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Abstract: Let f be analytic in open unit disc E = {z : |z| < 1} with f(0) = 0 and f (0) = 1.
The g-derivative of f is defined by: D,f(z) = fe-fee) g€ (0,1), ze€ B—{0}, where B is

(1-¢)z
a g-geometric subset of C. Using operator D, g-analogue class k — UM, («, B), k-uniformly Mocanu
functions are defined as: For k = 0 and ¢ — 17, k— reduces to M(a) of Mocanu functions.

Subordination is used to investigate many important properties of these functions. Several interesting
results are derived as special cases.

Keywords: g-calculus; g-starlike; uniformly convex; subordination; Mocanu functions; g-Ruscheweyh
derivative

1. Introduction

Let A denote the class of functions f that are analytic in the open unit disc E and are also
normalized by the conditions f(0) = 0, f'(0) = 1. Let f, g € A. f is said to be subordinate to g (written
as f < g), if there exists a Schwartz function w(z) such that f(z) = g(w(z)).

g-calculus is ordinary calculus without a limit, and it has been used recently by many researchers
in the field of geometric function theory. g-derivatives and g-integrals play an important and
significant role in the study of quantum groups and g-deformed super-algebras, the study of fractal
and multi-fractal measures and in chaotic dynamical systems. The name g-calculus also appears in
other contexts; see [1,2]. The most sophisticated tool that derives functions in non-integer order is the
long-known fractional calculus; see [1-4].

We recall here some basic concepts from g-calculus for which we refer to [5-16] and the
references therein.

A subset B C Cis called g-geometric, if zg € B, whenever z € B, and it contains all the geometric
sequences {zg™ }§°.

The g-derivative Dy of a function f € A is defined by:

Dyf(e) = LETE (o5 qoy) <1>

and Dyf(0) = £ (0).
Under this definition, we have the following rules for g-derivative D,.
(@). Dyz" = %‘ﬂzm’l = [n,q]z"!, where [m, q] = 11__'7m .
Let f(z) and g(z) be defined on a g-geometric set B C C such that g-derivatives of f(z) and g(z)
exist for all z € B. Then, for 4, b complex numbers, we have:
(). Dgy(af(z)£bg(z)) =aDyf(z) £bDyg(z).
Gii). Dy(f(2).8(2)) = §(2)Dyf (=) + F(42)Dyg(2).

(). Dy(4F) = SERLELEIOEE)  (2).g(42) # 0.
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). Dy(log f(z)) = 2L

Let P(z) be the class of functions p(z) = 1+ cjz + ..., analytic in E and satisfying:

1

b -] <t zerge o) @

It is known [9] that p € P(q) implies that p(z) < 11_+qzz, where < denotes subordination, and from
this, it easily follows that Re p(z) >0, z € E.

Now, we have:

Definition 1. [4,5] Let f € A. Then, it is said to belong to the class S;(«) of q-starlike functions of order a,
0 <a <1, ifand only if,

1 D 1
Def@) ) 1tz 3)
1—a\ f(z) 1—gz
We can write (3) as:
zDgf(z) 1—aq| _1-w @)
f(z) l—gq |~ 1-q
By taking a = %:‘;‘, b= % in 4, it has been shown in [17] that f € S;(zx), if and only if,
zDsf(z) 1+ Az
q
-1<B <A<I1 5
f(z) -<1+Bz' <B<O0s4dcsl, ®)
where A=1—- (1+¢)aand B = —q.
As a special case, we note that:
lim Sp(a) =S"(a) with A=1-2a,
qg—1-
which is the class of starlike functions denoted as S*(«).
Furthermore, for « = 0, we obtain the class SZ; of g-starlike functions introduced and

studied in [10].

Definition 2. Let f € Aandk >0, 0<a«a,B<1,g9€ (0,1). Then,
fek—UM;y(a, B),

if and only if, for z € E,

zD,f (2) n aDq (zDyf(2)) zD,f(2)
f(z) Dqgf(2) f(z)

Selecting special values of parameters «, 5 and k and letting 4 — 17, we obtain a number of
known classes of analytic functions; see [5,9,18-21]. We list some of these as follows:
(i) Choosing k = 0, we get limg — 1~ M;(«) = M(«a), the class of a-convex functions; see [22].
(if) For § =0,k =1,and g — 17, we have the class MN; see [23].
(iii) Choosing = 0, g — 17, we get the class k — MN introduced in [18,19].
(iv) k —UM4(0,0) =k —sT, k—UM,(1,1) = k- UCV,.

Dq(Zqu(Z))

Re |(1—a) D,f(2)

— 1.

]>k'(1—ﬁ) + B
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Throughout this paper, we shall assume that 4 € (0,1), 0 < a« < 1 and z € E, unless
otherwise mentioned.

2. Preliminary Results

Lemma 1. [4]. Let ¢(z) be analytic with ¢(0) = 0. If |¢(z0)| attains its maximum value on the circle |z| = r
at a point zy € E, then we have:

20Dy (z0 = mp(zp), m >1,  real number.

Lemma 2. [24]. Let « > 0and 0 < r < 1. Let p(z) be analytic in E with p(0) = 1. If:

zp (2) 14+ (1—-2r)z
R o S e

then:
14+ (1—-28)z

1—z

p(z) <

7

where:

§=-[(2r—a)+/(2r —a)? + 8a].

1
4

3. Main Results

Theorem 1. Let p(z) be analytic in E with p(0) = 1. Let, for k > 1‘,#,

zDyp(z) zDyp(z)
Re [ S0

Then, p(z) is subordinate to 137, that is, p(z) < 1= in E.

, z€E.

1—qz
Proof. Let p(z) = % It can easily be seen that ¢(z) is analytic in E and ¢(0) = 0. We shall show
that |¢(z)| < 1forall z € E. We suppose on the contrary that there exists a zgp € E such that [¢(z9)| = 1.
Then:
Re {1 n ZquP(ZO)] B zoDyp(20) P [1 i qZODq(P(ZO)] _ qzoDyp(2o) ‘ ©)
p(zo) p(zo) 1—g¢(z0) 1—g¢(z0)
Now, by Lemma 1, zqu(p(zo) =m¢e(z,) = me®, m > 1, and we use it in (6) for:
i i60 i0
Re [1+m”’e.9] ‘mqe. ’ 9. @)
1— get 1 — get? 1 — ge®
From (6), (7), and choosing 8 = 7r, we have:
oD o oD o
Re |14 2| D) |y K o s T,
p(zo) p(zo) 1+q 149 q

This is a contradiction, and hence, |¢(z)| < 1 for all z € E. This proves that:

1

= in

p(z) <
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We apply Theorem 1 to have the following results.

Corollary 1. Let p(z) = f’ (z),q — 17, and k > 2. Then, from Theorem 1, it follows that:

zf' (2) zf' (2)
Re [” sz<z>} >

which implies f € k— UCV, and so, Re f (z) >} in E.

7

Corollary 2. For k > %, let f € k — ST,. Then, @ < 1fqz in E.
(z)

The proof is immediate when we take p(z) = = in Theorem 1.

As a special case, whengq — 17, k > 2, f € k— ST implies Re @ > LinE.
Using a similar technique, we can prove the following results.

Theorem 2. Letk >0, a,p € [0,1], gk < 1, and let p(z) be analytic in E with p(0) = 1.

If

Re |p(z)+ MI;)Z;(Z) — 11:_k‘ﬂ > k‘p(z) +

BzDyp(z)
p(z)

then p(z) < 1_17, z € E.

We can easily deduce some special cases of Theorem 2 as given below.

Corollary 3. Let =0, p(z) = Zl;q(fzgz) in (8). Then:
zDy f (z)

Re [(1—a) 15

zDyf(2) Dy(zDqf(2)) C1—kq|
fy o e

1 >0

implies:

v 1

As a special case of this corollary, we observe that UST C S*(%), when we choosek =1, a =0,
andletg — 1.

Corollary 4. Let g — 1~ and p(z) = f (2). Then:

Re f/(z)+0c(zf,((zz)))—(a+1gk)] > k'f(z)+ﬁ L —(1+ﬁ)’
. oSG
= Ha+p -7 -pEE
s fo g @)
> ke [(1+p) = (5) - pEEEN
This gives us:
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Now, using Lemma 2 together with Theorem 2 when g — 17, we obtain the result that:

/ 1 tX—‘,—
Re f(z) > 6= (21 —p) + (2U—P)2+8p],p:1+£.
Corollary 5. In (8), ifwetake f =0, a =1, k = 1and p(z) = Z’?fq(f;gz), then:
Dy(zDgf(2)) 1—q} zDy f(z) _1‘.
Dy(f(2)) 1+9¢g f(z)
implies
v 1 .
fGSq(—l_i_q) in E.

Furthermore, withp =1, « =1, k=1and p(z) = Zl?fé gz) in (8), it follows that:

Dy(zDyf(2)) 1- q] ’Dq(quf(Z)) »
Dqf(2) T+q Dqf(2)
implies f € S;(lqu)
Next, we prove the following:
Theorem 3. Let p(z) be analytic in E with p(0) = 1. Let:
Re p(z)+mr}k‘p(z)+ml >0, 9)

wherer = 11—‘1, A, and c are positive real. Then, p(z) < 1}qz in E.

Proof. We shall follow the same procedure to prove this result as was used in Theorem 1. Let

p(z) = —L—. Clearly, $(0) = 0, and ¢(z) is analytic. We prove that ¢(z) is a Schwartz function,

1-q¢(2)
thatis [¢(z)| < 1, Vz € E. Suppose on the contrary that there exists z, € E such that [¢(z.)| =1 =
le?], 0<0<2m.

Now, with some computations, we have:

Dpz) 1 (D) (DezDyg(z)
P o e~ T-09@ ~ 1-ap) (A to)—qep(@) 10)

We apply Lemma 1 to have z,Dy¢(zo) = m¢(z.), m > 1, and note that:

e R e () - e ()

1 (cost —g)

T e -
9 q q2c*m
1620 Dgp(z0) } B Xcm(/\ + ¢)cosh — 15—
R {(A+c) —qcp(zo) |~ [(A+c) — qeel® 2 (12)
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and:
1 q me? Acmeg
_ = _ — —1
gt G (g eV
mq qem

(13)

_ ‘1—11_ N
 |1+g 1+q (A+c)+gc

Using (10), (11), (12), and (13), we get a contradiction to the given hypothesis (9), when we assume
|p(zo)| = 1 for some z, € E. Hence |¢(z)| < 1forall z € E and:

1

, E.
g 2€

p(z) <

This completes the proof. [

In order to develop some applications of Theorem 3, we need the following.
Let the operator Dj : A — A be defined as:

Dif(z) = Fuy14(2)* f(2)
= [m+n—1,4]! "
= z4 —a z", (14)
mzz [n,g)![m—1,q]! "
where: .
fz)=z+ ) anz",
m=2
and:

[m+n—1q]
Pt =2 Ly i, g
This series is absolutely convergent in E, and * denotes convolution. The operator Dy is called
the g-Ruscheweyh derivative of order n; see [25].
It can easily be seen that D7 f(z) = f(z) and D;f(z) =zD;f(z).
The relation (14) can be expressed as:

zDj (2" f(2))

[n,q]! , né&EN.

Djf(2) =

Furthermore,
z n+1

@ « f(z) = D"f(z),

which is called the Ruscheweyh derivative of order #; see [25].
Let f € A. Then, f is said to belong to the class S; (1, a), if and only if, D} f € Sj(a), z € E.

llmq%lD f(z) =

The following identity can easily be obtained:

2D, (D3f(@) = (1+ [”q ‘”)DQHM - “;';”D;f<z> 15)

We now take p(z) = % in relation (9) of Theorem 3 to have:
7
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Theorem 4. Let D f = Fy denote the q-Ruscheweyh derivative of order n for f € A. Let:

ZDan+1 (Z)

Re
Fn+1 (Z>

-1

ZDanJrl (Z) - 1 :|
Fn+1 (Z) 1+ q

Then:

zDyF(z) 5 1
Fu(2) 1—gz’

z € E.

1
1+q°

Thatis, f € Sp(n,e),
Proof. Let p be analytic in E with p(0) = 0, and let:

(Z) _ ZD@(Dgf(Z)) _ ZDan(Z)'
Djf(z) Fu(z)

Using identity (15) and some computation, we have:

zDgp(2) 1 zDgp(z)
e 1+q] _k‘ SATE

Now, the required result follows immediately from Theorem 3. O

Re |p(z) +

Corollary 6. In Theorem 4, we take k = 0. Then, it gives us:

* * * 1
Sg(n+1,a) C Sy(n,a) C...C Sy(a), a= T
Wheng — 17, ﬁ — %, and we have:
1 g L .1
Sq(n+1,§) cS (n,z) Cc..CS (2).
Corollary 7. Let f € A, and let:
Re [2Def12) 1 } dZ2SE) 4] ks
flz)  1+¢ f(2)
Define:
e+ 1]y
Lp(f) = Fe(2) = Tq/tc_lf(t)dqt, ¢ € No.
0
Then:
zDyFc(z) 1

z € E.

F.(z) “1C gz’

, k>0.

-1/ >0.

7 of 9

(16)

(17)

Proof. The integral operator Lg : A — A defined in (16) is known as the g-Bernardi integral operator

Lg(f) = F.. When g — 17, (16) reduces to the well-known Bernardi operator; see [7].

Let,

zD,F.(z)
% = p(2).

(18)
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Then, from (16), (17), (18), and some computations, this leads us to:

zDgf(z) 1 1 |zDgf(z) _ zDgp(z)
Re [T -] e ] = R pe g )
- k’p(z) L+ ZDop(a) ] —1‘ >0,z€E.

p(z) +4le.q
We now apply Theorem 3, and it follows that:

_ zDyFc(z) q
p(z) = Fi(z) = 1—gz

in

Thatis, F. € S;(115). O
As a special case, when g — 17, then f € K- US T(%), and then, F;, defined by 17, belongs to
S*(1)inE.

4. Conclusions

In this paper, we have used g-calculus, conic domains, and subordination to define and study
some new subclasses involving Mocanu functions. Some interesting inclusion and subordination
properties of these new classes have been derived. The g-analogue of the Ruscheweyh derivative has
been used to obtain a new subordination result for g-Mocanu functions. Some special cases have been
discussed as applications of our main results. The technique and ideas of this paper may stimulate
further research in this dynamic field.
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