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Abstract: The paper presents a new analytical method called the local fractional Laplace variational
iteration method (LFLVIM), which is a combination of the local fractional Laplace transform
(LFLT) and the local fractional variational iteration method (LFVIM), for solving the
two-dimensional Helmholtz and coupled Helmholtz equations with local fractional derivative
operators (LFDOs). The operators are taken in the local fractional sense. Two test problems are
presented to demonstrate the efficiency and the accuracy of the proposed method. The
approximate solutions obtained are compared with the results obtained by the local fractional
Laplace decomposition method (LFLDM). The results reveal that the LFLVIM is very effective and
convenient to solve linear and nonlinear PDEs.

Keywords: coupled Helmholtz equation; local fractional variational iteration method; local
fractional Laplace transform (LFLT)

1. Introduction

The Helmholtz equation often arises in the study of physical problems involving partial
differential equation (PDEs) in both space and time. The Helmholtz equation with local fractional
derivative operators in two-dimensional case was suggested in [1,2] as follows:
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with the initial value conditions as follows:

0%H(0,y)

H(0,y)=9(y), e

=y(»)

where H(x,y) is the unknown function and f(x,y) is a source term. While coupled Helmholtz

equations with local fractional derivative operators in two-dimensional case was introduced in [2] as
follows:
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subject to the initial conditions:
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where Hy and H, are unknown functions and fi(x,») and f5(x,y) are source terms.

In recent years, many of the approximate and analytical methods have been utilized to solve the
PDEs with LFDOs such as the Adomian decomposition method [3-5], variational iteration method
[6-11], differential transform method [12,13], series expansion method [14-16], Sumudu transform
method [17], Fourier transform method [18], function decomposition method [19,20], Laplace
transform method [21,22], reduce differential transform method [23,24], homotopy perturbation
Sumudu transform [25], and the existence and uniqueness of solutions for local fractional differential
equations [26,27].

The main aim of this work is to propose the local fractional Laplace variational iteration method
to solve Helmholtz and coupled Helmholtz equations with LFDOs. It is important to note that the
new modification reduces the size of calculations compared to the LEVIM. This paper is organized
as follows: In Section 2, the basic mathematical tools of local fractional calculus are introduced. The
analysis of the proposed method is given in Section 3. Then in Section 4, the proposed method is
implemented to solve some examples. Finally, concluding remarks are presented in Section 5.

2. Basic Definitions of Local Fractional Calculus

In this section, we introduce the basic definitions and properties of the local fractional calculus
used to describe the proposed schemes.

Definition 1. The local fractional derivative of f(x) of order a at the point X=X, is given by [19,20,24]:
A -
(o) (xo) = lim (f (x) /;(xO))
X=X (x—x9)

A (f ()= f(xp)) = Do+ 1) (f (x) = [ (x0))-

f

®)

where

Definition 2. A partition of the interval [a,b] is denoted as (Zj ,tj+1), j=0,.,N-1,and ty=b with
At =t;, —t; and At=max{At;,Al,.....}. The local fractional integral of f(X) in the interval [a,b]
is given by [20,24]:

1 N-1
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If the functions are local fractional continuous then the local fractional derivatives and integrals
exist.
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Definition 3. Let

J.| f (x)|(dx)a < k < oo. The local fractional Laplace transform of f(x) is
0

given by [19,20]:

oo

Loyif(x)}=f%s) = fira g Ey(=s"x®) £ (x)(dx)*, 0< 0 <1 o

where the latter integral converges and s” € R”.

Definition 4. The inverse of the local fractional Laplace transform of f(x)is [19,31]:

p+io
LS9} = f(t) = ﬁﬁifm“x“)ff’“(s) (ds)*, 0< o<1 ®)

where 5% =% +i%@”, and Re(s)=/>0.

Theorem 1. Suppose that La{f (x)}: fSL’OC(S) and La{g(x)}= gf’a(S), then we have the following

formulas:

Lofaf (0 +bg(x)}=af;“(s)+bg % (s) 9
LB, ("X @)= 2 (s=0) (10)
L\ 0 =4 1 ()= s 6D 1(0) = 5D 1 ) .. (D) g an
LfEa (@)= —1— (12)
S —a
ol T+ka)
Lot }== G (13)
Proof of Theorem 1: see [30].
Definition 5. The convolution of two functions is defined symbolically by [30,31]:
1 X
iy = 5 { YA (O (x 1) (d)” (14)
or
V2= { W (O (x—1)(dD)” (1)

Theorem 2. Let Lo 11 (x)}= \PSLja(S) and Low, (x)}= \PSL,’za (s), then

Lol () 5y, (0} =W 5% (5) Wy (16)
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3. Analysis of the Method

In this section, we illustrate the basic idea of the Laplace variational iteration method for the
local fractional partial differential equation.
Let us consider the following local fractional partial differential equations:

Lou(x,y)+ Rou(x,y)+ Nou(x,y)= f(x,y), 0<a <l (17)

ko

axka

represents the general nonlinear LFDO, and f(x,y) is the source term.

where L, = is the linear LFDO, R, is a linear LFDO of order less than L,, N,

According to the rule of LFVIM, the correction local fractional functional for Equation (17) is
constructed as [6-10,28,29]:

1 (6) =11, (2 1) [M (Lot (&) + Ry (&) + Nyl (£) - f(f)]} a8)

I'l+ea)
o
where Ax=g)” is a fractal Lagrange multiplier.
T'l+ea)
For initial value problems of Equation (17), we can start with:
o (k-Da
- d (@) d (k=D)e)
=u(0)+ ——— O+t 0 19
() =u(0) + s DO+ L ) (19)

We now take the Yang-Laplace transform of Equation (18), namely:

fa{unﬂ}:ﬁa{un}+@{M;ﬁ“{%wn@+Raﬁn<5)+Naﬁn«f)—f(f)]]} (20)

or

fa{un+1}=fa{un}%a{%}fa{wn(mRaﬁn(x>+Naﬁn(x)—f(x)} 1)

Taking the local fractional variation of Equation (21), which is given by:

a“(fa{un+l}>=(s“(fa{un}n5“(£a{ﬁ(§?a)}fa{Laun<x>+Raan<x>+zvaan<x>—f<x>}} @

By using the computation of Equation (22), we get:

/1 24
o) =0 Ao 1) -
Hence, from Equation (23) we get:
ﬁ(x)a ko _
+£, {—F(l T }s =0 (24)

where:
8 (g Loty (0))) = 8755, Jut, ()} — 55 D%, (0) =~ EDD ()|} = 55 fu, 1)) (25)

Therefore, we get:
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A |1
£”{F(1+a)}_ sk (26)

Therefore, we have the following iteration algorithm:
1 ~
Zo i1 }= Eouy }=——Eo Loty () + Rot (x) + Ny, (x) = £ ()} 27)
s

where the initial value reads as:

o (x) = u(0)+ @ (0)+---+ I u (=D ) (28)
T(1+ ) T+ (k—Da]

Thus, the local fractional series solution of Equation (17) is:

u(x, ) = Tim £5! (g f, (x, )}) 9)

4. I1lustrated Examples

In order to illustrate the above results in Section 3, we give the following several examples.

Example 1. Let us consider the following Helmholtz equation involving the local fractional operator:

9%%u(x, y) 0%%u(x, y)

520 5 % =u(x,y), 0<a <l (30)
with the initial value conditions as follows:
2%u(0,
0.5 =0, TG = cosh (37 a1
X

Using relation Equation (27), we structure the iterative relation as:

20c 200
Eolir )= o) lf{a 4, }

ox 200 ayZO(
(32)
1 1 1 9% Lo du, } }
=00+ =5 (0. ) - T 20 20c oty }
s 52 ay
In view of Equation (28), the initial value reads:
p(523) = (0, 3) + (0, ) = coshy (%) (33)
I'd+o) I'd+o)

Making use of Equations (32) and (33), the successive approximate solutions are shown as
follows:

Oﬂ)(o V) - 1 azafoc{uo(x .V)}

Eofin(x.)} = Siauo(o,yw 821 et Eofuo(x.)}

(34)
1 1 1 1
= coshm(}/(’°)——s40c cosha(y“)+—s4a cosh, (y%) = Sz—acosha(yo‘),



Fractal Fract. 2019, 3, 43 6 of 13

1 1 1 0°%E,
fa{uz}=s—au1(0,y)+sTauf“)<o »)- Saa—zi“l} > —a Folin}

— 1 o
—SECOSha(J’ )

)= 0+ ol 0 - A )

1 o
=S2—QCOSha(y ),

Lo fug b= —H3<o y)+—u3°°’<0 y) - 1a%2§“3} Lo fuz }

:Lcosha(ya),

20L

1
Eo{u, }= Wcosha(ya),n >1.
s

Consequently, the local fractional series solution is:

o

1 X o
u(x,y)= hmf [ cosha(y )] mcosha(y ).

The result is the same as the one that is obtained by the LFLDM [2].
In Figures 1-3, the three-dimensional plots of the approximate solutions of Equation (30) with
initial condition Equation (31) are shown for different values of a = % ,In(2)/In(3) , 1, respectively.

u(xy) 3

30

Figure 1. The plot of the solution to the local fractional Helmholtz equation with fractional order o =
1/2.
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30

Figure 2. The plot of the solution to the local fractional Helmholtz equation with fractional order o =
In(2)/In(3).

30
25
u(x,y) 20
15

10

30

Figure 3. The plot of the solution to the local fractional Helmholtz equation with fractional order o =
1.

Example 2. Consider the coupled Helmholtz equations with the local fractional derivative operators:
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9%%u(x, y) 9%%(x, y)

ox>* > ) =0,
0**v(x,y)  9*"u(x,y) -
ox )
subject to the initial conditions:
2%u(0,
u(0,)=0, 248D _ g (e,
X
3%(0. ) (36)
vy,
V(O,y):(), axay :_E(x(ya)'

In view of Equations (27) and (35), the local fractional iteration algorithm can be written as
follows:

! 9*%u,,  9*%
RO S {a ayzg_um},
1 aZ(xvm a2(xum (37)
foc{vmﬂ}:’goc{vm}_ﬁfa axT‘FayT—vm ,
which leads to:
1 1 aZocv
fa{umﬂ}=s— 1, (0, y)+—u(°‘><o T { ey —um},
(38)
1 0%2%
(x{vm+1} O Vi (0, y)"'_V((X)(O )——afa{ ayz(xm —vm},
where the initial value reads:
x* E,(y%)
£ g (x, V) {=FE A ——E (y*) =02 2,
(x{ ol y)} oc{r(1+(x) oy )} Sza
39)

— _L o :_E(x(ya)
fa{vou,y)}—fa{ Tira Bl )} T

Making use of Equations (38) and (39), the successive approximate solutions are shown as

follows:

:boﬁiul}=S—(Xuo<o,y)+s2 (0,)- m Loy 3~ o (>

1 9% (40)
:Eu{vl}=S—mvo<(),y)+s2 Vi (0, )~ m a{—”(’—vo},
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E(y) 2E,(y*)

20( 4oc ’
_ E 0" 2E,(»° )
- 20L 20L

92%,
f{uz}——u1<0y>+—ul°‘><o y)- e a{az(; ul},

@ a20tu
a{vz}——vl(O y)+—v1 (0, )— = I, > —a i p

E(y) 2E(y) 4E,(y™)

- 2(x 4(x 6oc ’
_E (") 2E,() 4E(y)
- Zoc 4a Séa

aZOL
{Vs}— —2(0, )’)+ (a)(o )_W a{ PN ;;2 —Vz},

E(y) 2E(y)+4E(y) 8E,(y™)

2oc 4oc 60c 80c

b

_E0%) 2B, _4E,(v") _8E,(V%)

- 20, S4(x S6oc SSoc
2 2" E, (%)
{un = :
Lo kzo (k)
bud=-$ ZEOT
a (2k+2)oc ’

Consequently, the local fractional series solution is:

_ m[ Ey0%) | 2E,(6%) | 4B, (%) J

2x 4a 6tx

. =£;;(_ Eg0") 2B, 4E,(7) _J

Sza S4a S66¥
(40)
0( 2x3a 4x5a . o
= zx(y ) + — | = (ya)smha \/Ex ’
I'l+o) T(1+3c) F(l +5a) o \/5

2x30{ 4x50! J_ £ (ya)sinha!ﬁxa!
| ==E, .

Loy )[ T(+a) Ta+32) Ta+52) 2

The result is the same as the one that is obtained by the LFLDM [2] and LFLHPM [30].
In Figures 4 and 5, the three-dimensional plots of the approximate solutions of Equation (35)
with initial condition Equation (36) are shown for different values of a = %, 1, respectively.
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Figure 4. The plot of the solutions to the coupled Helmholtz equations involving the local fractional
derivative operator with fractional order ot = 1/2.
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Figure 5. The plot of the solutions to the coupled Helmholtz equations involving the local fractional
derivative operator with fractional order ot = 1.
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5. Conclusions

In this work we utilized the coupling method of the local fractional variational iteration method
and Laplace transform to solve Helmholtz and coupled Helmholtz equations and their approximate
solutions were obtained. The local fractional Laplace variational iteration method was proved to be
an effective approach for solving partial differential equations with local fractional derivative
operators due to the excellent agreement between the obtained approximate solution and the exact
solution. A comparison was made to show that the method has a small size of computation in
comparison with the computational size required in other numerical methods, and its rapid
convergence shows that the method is reliable and introduces a significant improvement in solving
linear and nonlinear partial differential equations with local fractional derivative operators.
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