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Abstract: The first type of boundary value problem for the heat equation on a rectangle is considered.
We propose a two stage implicit method for the approximation of the first order derivatives of the
solution with respect to the spatial variables. To approximate the solution at the first stage, the
unconditionally stable two layer implicit method on hexagonal grids given by Buranay and Arshad
in 2020 is used which converges with O (h? + 72) of accuracy on the grids. Here, i and @h are the
step sizes in space variables x1 and x, respectively and T is the step size in time. At the second stage,
we propose special difference boundary value problems on hexagonal grids for the approximation of
first derivatives with respect to spatial variables of which the boundary conditions are defined by
using the obtained solution from the first stage. It is proved that the given schemes in the difference
problems are unconditionally stable. Further, for r = LszT < %, uniform convergence of the solution of
the constructed special difference boundary value problems to the corresponding exact derivatives
on hexagonal grids with order O (h? + 72) is shown. Finally, the method is applied on a test problem
and the numerical results are presented through tables and figures.

Keywords: finite difference method; hexagonal grid; stability analysis; two dimensional heat equa-

tion; approximation of derivatives
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1. Introduction

Numerical methods have gained considerable attention in many applications, since
the exact solution of many problems arising in the models of chemistry, physics, biology,
engineering, and many other fields of different sciences is an uphill task. Modeling of
these problems leads us to consider a number of physical quantities, representing physical
phenomena on a modeling domain. These physical quantities then occur in the model
via functions or function derivatives of which for a considerable number of them the
Newtonian concept of a derivative satisfies the complexity of the natural occurrences.
However, “time’s evolution and changes occurring in some systems do not happen in the
same manner after a fixed or constant interval of time and do not follow the same routine as
one would expect. For instance, a huge variation can occur in a fraction of a second, causing
a major change that may affect the whole system’s state forever” as stated in [1]. Indeed, it
has turned out recently that many of phenomena involved in many branches of chemistry,
engineering, biology, ecology, and numerous domains of applied sciences can be described
very successfully by models using fractional order differential equations such as acoustic
dissipation, viscoelastic systems, mathematical epidemiology, continuous time random
walk, and biomedical engineering (see [1] and references therein). Analytical techniques
can not solve most of these models with the conventional integer-order derivative, and
models with fractional derivatives appearing in practice. Hence, various methods for the
solution of these model problems have been developed and proposed in numerous works,
in order to provide an improved description of the phenomenon under investigation.
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Common numerical methods include finite difference method, finite element method, finite
volume method, variational iteration method, adomian or homotopy analysis, wavelet
method, etc.

Most recently, for the model problems of chaotic attractors, exhaustive studies were
given for the solvability of chaotic fractional systems with 3D four-scroll attractors in [2], for
the Proto—-Lorenz system in its chaotic fractional and fractal structure in [3], and for a new
auto-replication in systems of attractors with two and three merged basins of attraction
via control in [4]. To model some symbiosis systems describing commmensalism and
predator-prey processes, the Atangana-Baleanu derivative operator was applied in [5] and
a numerical approximation technique was given. Model problems involving a derivative
with fractional parameter § and the application to transport-convection differential equa-
tions were given in [1]. In addition, the use of a control parameter to control on processes
related to stationary state system, and on relaxation and diffusion, was studied in [6].
Further, in [7] a comparative analysis between differential fractional operators includ-
ing the Atangana-Baleanu derivative and the Caputo—Fabrizio derivative applied to the
non-linear Kaup-Kupershmidt equation was given and methods of performing numerical
approximations of the solutions were presented. Furthermore, for the numerical solution
of fractional Volterra type model problems, recent studies include [8] that a class of system
of nonlinear singular fractional Volterra integro-differential equations was solved by a pro-
posed computational method. In addition, [9], in which delay-dependent stability switches
in fractional differential equations were studied and obtained results were illustrated via
a fractional Lotka-Volterra population model. Moreover, [10] as a biological fractional
n-species delayed cooperation model of Lotka—Volterra type was presented. Examples to
recent studies on numerical solutions of model problems in fractional structure with both
stiff and nonstiff components and the leading-edge model problem can be given to [11,12],
respectively. A second-order diagonally-implicit-explicit multi-stage integration method
was given in [11] for the solution of problems with both stiff and nonstiff components.
An implicit method for numerical solution of singular and stiff initial value problem was
developed in [12]. For the epidemic models latest studies include [13] that the Crank
Nicolson difference scheme and iteration method were used for finding the approximate
solution of system of nonlinear observing epidemic model. In addition, [14], in which a
novel and time efficient positivity preserving numerical scheme was designed to find the
solution of epidemic model involving a reaction-diffusion system in three dimension.

Apart from rectangular grids, hexagonal grids have been also used to develop finite
difference methods for the approximate solution of modeled problems in many applied
sciences for more than the half century. These studies include the hexagonal grid methods
given in meteorological and oceanographic applications by [15-25], of which favorable
results were obtained compared with rectangular grids. Hexagonal grids were applied in
reservoir simulation in [26] and it was shown that for seven-point floods, hexagonal grid
method provides good numerical accuracy at substantially less computational work than
rectangular grid method (five or nine point methods). Hexagonal grids were also used in
the simulation of electrical wave phenomena propagated in two dimensional reserved-C
type cardiac tissue in [27]. The exhibited linear and spiral waves were more efficient
than similar computation carried out on rectangular finite volume schemes. Furthermore,
hexagonal grids were applied to approximate the solution of the first type boundary value
problem of the heat equation in [28-30], convection-diffusion equation in [31], and Dirichlet
type boundary value problem of the two dimensional Laplace equation in [32]. In the
recent study [29], the solution of first type boundary value problem of heat equation

Ju %u  %u
g ( + > +f(x1/ X2, t)r (1)

2 2
Jdx{  0xj

on special polygons with interior angles 7T, i=12,..,M,for aj € {%, %, %} where, w > 0
and f is the heat source by using hexagonal grids has been given. Therein, two implicit
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methods named as Difference Problem 1 and Difference Problem 2 both on two layers

with 14-points have been proposed. It was assumed that the heat source and the initial

and boundary functions are given such that the exact solution belongs to the Holder space

co+edts
x,t

1 and Difference Problem 2 converge to the exact solution on the grids with O(h? + 72)

and O(h* + T) order of accuracy, respectively.

On the other hand, as well as the solution of the modeled problem, the first order
partial derivatives of the solution are also essential to determine the rate of change in the
solution and the gradients which determines important phenomena in that model. Such as
in the electrostatics the first derivatives of electrostatic potential function define electric
field. As the calculation of ray tracing in electrostatic fields by the interpolation methods
require the specification at each mesh point not only the potential function ® but also the

90 9o 2’®
8x1 4 8x2 Bxlaxz :

a second order accurate two stage implicit method for the approximation of the first order
derivatives of the solution u(x1, xp, t) of (1) with respect to the spatial variables x; and x;
on rectangle D is developed.

The research is organized as follows: In Section 2, we consider the first type boundary
value problem for the heat equation in (1) on a rectangle D under the assumption that the
heat source and the initial and boundary functions are given such that on Qr = D x [0, T]

,0 < a < 1. Under this condition, it was proved that the given Difference Problem

gradients { } and the mixed derivative Motivated by this aim, in this study

T4n
the solution u(x1, x,t) belongs to the Holder space CZ;“' 2 (Qr), 0 < & < 1, where

x = (x1,x2) € D,t € [0, T}, and D is the closure of D. In addition, hexagonal grid structure
and basic notations are given. Further, at the first stage, a two layer implicit method on

hexagonal grids given in [29] with O(h? + 72) order of accuracy, where h and ?h are the
step sizes in space variables x1 and x;, respectively, and 7 is the step size in time used
to approximate the solution u(xy, x2, t). For the error function when r < %, we provide
a pointwise prior estimation depending on p(x1, xp,t), which is the distance from the
current grid point to the surface of Q7. In Sections 3 and 4, the second stages of the two
stage implicit method for the approximation to the first order derivatives of the solution
u(x1, xp, t) with respect to the spatial variables x; and x; are proposed, respectively. It is
proved that the constructed implicit schemes at the second stage are unconditionally stable

(see Theorem 1 in [33] which gives the sufficient condition of stability). For r = % < %,
priory error estimations in maximum norm between the exact derivatives 337“1, 5’7”2 and

the obtained corresponding approximate solutions are provided giving O (h? 4+ 72) order
of accuracy on the hexagonal grids. In Section 5, a numerical example is constructed to
support the theoretical results. We applied incomplete block preconditioning given in [34]
(see also [35,36]) for the conjugate gradient method to solve the obtained algebraic systems
of linear equations for various values of r. In Section 6, conclusions and some remarks
are given.

2. First Type Heat Problem and Second Order Accurate Solution on Hexagonal Grids

Let D = {(x1,x2) : 0 < x1 < a1,0 < x2 < a2} be a rectangle, where a5 is multiple of
/3 and let Yj, ] = 1,2,3,4, be the sides of D enumerated in anticlockwise direction starting

4 —
from the side x; = 0. Further, S = |J 7; is the boundary of D and denoteby D = DUS
j=1
the closure of D. Let Qr = D x (0, T), with lateral surface St more precisely the set of
points (x,t), x = (x1,x2) € Sand t € [0, T] also Q7 is the closure of Q7. We consider the
first type boundary value problem for the two space dimensional heat equation:
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BVPQ):
ou Pu  %u
% - Y (é)x% + E)x%) + f(x1,x2,t) on Qr, )
u(xl,xz,O) = gO(XLXZ) on 5, (3)
u(xll X2, t) - (P(xl/ X2, t) on ST/ (4)

where w is a positive constant. We assume that the heat source function f(x1, x3,t) and the
initial and boundary functions ¢(x1, x2) and ¢(x1, x2, t), respectively, are given such that

the Problems (2)—(4) has a unique solution u belonging to the Holder class CZ/T%'HTLt (Qr).
For the smoothness of solutions of parabolic equations in regions with edges, see [37] for
the Dirichlet and [38] for the mixed boundary value problems. Let & > 0, with h = a1 /Ny,
where Nj is positive integer and assign D" a hexagonal grid on D, with step size /1, defined
as the set of nodes

ir— i \/gl./—{—./
2]h,x2: (2 i)

1 =12.;7=0+1+2,.}. (5)

h,

D" = {x:(xl,xz)ED:xlz

Let 'y;’,j =1,..,4 be the set of nodes on the interior of 7; and let '7]}1 = 7¥j-1M7jbe the

4 —
jth vertex of D, sh=J ('y]h U '?;’), D" — p* U S". Further, let D*'", D*" denote the set of
j=1
interior nodes whose distance from the boundary is % and the hexagon has a left ghost
point as shown in Figure 1 or a right ghost point as presented in Figure 2, emerging through
the left or right side of the rectangle, respectively. We also denote by D* = D*/" y D**
and DY = D"\ D*",

Figure 1. The solution u’f;z and ugl on the left ghost points at time moments ¢ = kt and (k +1)7,

respectively.
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Figure 2. The solution ull‘35 and u’,‘,jl on the right ghost points at time moments t = k7 and (k+ 1)7,
respectively.
Next, let
’)/T — {tk_k"l', T—M,k—l,...,M,}, (6)
_ T /
')/T - tk:kT, T:M,kzo,...,M 7 (7)

and the set of internal nodes and lateral surface nodes be defined by

Dh% = DI'x Y= {(x,t) cx = (x,x2) € D" te 'yf}, (8)

SP% = thﬁT:{(x,t):x:(xl,xz)ESh,fGWT}, )

respectively. Let D*hy. = D*" x 4. € D"y; and D*"y; = D*" x yr C D'y, and
D*'yr = D*"y U D*"yp. In addition, DYy, = D"+ \D**7; and D"y, is the closure of
Dh%.

Let Py denote the center of the hexagon and Patt(Py) denote the pattern of the hexagon
consisting the neighboring points P;,i = 1, ..., 6. In addition, u’j,jl denotes the exact solution

at the point P; and ullgjl denotes the value at the boundary point for the time moment ¢ +
as follows:
h V3 h V3
ullgj‘l = u(x — 5% + Th't—i_ T), u’gl =u(xg — 5%~ Th/t‘F ),
u’lgjl = u(xy—hx,t+7), “]13:1 = u(x1+h,x,t+7),
7 V3 h V3
ullgz_l = u(xl + E,xz — 7h,t+ T), 1/[’1()2_1 = M(X1 + ErXZ + Th/t+ T)’
upt = (x4 ), upt =u(pxt+ 1), (Bxot+T) € 5T,

where the value of § = 0if Py € D*'"y; and p = a; if Py € D*""y; as also given in (21).

Analogously, the values u’f,_, i=0,..,6and u’l‘j present the exact solution at the same space
i A

coordinates of P;, i = 0,...,6 and P4, respectively, but at time level t = kt. Further, u’flﬁlp,
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: k+1 k P k : :
i=0,..6, Uy p,s and A 0,..,6, Wy ep, present the numerical solution at the same

space coordinates of P;, i = 0, ...,6 and P4 for time moments f + T and t = kT, respectively

1
and fgjz = f(x1,x2,t+ %), and f1]§:1 = f(p, xp, t + 7). For the numerical solution of the

BVP(1) the following difference problem (named as Difference Problem 1) was given in [29]
which we will consider as the Stage 1 (Hz"d> of the two stage implicit method:

Stage 1 (Hz”d)
®h,rulﬁ,t1 = Ah,Tu’,le + 3P on Doh%, (10)
®Z,Tul}(1;1 = AZ,T”’;[,T + FZ,T(P + ¢* on D*h’}’rr (11)
up: = @(x1,x2), t=0o0n D", (12)
upr = @¢(x1,x2,t) on St (13)

fork=0,.., M —1, where

v o= fp 2 (14)
* k+3 1 k+1
L Y | (15)
1 2w w &
Ottt = (1 + 35 )l - 57 Y (16)
1 2w w &
Ah,mk = (T — hz)u’fao + 32 X;ullﬁi, (17)
1=
" 1 7w w
@h,Tuk+1 = (T 3hz> MII(;0+1 — @(U(p + 77, X2, t+ T)
3 3
+u(p,xz+\2[h,t+r)+u(p,x2—\gh,t—i-r)), (18)
. 1 7w w V3
Athuk = <T — 3hz>u];)0 + W (u(p, xz + 7’1, t)
3
+u(p, x2 — \th,t)+u(p+17,x2,t)>, (19)
. 2w [ V3 . V3
¢ = o2 (4’(?/ X2 + 7h1t+ )+ ¢(p,x2 — 7h1t+ 7)
. V3 . V3
+¢(px2+ 5 t) + (P x2 — I t)
1 8w ~ 1 Sw N

and

I A~ _ h: xlh
{ p=hp=0,n=73if Py € D"y, 1)

=a—h,p=ay,y=—3if P € D",
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By numbering the interior grid points using standard ordering as L;,j = 1,2, .., N, the
obtained algebraic linear system of equations in matrix form given in [29] is as follows:

AT = Bi* + 14F, (22)
where A, B € RN*N are
wT wT
and ,
C=D; — Slnec e RN*N, (24)

and ¥, g% € RN. The matrix Inc is the incidence matrix of the neighboring topology with
entries unity for the points in the pattern of the hexagon center. In addition, I is the identity
matrix, Dy is a diagonal matrix with entries

2ifLj € D%y .
- i T _
dy,jj { %if Lic D#hey, j=12,..,N. (25)

Lemma 1. (a) The matrix A in (22) is a nonsingular M-matrix and is also a symmetric positive
definite matrix.

()| A7, < land [|[A7'B|, < 1forr = <F > 0.

Proof. Proofis givenin ([29]). O

Let

€)yr = Up — 1 on Diyr, (26)
From (10)~(13) and (26), the error function ¢, _ satisfies the following system as given

in [29]
Onef ™ = Apqelk + %1% on DYy, 27)
®Z,T€Z:]~f—+1 = A;rreﬁ + ¥4k on D*y, (28)
€. = 0, t=00n Eh, (29)
e = Oon sh, (30)

where
¥ = Ayt — O 4y, (31)
‘I’g,k - AZ,Tuk _ ®;,r”k+l + r;,r¢ + (32)

and ¢, p*, and ¢ are the given functions in (10), (11), and (13), respectively.

Pointwise Priory Estimation For the Error Function (27)—(30)

Consider the following systems

Ol = Anadl.+ & on D%, (33)
®Z,qui{l,+rl = AZ,TZI\;(Z,T + FZ,TZ]\(PJI,T + §12( on D*h'YT' (34)
~ ~ —h
I = Yoht t=0onD, (35)

Qe = Gppeon St (36)
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Oty = Anedl, +35 on DO, (37)
O = Ao +Thelpn. +8 on D7y, (38)
Gr = Gppe t=0onD", (39)
Te = HppeOn St (40)

for k = 0,..,M —1, where 31,3 and g,,3, are given functions. The algebraic sys-
tems (33)—(36) and (37)—(40) can be written in matrix form

A = B+ g, (41)
Ag = Bt 413, (42)

respectively, for every time level k = 0,..., M’ — 1 where A and B are the matrices given
in (22) and G, 7,8, g € RN. We also use the partial order K; < K, which means that
K; — Ky < 0is nonpositive and K; > K means that K; — K, > 0 is nonnegative wherever
they present matrices in RN*N or vectors in RVN.

Lemma 2. Let §¥t1 be the solution of the difference Equation (41) and g+ be the solution of the
difference Equation (42). Forr = <% < 3, if

2
7 > 0andg* >0, (43)
| < 7, (44)
< % (45)

fork=0,..,M —1, then
71 > 0and ‘q"“‘ <G fork=0,., M —1. (46)

Proof. On the basis of Lemma 1, A~ > 0and if r = ‘Z—ZT < % then B > 0 and from (43) we
have g" >0,k=0,.,M —1and ﬁo > 0. Then, assume that ﬁk > 0 by using induction

we have

qk-‘rl — A_lBﬁk + TA—lgk Z 0, (47)
which gives ﬁkﬂ >0,k=0,.. M —1.In addition, E]O| < q‘) from (44). Next assume that
‘ﬁk’ < §*, by using (45) and induction gives

F1 = AT'BFF+tATIE, (48)
7 < Al eatfg
< ATBFF 1A =g (49)
Thus, we obtain (46). O
Let
Sty1 = 71 x(0,T] ={(0,x2,t) : (0,x2) € 71, t € (0, T]},
Str2 = 72x (0,T] = {(x1,0,¢) : (x1,0) € 72, t € (0, T]},
Stys = 73 x(0,T] = {(ay,x2,t) : (a1,x2) € 73, € (0, T]},
Stya = Yax(0,T] ={(x1,a2,t) : (x1,82) € 74, t € (0, T]},
)

Stys = {(x1,x2,0): (x1,x2) € D, t =0}, (50)
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and ST'yl,i =1,2,.

F= U St7; denote the surface of Q7.

i=

Theorem 1. For the solution of the problem (27)—(30), the following inequality holds true

forr = % < %where

(h, T)p(x1, x2,t), on Doy,

* 3w 2 %
(b, 7) = 77 2(1+6w)p +ﬁh a¥,
. o*u o*u o*u
a* = max{ max|—; |, max|—; max ——— 1 ¢,
or |0xt| G |9x5|" Qp |0xF0x3
B* = max max P o max o
B o3 QT ador2| g, |axar2

d= max{za—ij, ;%,1},

.,5 denote the corresponding sets of grid points. In addition, let

(51)

(52)

(53)

(54)

(55)

and u is the exact solution of BVP(1) and p(x1, x,t) is the distance from the current grid point in

Dhoyr to the surface F of Qr.

Proof. We consider the system
®h Té\z ];—H
CHa
Ee
ou

gh,'r

and the majorant functions

= Ap<8) <+ Qq(h,7) on D"y,
5
= A] T?’;l’; + 801(11, 7) on Dy,

—h
_  au _ _
= S(P/hIT—O,t—OonD,

h
- %,h,'[’ - 0 on ST’

1
g (x1,x0,t) = ﬂﬂl (h,T) (alxl — xl) > 0on Dh'yT,
_ 1 -
& (x1,xp,1) = 501 (h,T) (azxz — x%) > 0 on Dly,
g5 (x1,x0,t) = Qp(h,7)t > 0o0n Dhy,

in which €,i = 1,2, 3 satisfy the difference boundary value problem

1,k+1 Oh
G)hrslhf = AhrglhT+Ql(h T) on D™,
xSl k+1 * 7uk x gl *h
®hrzhr - AthhT +Fhrz¢hr+801(h/T)OHD Tt
_ _ _ —=h
Eine = sz(p/h,T =¢'(x1,x2,0) >0, t=00nD",

U
Si,h,r

U
Eiph,T

h
> 0on St.

(56)
(57)

(58)
(59)

(60)

(61)
(62)

(63)
(64)

(65)
(66)
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Therefore, we write the difference problems (56)—(59) and (63)-(66) for fixed k > 0 in
matrix form

Agktl = pak 4 gpuk, (67)

AR = ik g ek i =1,2,3, (68)

respectively, where A and B are the matrices given in (22) and E?’k ,Ef”k,i =1,2,3 and

gwk gk ¢ RN, Using (52) and (56)—(66) gives E;"O > 0,0 < E?'O, and E;"k > 0, and

euk| < E;."k, i=1,2,3 fork =0,.. M — 1. On the basis of Lemma 2, we get ’E‘”'k*l <

g1 k= 0,.., M — 1 and using that Q;(h, ) > [¥"*| on D%y, and 20 (h,T) > ik

i 8 1 6 2

on D*'y; gives

< min & (x1,x2,t) < dQq(h,T)p(x1,x2,t) on Dy, (69)

u
eh,r
O

3. Difference Problem Approx1mat1ng on Hexagonal grids with O (h? + 72) Order
of Accuracy
. k+3% ) k+ ) .
We use the notations 9y, fp, * = % (et D) and oy, fp, 2 = % (ﬁ,xz,t-‘r%). Given
the boundary value Problems (2)-(4), we denote p; = ax on ST'yl,z =1,2,..,5and setup
Ju

the next boundary value problem for v = 7.
BVP(2):
Lv = Of(x1 x2,t) on Qr, (70)
axl
v(x1,x,t) = p;jonSty;,i=1,2,.,5 (71)
where
_ 0 02 02
and f (x1,x2, ) is the given function in (2). On the basis of the assumption that u €
7+'X (QT) we assume that the solution v € Céﬂ A3 (Qr).

We take

2h ( 31/1(0 X2, ) + 4“]’!,’[ (h/ g}%/ t)
ond - uh,T<2h/ X2, )) if PheD Tt "
A= | (00 0+ 9uy (at) oS 73

7uh,T(%,x2, t)) if Py € D*/hey,

ﬁ(?’”(ﬂl,xz, t) —duy (aqg — h,xo,t)
+upo(a1 — 2k, x,t)) if Py € DYyr

ond I
Pan = ﬁ (8”(111,962, t) —9uy <111 — %,xz, t) on 517, (74)
+uy . (ﬂl - %,XZ, t)) if Py € D*rh’yr
0 t
pi = D gy oo, 75)
X1
2¢p(x1, x2
Psh = % on Stys, (76)
X1

and ¢(x1,x2) given in (3), ¢(x1,x2, t) given in (4) are the initial and boundary functions,
respectively, uy, - is the solution of the difference problem in Stage 1 (H Z”d).
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Lemma 3. The following inequality
nd nd .
P (we) = P ()] < 340 (h,7), i =1,3. 77)

holds true for r = 57 < %, where u is the solution of the boundary value Problems (2)—(4) and uy, -

is the solution of the difference problem in Stage 1 (Hznd) and O (h, T) and d are as given in (52)
and (55), respectively.

Proof. Taking into consideration Theorem 1, and using (51), (73), and (74) when Py €
DO vz, we have

nd nd 1
P (o) =Pl ()| < 5 (4hd () + 200 (h, 7))
< 340y (h, 1), i =1,3if By € D%, (78)

where ) is as given in (52) and d is the constant given in (55). When P € D*q; results

P2 (y0) — pf,;”(u)] < Sih (92@1 (h,T) + %dnl(h, 7))
< 240y (h,T), i =1,3if Py € D"y, (79)
Thus, we obtain (77). O
Lemma 4. The following inequality
g P2 (o) — pi| < Myk? +3d0y(h,T), i=1,3, (80)

holds true for r = S < % where uy, 1 is the solution of the difference problem in Stage 1 (Hz"d)

and My = %%ax %13’ and 0 and d are as given in (52) and (55), respectively.
T
7
Proof. From the assumption that the exact solution u € CZ,J;“’ 7 (Qr), at the end points

(0, U?h, kr) € S%q and (al,qgh, kT) S S’%’yg, of each line segment

l(xl,q\fh,kr> 0<x1<a1,0< xy :17§h <, 0<t=kr < T],

difference formulas (73) and (74) give the second order approximation of %’1, respectively.
From the truncation error formula (see [39]) it follows that
2nd h2 3” . . Oh
max |py (u) — pi| < zmax|-—|, i =13if Pp € D"z (81)
Sty UShys 3 Qr X7
Analogously,
n h? 03
max pizhd(u) — pi| < —max —L; ,i=1,3if Py € D*'y,. (82)
SE1USTY3 8 Qr |9xy

Using Lemma 3 and the estimations (81) and (82) follows (80). O

We construct the following difference problem for the numerical solution of BVP(2)
and denote this stage as
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Stage 2 (Hz”d ( a;‘l ) )
@hrfvzltl = Ayt o+ Dypon D%, (83)
O ot = Aok 4 Tpd + Dyt on DMy, (84)
O vt = A th 4 T}2P3 + D™ on DMy, (85)
Uy = Pih (”h,r) on Sty i=1,3, (86)
Upe = pinonSty,i=2,4,5 (87)

where p%Zd,pgzd, and pjy,,i = 2,4,5 are defined by (73)-(76) and the operators ©, .,
Ay, ©p , A, _and I'j _ are the operators given in (16)—(20), respectively. Additionally,

k+ 3

DX1 l/J - axl PO 7 (88)
N k+1 01 k-l
DX1¢ = a>C1f 2 gaxlf 2' (89)
Let
€ = Upr —voON Dl (90)

where v = 337”1. From (83)—(87) and (90), we have

@)k = Al + 9% on DOy, (o1)
0} € ka = A Tsh T e+ ‘I’z’k on D*y, (92)
sth = 0Oon ST'yi,z =2,4,5, (93)
& = &% =Pl () —pionShy, i=13, (94)
where
‘i[ﬂl"k = Ao — 0y o 4 Dy, (95)
¥k = Ao - @) T4 T pi+ Dyyt, i = 1,3, (96)
Let
0 = max{max o' ,max|— o max 8470 },
or || oy |0xf| o |xiox
o= max{max ik ,m o il }
0y |08 | g, |9x3012 axlatZ
and
6 = max{Gl, 40M, + 12dwa* }, (97)
c = max{o,3dB*}, (98)

where a*, * are as given in (53), (54), respectively, and M is as given in (80).
Theorem 2. The implicit scheme given in Stage 2( ) is unconditionally stable.
Proof. The obtained algebraic linear system of Equations (83)—(87) can be given in ma-

trix form:
ATH = Bt + 14F, (99)
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k=0,1,..,M" —1, where A and B are the matrices given in (22) and o, qi‘, € RN. On the

basis of the assumption that the exact solution v of the BVP(2) belongs to Cija’Hz (Qr)

and using Lemma 1 and by induction we get

o]

IN

[ N Rt T

k
[, +=
2

95

2 2

g5 (100)

IN

5

Thus, Lax and Richtmyer sufficient condition for stability given in Theorem 1 of [33]
is satisfied and the scheme is unconditionally stable. O

Theorem 3. The solution vy, . of the finite difference problem given in Stage Z(Hznd (ﬂ))

Bxl
satisfies
o 360
gﬁﬁvh,f — 0] < 5 (14 6w) (T +1)72 + Lo (1+at+a3), (101)

forr =97 < 3 where 0, o are as given in (97), (98), respectively, and v = 5’7“] is the exact solution

of BVP(2).

Proof. Consider the auxiliary system

®h/T€Z,,I‘(F+1 = Ah,T:CfZ',]; + O (x1) on DOh')’T/ (102)
1 .
O Bt = AL EE 4T B+ Op(n) — z Ma(p) on D"y, (103)
&, = OonShy,i=245 (104)
nd .
& = Ee=rh () —pionSiy,i=13, (105)
where
M(x) = Sda, (1+6w)7*(2a1 — x1) + 12,
v 2, 30w, 5 ‘ ok

> (1 —h > ¥ 1

2 5y (LH+6w)T" + ==h” > |17, (106)

O(x1) — 2u(p) = (14 6)72 (5 — gl ) + 4B if Py € Dy
6 (14 6w)7 (g + gl ) + %2 if Py € Dy

> ¥k, (107)

and x; = % and p=0if Py € D"y and xq = a3 — %,ﬁ = a; if Py € D*"y.. We take the
majorant function

E”(xl,xz,t) :§71’(x1,x2, t) +53(X1,XQ, t), (108)
where
o2 -
& (x1,x0,t) = m(l +6w)(t+1)(2a; — x1) > 0 on Dy, (109)
1

36 —
&(x1,x0,) = Eh2 (1 +a% + a3 — x5 — x%) > 0 on Dy, (110)
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The function in (108) satisfies the difference problem

—v,k+1
®hrT£h,T

x =0,k+1
®h,T Sh,T

v
€

=0
Sh,r

Ah,TEZ:];— + O (x1) on D,

- _ 1. .
Nj s T8 + Qa(x1) = 20a(p) on D™y,

g, = €(0,x,t) +8(0,x2,t) on Sl%’yl,
€] (x1,0,t) +8(x1,0,t) on S}%'yz,

€, r = & (a1, x2,t) + (a1, x2,t) on S’%’yg,
e(x1, a2, 1) + 5 (x1, a2, 1) on Sy,

Ezl’(xl, X2, 0) + Eg(xl, XQ,O) on SSL’)/5

(111)
(112)
(113)
(114)
(115)
(116)
(117)

The algebraic system of Equations (102)—(105) and (111)—(117) can be written in matrix
form as

AR = Betk 4 ek, (118)
Akl = Btk 4 vk, (119)
respectively, for k = 0, ..., M’ — 1, where A, B are matrices as given in (22) and guk guk

gvk gvk € RN, Using (106)—(117), we have 80 >0,and e >0, and ‘E”'k < ek for

k=0,..,M —1,and ’?”fol < &0, Then, on the basis of Lemma 2, we get ‘E‘U'kH‘ < goktl
fork=0,..,M' — 1. From

€%(x1,x2,t) < €(0,0,T)

o 360
= E(1+6w)(T+1)rz+ E}12(1+a%+a§),

and using (106) and (107) follows (101). O

4. Second Order Approximation of g—;’z on Hexagonal grids

1
Let the BVP(1) be given, then we use the notations dy, f;;;rz = % ( - and
X1,X2, +%
k+% - . du .
Ox, Py T o (Pt 3) and denote q; = 9%, On Stvi,i = 1,2,...,5 and setup the next
boundary value problem for z = %/
BVP(3):
0
Lz = M on Qr, (120)
axz
z(xq,x2,8) = g;onStvy;,i=1,2,.,5 (121)

where L is the operator in (72) and f(x, x2, t) is the given function in (2). We assume that

btasts (Qr) and take

the solution z € C,,
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znd . 1
Ton = 23 3h< 3u(x1,0, t-+4uhr(xhwfﬁ 0
—uy, T(x 2v/3h, t)) on S}%'yz, (122)
an . B
Qs = Z\fh (3u xl,llz, 4uhr(x1,a2 fh i’)
+uh,r <X1, ay — 2\@”1, t)) on SF%’M, (123)
d t
qih = M on ST’)’IIZ — 1’3’ (124)
aX2
do(xq, x
Gsn = M on Sy, (125)
X2

and ¢(x1,x2) given in (3), ¢(x1, X2, t) given in (4) are the initial and boundary functions,
respectively, uy, . is the solution of the difference problem in Stage 1 (H Z"d).

Lemma 5. The following inequality holds

nd nd .
7 (w,0) — 43 ()| <340 (h,7), i=2,4, (126)

forr =147 <3 5, where u is the solution of the boundary value Problems (2)—(4) and uy, . is the

solution of the difference Problems (10)—(13) in Stage 1 (Hznd) and O (h, T) and d are as given
in (562) and (55), respectively.

Proof. Taking into consideration Theorem 1, and using (51), (122), and (123), we have

znd znd 1
2 (uy ) — 2 (u)’ < m(ﬁl\/ghdﬁl(h,r)+2\@hdﬂl(h,r))
< 340y (h,T), i=2,4, (127)

thus, we obtain (126). O
Lemma 6. The following inequality is true

max
Sty USltyy

2" (uy0) — q,-’ < Moh? +3dQy (h,7), i = 2,4, (128)

forr =97 < % where M = max g—’;
X3

Qr
1 (Hz”d) and Oy (h, T) and d are as given in (52) and (55), respectively.

and uy, - is the solution of the difference problem in Stage

Proof. From the assumption that the exact solution u € C, +'X’ Ea

(0h,0,kt) € Shyy and (Oh, az, kt) € St~y of each line segment

(Qr), at the end points

[(8h,x0,kT) :0<x1=0h<a,0<xp <, 0<t=kt<T],

difference formulas (122) and (123) give the second order approximation of 2 3x, Tespectively.
From the truncation error formula (see [39]), it follows that

u
max

L i=2,4. (129)
Sty Uty

q%zd(u) - q,’ < K?max|—
Qr

ox;
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Pu

ppe and using Lemma 5 and the estimation (127) and (129) fol-
2

Taking M, = max
Qr

lows (128). O

We construct the following difference problem for the numerical solution of BVP(3)
and denote this stage as

Stage 2 (Hz”d ( 5% ) )

Onezpt! = Aurzho+ Depon DV, (130)
25y = A2+ T oqun + Dxy* on DMy, (131)
.z = Az} + Tl + Dy on DMy, (132)
Zie = 4 (upe) on Sy, i =2,4, (133)
Zye = GiponSty,i=1,3,5 (134)

where q%;;d,qi;d, and q;;, i = 1,3,5 are defined by (122)—(125) and the operators @y, .,
Ap, Op Ah - and F . are the operators given in (16)—(20), respectively. In addition,

h,T’

k+3

Dle/J - axz PO 7 (135)
k+3 1. k+}

Dy, " = 0y, P z2 gaxZ P 2 (136)

Let
€ = Zne —z on Dhyr. (137)

From (130)—(134) and (137), we have
Oy, Tsz K+l = Ay, Te k4 R &% K on DYy, (138)
@} &7 A &%+ ¥5  on Doy, (139)
Sh,r = Oon ST'yi,z =1,3,5, (140)
nd .
G = 0 (o) —qion S}y i=24, (141)
where g;;, are defined by (122)-(125) and

ok Ay = 02+ Dy, (142)
Ik Ajy 2 =0 T+ g+ Doyt i=1,3. (143)

Let

4 4 4
K1 = max ma o’z ,max|— 0’z max % , (144)
axl Qr |0x3|" Q; |0x30x3
3z 0%z 0%z
0 = , 145
! max{ o8| G oo | oy | axdar (145)
and

K = max{Kl, 40M, + 12dwtx*}, (146)
0 = max{d,3dp"}, (147)

«*, B* are as given in (53), (54), respectively, and M, is the constant given in Lemma 6 and
z is the solution of BVP(3).
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Theorem 4. The implicit scheme given in Stage 2 (Han (a%)) is unconditionally stable.

Proof. The obtained algebraic linear system of Equations (130)—(134) can be given in
matrix form:

AZ1 = BZF 4 14k, (148)
fork =0,1,..,M' — 1, where, A, B are as given in (22) and z¥, ¥ € RN. On the basis of the
assumption that the exact solution z of the BVP(3) belongs to C6+’X Ata (Qr) and using

Lemma 1 and induction we get

[, < a7l ], <A
2 2 2 2 2
k
< *)H K 149
- HZ 2+Tk§() 1z 2 (149)

Therefore, the scheme is unconditionally stable. [

Theorem 5. The solution zj, ; of the finite difference problem given in Stage Z(Hz”d (axz))
satisfies

(14 6w)(T + 1)+ %

6
max|th—z| < —= 10

] = (1 +a? az) 12, (150)
Dltyr

forr =93 < %, where x,0 are as given in (146), (147) respectively and z = aa;‘ is the exact

solution of BVP(3) .

Proof. Consider the auxiliary system

O, & = A+ Qs(x2) on DY, (151)
O st = AER gﬂa(xz) on Dy, (152)
€. = Oon Shy,i=1,3,5, (153)
€. = @ (o) —qronShy,i=2,4, (154)

where qud, qﬁzd, gin i =1,3,5, are defined by (122)—(125) and

O3(x) = ﬁ(l + 6w)T2(2a; — x) + ?’K—“’hz
> (4 6w)e 422 > k| (155)

() = o (14 60) (20— x2) + S
> 154‘54(1 +6w)7 + S22 > ¥, (156)

We take the majorant function
€ (xq,x,t) = & (x1,x2,1) + & (x1, %2, 1), (157)
where

&(x1,20,) = Zéfuz 2(14 6w)(t +1)(2a3 — x2) > 0 on Dly, (158)

&(x1,x0,t) = Ehz (1 +a2 a5 —x3 - x%) > 0 on D"y, (159)
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The majorant function in (157) satisfies the difference problem

O " = A E + Qs(x2) on DMy, (160)
@Z,TEZ’,];H = AZ,Téfl’,I; + T o8 + 203(9@ on Dy, (161)
g = g =8(0,x,t)+8(0,x,t) on Sfyy, (162)
& = E(x1,0,t) +8(x1,0,t) on Sy, (163)
G = Go=8(a,x1)+ 8@, x,t)on Sy, (164)
E‘Z/T = &(xy,ap,t) +&(x1,a2,t) on 5}%74, (165)
g = &(x1,%2,0)+&(x1,x,0) on Sheys. (166)

We write the algebraic system of Equations (151)—(154) and (160)—(166) for fixed k > 0
in matrix form

AFKL = Bk gk, (167)
AFHAT = BeEk 4 ek, (168)

respectively, where A, B are as given in (22) and ok gak g2k gk o RN Using (155)—(166),
we get 7 > 0 and ’EZ'k' <&k fork=0,1,..,M —1and &0 > 0, [0 < 0. Then, on

the basis of Lemma 2 follows ‘Ez'k“ ’ <gktl k=0,1,.. M — 1. From

&(x1,x0,t) < €(0,0,T)

5 3
- E(1+6w)(T+1)r2+ﬁ(lﬂ%ﬂzg)}ﬂ, (169)

and using (155), (156) follows (150). O

5. Numerical Results

A test problem is constructed of which the exact solution is known to show the
efficiency of the proposed two stage implicit method. The rectangle D is taken as D =
{(xl,xz) 0<x1 <, 0<xp < ?}, and t € [0,1]. All the computations are performed
using Mathematica in double precision on a personal computer with properties AMD
Ryzen 7 1800X Eight Core Processor 3.60GHz. To solve the obtained linear algebraic system
of equations, we applied incomplete block-matrix factorization of the block tridiagonal
stiffness matrices which are symmetric M—matrices for the all considered pairs of (%, T)
using two-step iterative method for matrix inversion. Then these incomplete block-matrix
factorizations are used as preconditioners for the conjugate gradient method as given
in [34] (see also [35,36] ). We use the following notations in tables and figures:

H2d (5’%) denotes the proposed two stage implicit method on hexagonal grids for the

approximation of the derivative 887”1.

2 (887”2) denotes the proposed two stage implicit method on hexagonal grids for the

ou

approximation of the derivative F-.

ou

2nd
CT <3x1 ) presents the Central Processing Unit time in seconds (CPUs) per time level
for the method H>" (BBTL;) .

Ju

2nd
CT <E”‘Z) presents the Central Processing Unit time in seconds (CPUs) per time level
for the method H?" (aa—”) .

X2
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2nd
TcT" (a"l) shows the total Central Processing Unit time in seconds required for the
solution at t = 1, by the method H?* (637”1) .

2nd [ du
TCT <a"2) shows the total Central Processing Unit time in seconds required for the

solution at ¢t = 1, by the method HZ”d( Ju )

x2

The proposed two stage implicit method for the approximation of the derivatives
aa; , aa; are denoted as the methods Hznd( ) and HZ”"I( ) Additionally, the corre-
sponding solutions are denoted by v, ,-1, and z,-y ,-, respectively, for h = 27# and
T = 27" where y, A are positive integers. On the grid points Dlty,, which is the clo-
sure of Dy, we present the error function g, . obtained by H2nd ( Ju ) and H? ( axz)

Han( Ju ) 2nd( Ju ) X . .
by e 1) and by € 92/, respectively. In addition, maximum norm of the errors
max and max

2nd [ ou 2nd ( du 2nd [ Ju 2nd [ du
gH (3’51) gH (axz) H (9*1) H (axz)
Dl Dy

accordingly. Further, we denote the order of convergence of the approximate solution
Uy-yp-a to the exact solution v = 837“1 obtained by using the two stage implicit method

Han (ax1 ) by

and

are presented by ||¢

[e9) [e0]

€H2nd( )(2 #o= )

2nd ( Ju
()

[
. (170)
gHznd<£Tul> (2~ (r+1) 2= (A+1) H

Analogously, the order of convergence of the approximate solution z, ,-x to the

exact solution z = 7~ obtained by using the two stage implicit method H2nd ( aa;‘ ) is

given by
£H2nd( )(2 u 2— )

= o (171)

2nd [ du
H™ 5y

We remark that the values of (170), (171) are ~ 22 showing that the order of conver-
gence of the approximate solution v, ,-x to the exact solution v = 387”1 and the order of

convergence of the approximate solution z,-, ,-1 to the exact solution z = aa” are second

order both in the spatial variables x1, x, and in time ¢, accordingly.
Test Problem:

ou u  %u
g = 05(8 2+a 2) +f(X1,XQ, )OI‘IQT,

57 57 —
0.0001 (xlg (1—x1) + cos (xz8 > <\f - x2>> onD,

ﬁ(xl, X, t) on S,

u(x1,x2,0)

u(x1, xp, t)

where
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41 4 &

f(x1,x2,t) = 0.00035625 (tlé — 6.1259(18 + 8.1259(18
3249 o 57

+ (\f912 —7. 125x2) X,' cos (xz )

2793 £ 57
+ (\[912 — 8. 125x2> xz sm(x2 ))
57
i(x1,x2,£) = 0.0001 <t16 + x{ (1 —x1) + cos (xz ) (? - x2> > ,
ou

. 2nd ou_ 2nd

are the heat source and exact solution. Table 1 demonstrates CT <a“1 ), TC T <a*l >,
maximum norm of the errors for h = 27#,u = 4,5,6,7 when T = 27*,\ = 13,14,15, 16,
thatisr = 0 ot <3 3 and the order of convergence of vy, ; to the exact derivatives v = 38;1

with respect to h and T obtained by using the constructed two stage implicit method

ond 2nd<8u) 2nd(8u> .
H" ( . Table 2 shows CT /), TCT %2/, maximum norm of the errors for
the same pairs of (/, T) as in Table 1 and the order of convergence of zj, , to the exact
ou

derivative z = 7~ with respect to i and 7 obtained by using the constructed two stage

implicit method H?"? ( I ) Tables 1 and 2 justify the theoretical results given such that the

approximate solutions v}, - and zj,  of the proposed method converge to the corresponding

exact derivatives v = aa“ and z = aa L with second order both in the spatial variables x1, x;

and the time variable t for r < %

Table 1. Computational time maximum norm of the errors, and the order of convergence of v, . to

the exact derivative v = a “ whenr =2 521 < %
n n du n du n ou
r= 2% (h,T) cr™ (@) pert () || () ‘ R (%)
276 (274,2713) 0.03 197.34 9.3475 x 1076 3.1457
2° (275,2714) 0.09 1187.55 297147 x 107%  3.5508
274 (276,2715) 0.59 18,501.80 836840 x 1077 3.7737
273 (277,2716) 3.69 144,50521 221757 x 1077

Table 2. Computational time, maximum norm of the errors, and the order of convergence of zj ; to

the exact derivative z = aa;’ when r = % < 3.
r=%t () or™(B) per™ () () ‘ w (%)
276 (274,2713) 0.02 181.88 3.72134 x 107%  1.7362
270 (275,2714) 0.13 1187.55 2.14336 x 107° 26720
274 (276,2715) 0.70 21,557.80  8.02154 x 10~ 3.2757
273 (277,2716) 4.09 169,305.04  2.44880 x 107

(3), 11 (8), o
Table 3 presents the CT 1/, TCT 1/, maximum norm of the errors for
h=2""u=4,5678whent = 272 A =18,9,10,11, 12, thatisr = 0h52T > 5 3 and the order

of convergence of v, ; to the exact derivative v = aa—” with respect to i and 7T obtained by
H2nd ( ou
using the constructed two stage implicit method H2™ ( ) Table 4 shows the CT" (aYz ) ,

2nd
rcT" <a"2) , maximum norm of the errors for the same pairs of (1, T) as in Table 3 and

the order of convergence of zj ; to the exact derivative z = aa” with respect to h and T
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obtained by using the constructed two stage implicit method H>"4 (a ) Numerical results

given in Tables 3 and 4 demonstrate that when r > 7, the approximate solutions vy, . and
zj, r of the proposed method also converge with second order both in the spatial variables

X1, % and the time variable  to their corresponding exact derivatives v = F-

Ju

Jdu
axz

Table 3. Computational time, maximum norm of the errors, and the order of convergence of v, ; to

the exact derivative v = a“ when r = Oh‘:f > 7

- % (h, T) CTHan(aa7ul> TCTHznd(axl) Han H Han ax])
271 (274,278) 0.02 4.75 9.34796 x 107%  3.1458
1 (27°,277) 0.08 37.30 297159 x 107¢  3.5508
2 (276,2710) 0.42 347.70 8.36871 x 1077 3.7737
22 (277,271 3.47 3988.83 221765 x 1077 3.8889
23 (278,2712) 41.25 68,313.10  5.70258 x 108

and z = 2~ .

Table 4. Computational time, maximum norm of the errors, and the order of convergence of zj, , to

the exact derivative z = aa;‘ when r = @ > %
n nd ( _ou n "
r=0x (b, 7) cr™(3)  per™i () [ () ‘ g ()

271 (274,278) 0.03 7.52 3.72102 x 107%  1.7361
1 (272,279) 0.13 64.38 2.14327 x 107¢  2.6720
2 (276,2710) 0.59 533.53 8.02135 x 1077 3.2757
22 (2~ 7 271 3.83 5122.09 244877 x 1077 3.6202
23 (278,2712) 4291 73,957.51  6.76426 x 1078

gHznd<9a7ul) (242713

7

Figure 3 illustrates the absolute error functions

8Hznd (a%) (276,215) Hznd(axl ) (277 2-16)

, and |¢
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at time moment t = 0.2 obtained by us-
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at time moment ¢t = 0.2

obtained by using H>" ( 83;‘2 ) The exact derivative v = a .- and the grid function v, -1

for h = 27%,7 = 2715 at time moment ¢ = 0.2 obtained by using H>" ( aa” ) are presented

Ju

in Figure 5. Further, Figure 6 shows the exact derivative z = F and grid function z,-6 515

at time moment ¢ = 0.2 obtained by using H2nd ( ou )
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Figure 5. The exact solution v = g;‘l and the approximate solution v,-6 515 at £ = 0.2.
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Figure 6. The exact solution z = ax and the approximate solution zy-6 5-15 at t = 0.2.

HZn ( 8714 ) Han (8 ) 3
Table 5 shows the CT 1/, TCT *1/, maximum norm of the errors for r < 7,
and the order of convergence of v}, ; to the exact denvatlve v= ax with respect to h and T

obtained when third order approximations for v = E

6171(_11”(0’ X2, f) + 181/{;,,1-(]’[, XZ,f)
—9uhf(2h x, 1) + 2uy, £ (3h, x2, 1)) if Py € D%y, \
L (—184u(0, xs, )+225u,”(§,x2, t) on S771,

—50Mh~r( 3, x, ) +9uhr( 5 X2, )) if Py € Dy,

(172)

é(llu(ul,xz, t) — 18uy (a1 — h, x2,t)
+9uhr(a1 21, %o, t) — 2uy, - (a1 — 3h, xa,t)) if Py € DYy
60h (184u(a1,x2, t) — 225uy, - <a1 — %,xz, t)

+50uy, - (a1 — %,xz, t) —uy, 1 (a1 — %,xz, t)) if Py € D*rh'yT

3rd

Pan = on Stys, (173)

an Ju
are used on ST’)/Z,I = 1,3 for the Stage Z(Hz”d< ou )) Table 6 shows CT (""2>,
3
7

H2nd .
TCT <9"2) maximum norm of the errors for ¥ < 3 and the order of convergence

of zj, ; to the exact derivative z = aa;’ with respect to i and 7 obtained when third order
approximations for z = aa;’
1
3rd
= ———(—11u(x,0,t) + 18uy, . ( x1,v/3h, t
921 6\/§h< (x1,0,¢) h,-r( 1, )
— 9y, (xl, 2v/3h, t) + 2uy, ¢ (xl, 3v/31, t)) on Sk, (174)
3rd o 1 _ _
Tay, = 76\@%1 <1lu(x1,a2, t) — 18uy, - (x1,a2 V/3h, t)

+9uy, 1 (xl,az — 23, t) — 2up ¢ (xl, a, —3v/3h, t)) on ST'y4 (175)

2nd ( ou_
are used on S}%%,i = 2,4 for the Stage 2<H2”d (%)) Table 7 presents CTH (%)I

H2nd .
ICcT <a"1) maximum norm of the errors for r > 3, and the order of convergence

of vy, ; to the exact derivatives v = a” with respect to i and T obtained by using the

difference formulae (172), (173) on S 17,1 = 1,3 for the Stage Z(Hznd( ou )) Table 8

an Han
gives C T (a"z) TCT (3"2) maximum norm of the errors for r > %, and the order
of convergence of zj, ; to the exact derivative z = aa—“ with respect to h and T obtained by

using the difference formulae (174), (175) on ST'yl,z = 2,4 for the Stage 2<H2"d (ax2>>.
Numerical results given in Tables 5-8 demonstrate that the approximate solution vh - and
zp, 1 of the proposed method converges to the corresponding exact derivatives v = a m L and
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z= ax with second order both in the spatial variables x1, x; and the time variable f with
better error ratios.

Table 5. Computational time, maximum norm of the errors, and the order of convergence of v, . to
the exact derivative v = a % when (172) and (173) are used and r = @ < %

r= 05 (h, ) cr™ (@) pert(a) || () ‘ g (7)
(e
276 (274,2713) 0.03 216.25 3.93819 x 1076 4.5863
27° (275,2714) 0.09 1695.39 8.58690 x 1077 4.6031
274 (276,2715) 0.63 1894540  1.86547 x 1077 4.6131
273 (277,2716) 3.67 218517.01  4.04385 x 1078

Table 6. Computational time, maximum norm of the errors, and the order of convergence of zj, . to
the exact derivative z = gé‘ when (174) and (175) are used and r = & %T < %

r= 0% (ht) ™) per™(F) | () ‘ g (3%)
276 (274,2713) 0.03 251.27 3.37221 x 107% 25722
270 (275,2714) 0.13 2088.16 1.31103 x 107 4.3277
274 (276,2715) 0.63 1894540  3.02939 x 1077 4.4163
273 (277,2716) 3.85 234313.60  6.85956 x 1078

Table 7. Computational time maximum norm of the errors, and the order of convergence of vy, ; to
the exact derivative v = a % when (172) and (173) are used and r = 0]527 >

n " Ju " Ju " Ju
r= 0% (h,T) cr™(3)  per™ () | (3) ‘ R (%)
271 (274,278) 0.02 5.08 3.93866 x 107° 45862
1 (275,277 0.08 38.19 8.58815 x 1077 4.6030
2 (276,2710) 0.44 352.03 1.86579 x 1077 4.4176

22 (277,271 3.52 3994.16 4.22355 x 1078

Table 8. Computational time, maximum norm of the errors, and the order of convergence of zj, ; to

the exact derivative z = 337

0.5
”2 when (174) and (175) are used and r = hzT > 7

r= % (h, T) CTHZrld(i TCTHznd(axZ) eHan<aBTuZ) ‘ §reH2nd<aBTuZ)
271 (274,278) 0.02 5.89 3.67669 x 107%  2.8278
1 (275,279) 0.11 45.67 130019 x 107 4.4268
2 (276,2710) 0.50 414.27 293712 x 1077 4.5165
22 (277,271 3.72 447591 6.50300 x 108

6. Discussions and Conclusion

A second order accurate two stage implicit method on hexagonal grids is proposed for

the approximation of the first order derivatives of the solution to first type boundary value
problem of the heat equation with respect to spatial variables on rectangle. At the first stage,
for the error function, we provided a pointwise prior estimation depending on p(x1, x2,t),
which is the distance from the current grid point in the domain to the surface of Qr. At

the second stage, we constructed special difference problems for the approximation of 5)7”

and a%“ Uniform convergence with order O (h? + 72) of the solution of the constructed
difference problems to the corresponding exact derivatives 2 oy L and aa;‘ on the hexagonal

grids when r = 9% < 3 7 is proved. Furthermore, the given two stage implicit method
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is applied on a test problem and the obtained theoretical order of convergence is shown
numerically using tables and figures.

Remark 1. The methodology given in this research may be used to construct highly accurate
implicit splitting schemes (fractional step methods) and alternating direction methods (ADI)
(see [40—43]) for the approximation of the first order partial derivatives of solution of first type
boundary value problem of heat equation in three space dimension. Additionally, this approach
may be extended to find the spatial derivatives of the solution of the time-fractional structure of the
heat equation. Since as well as its solution, the computation of the derivatives of the solution of
the fractional model problem are essential. Such as the time-space fractional convection-diffusion
equation, see [44], in which for the solution a fast iterative method with a second-order implicit
difference scheme was studied.
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