making
use of the derived creep compliance for the fractional Zener model. These results show that the
fractional constitutive models could characterize the relaxation, creep, dissipation, and hysteresis
phenomena of viscoelastic bodies, and fractional orders α and β could be used to model real-world
physical properties well.

Keywords: constitutive model; fractional calculus; fractional derivative; creep compliance; hysteresis;
relaxation modulus; dissipation

1. Introduction

Theories and applications of fractional calculus have attracted much attention and ac-
quired rapid developments during the last several decades because fractional calculus is ap-
propriate for representing the memory and hereditary properties of materials and processes.
Oldham and Spanier [1] completed the first monograph in 1974, and Ross [2] contributed
the first proceedings in 1975. To date, the number of monographs and proceedings special-
izing in fractional calculus and its applications has gone up to several dozens; e.g., [3–15].
The application areas of fractional calculus include rheology [16], non-Newtonian fluid
dynamics [17–19], viscoelastic theory [9,20–23], anomalous diffusion [1,24–30], control
theory [7,31–35], hysteresis phenomena [36], dynamical systems [12,37–41], and so on.

The applications of fractional calculus to viscoelasticity were promoted by the wide
use of viscoelastic materials in damping design and shock absorption. Scott-Blair [42,43]
presented a fractional constitutive relation σ(t) = E ε(α)(t), where 0 < α < 1 and E
and α are material constants for a viscoelastic material that is an intermediate between
a pure elastic solid (Hooke model) and a pure viscous fluid (Newton model). In [9,44],
this relation was called the Scott-Blair model. Macromolecule materials, such as butyl and
polybutadiene, are typical viscoelastic bodies whose constitutive relations can be modeled
by using fractional derivatives [45]. Fractional constitutive models, such as the fractional
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Maxwell, Kelvin–Voigt, and Zener models, were suggested by replacing the classical
Newton element with the Scott-Blair element [9,23,45–50], i.e., substituting the integer-
order derivatives into the fractional-order derivatives. In [51], viscoelastic dampers were
simulated by using the Maxwell and Kelvin–Voigt fractional models. In [52], a fractional
integral form and differential form were compared for the the standard solid model.

In [53], a fractional five-parameter model was proposed, and it was compatible with
the high-frequency metadata. In [54], a fractional six-parameter model was proposed to
include all of the four types of viscoelasticity. In [55], energy storage and energy dissipation
for the fractional equations were discussed. In [49,56–59], distributed-order derivatives
were introduced to model viscoelastic constitutive equations.

Suppose that f (t) is a piecewise continuous function defined on (0,+∞) and is
integrable on each finite subinterval. Then, the Riemann–Liouville fractional integral of
order λ is defined as

Iλ
t f (t) =

∫ t

0

(t− τ)λ−1

Γ(λ)
f (τ)dτ, t > 0, (1)

for λ > 0, and Iλ
t f (t) = f (t) for λ = 0, where Γ(·) is the Gamma function. The Riemann–

Liouville fractional derivative of order α is defined, when it exists, as

Dα
t f (t) =

dm

dtm

(
Im−α
t f (t)

)
, t > 0, m− 1 < α ≤ m, m ∈ N+. (2)

The functions that we considered are causal, viz., identically equal to zero when t < 0.
We use the Laplace transform with a lower limit of integral 0−,

f̄ (s) = L[ f (t)] =
∫ ∞

0−
e−st f (t)dt, Re(s) > c. (3)

So, the Laplace transform of the Riemann–Liouville fractional derivative satisfies

L[Dα
t f (t)] = sα f̄ (s). (4)

We note that the initial conditions at t = 0+ will not appear in the Laplace transform
of the constitutive relation of the stress and strain on the assumption that the contributions
from the initial conditions are canceled if the Laplace transform with the starting point
t = 0+ is used [9].

The Mittag–Leffler functions are significant in fractional models. These types of
functions have the definition [7,60,61]

Eλ,µ(z) =
∞

∑
k=0

zk

Γ(λk + µ)
, λ > 0, µ > 0. (5)

The following Laplace transform formula holds:

L
[
tλk+µ−1E(k)

λ,µ(−c tλ)
]
=

k!sλ−µ

(sλ + c)k+1 , λ > 0, µ > 0. (6)

Dissipation and hysteresis phenomena exist broadly in mechanical systems [9,49,62–64].
Energy dissipation was considered in some fractional constitutive equations in [9,49,53,55,65].
In [36], fractional-order models were proposed to describe the broadband hysteresis of a piezo-
electric actuator by looking into the relationship between the input voltage and the output
displacement. Simulations and experiments were performed to validate the effectiveness of
the fractional-order model.

The purpose of this work is to consider dissipation, creep, relaxation, and hysteresis
for a six-parameter fractional constitutive model and its particular cases. In the next
section, we consider the storage modulus, loss modulus, and loss factor, as well as their
characteristics for different fractional constitutive models based on the thermodynamic
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requirements. For the fractional Maxwell model, we prove that the storage modulus
increases monotonically, while the loss modulus has symmetrical peaks for its curve
against the logarithmic scale log(ω). For the fractional Zener model, we demonstrate that
the storage modulus monotonically increases, while the loss modulus and the loss factor
have symmetrical peaks for their curves against the logarithmic scale log(ω). In Section 3,
the relaxation, creep, and hysteresis for the six-parameter fractional constitutive model are
considered by making use of the Mittag–Leffler functions.

2. Fractional Models and Thermodynamic Requirements

We consider the six-parameter fractional constitutive equation

σ(t) + aDα
t σ(t) = b0ε(t) + b1Dα

t ε(t) + b2Dβ
t ε(t), (7)

where the coefficients and the orders are subject to the constraints

a ≥ 0, bk ≥ 0 (k = 0, 1, 2), ab0 ≤ b1, b0, b1 and b2 are not all zeros, (8)

0 < α ≤ β ≤ 1. (9)

The creep compliance and relaxation modulus of a six-parameter model similar to that
in Equation (7) were considered by using the complex inversion formula of the Laplace
transform, and the results were expressed by infinite integrals. In this article, we focus on
the thermodynamic requirements in this section and the Mittag–Leffler function expressions
of the creep compliance and relaxation modulus in the next section for the six-parameter
model (7). Based on these results, the storage modulus, loss modulus, and loss factor
are investigated and hysteresis loops are simulated. Operating the Laplace transform for
Equation (7) leads to

(1 + asα)σ̄(s) = (b0 + b1sα + b2sβ)ε̄(s). (10)

The complex modulus is defined as

G∗(ω) =
σ̄(iω)

ε̄(iω)
=

b0 + b1(iω)α + b2(iω)β

1 + a(iω)α
. (11)

The storage modulus Gs and loss modulus Gl are defined as the the real part and the
imaginary part of the complex modulus

G∗(ω) = Gs(ω) + iGl(ω). (12)

The loss factor is defined as

ζ(ω) =
Gl(ω)

Gs(ω)
. (13)

The loss factor is a measure of the damping ability of a linear viscoelastic material. We
note that the loss factor is also called loss tangent [9]. The storage modulus Gs and loss
modulus Gl are also denoted as G′ and G′′ in [9,52,66].

For a constitutive equation of real viscoelastic materials, thermodynamic requirements
must be satisfied. It is known from thermodynamics that the internal work and the dissi-
pated energy must be positive. We can satisfy the thermodynamic restrictions by ensuring
that both the storage modulus and the loss modulus are positive for all frequencies [65], i.e.,

Gs(ω) ≥ 0 and Gl(ω) ≥ 0 for all ω > 0. (14)
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Inserting the formula iλ = cos(πλ
2 ) + i sin(πλ

2 ) into Equation (11) and separating the
real part from the imaginary part, we obtain the loss modulus and the storage modulus:

Gl(ω) =
1
∆

[
(b1 − ab0) sin(

πα

2
)ωα + b2 sin(

πβ

2
)ωβ + ab2 sin(

π(β− α)

2
)ωα+β

]
, (15)

Gs(ω) =
1
∆

[
b0 + (b1 + ab0) cos(

πα

2
)ωα + b2 cos(

πβ

2
)ωβ + ab1ω2α + ab2 cos(

π(β− α)

2
)ωα+β

]
, (16)

where

∆ = 1 + 2a cos(
πα

2
)ωα + a2ω2α. (17)

By using Equations (15) and (16), the following proposition can be directly checked.

Proposition 1. Under the assumptions in (8) and (9), Equation (7) satisfies the thermodynamic
requirements.

The model (7) covers common special cases, including the classical integer-order
equations. We firstly list five integer-order equations, as well as their loss and storage
moduli and loss factors.

Hook model (a = b1 = b2 = 0):
σ(t) = b0ε(t), (18)

Gl = 0, Gs = b0, ζ = 0. (19)

Newton model (a = b0 = b2 = 0, α = 1):

σ(t) = b1ε̇(t), (20)

Gl = b1ω, Gs = 0, ζ = ∞. (21)

Kelvin–Voigt model (a = b2 = 0, α = 1):

σ(t) = b0ε(t) + b1ε̇(t), (22)

Gl = b1ω, Gs = b0, ζ = (b1/b0)ω. (23)

Maxwell model (b0 = b2 = 0, α = 1):

σ(t) + aσ̇(t) = b1ε̇(t), (24)

Gl =
b1ω

1 + a2ω2 , Gs =
ab1ω2

1 + a2ω2 , ζ =
1

aω
. (25)

Here Gs increases monotonically from 0 to b1/a, Gl has a symmetrical peak for plot
with respect to the logarithmic scale log(ω).

Zener model (b2 = 0, α = 1):

σ(t) + aσ̇(t) = b0ε(t) + b1ε̇(t), (26)

Gl =
(b1 − ab0)ω

1 + a2ω2 , Gs =
b0 + ab1ω2

1 + a2ω2 , ζ =
(b1 − ab0)ω

b0 + ab1ω2 . (27)

Here, Gs increases monotonically from b0 to b1/a, and Gl and ζ have symmetrical
peaks for their plots with respect to the logarithmic scale log(ω).

Next, we consider the fractional cases.
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Fractional Scott-Blair model (a = b0 = b2 = 0):

σ(t) = b1Dα
t ε(t), (28)

Gl(ω) = b1 sin(
πα

2
)ωα, Gs(ω) = b1 cos(

πα

2
)ωα, ζ = tan

πα

2
. (29)

The loss modulus and the storage modulus have the same power law with respect to
the frequency ω, and the loss factor is independent of ω.

Fractional Kelvin–Voigt model (a = b2 = 0):

σ(t) = b0ε(t) + b1Dα
t ε(t), (30)

Gl(ω) = b1 sin(
πα

2
)ωα, (31)

Gs(ω) = b0 + b1 cos(
πα

2
)ωα, (32)

ζ(ω) =
b1 sin(πα

2 )ωα

b0 + b1 cos(πα
2 )ωα

. (33)

The two moduli Gl and Gs increase in their power law with respect to ω; ζ(ω) mono-
tonically increases on [0,+∞) and satisfies

ζ(0) = 0, ζ(+∞) = tan
πα

2
. (34)

Before considering new models, we give the following lemma.

Lemma 1. The function

f (ω) =
ωα

c0 + c1ωα + c2ω2α
, c0, c2 > 0, c1 ≥ 0, 0 < α ≤ 1, ω ≥ 0, (35)

has the unique stationary point
ω∗ = (c0/c2)

1/(2α), (36)

and the peak value

f (ω∗) =
1

c1 + 2
√

c0c2
, (37)

and f (ω) increases monotonically on [0, ω∗] and decreases monotonically on [ω∗,+∞). For any
positive real number p, the following equation holds:

f (ω∗p−1) = f (ω∗p). (38)

Proof. From the derivative

f ′(ω) =
αωα−1(c0 − c2ω2α

)
(c0 + c1ωα + c2ω2α)

2 ,

we have the stationary point ω∗, the peak value f (ω∗) in Equation (37), and the monotonic-
ity on the intervals [0, ω∗] and [ω∗,+∞).

For Equation (38), first, by direct substitution, it is easy to verify that

c0 p2α + c2ω2α
∗ = c0 + c2(ω∗p)2α. (39)

Next, we have
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f (ω∗p−1) =
ωα
∗ p−α

c0 + c1ωα∗ p−α + c2ω2α∗ p−2α

=
(ω∗p)α

c0 p2α + c1(ω∗p)α + c2ω2α∗
.

By the relation (39), the Equation (38) is obtained.

Fractional Maxwell model (b0 = b2 = 0):

σ(t) + aDα
t σ(t) = b1Dα

t ε(t), (40)

Gl(ω) =
b1 sin(πα

2 )ωα

1 + 2a cos(πα
2 )ωα + a2ω2α

, (41)

Gs(ω) =
b1 cos(πα

2 )ωα + ab1ω2α

1 + 2a cos(πα
2 )ωα + a2ω2α

, (42)

ζ(ω) =
b1 sin(πα

2 )

b1 cos(πα
2 ) + ab1ωα

. (43)

The loss factor ζ(ω) monotonically decreases on [0,+∞) and satisfies

ζ(0) = tan
πα

2
, ζ(+∞) = 0. (44)

For the storage and loss moduli, we give the following proposition.

Proposition 2. For the fractional Maxwell model (40), the storage modulus Gs(ω) increases
monotonically on the interval [0,+∞) and satisfies

Gs(0) = 0, Gs(+∞) = b1/a, (45)

the loss modulus Gl(ω) has the unique stationary point

ωl = (1/a)1/α, (46)

and the peak value

Glmax = Gl(ωl) =
b1

2a
tan(

πα

4
), (47)

has symmetrical peaks for its curve against the logarithmic scale log(ω).

Proof. From the derivative

G′s(ω) =
αb1ωα−1(cos

(
πα
2
)
+ 2aωα + a2 cos

(
πα
2
)
ω2α

)(
1 + 2a cos

(
πα
2
)
ωα + a2ω2α

)2 ,

we know that the storage modulus Gs(ω) increases monotonically on the interval [0,+∞).
Equation (45) is direct from (42). The results for the loss modulus come from Lemma 1.

Fractional Zener model (b2 = 0):

σ(t) + aDασ(t) = b0ε(t) + b1Dαε(t), (48)
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Gl(ω) =
(b1 − ab0) sin(πα

2 )ωα

1 + 2a cos(πα
2 )ωα + a2ω2α

, (49)

Gs(ω) =
b0 + (b1 + ab0) cos(πα

2 )ωα + ab1ω2α

1 + 2a cos(πα
2 )ωα + a2ω2α

, (50)

ζ(ω) =
(b1 − ab0) sin(πα

2 )ωα

b0 + (b1 + ab0) cos(πα
2 )ωα + ab1ω2α

. (51)

First, we notice that when α = 0, the model becomes the Hook model, and there
is no energy dissipation. For the special case ab0 = b1, i.e., the coefficients satisfy the
proportional relation 1/b0 = a/b1, the model stores an invariant energy and has no energy
dissipation like a Hook model,

Gl(ω) = 0, Gs(ω) = b0. (52)

In the following, we always assume that 0 < α ≤ 1 and b1 > ab0.

Proposition 3. For the fractional Zener model (48), (i) the storage modulus Gs(ω) monotonically
increases on the interval [0,+∞) with the limits

Gs(0) = b0, Gs(+∞) = b1/a; (53)

(ii) the loss modulus Gl(ω) has the unique stationary point

ωl = (1/a)1/α, (54)

and the peak value

Glmax = Gl(ωl) =
b1 − ab0

2a
tan(

πα

4
); (55)

(iii) the loss factor ζ has the unique stationary point

ω f =

(
b0

ab1

)1/(2α)

, (56)

and the peak value

ζmax = ζ(ω f ) =
(b1 − ab0) sin(πα

2 )

(b1 + ab0) cos(πα
2 ) + 2

√
ab0b1

; (57)

(iv) the graphs of the loss modulus and the loss factor against the logarithmic scale log(ω) have
symmetrical peaks, the stationary points of the loss modulus and the loss factor satisfy the inequality

ω f < ωl , (58)

the peak values of the loss modulus and loss factor increase monotonically with increasing α and
satisfy the inequalities

Glmax ≤
b1 − ab0

2a
, ζmax ≤

b1 − ab0

2
√

ab0b1
, (59)

where either of the equal signs holds only if α = 1, and the two peak values satisfy the relation

a
b1

Glmax < ζmax <
1
b0

Glmax. (60)

Proof. (i) It is easy to check that the derivative G′s(ω) ≥ 0. This means that Gs(ω) is
monotonically increasing on the interval [0,+∞). The limits in Equation (53) are directly
from (50). (ii) and (iii) result from Lemma 1. (iv) From Equation (38) in Lemma 1, we
know that the graphs of the loss modulus and the loss factor against the logarithmic
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scale log(ω) have symmetrical peaks. By the hypothesis b1 > ab0, we have b0/(ab1) <
1/a2. This leads to the inequality ω f < ωl , referring to Equations (54) and (56). From
Equations (55) and (57), the peak values Glmax and ζmax increase monotonically with in-
creasing α and satisfy the inequalities in (59). Since b1 + ab0 > 2

√
ab0b1, we have from (57)

that
b1 − ab0

b1 + ab0
tan(

πα

4
) < ζmax <

b1 − ab0

2
√

ab0b1
tan(

πα

4
).

This is equivalent to

2a
b1 + ab0

Glmax < ζmax <

√
a

b0b1
Glmax,

by using (55). Finally, (60) is obtained by using the inequality b1 > ab0.

In Figures 1 and 2, we plot the storage modulus, the loss modulus, and the loss factor
against ω for two groups of different parameter values. In Figure 1, ζmax < Glmax, while in
Figure 2, ζmax > Glmax.

0.01 0.10 1 10 100
0

1

2

3

4

5

6

ω

G
s
,G
l,
ζ

Figure 1. Curves of Gs (solid line), Gl (dotted line), and ζ (dashed line) versus ω for a = 0.5, b0 = 1,
b1 = 3, and α = 0.8 in the fractional Zener model (48).

0.001 0.010 0.100 1 10
0.0

0.5

1.0

1.5

2.0

2.5

3.0

ω

G
s
,G
l,
ζ

Figure 2. Curves of Gs (solid line), Gl (dotted line), and ζ (dashed line) versus ω for a = 5, b0 = 0.2,
b1 = 15, and α = 0.8 in the fractional Zener model (48).

The effects in the order α on the storage modulus Gs and the loss factor ζ are shown
in Figures 3 and 4, respectively. The increase of order α makes the curves of Gs ∼ ω
become steeper, but α does not affect the limits Gs(0) and Gs(+∞). The increase in order α
enhances the peaks of the curves of ζ ∼ ω. The plot of Gl ∼ ω is similar to that of ζ ∼ ω.
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0.01 0.10 1 10 100 1000
1

2

3

4

5

6

ω

G
s
(ω
)

Figure 3. Curves of Gs ∼ ω for a = 0.5, b0 = 1, and b1 = 3 and for α = 0 (solid line), 0.25 (dotted
line), 0.5 (dashed line), 0.75 (dotted–dashed line), and 1 (dotted–dotted–dashed line) in the fractional
Zener model (48).

0.01 0.10 1 10 100 1000
0.0

0.5

1.0

1.5

2.0

2.5

ω

ζ

Figure 4. Curves of ζ ∼ ω for a = 0.5, b0 = 1, and b1 = 3 and for α = 0 (solid line), 0.25 (dotted line),
0.5 (dashed line), 0.75 (dotted–dash line), and 1 (dotted–dotted–dashed line) in the fractional Zener
model (48).

The following models involve the term of the fractional derivative of order β, and we
assume that α < β.

Fractional four-parameter model (b0 = b1 = 0):

σ(t) + aDα
t σ(t) = b2Dβ

t ε(t), (61)

Gl(ω) =
b2 sin(πβ

2 )ωβ + ab2 sin(π(β−α)
2 )ωα+β

1 + 2a cos(πα
2 )ωα + a2ω2α

, (62)

Gs(ω) =
b2 cos(πβ

2 )ωβ + ab2 cos(π(β−α)
2 )ωα+β

1 + 2a cos(πα
2 )ωα + a2ω2α

, (63)

ζ(ω) =
sin(πβ

2 ) + a sin(π(β−α)
2 )ωα

cos(πβ
2 ) + a cos(π(β−α)

2 )ωα
. (64)
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By combining their derivatives, the following assertions can be yielded: Gl(ω) and
Gs(ω) increase monotonically on [0,+∞) with limits

Gl(0) = 0, Gl(+∞) = +∞, (65)

Gs(0) = 0, Gs(+∞) = +∞, (66)

and ζ(ω) decreases monotonically on [0,+∞) with the limits

ζ(0) = tan
πβ

2
, ζ(+∞) = tan

π(β− α)

2
. (67)

Three monotonic curves of Gs, Gl , and ζ versus ω are plotted in Figure 5.

0.001 0.010 0.100 1 10 100 1000
0

2

4

6

8

10

12

ω

G
s
,G
l,
ζ

Figure 5. Curves of Gs (solid line), Gl (dotted line), and ζ (dashed line) versus ω for a = 1, b2 = 1,
α = 0.4, and β = 0.8 in the fractional four-parameter model (61).

Fractional five-parameter model (b0 = 0):

σ(t) + aDα
t σ(t) = b1Dα

t ε(t) + b2Dβ
t ε(t), (68)

Gl(ω) =
b1 sin(πα

2 )ωα + b2 sin(πβ
2 )ωβ + ab2 sin(π(β−α)

2 )ωα+β

1 + 2a cos(πα
2 )ωα + a2ω2α

, (69)

Gs(ω) =
b1 cos(πα

2 )ωα + b2 cos(πβ
2 )ωβ + ab1ω2α + ab2 cos(π(β−α)

2 )ωα+β

1 + 2a cos(πα
2 )ωα + a2ω2α

, (70)

ζ(ω) =
b1 sin(πα

2 ) + b2 sin(πβ
2 )ωβ−α + ab2 sin(π(β−α)

2 )ωβ

b1 cos(πα
2 ) + b2 cos(πβ

2 )ωβ−α + ab1ωα + ab2 cos(π(β−α)
2 )ωβ

. (71)

By examining their derivatives, we can conclude that Gs(ω) increases monotonically
on [0,+∞) with the limits

Gs(0) = 0, Gs(+∞) = +∞; (72)

Gl(ω) satisfies Gl(0) = 0 and increases monotonically to +∞ when ω is large enough; and
ζ(ω) satisfies

ζ(0) = tan
πα

2
, ζ(+∞) = tan

π(β− α)

2
, (73)

and decreases monotonically when ω is large enough.
From Equation (73), the linear-logarithmic curve of ζ ∼ ω does not have symmetrical

peaks if 2α 6= β. In Figures 6 and 7, curves of Gs, Gl , and ζ versus ω are plotted, where the
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orders α and β affect the limits of ζ as ω → 0 or +∞, but do not affect the limits of Gs and
Gl . In order to further examine the effects of the orders α and β on the loss factor ζ, we plot
the curves of ζ versus ω for different order values in Figures 8 and 9. The asymmetrical
peaks of the loss factor ζ are tuned by the two orders α and β.
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Figure 6. Curves of Gs (solid line), Gl (dotted line), and ζ (dashed line) versus ω for a = 1, b1 = 1,
b2 = 2, α = 0.6, and β = 0.8 in the fractional five-parameter model (68).
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Figure 7. Curves of Gs (solid line), Gl (dotted line), and ζ (dashed line) versus ω for a = 1, b1 = 1,
b2 = 2, α = 0.2, and β = 0.8 in the fractional five-parameter model (68).
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Figure 8. Curves of ζ ∼ ω for a = 1, b1 = 1, b2 = 2, and α = 0.4 and for β = 0.6 (solid line), 0.7
(dotted line), 0.8 (dashed line), 0.9 (dotted–dashed line), and 1 (dotted–dotted–dashed line) in the
fractional five-parameter model (68).
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Figure 9. Curves of ζ ∼ ω for a = 1, b1 = 1, b2 = 2, and β− α = 0.4 and for α = 0.2 (solid line), 0.3
(dotted line), 0.4 (dashed line), 0.5 (dotted–dashed line), and 0.6 (dotted–dotted–dashed line) in the
fractional five-parameter model (68).

We noticed that the two fractional derivative terms on the right-hand side of the consti-
tutive equation lead to an asymmetrical loss factor peak. In [53], a five-parameter fractional
derivative model, which also includes two fractional derivative terms with respect to the
strain, but different from those of (68), was presented to describe this phenomenon.

Fractional six-parameter model (7):
By checking the signs of the derivatives, we have the following results for the general

six-parameter model (7). Gs(ω) increases monotonically on [0,+∞) with limits

Gs(0) = b0, Gs(+∞) = +∞. (74)

Gl(ω) satisfies Gl(0) = 0 and increases monotonically to +∞ when ω is large enough.
ζ(ω) satisfies

ζ(0) = 0, ζ(+∞) = tan
π(β− α)

2
. (75)

In Figures 10 and 11, curves of Gs, Gl , and ζ versus ω in the fractional six-parameter
model (7) are plotted, where α distinctly affects the trends of ζ as ω → ∞. Compared with
the fractional five-parameter model (68), here, Gs(0) > 0 and ζ(0) = 0, which are different
from those in Equations (72) and (73).
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Figure 10. Curves of Gs (solid line), Gl (dotted line), and ζ (dashed line) versus ω for a = 1, b0 = 0.5,
b1 = 1, b2 = 2, α = 0.6, and β = 0.8 in the fractional six-parameter model (7).
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Figure 11. Curves of Gs (solid line), Gl (dotted line), and ζ (dashed line) versus ω for a = 1, b0 = 0.5,
b1 = 1, b2 = 2, α = 0.2, and β = 0.8 in the fractional six-parameter model (7).

3. Relaxation, Creep, and Hysteresis

The relaxation modulus and creep compliance are two important material functions
describing the mechanical characteristics of viscoelastic materials. The relaxation modulus
R(t) is the behavior of stress relaxing with time under a suddenly applied unit strain
ε(t) = H(t), where H(t) is the Heaviside unit-step function. Creep compliance C(t) is
the strain response to an instantaneously applied stress σ(t) = H(t). Both the material
functions are nonnegative. Furthermore, for 0 < t < +∞, R(t) is decreasing and C(t)
is increasing.

Inserting ε̄(s) = 1/s into Equation (10), we obtain the relaxation modulus in the
Laplace domain:

R̄(s) =
b0 + b1sα + b2sβ

s(1 + asα)
. (76)

If a = 0, i.e., the model (7) degenerates into the following five-parameter model,

σ(t) = b0ε(t) + b1Dα
t ε(t) + b2Dβ

t ε(t), (77)

then the relaxation modulus is

R(t) = b0H(t) +
b1t−α

Γ(1− α)
+

b2t−β

Γ(1− β)
. (78)

If a > 0, we rewrite Equation (76) as

R̄(s) =
a−1b0s−1 + a−1b1sα−1 + a−1b2sβ−1

a−1 + sα
. (79)

By Formula (6), the inverse Laplace transform yields the relaxation modulus in terms
of the Mittag–Leffler functions

R(t) = a−1b0tαEα,α+1(−a−1tα) + a−1b1Eα,1(−a−1tα) + a−1b2tα−βEα,α+1−β(−a−1tα). (80)

The relaxation moduli R(t) in Equations (78) and (80) are plotted in Figures 12 and 13,
respectively. The appearance of the fractional derivative term with respect to stress acceler-
ates the relaxation of stress by comparing the two figures. In addition, the variation in the
order tunes the relaxing rate.
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Figure 12. Curves of the relaxation modulus R(t) in Equation (78) for b0 = b1 = b2 = 1, β = 0.9,
and α = 0.1 (solid line), 0.3 (dotted line), 0.5 (dashed line), 0.7 (dotted–dashed line), and 0.9 (dotted–
dotted–dashed line).
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Figure 13. Curves of the relaxation modulus R(t) in Equation (80) for a = b0 = b1 = b2 = 1,
β = 0.9, and α = 0.1 (solid line), 0.3 (dotted line), 0.5 (dashed line), 0.7 (dotted–dashed line), and 0.9
(dotted–dotted–dashed line).

In a similar manner, letting σ̄(s) = 1/s in Equation (10), we obtain the creep compli-
ance in the Laplace domain:

C̄(s) =
1 + asα

s(b0 + b1sα + b2sβ)
. (81)

We give the creep compliance C(t) by discriminating the following three cases.

Case I. b2 = b1 = 0

In this case, it is necessary that b0 > 0 and a = 0 from the condition (8). The model
degenerates into a Hook spring σ(t) = b0ε(t), and the creep compliance is

C(t) =
1
b0

H(t). (82)

In fact, there is no “creep”.

Case II. b2 = 0 and b1 6= 0
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This case corresponds to the fractional Zener model (48). Rewriting Equation (81) as

C̄(s) =
1 + asα

s(b0 + b1sα)
=

s−1 + asα−1

b1(sα + b0
b1
)

, (83)

and applying the inverse Laplace transform using Formula (6), we derive the creep compli-
ance in terms of the Mittag–Leffler functions:

C(t) =
1
b1

tαEα,α+1(−
b0

b1
tα) +

a
b1

Eα,1(−
b0

b1
tα). (84)

In Figure 14, the curves of the creep compliance C(t) in Equation (84) are plotted for
different values of α. Apart from an initial period, the creep compliance C(t) increases with
the rising α.
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Figure 14. Curves of the creep compliance C(t) in Equation (84) for a = 2, b0 = 1, b1 = 5, and α = 0.1
(solid line), 0.3 (dotted line), 0.5 (dashed line), 0.7 (dotted–dashed line), and 0.9 (dotted–dotted–
dashed line).

Case III. b2 6= 0

Rewriting Equation (81) as

C̄(s) =
∞

∑
k=0

(−b0)
k

bk+1
2

s−1−α−αk + as−1−αk

( b1
b2
+ sβ−α)k+1

, (85)

and operating the inverse Laplace transform using Formula (6), we have the creep compli-
ance:

C(t) =
∞

∑
k=0

(−b0/b2)
k

b2k!
tβk+β

[
E(k)

β−α,1+αk+β(−
b1

b2
tβ−α) + at−αE(k)

β−α,1+αk−α+β(−
b1

b2
tβ−α)

]
. (86)

Here, the creep compliance is expressed as a series in which the Mittag–Leffler func-
tions and their derivatives are involved.

In terms of the creep compliance C(t) and the relaxation modulus R(t), the strain and
the stress have the expressions

ε(t) = C(t) ∗ σ̇(t), σ(t) = R(t) ∗ ε̇(t), (87)

respectively, where ∗ denotes the convolution.
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Making use of the creep compliance C(t) and Formula (87), we may simulate the
hysteresis phenomena. We consider the strain response to the sinusoidal stress loading
σ(t) = sin(t). From (87), the strain response is

ε(t) = C(t) ∗ cos(t). (88)

For the numerical simulation here, we use the fractional Zener model and its creep
compliance in Equation (84). Taking a = 0.5, b0 = 1, b1 = 3, and four different values of α
(0.25, 0.5, 0.75, and 1), the stress–strain hysteresis loops are depicted in Figure 15, where t
serves as the parameter varying from 0 to 8π. For comparison, the coordinate ranges are
the same in the four subfigures.
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Figure 15. Stress–strain hysteresis loops for a = 0.5, b0 = 1, and b1 = 3 and for α = 0.25 (a), 0.5 (b),
0.75 (c), and 1 (d) in the fractional Zener model.

The unloading curve falls to the right side of the loading curve to form the hysteresis
loops. In other words, the fluctuations of the strain fall behind those of the stress. With in-
creasing α, the hysteresis loops grow fat and encircle a larger area, which means that the
ability of dissipation of the model is raised.

4. Conclusions

We considered dissipation, creep, relaxation, and hysteresis resulting from a six-
parameter fractional constitutive model and its particular cases. In Section 2, we considered
the storage modulus, loss modulus, and loss factor, as well as their characteristics for differ-
ent fractional constitutive models based on the thermodynamic requirements. We proved
that for the fractional Maxwell model, the storage modulus Gs increases monotonically,
while the loss modulus Gl has symmetrical peaks for its curve against the logarithmic
scale log(ω), and for the fractional Zener model, the storage modulus Gs monotonically
increases, while the loss modulus Gl and the loss factor ζ have symmetrical peaks for
their curves against the logarithmic scale log(ω). The peak values and corresponding
stationary points were accurately given. A series of results for the fractional Zener model
were presented in Proposition 3. In Section 3, we derived the relaxation modulus and
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the creep compliance for the six-parameter fractional constitutive model in terms of the
Mittag–Leffler functions. Then, the stress–strain hysteresis loops were simulated by making
use of the derived creep compliance for the fractional Zener model. These results show
that the fractional constitutive models could simulate the relaxation, creep, dissipation,
and hysteresis phenomena of viscoelastic bodies, and the tuning of the fractional orders α
and β could model the physical properties well.
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49. Atanacković, T.M.; Pilipović, S.; Stanković, B.; Zorica, D. Fractional Calculus with Applications in Mechanics; Wiley: New York, NY,

USA, 2014.
50. Duan, J.S.; Qiu, X. The periodic solution of Stokes’ second problem for viscoelastic fluids as characterized by a fractional

constitutive equation. J. Non-Newton. Fluid Mech. 2014, 205, 11–15. [CrossRef]
51. Lewandowski, R.; Chorazyczewski, B. Identification of the parameters of the Kelvin-Voigt and the Maxwell fractional models,

used to modeling of viscoelastic dampers. Comput. Struct. 2010, 88, 1–17. [CrossRef]
52. Friedrich, C. Mechanical stress relaxation in polymers: Fractional integral model versus fractional differential model. J.

Non-Newton. Fluid Mech. 1993, 46, 307–314. [CrossRef]
53. Pritz, T. Five-parameter fractional derivative model for polymeric dampling materials. J. Sound Vib. 2003, 265, 935–952. [CrossRef]
54. Yang, S.M.; Duan, J.S. Response analysis of six-parameter fractional constitutive model. Phys. Scr. 2021, 96, 025220. [CrossRef]
55. Colombaro, I.; Giusti, A.; Vitali, S. Storage and dissipation of energy in Prabhakar viscoelasticity. Mathematics 2018, 6, 15.

[CrossRef]
56. Caputo, M. Distributed order differential equations modelling dielectric induction and diffusion. Fract. Calc. Appl. Anal. 2001,

4, 421–442.
57. Duan, J.S.; Chen, Y.Q. Mechanical response and simulation for constitutive equations with distributed order derivatives. Int. J.

Model. Simul. Sci. Comput. 2017, 8, 1750040. [CrossRef]

http://dx.doi.org/10.1088/0305-4470/28/23/012
http://dx.doi.org/10.1002/pssb.2221330150
http://dx.doi.org/10.1063/1.528578
http://dx.doi.org/10.1016/0378-4371(94)90064-7
http://dx.doi.org/10.1016/S0370-1573(00)00070-3
http://dx.doi.org/10.1016/j.nonrwa.2008.10.057
http://dx.doi.org/10.1016/j.physa.2011.02.010
http://dx.doi.org/10.2514/3.20641
http://dx.doi.org/10.2514/3.21162
http://dx.doi.org/10.1023/A:1016591006562
http://dx.doi.org/10.1016/j.automatica.2009.04.003
http://dx.doi.org/10.1007/s11071-019-05128-w
http://dx.doi.org/10.1063/1.1535007
http://dx.doi.org/10.1016/j.physa.2005.06.078
http://dx.doi.org/10.1007/s11433-009-0291-y
http://dx.doi.org/10.1007/s11071-012-0601-1
http://dx.doi.org/10.1016/j.physa.2016.05.045
http://dx.doi.org/10.1088/0950-7671/21/5/302
http://dx.doi.org/10.1122/1.549724
http://dx.doi.org/10.1122/1.549710
http://dx.doi.org/10.1006/jsvi.1996.0406
http://dx.doi.org/10.1140/epjst/e2011-01387-1
http://dx.doi.org/10.1016/j.jnnfm.2014.01.001
http://dx.doi.org/10.1016/j.compstruc.2009.09.001
http://dx.doi.org/10.1016/0377-0257(93)85052-C
http://dx.doi.org/10.1016/S0022-460X(02)01530-4
http://dx.doi.org/10.1088/1402-4896/abd35f
http://dx.doi.org/10.3390/math6020015
http://dx.doi.org/10.1142/S1793962317500404


Fractal Fract. 2021, 5, 36 19 of 19

58. Duan, J.S.; Qiu, X. Stokes’ second problem of viscoelastic fluids with constitutive equation of distributed-order derivative. Appl.
Math. Comput. 2018, 331, 130–139. [CrossRef]

59. Duan, J.S.; Chen, L. Oscillatory shear flow between two parallel plates for viscoelastic constitutive model of distributed-order
derivative. Int. J. Numer. Methods Heat Fluid Flow 2020, 30, 1137–1148. [CrossRef]

60. Mainardi, F.; Gorenflo, R. On Mittag-Leffler-type functions in fractional evolution processes. J. Comput. Appl. Math. 2000,
118, 283–299. [CrossRef]

61. Gorenflo, R.; Kilbas, A.A.; Mainardi, F.; Rogosin, S. Mittag-Leffler Functions, Related Topics and Applications, 2nd ed.; Springer:
Berlin/Heidelberg, Germany, 2020.

62. Deng, L.; Seethaler, R.J.; Chen, Y.Q.; Yang, P.; Cheng, Q. Modified Elman neural network based neural adaptive inverse control of
rate-dependent hysteresis. In Proceedings of the 2016 International Joint Conference on Neural Networks (IJCNN), Vancouver,
BC, Canada, 24–29 July 2016; pp. 2366–2373.

63. Li, Z.; Zeng, J.; Chen, Y.; Ma, G.; Liu, G. Adaptive control of a piezo-positioning mechanism with hysteresis and input saturation
using time delay estimation. IEEE Access 2020, 8, 176062–176072. [CrossRef]

64. Pei, J.S.; Carboni, B.; Lacarbonara, W. Mem-models as building blocks for simulation and identification of hysteretic systems.
Nonlinear Dyn. 2020, 100, 973–998. [CrossRef]

65. Bagley, R.L.; Torvik, P.J. On the fractional calculus model of viscoelastic behavior. J. Rheol. 1986, 30, 133–155. [CrossRef]
66. Palade, L.I.; Verney, V.; Attané, P. A modified fractional model to describe the entire viscoelastic behavior of polybutadienes from

flow to glassy regime. Rheol. Acta 1996, 35, 265–273. [CrossRef]

http://dx.doi.org/10.1016/j.amc.2018.02.028
http://dx.doi.org/10.1108/HFF-05-2019-0424
http://dx.doi.org/10.1016/S0377-0427(00)00294-6
http://dx.doi.org/10.1109/ACCESS.2020.3026748
http://dx.doi.org/10.1007/s11071-020-05542-5
http://dx.doi.org/10.1122/1.549887
http://dx.doi.org/10.1007/BF00366913

	Introduction
	Fractional Models and Thermodynamic Requirements
	Relaxation, Creep, and Hysteresis
	Conclusions
	References

