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Abstract: In this paper, we apply the local fractional Laplace variational iteration method (LFLVIM)
and the local fractional Laplace decomposition method (LFLDM) to obtain approximate solutions for
solving the damped wave equation and dissipative wave equation within local fractional derivative
operators (LFDOs). The efficiency of the considered methods are illustrated by some examples.
The results obtained by LFLVIM and LFLDM are compared with the results obtained by LFVIM.
The results reveal that the suggested algorithms are very effective and simple, and can be applied for
linear and nonlinear problems in sciences and engineering.
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1. Introduction

The local fractional calculus was successfully utilized to describe the non-differentiable problems
arising in mathematical physics, such as the diffusion equations [1-4], the gas dynamic equation [5],
the telegraph equation [6], wave equation [7], Fokker Planck equation [8,9], Laplace equation [10],
Klein—-Gordon equations [11,12], Helmholtz equation [13,14], Goursat Problem [15] and other
differential equations [16-18] on Cantor sets. The existence and uniqueness of solutions for local
fractional differential equations [19,20]. Recently, the dissipative wave equation with LFDOs was given
by [21]:

2p(n,x)  3%p(n,x) *Pe(n,x) ey«
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as well as the damped wave equation with LFDOs was given by [21]:

o (n,x %o(n,x % (1, x
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@(1,0) = ¢1(1), o $2(17)-
The authors in [21] proposed the LFVIM to consider the dissipative wave equation and the

damped wave equation with LFDOs. The main target of this paper is to use LFLVIM and LFLDM to
implement the dissipative wave equation and the damped wave equation in fractal strings.
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The theory of fractal strings has been developed over the past years by Lapidus and co-workers
in a series of papers [22,23]. A standard fractal string is a bounded open subset of the real number line.
Such a set is a disjoint union of open intervals, the lengths of which form a sequence j = {/;};; which
we typically assume to be infinite [23].

In recent years, a variety of numerical and analytical methods have been applied to solve
the PDEs with LFDOs, such as local fractional differential transform method [24], local fractional
series expansion method [25], local fractional reduce differential transform method [26] and other
methods [27,28].The paper has been organized as follows. In Section 2, the basic mathematical tools are
reviewed. In Section 3, we give analysis of the methods used. In Section 4, we consider two illustrative
examples. Finally, in Section 5, we present our conclusions.

2. Analysis of LFLVIM

Let us consider the following local fractional partial differential equation with LFDOs:

Log(n,%) + Rep(17,%) + Nog(17,x) = w(1,%), @)

mt
where Ly = —_ denotes the linear LFDO, Ry is the remaining linear operator, Ny represents the

general nonlinear differential operator, and w is the source term.
According tothe rule of LFVIM [27-29]:

Pni1(6) = gu() +0 11 [o(c = &) (Lo [pn(2)] + Ro [#a(&)] + Ny [9u()] = w(@))], &)

where o (x — &)? is a fractal Lagrange multiplier.
For the initial value problems of (3), we can start with:

m—1)0

8 (
up(n,x) = u(n,0)+ L) (7,0)+---+ K u((m=1)8) (n,0). (5)

[(1+9) (14 (m—1)9)
We now take local fractional Laplace transform for (4), we get:
Lo{gm1(0)} = Lo{pa(r)}+Lo{o(x)} x
Lo {Ls [@n ()] + Ro [§(2)] + Ng [§n(2)] — (@)} - (6)
Taking the LF variation of (6):
6 (Lo {@u1()}) = 0% (Lo {gu(x)}) +
6" (Lo {o(0)®} Lo {(Lo [pn ()] + Ro [§n(x)] + No [§n(x)] = w(x))}) - )
By using computation of (7), we get:
6 (Lo{guri()}) = 0° (Lo{gu(®)}) +La {0(0)? | &° (Lo {Lo [gu(r)]})
_— 8)

Hence, from (8) we get:
T | md _
1+ Ly {(T(K) } " =0, 9)
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where
6" (To{Lolpa}) = 8% ("o {@u()} — 5" D,(0) = - — 9"~ (0))
REFY (Z& {gon(K)}) . (10)
Therefore, we have .
Ly {O'(K)ﬂ} =~ gne (11)
Taking the inverse of into (11), we obtain:
8 w1 1 7 x(m=1)8
()" =L, <_s”“9> T TA+ (m-1)8 (12)
Hence, we have the following iteration algorithm:
- - 1 ~
Lo{gn+1(x)} = Lo{gn(i)} = Z5Lo {Ls [@n(x)] + Ro [¢n(K)] + No [gn(K)] — cw(x)}
~ 1 ~ e
= Lo{gu(0)} = 55Lo {s"09u(r) —--- = ol (0 |
1 ~
— o Lo {Re [@n(1)] + No [¢n(1)] — w () }
1 1 1 m—
= o0 — 550 (0) = — —5ei"T(0)
1 ~
— o Lo {Re [@n(1)] + No [pn(1)] — w ()} (13)
Therefore, the solution of (3) is
p(1,%) = lim L3 (Lo {@n(n,0)}) - (14)

3. Analysis of the Local Fractional Laplace Decomposition Method

We now consider the local fractionaloperator equation in the following form:

Log(,%) + Rog (11, 1) = h(n, k). (15)
Taking LFLT on (15), we obtain
Lo {Lo@(1,5)} + Lo {Rog (1, %)} = Lo {(1, )} . (16)
By applying the LFLT differentiation property, we have

s"Le {p(n,x)} — sV(y,0) —s"D(5,0) — - - — w0 (3, 0)
+ Lo{Rag(n,x)} = Lo{h(n,x)}, (17)

or equivalently
7 1 LNE)) L (m-1)9)
Ly{p(x)} = S@¢(0)+Sw¢ 0+ + 559 (0)

+ Lo {19} = ST {Rep(0)) 18)
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Taking the inverse of LFLT on (18), we have

x(m=1)8 ®)
p(x) = @0)+- -+ m? (0)

+1" (Lot 0} ) =T, ( SgTo (Raplr 1)} 1)

We are going to represent the solution in an infinite series given below:

K) =Y oul(y,5). (20)
n=0

Substituting (20) into (19), which gives us this result

Z Pu(1, %)

n=0
=¢(n,0)+---+L7" (SigLﬁ{h(w)}) —L,! <Snlwf {Ra i qvn(n,K)}) : (21)
n=0

When we compare the left and right hand sides of (21) we obtain

ﬂ ~
po(n,x) = @(U,O)+ﬁ¢<‘”(7w0)+---+L71 (Snleﬂ{h(n, )}>, (22)
pranx) = L, (o (Rogu(n) ). @)

4. Ilustrative Examples

Example 1. Consider dissipative wave equation with local fractional derivative operators:

8219([) aﬁ(P aMgo aﬂgo Kl9
_29_ _2e_ =0, 0<8<1, 24
ok2%  ox®  on2®  on® T(1+9) <Us (24)
with the initial conditions s s
_ 1 2°¢(1,0) _
Now,
Lo {gui1(n, %)} = Lﬂ{ n(1,
8219 B (Pn B aZﬁ(pn B aﬂgon B K19
5219 Lo 81(219 81{‘9 o2 oy?  T(1+9)
0
= Lﬁ{q)n(n,x) (”La{gom, K} —579a(1,0) = o1 (1,0)) +
(%)  Fgu(n,x)  gulnx)
5219 Ly o2 an? ox? I(1+9)
o 1
= ;wn(mm 219¢7(1)(n,0>+547+
1~ [0%u(n,x)  ®¢u(,x) | 3°u(y,x)
Sleg{ e T } (26)
The initial value reads: s
go(,x) = =T 27)
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Hence, we get the first approximation, namely:

- 1 1 (s 1

Lo{o1 1)} = 59001,0)+ 590" (1,0) + 5 +
1= [020o(n,x)  %¢o(i,x) | 9go(1,x)
sTﬂLﬁ { on2? * an? T }
1 5 1 1

ST+ 0T
Thus, we have
~ 1 ¢ 1 1
_ F (Lt 7 I
g0, = Ly <sl91“(1+19) +s3l9+s4l9)‘

The second approximations reads:

7 1 1 (o 1
Lo{o2(n,0)} = 579901(’7/0) + S@qﬁ )(7,0) + a0t
1 [P0x)  Fei(n,x) 3 i(n,x)
5200 on2o an? ox?
1oyt 1111
© s9T(1+98) 30 A0 g4 50T
Therefore, we get
(1 g 1 1 1 1 1
¢2(n,x) = Ly Sjm-i-@-i-sﬂ-i-@-i-sﬂ-l-sﬁ .
The other approximations are written as:
¥ 1 1 1
Ly {(PS(UrK)} = ST9(P2(77,0) + 527(p§ )(1/],0) + 0 +
1 [Pealnx) | Pga(,%) (. x)
5219 817219 anﬂ 81@9
1 g 1 1 1 1 1 1

T SOTAt0) 0w @ T e

Therefore, we have

— -1
ps(n,x) = Ly (Sl9r'(1—|—l9)+€,319+€f419+s‘w+s519+s519+5619

The same manner, we get

1;719111111)

= 1= [0, 1(n,%) | 3°Pu_1(y,k)  3°@u_1(1,K)

Lo {on(n,%)} = SQTL { 377219 + na,719 + naKlf'
AN U U RO U O
- s9T(1+9)  [$3 0 40 T 50 s(n+2)9
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Consequently, the local fractional series solution is:

¢(n,x) = lim Ly (Lﬂ{q)n 1,%)}
4 rd 2 rd
- n K K
= ta+e ") - N raie  Ltasre) 28)

which is exactly the same as that obtained by LFVIM [16].
Now, we solve problem (24) by using the LFLDM. From (22)—(25), the iteration algorithm can be written
as follows:

sz $30
M= Ta1e) TA+30) @9)
~ 1~ (02¢u(n,x)  3%¢u(n,x)  0%¢,(1,x)
_7-1 Pn T, P, P,
Pnt+1 = Lﬂ |:S219L19{ 87720 + 81119 + Ry }:| : (30)
Therefore, from (29) and (30) we give the components as follows:
~ 1~ (0% o? o’
- 71 Po $o , 9 90
o= Gl ap? o o }
~ 1 1
_ -1
s (k)
_ 1 ~ 920 Y 9
- 71 P1 P1 P1
2= b [SML”{ a2 gt o H
_ o5 (1 1
= Ly ) + o0
Consequently, we obtain
9 1 rd 2 rd
— n 0 K _ K
oULK) = g 2R );Omﬂm rgr(um)’ G

which is exactly the same as that obtained by LFLVIM and LFVIM [21].

In Figures 1 and 2, the 3-dimensional plots of the approximate solutions of (24) with

initialcondition (25) are shown for different values of ¢ = i and ¢ = l:g; respectively.
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Figure 1. The plot of solution to dissipative wave equation with local fractional operators with fractal
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Figure 2. The plot of solution to dissipative wave equation with local fractional operators with fractal
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Example 2. Consider the following damped wave equation with LFDOs

dimension ¢ =

aZﬁ(P aﬁ(P 621990 1719
TP_09 99 — 0, 9<1, 2
520 " axd e Tase) v 0<Us (32)
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with the initialvalue condition as follows:

—n %e0,0)
?(1,0) =0, a®  T(1+0) (33)

In view of (13) and (32):

_ ~ 1~ (29, g, 0%, "
Lolpnn} = L”{(P”}swL”{ a2 ax® o2t r(1+19)}

_ 1 1 ® 1y
- 519 (Pn(ﬂzo) + 5219 Pn (77/0) + 5319 1-.(1 +l9) +

1= [0*u(y,x)  pu(, )
SwLﬂ{ 3220 gxﬁ } (34)

The initial value reads:
7’ K

T TTA o TA+ )

Hence, we get the first approximation, namely:

9

(35)

~ _ 1 ;719
Lo{p1} = T+ 0)
Thus, we have
o

P9 = T g T 8)

9

The second approximations reads:

_ 9
Ly{p2(n, %)} = Sigr(lﬁﬂ)

. 1 g
Loy{on(n,x)} = —Szﬁmf

and

n° K

orl1%) = i+ 8) T+ )

9

Hence, the solution is:

4 9

_ U K
e(n,x) = BT Tk (36)

which is exactly the same as that obtained by LFVIM [21].
Now, we solve problem (32) by using the LELDM. From (22), (23), (32) and (33) the iteration algorithm

can be written as follows:
8
___n K
P ) =~ FA T8 T+ 8)

a1 [%0u(y,x)
Pni1(17,6) = Ly [5219 —gole { 3;;219 : (38)

9

(37)
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Therefore, from (37) and (38) we give the components as follows:

~ . 1 ~ (0% (7,)]
_ -1 $o\1, .
P1 (’7/7() - Lﬂ _5219 — 519 L19 { 877219 }_ - 0/
a1 s [%ei(n) ] _
¢2(1,%) = Ly 520 — 59 Lo 20 I 0,
~ a0 1 = (9%ea(y,%)]
_ -1 ¢2(1], .
g3(n,%) = Ly 520 g0 Lo { on2o } =0

Consequently, we obtain

n° K

TA+8)T(1+9)

9

¢ = (39)

which is exactly the same as that obtained by LFLVIM and LFVIM [21].
In Figures 3 and 4, the 3-dimensional plots of the approximate solutions of (32) with initial

In(2)
In(3)

1
condition (33) are shown for different values of ¢ = 1 and ¢ = respectively.

5

1 o
Figure 3. The plot of solution to dissipative wave equation with local fractional operators with fractal

dimension ¢ = T
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1 o0
Figure 4. The plot of solution to dissipative wave equation with local fractional operators with fractal
. . In(2)
dimension ¢ = -——.
In(3)

5. Conclusions

The LFLVIM and LFLDM have been successfully applied to finding the approximate analytical
solutions for dissipative wave equation and damped wave equation with LFDOs. In comparison with
local fractional variational iteration method and local fractional Adomian decomposition method, these
methods give analytical approximate solutions in series form which converges rapidly. The reliability
and the reduction in the size of computational work is certainly a sign of a wider applicability of
the methods.
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