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Abstract: The dust aerosols floating in the atmosphere of Mars cause an attenuation of the solar
radiation traversing the atmosphere that cannot be modeled through the use of classical diffusion
processes. However, the definition of a type of fractional diffusion equation offers a more accurate
model for this dynamic and the second order moment of this equation allows one to establish a
connection between the fractional equation and the Ångstrom law that models the attenuation of
the solar radiation. In this work we consider both one and three dimensional wavelength-fractional
diffusion equations, and we obtain the analytical solutions and numerical methods using two different
approaches of the fractional derivative.
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1. Introduction

The scattering of solar radiation by the dust particles floating in the atmosphere is a relevant
phenomenon in the study of Mars’ atmosphere [1,2]. The dust aerosols have a direct effect on basic
aspects of the atmospheric dynamic: the surface and the atmospheric heating rates. It is known that
the mechanism is more complex than a simple diffusive process associated to a Brownian motion.

The attenuation of the solar radiation traversing the atmosphere is modeled by the
Lambert-Beer-Bouguer law, which establishes that the direct solar irradiance F(λ) at the Mars’ surface
at wavelength λ is given by

F(λ) = DF0(λ)e−τ(λ)m (1)

where F0(λ) is the spectral irradiance at the top of the atmosphere, m is the absolute air mass, D is the
correction factor for the earth-sun distance, and τ(λ) is the total optical thickness at wavelength λ.

This total optical thickness is the sum of three components: the molecular scattering optical
thickness τr(λ), the absorption optical thickness for atmospheric gases τg(λ), and the aerosol optical
thickness τa(λ). The last component, τa(λ), depends directly on the medium and its value can be
obtained by direct solar spectral irradiance measurements. Mathematically, the dependency of the
optical thickness of an aerosol on the wavelength is expressed through the Ångström law [3],

τ−1
a =

λα

β
(2)

where α and β are parameters related to the size and the content of the aerosol, respectively. So, β is
the extinction coefficient corresponding to a 1 µm wavelength, which depends on the concentration of
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aerosols in the atmosphere, and α is the wavelength exponent which is closely correlated to the size
distribution of the scattering particles.

In the case of a classical diffusive process the governing equation is the classical diffusion equation,

∂ϕ

∂λ
= c

∂2 ϕ

∂x2 (3)

which gives a dependency of the mean square value proportional to λ, to be compared with (2) in the
case of α = 1. However, radiative transfer analysis for Mars atmosphere [2] gives the values α = 1.2
and β = 0.3, corresponding to an aerosol optical thickness τa = 0.6 which cannot be accounted for
with a model such as (17).

In this context where the classical model of the process does not provide a good enough
description of this kind of dynamics, the use of Fractional Calculus could provide an adequate
description and simulation of the complex systems and processes observed [4–6]. The reason
is that the fractional operators are non-local and they involve convolution kernels which act as
memory factors. Consequently, the Fractional Calculus offers new scenarios of modeling to describe
physical phenomena, like the dynamic of the Martian atmosphere.

In this manuscript, we continue the work started in [7] and we define both one and
three dimensional wavelength-fractional diffusion equations to obtain a more accurate model
of the attenuation of the solar radiation traversing the atmosphere. With this fractional model,
a generalization of the classical Angstrom law is obtained through the second order moment of
the fractional equation.

This paper is organized as follow. In Section 2, we expose some fundamental concepts of Fractional
Calculus that are necessary in this work. Next, in Section 3, a brief overview of the classical and Caputo
time-fractional diffusion processes is shown, with the objective of explaining a three dimensional
wavelength-fractional diffusion model for the dynamic of the attenuation of the solar radiation
traversing the Martian atmosphere in Section 4. Finally, in Section 5, we consider numerical methods
for the three dimensional problem using two different approaches to the fractional derivative.

2. Some Tools of Fractional Calculus

In this section, we introduce some of the basic tools of Fractional Calculus. There exist several
definitions of fractional operators. We show the fractional derivatives and integrals used in this work
and some properties and related special functions [4–6].

Definition 1. Let α > 0, with n− 1 < α < n and n ∈ N, [a, b] ⊂ R and let f be a suitable real function
(for example, it suffices if f ∈ L1(a, b)). The Riemann-Liouville fractional operators are:

(RL Iα
t,a+ f )(t) =

1
Γ(α)

∫ t

a
(t− s)α−1 f (s) dt (t > a) (4)

(RLDα
t,a+ f )(t) = Dn(In−α

t,a+ f )(t) (t > a) (5)

(RL Iα
t,b− f )(t) =

1
Γ(α)

∫ b

t
(s− t)α−1 f (s) dt (x < b) (6)

(RLDα
t,b− f )(t) = Dn(In−α

t,b− f )(t), (x < b) (7)

where D is the usual differential operator.

Definition 2. Let α > 0, with n− 1 < α < n and n ∈ N, [a, b] ⊂ R and let f be a suitable real function
(for example, it suffices if f ∈ L1(a, b)). The Caputo fractional derivative is:

(CDα
t,a+ f )(x) = (RL In−α

t,a+ Dn f )(t) (x > a) (8)

(CDα
t,b− f )(x) = (RL In−α

t,b−Dn f )(t) (x < b) (9)



Fractal Fract. 2018, 2, 1 3 of 9

The following identity is well-known for a suitable function f (for example, f n-times derivable):

(RLDα
t,a+ f )(t) = (CDα

t,a+ f )(t) +
n−1

∑
j=0

f (j)(a)
Γ(1 + j− α)

(t− a)j−α. (10)

Thus, we have:

(CDα
t,a+1) = 0 (RLDα

t,a+1) =
(t− a)−α

Γ(1− α)
(11)

Definition 3. Let be α, β > 0. The Mittag-Leffler functions are defined as:

Eα(z) =
∞

∑
k=0

zk

Γ(αk + 1)
(12)

Eα,β(z) =
∞

∑
k=0

zk

Γ(αk + β)
(13)

Definition 4. By using the previous definitions, we can obtain a function of type Mittag-Leffler as:

eλz
α := zα−1Eα,α(λzα) (α > 0, λ ∈ C) (14)

These functions allow us to generalize the classical exponential functions. So:

Property 1. Let α > 0 and λ ∈ C, then:

CDα
t,0+Eα(λtα) = λEα(λtα), (15)

RLDα
t,0+eλt

α = λeλt
α (16)

3. Classical and Time-Fractional Diffusion Processes

For the classical diffusion equation,

∂ϕ

∂t
= c

∂2 ϕ

∂x2 (17)

where c is the diffusion coefficient, the two-order moment of the solution is obtained as

< X2 >=
∫ ∞

−∞
x2 ϕdx, tal que

∫ ∞

−∞
ϕdx = 1 (18)

Since,
d
dt

< X2 >=
∫ ∞

−∞
x2 ϕtdx =

∫ ∞

−∞
x2cϕxxdx = 2c (19)

then, we obtain
< X2 >= 2ct (20)

Consequently, we can obtain the moments of any order without knowing the exact expression
of the solution, only by knowing that the solution is 0 in the infinity and the solution verifies the
normalization condition.

The classical diffusion equation can be generalized to obtain a fractional diffusion equation which
could model processes of anomalous diffusion:

Dα
t ϕ = cDβ

x ϕ, 0 < α < 2, β > 0 (21)
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In fact, this equation represents an interpolation between the classical diffusion and wave
equations, that are recovered for α = 1, β = 2 and α = β = 2, respectively.

From the Equation (21), we can study the particular case of the time-fractional diffusion equation
with Caputo fractional derivative:

CDα
t,0+ϕ = c

∂2 ϕ

∂x2 , 0 < α < 2 (22)

The Cauchy problem associated to this time-fractional diffusion equation is well defined through
the following conditions:

lim
x→±∞

ϕ(t, x) = 0, t > 0 (23)

ϕ(0+, x) = g(x), x ∈ R (24)
∂

∂t
ϕ(t, x)

∣∣∣∣
t=0

= 0 (additional condition for 1 < α < 2) (25)

This problem has been deeply studied [4,6,8–11] and their exact solution has been obtained as:

ϕ(t, x) =
1

2π

∫ ∞

−∞
Eα,1(−ck2tα)G(k)e−ikxdk (26)

where G(k) is the Fourier transform of the initial condition g(x). Or, equivalently, by using the
expression of the Mittag-Leffler function:

ϕ(t, x) =
∞

∑
j=0

(ctα)j

Γ(αj + 1)
D2jg(x) (27)

In the particular case of the function g(x) is the Dirac delta function δ(x), the solution of the
Cauchy problem (22)–(25) is known as fundamental solution or Green function and it is expressed as:

ϕ(t, x) =
1

2π

∫ ∞

−∞
Eα,1(−ck2tα)e−ikxdk (28)

Whose explicit representation in terms of the Wright function is:

ϕ(t, x) =
1

2πtα/2 W
(
− |x|

tα/2c1/2 ;−α

2
; 1− α

2

)
(29)

that recovers the classical Gaussian function for α = 1.
This fundamental solution verifies

ϕ(t, x) ≥ 0, ∀t > 0, and
∫ ∞

−∞
ϕ(t, x)dx = 1 (30)

and their moments are obtained as:

< X2n >=
∫ ∞

−∞
x2n ϕ(t, x)dx =

Γ(2n + 1)
Γ(αn + 1)

(ctα)n, n = 0, 1, 2... (31)

In particular, the second order moment (n = 1) is:

< X2 >=
∫ ∞

−∞
x2 ϕ(t, x)dx =

2c
Γ(α + 1)

tα (32)



Fractal Fract. 2018, 2, 1 5 of 9

4. Wavelength-Fractional Diffusion Model

The propagation of the solar radiation in the atmosphere is a complex process. The dynamics is
governed by different time/space scales. Thus, it is natural to think about integro-differential equations
to describe a better modeling [7,12]. In this context, we assume the following:

CDα
λ,0+ϕ =

Γ(α + 1)
2β

∂2 ϕ

∂x2 , 0 < α < 2. (33)


lim

x→±∞
ϕ(λ, x) = 0, λ > 0

ϕ(0+, x) = δ(x), x ∈ R
∂

∂λ
ϕ(λ, x)

∣∣∣∣
λ=0

= 0 (condition for 1 < α < 2)
(34)

Their exact solution is known as fundamental solution or Green function, and it is expressed
through the Mittag-Leffler and Wright functions:

ϕ(λ, x) =
1

2π

∫ ∞

−∞
Eα

(
−Γ(α + 1)

2β
λα

)
e−ikxdk =

1
2πλα/2 W

(
− |x|

λα/2

(
Γ(α + 1)

2β

)−1/2

;−α

2
; 1− α

2

)
(35)

For this equation, their second order moment is

< X2 >=
∫ ∞

−∞
x2 ϕ(t, x)dx =

1
β

λα = τ−1
a (36)

where the parameter of derivation α is related to the size of the aerosol particles, and the coefficient 1/β,
related to the content of the aerosol, defines the diffusion coefficient. Also, we can obtain their high
order moments (which could be measured) as:

< X2n >=
∫ ∞

−∞
x2n ϕ(λ, x)dx =

Γ(2n + 1)
Γ(αn + 1)

(
Γ(α + 1)

2β
λα

)n
, n = 0, 1, 2... (37)

4.1. 3D Diffusion Model

The 1D model can be extended to full 3D:

CDα
λ,0+ϕ =

Γ(α + 1)
2β

(
c1

∂2 ϕ

∂x2 + c2
∂2 ϕ

∂y2 + c3
∂2 ϕ

∂z2

)
, α ∈ (0, 1) ∪ (1, 2) (38)

with an initial value problem and boundary conditions given by:
lim
‖~x‖→∞

ϕ(λ,~x) = 0, λ > 0

ϕ(0+,~x) = g(~x), ~x ∈ R3

∂

∂λ
ϕ(λ,~x)

∣∣∣∣
λ=0

= 0 (additional condition when 1 < α < 2)

(39)

where~x = (x, y, z), and coefficients cj, j = 1, 2, 3, taken as constants, correspond to possible anisotropies
along the three spatial directions. The initial profile g(~x) may correspond, for instance, to the incoming
solar irradiance reaching the top of the atmosphere.

4.1.1. Radial Symmetry Case

Whenever the dust layers are stratified radially and the spatial dependence of ϕ is just with
the distance and not the directions, we may consider the radial symmetry case. If the strata are
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homogeneous such that c1 = c2 = c3 = 1, we perform a standard change of the function, defining
u(t, r) = rϕ(t, r), and we have:

CDα
λ,0+u =

Γ(α + 1)
2β

∂2u
∂r2 , (40)

with: 
lim
r→∞

u(λ, r) = 0, λ > 0

u(0+, r) = f (r), r ∈ R+

∂

∂λ
u(λ, r)

∣∣∣∣
λ=0

= 0 (additional condition when 1 < α < 2)

(41)

Formally this is a 1D problem that we solve using the same techniques as in [7]:

u(λ, r) = rϕ(λ, r) =
1

2π

∫ ∞

−∞
Eα

(
−Γ(α + 1)

2β
k2λα

)
F(k)e−ikrdk (42)

=
∞

∑
j=0

f (2j)(r)
Γ(αj + 1)

(
Γ(α + 1)

2β
λα

)j
(43)

where F is the Fourier transform of f and f (2j) is the 2j-order derivative of f with respect to r.
If instead of a problem defined for r ∈ R+ we consider a finite region r ∈ [0, R] with, for instance,

fixed-end null boundary conditions, the solution using the standard separation of variables technique
is given by a Fourier series instead of by the Fourier transform, as in (42):

rϕ(λ, r) =
∞

∑
k=1

ckEα

(
− ck2π2

R2 λ

)
sin
(

kπr
R

)
(44)

where:

ck =
2
R

∫ R

0
sin
(

kπr
R

)
f (r) dr , Eα(x) =

∞

∑
k=0

xk

Γ(αk + 1)
(Mittag− Leffler functions) (45)

5. Numerical Methods

We have constructed two numerical methods for the 3D problem using two different approaches
to the Caputo operator given by the Diethelm [13] and the Odibat [14] representations.

We define a discrete mesh with step size h for λ: λn = nh, and discrete meshes with a common
step 4` for each of the spatial variables: xi = i4`, yj = j4`, zk = k4`; i, j, k ∈ Z. To represent the
second order spatial derivatives we use standard, second order, centered, finite differences.

5.1. Diethelm Representation

In the case 0 < α < 1, the numerical scheme is given by:

1
hαΓ(2− α)

(
ϕn;~̀ − ϕ0;~̀ +

n−1

∑
m=1

dmn

(
ϕn−m;~̀ − ϕ0;~̀

))

=
Γ(α + 1)

2β

(
c1

ϕn;i+1 − 2ϕn;~̀ + ϕn;i−1

4`2 + c2
ϕn;j+1 − 2ϕn;~̀ + ϕn;j−1

4`2

+c3
ϕn;k+1 − 2ϕn;~̀ + ϕn;k−1

4`2

)
(46)
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with: dmn = (m + 1)1−α − 2m1−α + (m− 1)1−α, 0 < m < n. In order to avoid a cumbersome index
notation, we use the following:

ϕn;~̀ = ϕ(λn; xi, yj, zk), ϕn;i±1 = ϕ(λn; xi±1, yj, zk) (47)

ϕn;j±1 = ϕ(λn; xi, yj±1, zk), ϕn;k±1 = ϕ(λn; xi, yj, zk±1) (48)

In this way, when all indexes are at nominal values, i, j, k, we indicate that with~̀ , and, otherwise,
only present the indexes that are incremented o decremented from the nominal values.

In the case 1 < α < 2 an additional auxiliary discrete variable θn;~̀ must be defined [15].
The numerical scheme has then two discrete equations:

θn;~̀ =
ϕn+1;~̀ − ϕn−1;~̀

2h
(49)

1
hα−1Γ(3− α)

(
θn;~̀ − θ0;~̀ +

n−1

∑
m=1

emn

(
θn−m;~̀ − θ0;~̀

))

=
Γ(α + 1)

2β

(
c1

ϕn;i+1 − 2ϕn;~̀ + ϕn;i−1

4`2 + c2
ϕn;j+1 − 2ϕn;~̀ + ϕn;j−1

4`2

+c3
ϕn;k+1 − 2ϕn;~̀ + ϕn;k−1

4`2

)
(50)

with emn = (m + 1)2−α − 2m2−α + (m− 1)2−α, 0 < m < n.
In both cases the numerical scheme has a local truncation error for the solution O(4`2h2−α).

5.2. Odibat Representation

The numerical scheme is given by:

h−α

Γ(3− α)

[
ϕn+1,~̀ − ϕn−1,~̀ +

n−1

∑
m=1

Cnm

(
ϕm+1,~̀ − ϕm−1,~̀

) ]

=
Γ(α + 1)

2β

(
c1

ϕn;i+1 − 2ϕn;~̀ + ϕn;i−1

4`2 + c2
ϕn;j+1 − 2ϕn;~̀ + ϕn;j−1

4`2

+c3
ϕn;k+1 − 2ϕn;~̀ + ϕn;k−1

4`2

)
(51)

in the case 0 < α < 1, and by:

h−α

Γ(4− α)

[
ϕn+1,~̀ − 2ϕn,~̀ + ϕn−1,~̀ +

n−1

∑
m=1

Cnm

(
ϕm+1,~̀ − 2ϕm,~̀ + ϕm−1,~̀

) ]

=
Γ(α + 1)

2β

(
c1

ϕn;i+1 − 2ϕn;~̀ + ϕn;i−1

4`2 + c2
ϕn;j+1 − 2ϕn;~̀ + ϕn;j−1

4`2

+c3
ϕn;k+1 − 2ϕn;~̀ + ϕn;k−1

4`2

)
(52)

in the case 1 < α < 2. In both cases Cnm = (n−m + 1)p−α+1 − 2(n−m)p−α+1 + (n−m− 1)p−α+1,
0 < m < n.
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The local truncation error for the solution is O(4`2h2), which is better than for the Diethelm
approach. On the other hand, the computation of the coefficients Cnm is much more costly than in the
Diethelm approach.

6. Conclusions

Fractional operators are an important tool for the modeling of complex diffusion processes.
In particular, a wavelength-fractional diffusion model is used to obtain a more accurate model
of the attenuation of the solar radiation traversing the atmosphere. With this fractional model,
a generalization of the classical Angstrom law is obtained through the second order moment of
the fractional equation.

The innovation of this work is that the framework of Fractional Calculus has been applied to the
dynamic and behavior of the solar radiation in a medium with atmospheric dust for the first time and
we are able to reproduce in 3D the observed dependence of Angstrom law, arising directly from the
extended fractional modeling.

We have implemented the numerical schemes for the 3D problem. The computational
resources are demanding and we are performing the ongoing simulations through cloud computing.
Preliminary computational cases for the 1D problem was obtained in [7], where the efficiency of the
numerical schemes was verified, and we are working presently with cloud computing in order to
obtain results in the 3D problem shortly.
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