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Abstract

We present and analyze a time-fractional, partly diffusive model of two electrically cou-
pled Hindmarsh–Rose neurons in which only the membrane potentials undergo spatial
transport, through a nonlinear Neumann m-Laplacian, while the temporal evolution is
governed by a Caputo derivative of order ρ ∈ (0, 1]. The fractional operator incorporates
hereditary relaxation, whereas the m-Laplacian represents gradient-dependent degenerate
transport and recovers ordinary diffusion when m = 2. In a Gelfand triple adapted to the
no-flux boundary condition, we derive a fractional energy inequality, a uniform dissipative
estimate, and the existence of a global weak solution by a Faedo–Galerkin approximation,
fractional compactness, and Minty’s method. Uniqueness and continuous dependence are
obtained in the stated bounded solution class. We prove global Mittag–Leffler synchroniza-
tion above an explicit coupling threshold and establish a practical synchronization bound
under parameter mismatch. A fully implicit L1 finite-volume method is then constructed;
every time step is solvable, uniqueness follows under an explicit monotonicity condition,
and the scheme is unconditionally energy dissipative and convergent. Manufactured-
solution tests recover the expected 2 − ρ temporal and second-order spatial rates. In the
neuronal simulations, reducing ρ from 1 to 0.90 lengthens the mean bursting period from
about 379 to 565 time units, an increase of roughly one half, and raises the number of spikes
per burst from about 31.7 to 38.8. Over 2 ≤ m ≤ 4 the temporal rhythm is essentially
unchanged, the burst period staying near 362 time units, while the diffusion exponent
reshapes the peak amplitude and the spatial gradient profiles of the traveling fronts. The
empirical synchronization threshold for the canonical parameter set is approximately 11.0,
far below the global sufficient bound 2.3917 × 104, which quantifies the conservatism of the
analytical certificates.

Keywords: Caputo fractional derivative; coupled Hindmarsh–Rose neurons; nonlinear
diffusion; m-Laplacian; partly diffusive system; global weak solution; Mittag–Leffler
synchronization; L1 finite-volume scheme.
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1. Introduction
Mathematical descriptions of neuronal excitability range from the biophysically de-

tailed Hodgkin–Huxley conductance equations to reduced systems designed to retain the
essential geometry of excitation, recovery, and refractoriness [1–3]. Among the reduced
models, the three-dimensional Hindmarsh–Rose (HR) system occupies a distinctive posi-
tion: it is sufficiently compact for analytical and computational study but still reproduces
tonic spiking, periodic bursting, spike adding, and chaotic spike–burst transitions [4–7]. Its
fast membrane-potential and recovery variables, together with a slow adaptation variable,
provide a standard slow–fast framework for investigating neuronal rhythms.

The local dynamics of the HR equations have consequently been examined through
singular perturbation, bifurcation, and chaos-theoretic methods. Terman related bursting
and chaotic spikes to global phase-space structures [8]; Innocenti and Genesio analyzed the
transitions between chaotic spiking and bursting [9]; and delayed HR systems were shown
to exhibit additional Hopf and double-Hopf mechanisms [10]. These studies demonstrate
that small changes in applied current, timescale separation, or feedback may reorganize
the firing pattern, which makes the HR model especially useful for testing synchronization
and control mechanisms.

Synchronization is central to information processing and coordinated rhythmic ac-
tivity in neuronal ensembles. General mathematical mechanisms of phase and complete
synchronization are reviewed in [11,12], while transitions to synchrony in coupled bursting
neurons and network-dependent synchronization of HR units have been studied in [13,14].
Fractional-order extensions of these synchronization mechanisms have also been analyzed
at the network level: global Mittag–Leffler stability and synchronization were established
for impulsive fractional-order neural networks with time-varying delays in [15], and in-
terlayer and intralayer synchronization in multiplex fractional-order neuronal networks
was analyzed in [16], showing numerically and analytically that the fractional order itself
modifies the coupling strength required for synchrony. Most of this literature is finite
dimensional: each neuron is treated as a spatially lumped oscillator, and electrical or
chemical coupling acts between finitely many membrane-potential variables. Such models
are appropriate for many network questions but do not resolve within-neuron spatial
propagation or heterogeneous voltage profiles.

A spatially distributed HR formulation was introduced by Phan and You, who allowed
only the membrane-potential components to diffuse and retained the fast and slow recovery
variables as local fields. For linearly diffusive, integer-order equations they proved global
absorbing behavior and uniform exponential synchronization of two coupled neurons [17];
a boundary-coupled extension to larger networks was later analyzed in [18]. This partly
diffusive architecture is biologically and mathematically attractive: it preserves the ionic-
variable structure of the HR model, while introducing spatial voltage transport through
a parabolic operator. Its existing theory, however, relies on the ordinary time derivative,
linear Laplacian diffusion, and the classical semiflow framework.

Fractional differentiation offers a different description of temporal relaxation. The
Caputo derivative preserves standard initial data and encodes a power-law memory ker-
nel [19–23]. Fractional HR models have revealed order-dependent firing, bifurcation, and
synchronization behavior: numerical studies have identified changes in discharge patterns
and synchronization rates [24,25], Kaslik developed stability and Hopf-type analysis for
two- and three-dimensional fractional HR systems [26], and noise-robust synchronization
of coupled fractional neurons was considered in [27]. More recently, hybrid projective
synchronization of an extended fractional-order HR model with hidden attractors was
reported in [28]; discrete fractional-difference formulations have produced rich complexity
and multi-stability results, including a discrete fractional-difference implementation of
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the HR neuron [29] and a discrete memristive HR neural model with fractional-order
differences that exhibits order-dependent chaotic firing and coupling-dependent synchro-
nization outcomes [30]; detailed fractional-order firing-pattern and excitability-transition
computations were obtained through a hybrid neural-computational paradigm in [31]; and
the stability and Hopf-bifurcation structure of a delayed fractional HR model was analyzed
in [32]. These contributions establish fractional order as a meaningful neuronal parameter,
but they are predominantly finite-dimensional, discrete, or delayed ODE and map models
and do not supply a weak-solution theory for a spatially distributed, nonlinear-diffusion
HR system.

Nonlinear diffusion is likewise relevant when the effective flux depends on the voltage
gradient. The m-Laplacian is a canonical monotone model for degenerate or nonlinear
transport; its variational theory is developed in [33–36]. In contrast to a linear Laplacian,
it requires a nonlinear operator formulation in W1,m(Ω) and may change the localization
and steepness of spatial profiles. Caputo time derivatives and m-Laplacian diffusion have
recently been combined in other reaction–diffusion settings, including controlled epidemic
systems [37], but this combination has not been developed for partly diffusive coupled HR
equations together with a rigorous synchronization and numerical theory.

The required analytical and computational tools also differ from their classical counter-
parts. Fractional energy inequalities and weak time-regularity estimates replace ordinary
differential identities [38,39]; compactness must combine spatial coercivity with fractional
temporal control [40–42]; and nonlinear diffusion must be identified through monotonicity
rather than linear semigroup convergence. Numerically, the L1 formula is a standard
approximation of the Caputo derivative [43–46], while conservative finite-volume methods
provide a natural framework for no-flux nonlinear diffusion [47]. A reliable HR computa-
tion must preserve these structures while also resolving stiff cubic reactions, slow bursting,
and synchronization errors over long time intervals.

The novelty of the present work does not lie in any one of its ingredients considered
separately. It lies in resolving, within one mathematically closed framework, the interaction
between Caputo memory, a partly diffusive HR architecture, nonlinear degenerate voltage
transport, electrical synchronization, and a structure-preserving discretization. Existing
fractional HR studies are predominantly finite dimensional and therefore do not resolve
spatial voltage propagation, whereas the available partly diffusive HR PDE theory is integer
order and linearly diffusive. The present analysis consequently requires fractional energy
estimates, fractional compactness, monotone-operator identification of the nonlinear flux,
and a synchronization argument compatible with a nonlocal-in-time PDE. We emphasize
that this contribution is a new analytical and computational framework for the stated
fractional, partly diffusive nonlinear PDE model, rather than a claim of a new ionic current
or microscopic neuronal mechanism.

The preceding review identifies four specific gaps. First, there is no global weak-
solution and dissipativity theory for a Caputo time-fractional, partly m-Laplacian diffusive
HR pair with nonlinear Neumann flux. Second, the available fractional HR synchronization
studies are finite dimensional, whereas the existing diffusive HR synchronization theory
is integer order and linearly diffusive. Third, practical synchronization under neuronal
mismatch has not been integrated with this fractional nonlinear-diffusion framework.
Fourth, there is no structure-preserving L1 finite-volume analysis that connects solvability,
discrete energy dissipation, convergence, and quantitatively verified spike–burst and
synchronization diagnostics for this model.

The principal contributions of this work are therefore the following:

(C1) We formulate a time-fractional, partly diffusive coupled HR system with a nonlinear
Neumann m-Laplacian acting only on the membrane potentials. A grouped quartic
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estimate yields a uniform fractional energy bound for the full parameter range, and
a Faedo–Galerkin construction, fractional compactness, and Minty’s method give
a global weak solution. Uniqueness and continuous dependence are proved in the
explicitly stated bounded solution classes.

(C2) We derive a global Mittag–Leffler synchronization estimate above an explicit coupling
threshold, we prove the invariance of the identical-neuron manifold, and we obtain a
practical synchronization bound under additive parameter or forcing mismatch. The
classical exponential result is recovered when ρ = 1 and m = 2.

(C3) We construct a fully implicit L1 finite-volume discretization with a regularized mono-
tone m-flux. We prove time-level solvability, conditional uniqueness through an
explicit monotonicity criterion, unconditional discrete energy dissipation, a discrete
synchronization inequality, and convergence to a weak solution.

(C4) We provide numerical verification beyond surface visualization. The manufactured
solution confirms the temporal and spatial rates, independent solvers verify the
integer-order and linear-diffusion limits, and the parameter studies quantify memory-
dependent firing, the weaker but non-negligible influence of m on burst morphology
and spatial gradients, threshold conservatism, practical synchronization under mis-
match, and the computational cost of full memory.

The computational novelty is not an additional surface visualization but a quantitative
separation of mechanisms. The fractional order reorganizes the temporal bursting scale,
whereas the nonlinear diffusion exponent primarily modifies the spatial transition zones
and gradient distribution. Coupling scans then connect these effects to a finite-window
synchronization transition, while the analytical theorem supplies a global sufficient cer-
tificate. The empirical transition and the global certificate are reported as distinct objects
throughout the manuscript.

The paper is organized as follows. Section 2 recalls the fractional, monotone-operator,
and compactness tools. Section 3 introduces the model and weak formulation. Sections 4–6
establish dissipativity, existence, and uniqueness. Exact and practical synchronization
are treated in Sections 7 and 8; Section 9 records the higher-regularity result for linear
diffusion, and Section 10 collects limiting cases. Section 11 develops and analyzes the
numerical method and then reports the computational results. Section 12 summarizes the
contributions and indicates directions for further work.

2. Notation and Analytical Preliminaries
Let T > 0, let Ω ⊂ Rn, 1 ≤ n ≤ 3 be a bounded connected domain with Lipschitz

boundary ∂Ω, and set

QT := Ω × (0, T), ΣT := ∂Ω × (0, T).

The outward unit normal to ∂Ω is denoted by ν. For a Banach space X, the norm in X is
written ∥·∥X, while ⟨·, ·⟩X∗ ,X denotes the duality pairing between X∗ and X. The L2(Ω)

inner product and norm are abbreviated by (·, ·) and ∥·∥, respectively. Constants denoted
by C may change from line to line; their dependence is indicated when relevant.

Throughout the paper,
0 < ρ ≤ 1, m ≥ 2,

where ρ is the order of the Caputo derivative and m is the exponent of the nonlinear
diffusion. The symbols α0 and β are reserved for HR reaction parameters, and κ > 0
denotes the electrical coupling strength.
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2.1. Caputo Calculus

We use the standard Caputo and Riemann–Liouville conventions from [19–22]; prop-
erties of the Mittag–Leffler function are taken from [23].

Definition 1 (Left-sided Caputo derivative). Let X be a Banach space. For z ∈ W1,1(0, T; X)

and 0 < ρ < 1, the Caputo derivative of order ρ is

CD
ρ
ξ z(ξ) :=

1
Γ(1 − ρ)

∫ ξ

0
(ξ − s)−ρz′(s) ds, 0 < ξ ≤ T. (1)

For ρ = 1, we set CD
ρ
ξ z = z′.

Definition 2 (Riemann–Liouville fractional integral). For ρ > 0 and f ∈ L1(0, T; X), define

(Iρ
0+ f )(ξ) :=

1
Γ(ρ)

∫ ξ

0
(ξ − s)ρ−1 f (s) ds. (2)

If z ∈ W1,1(0, T; X) then
Iρ

0+
CD

ρ
ξ z(ξ) = z(ξ)− z(0). (3)

The one-parameter Mittag–Leffler function is

Eρ(z) :=
∞

∑
k=0

zk

Γ(ρk + 1)
, z ∈ C. (4)

For 0 < ρ ≤ 1 and λ > 0, the function ξ 7→ Eρ(−λξρ) is positive, non-increasing, and
converges to zero as ξ → ∞.

The following chain-rule inequality is the Hilbert-space form of the Alikhanov energy
estimate; see [38,39].

Lemma 1 (Fractional energy inequality). Let X be a real Hilbert space and suppose that
z ∈ L2(0, T; X), CD

ρ
ξ z ∈ L2(0, T; X), and z has a continuous representative in X. Then, for

almost every ξ ∈ (0, T),
1
2

CD
ρ
ξ∥z(ξ)∥2

X ≤ (CD
ρ
ξ z(ξ), z(ξ))X .

More generally, if Ψ : X → (−∞, ∞] is proper, convex, and lower semicontinuous and ς(ξ) ∈
∂Ψ(z(ξ)) then

CD
ρ
ξ Ψ(z(ξ)) ≤

〈
ς(ξ), CDρ

ξ z(ξ)
〉

whenever both sides are well defined.

Proof. For smooth z, direct symmetrization of the Caputo integral gives

2(CDρ
ξ z(ξ), z(ξ))X − CD

ρ
ξ∥z(ξ)∥2

X =
ξ−ρ

Γ(1 − ρ)
∥z(ξ)− z(0)∥2

X

+
ρ

Γ(1 − ρ)

∫ ξ

0
(ξ − s)−ρ−1∥z(ξ)− z(s)∥2

X ds,

which is non-negative. Approximation in the natural graph norm yields the first asser-
tion. The convex version follows from the subgradient inequality Ψ(z(ξ))− Ψ(z(s)) ≤
⟨ς(ξ), z(ξ)− z(s)⟩ inserted into the same Caputo representation.

The scalar comparison and Gronwall estimates below are standard consequences of
the positive Mittag–Leffler resolvent; see [21–23].
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Lemma 2 (Fractional comparison principle). Let y ∈ C([0, T]) be non-negative and suppose

CD
ρ
ξ y(ξ) + λy(ξ) ≤ h(ξ) for a.e. ξ ∈ (0, T),

where λ > 0 and h ∈ L1(0, T) is non-negative. Then

y(ξ) ≤ y(0)Eρ(−λξρ) +
∫ ξ

0
(ξ − s)ρ−1Eρ,ρ(−λ(ξ − s)ρ)h(s) ds.

In particular, if h(ξ) ≤ H then

y(ξ) ≤ y(0)Eρ(−λξρ) +
H
λ

(
1 − Eρ(−λξρ)

)
≤ max

{
y(0),

H
λ

}
.

Proof. Apply the positive resolvent kernel of the scalar Caputo equation CD
ρ
ξ z + λz = h

and use the order-preserving property of Iρ
0+. For constant h = H, the convolution identity

∫ ξ

0
(ξ − s)ρ−1Eρ,ρ(−λ(ξ − s)ρ) ds =

1 − Eρ(−λξρ)

λ

gives the stated estimate.

Lemma 3 (Fractional Gronwall inequality). If y ≥ 0 satisfies

y(ξ) ≤ y0 +
L

Γ(ρ)

∫ ξ

0
(ξ − s)ρ−1y(s) ds

then
y(ξ) ≤ y0Eρ(Lξρ), 0 ≤ ξ ≤ T.

2.2. The Nonlinear Neumann Diffusion Operator

We employ the variational realization of the Neumann m-Laplacian and its standard
monotonicity properties; see [33–36].

Let
Vm := W1,m(Ω), H := L2(Ω),

and identify H with its dual so that

Vm ↪→ H ≡ H∗ ↪→ V∗
m

is a Gelfand triple. Define Am : Vm → V∗
m by

⟨Amϕ, θ⟩V∗
m ,Vm

:=
∫

Ω
|∇ϕ|m−2∇ϕ · ∇θ dx.

This is the weak realization of −∆mϕ = −div(|∇ϕ|m−2∇ϕ) with homogeneous nonlinear
Neumann flux.

Lemma 4 (Properties of Am). The operator Am is bounded on bounded subsets of Vm, hemicon-
tinuous, monotone, and coercive in the gradient seminorm. More precisely,

∥Amϕ∥V∗
m
≤ ∥∇ϕ∥m−1

Lm ,

⟨Amϕ −Amϕ̃, ϕ − ϕ̃⟩ ≥ cm∥∇ϕ −∇ϕ̃∥m
Lm ,

⟨Amϕ, ϕ⟩ = ∥∇ϕ∥m
Lm ,
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where one may take cm = 22−m for m ≥ 2.

Proof. Throughout, write m′ = m/(m − 1) for the conjugate exponent, so that 1
m + 1

m′ = 1
and (m − 1)m′ = m. For a ∈ Rn set V(a) := |a|m−2a, the integrand vector field of Am, with
the convention V(0) = 0; since m ≥ 2 the map a 7→ V(a) is continuous on Rn.

Boundedness. Let ϕ ∈ Vm and θ ∈ Vm. Because |V(∇ϕ)| = |∇ϕ|m−1 pointwise, Hölder’s
inequality with exponents m′ and m gives

∣∣⟨Amϕ, θ⟩
∣∣ = ∣∣∣∫

Ω
|∇ϕ|m−2∇ϕ · ∇θ dx

∣∣∣ ≤ ∫
Ω
|∇ϕ|m−1 |∇θ| dx ≤

∥∥|∇ϕ|m−1∥∥
Lm′ ∥∇θ∥Lm .

Since (m − 1)m′ = m,

∥∥|∇ϕ|m−1∥∥
Lm′ =

(∫
Ω
|∇ϕ|(m−1)m′

dx
)1/m′

=
(∫

Ω
|∇ϕ|m dx

)(m−1)/m
= ∥∇ϕ∥m−1

Lm ,

so that
∣∣⟨Amϕ, θ⟩

∣∣ ≤ ∥∇ϕ∥m−1
Lm ∥∇θ∥Lm ≤ ∥∇ϕ∥m−1

Lm ∥θ∥Vm
. Taking the supremum over

θ ∈ Vm with ∥θ∥Vm
≤ 1 yields

∥Amϕ∥V∗
m
≤ ∥∇ϕ∥m−1

Lm .

In particular Am maps Vm into V∗
m and is bounded on bounded sets: if ∥ϕ∥Vm

≤ R then
∥∇ϕ∥Lm ≤ R and hence ∥Amϕ∥V∗

m
≤ Rm−1.

The coercivity identity. Choosing θ = ϕ and using |∇ϕ|m−2∇ϕ · ∇ϕ = |∇ϕ|m−2|∇ϕ|2 =

|∇ϕ|m pointwise,

⟨Amϕ, ϕ⟩ =
∫

Ω
|∇ϕ|m−2∇ϕ · ∇ϕ dx =

∫
Ω
|∇ϕ|m dx = ∥∇ϕ∥m

Lm .

Hemicontinuity. Fix ϕ, θ, ζ ∈ Vm and let sk → s in R. The integrands

fk(x) := |∇ϕ + sk∇θ|m−2(∇ϕ + sk∇θ) · ∇ζ

converge for a.e. x ∈ Ω to f (x) := |∇ϕ + s∇θ|m−2(∇ϕ + s∇θ) · ∇ζ, by continuity of V. If
|sk| ≤ R for all k then

| fk(x)| ≤ |∇ϕ + sk∇θ|m−1|∇ζ| ≤
(
|∇ϕ|+ R|∇θ|

)m−1|∇ζ| =: g(x),

and Hölder’s inequality gives, exactly as above,
∫

Ω g dx ≤
∥∥|∇ϕ|+ R|∇θ|

∥∥m−1
Lm ∥∇ζ∥Lm <

∞, so g ∈ L1(Ω). Dominated convergence yields ⟨Am(ϕ + skθ), ζ⟩ → ⟨Am(ϕ + sθ), ζ⟩.
Hence s 7→ ⟨Am(ϕ + sθ), ζ⟩ is continuous on R for every triple, which is the hemicontinuity
of Am.

Monotonicity. The estimate reduces, after integration, to the pointwise vector inequality(
|a|m−2a − |b|m−2b

)
· (a − b) ≥ 22−m |a − b|m, a, b ∈ Rn, m ≥ 2. (5)

Expanding the inner product gives the exact identity(
V(a)− V(b)

)
· (a − b) = |a|m + |b|m −

(
|a|m−2 + |b|m−2) a · b. (6)

We first prove the intermediate inequality

(
V(a)− V(b)

)
· (a − b) ≥

( |a|+ |b|
2

)m−2
|a − b|2. (7)
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Write s = |a|, u = |b|, and a · b = su C with C = cos γ ∈ [−1, 1] the cosine of the angle
between a and b; if either vector vanishes take C = 0. Then (6) reads sm + um − (sm−2 +

um−2)suC, while |a − b|2 = s2 + u2 − 2suC, so (7) is equivalent to Ψ(C) ≥ 0, where

Ψ(C) =
[
sm + um −

( s+u
2
)m−2

(s2 + u2)
]
+ C su

[
2
( s+u

2
)m−2 − (sm−2 + um−2)

]
.

The function Ψ is affine in C, and hence it attains its minimum on [−1, 1] at an endpoint,
and it suffices to check Ψ(±1) ≥ 0. A direct computation gives

Ψ(1) = (s − u)
[
(sm−1 − um−1)−

( s+u
2
)m−2

(s − u)
]
,

Ψ(−1) = (s + u)
[
sm−1 + um−1 − 2

( s+u
2
)m−1

]
.

The map t 7→ tm−1 is convex on [0, ∞) because m ≥ 2. Convexity gives at once sm−1 +

um−1 ≥ 2
( s+u

2
)m−1, so the bracket in Ψ(−1) is non-negative and Ψ(−1) ≥ 0. For Ψ(1),

assume without loss of generality that s ≥ u. If s = u then Ψ(1) = 0. Suppose that s > u
and set t = u

s ∈ [0, 1). Since m − 1 ≥ 1, we have tm−1 ≤ t. Consequently, 1−tm−1

1−t ≥ 1. It
follows that

sm−1 − um−1

s − u
= sm−2 1 − tm−1

1 − t
≥ sm−2.

Moreover, since s ≥ u and m − 2 ≥ 0,

sm−2 ≥
(

s + u
2

)m−2
.

Therefore,
sm−1 − um−1

s − u
≥
(

s + u
2

)m−2
,

and hence

Ψ(1) = (s − u)

[
(sm−1 − um−1)−

(
s + u

2

)m−2
(s − u)

]
≥ 0.

Together with Ψ(−1) ≥ 0, this yields Ψ(C) ≥ 0 for every C ∈ [−1, 1], and therefore

(
V(a)− V(b)

)
· (a − b) ≥

(
|a|+ |b|

2

)m−2

|a − b|2.

By the triangle inequality,
|a|+ |b| ≥ |a − b|.

Since m − 2 ≥ 0, we have (
|a|+ |b|

2

)m−2

≥ 22−m|a − b|m−2.

Hence, (
V(a)− V(b)

)
· (a − b) ≥ 22−m|a − b|m,

which proves (5).
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Applying (5) pointwise with a = ∇ϕ(x) and b = ∇ϕ̃(x), and integrating over Ω,
we obtain 〈

Amϕ −Amϕ̃, ϕ − ϕ̃
〉

V∗
m ,Vm

=
∫

Ω

(
|∇ϕ|m−2∇ϕ − |∇ϕ̃|m−2∇ϕ̃

)
·
(
∇ϕ −∇ϕ̃

)
dx

≥ 22−m
∫

Ω
|∇ϕ −∇ϕ̃|m dx

= 22−m∥∥∇ϕ −∇ϕ̃
∥∥m

Lm(Ω).

Thus, Am is strongly monotone with

cm = 22−m.

Taking b = −a shows that equality holds in the pointwise inequality, and hence the
constant 22−m is sharp.

Since Am is monotone, hemicontinuous, and defined on all of the reflexive Banach
space Vm, it is maximal monotone as an operator from Vm into V∗

m. Furthermore,

⟨Amϕ, ϕ⟩V∗
m ,Vm

= ∥∇ϕ∥m
Lm(Ω),

so Am is coercive with respect to the gradient seminorm.
We emphasize that under the homogeneous Neumann boundary condition constant

functions belong to the kernel of Am. Therefore, Am is not coercive with respect to the
full W1,m(Ω)-norm unless one restricts the operator to the zero-mean subspace or adds a
lower-order coercive term. Combining the preceding arguments completes the proof.

Remark 1. Since the boundary condition is of Neumann type, Vm = W1,m(Ω) is the correct
energy space. The space W1,m

0 (Ω) would impose a Dirichlet trace and is therefore incompatible with
the no-flux condition. The Neumann operator has constants in its kernel; in the present system,
coercivity of the complete evolution is supplied by the reaction terms.

2.3. Product Spaces and Fractional Compactness

For a single neuron set

H := H3, V := (Vm ∩ L4(Ω))× H × H,

with norm
∥(ϕ, ψ, χ)∥V := ∥ϕ∥Vm

+ ∥ϕ∥L4 + ∥ψ∥+ ∥χ∥.

For two neurons define
H := H2 = H6, V := V2.

The inclusion of L4(Ω) in the potential component is natural because the cubic damping
produces an L4(QT) estimate and ϕ3 then belongs to L4/3(QT).

The next result is a fractional-time counterpart of the Aubin–Lions–Simon compactness
principle [40–42].

Lemma 5 (Fractional compactness). Let X0 ⋐ X ↪→ X1 be Banach spaces, 1 < p < ∞, and let
(zn) be bounded in Lp(0, T; X0). Suppose that (CDρ

ξ zn) is bounded in Lq(0, T; X1) for some q > 1.
Then (zn) is relatively compact in Lp(0, T; X).
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Remark 2. Lemma 5 is the fractional counterpart of the Aubin–Lions compactness theorem. It is
indispensable: spatial compactness at each fixed time does not by itself imply strong compactness in
space and time.

3. The Time-Fractional Partly Diffusive Coupled HR Model
Let i, j ∈ {1, 2} with i ̸= j. The state of neuron i is

yi = (ϕi, ψi, χi),

where ϕi is the membrane potential, ψi is the fast spiking variable, and χi is the slow
bursting variable. We consider

CD
ρ
ξ ϕi + dAmϕi = aϕ2

i − bϕ3
i + ψi − χi + J + κ(ϕj − ϕi),

CD
ρ
ξ ψi = α0 − ψi − βϕ2

i ,
CD

ρ
ξ χi = q(ϕi − c)− rχi,

(x, ξ) ∈ QT , (8)

subject to
|∇ϕi|m−2∇ϕi · ν = 0 on ΣT , i = 1, 2, (9)

and
(ϕi, ψi, χi)(x, 0) = (ϕ0

i , ψ0
i , χ0

i )(x), x ∈ Ω. (10)

The diffusion coefficient and the reaction parameters satisfy

d, a, b, J, κ, α0, β, q, r > 0, c ∈ R. (11)

The constants a, b, c, J, q, r, β, α0 and the diffusion coefficient d are the standard biophysical
parameters of the HR neuron and are kept in their conventional form throughout; only the
fractional order ρ, the diffusion exponent m, and the coupling strength κ are introduced by
the present model.

The system is partly diffusive: only the membrane potentials ϕi undergo spatial trans-
port. The coupling is likewise confined to the membrane-potential equations, consistently
with electrical gap-junction coupling. When ρ = 1 and m = 2, problem (8)–(10) reduces to
the classical partly diffusive coupled HR system.

Every structural choice in (8)–(10) has a direct biophysical reading. The membrane
potential ϕi is the only spatially transported state, consistent with voltage propagation
along an extended membrane or dendritic cable. The fast variable ψi represents rapid ionic
feedback, whereas the slow variable χi is the adaptation variable responsible for the long
bursting envelope; both remain local fields because the model resolves voltage transport
without introducing artificial diffusion into the phenomenological recovery variables. The
term κ(ϕj − ϕi) represents electrical gap-junction coupling and therefore acts directly on
the voltage difference between the two neurons. The Caputo derivative CD

ρ
ξ represents

hereditary relaxation through a power-law memory kernel, so that the present state depends
on the full past voltage and recovery history rather than only on the instantaneous rate
of change. The m-Laplacian flux |∇ϕi|m−2∇ϕi represents gradient-dependent effective
conductivity, with m = 2 recovering ordinary diffusion and m > 2 producing degenerate
nonlinear transport; and the homogeneous nonlinear Neumann condition (9) represents an
electrically insulated computational boundary with no outward voltage flux. The model
is phenomenological in the sense of Hindmarsh and Rose: it is not claimed to resolve
ion-channel microstructure or detailed dendritic morphology.

Let
Υ = (y1, y2) = col(ϕ1, ψ1, χ1, ϕ2, ψ2, χ2).
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Define the diffusion operator A : V → V∗ by

AΥ = col(dAmϕ1, 0, 0, dAmϕ2, 0, 0)

and the reaction–coupling map F : V → V∗ by

F (Υ) =



aϕ2
1 − bϕ3

1 + ψ1 − χ1 + J + κ(ϕ2 − ϕ1)

α0 − ψ1 − βϕ2
1

q(ϕ1 − c)− rχ1

aϕ2
2 − bϕ3

2 + ψ2 − χ2 + J + κ(ϕ1 − ϕ2)

α0 − ψ2 − βϕ2
2

q(ϕ2 − c)− rχ2


.

The Caputo fractional derivative of Υ is understood componentwise,

CD
ρ
ξ Υ = col

(CDρ
ξ ϕ1, CDρ

ξ ψ1, CDρ
ξ χ1, CDρ

ξ ϕ2, CDρ
ξ ψ2, CDρ

ξ χ2
)
,

and
Υ0 = col(ϕ0

1, ψ0
1, χ0

1, ϕ0
2, ψ0

2, χ0
2).

Set

Vm = W1,m(Ω), H = L2(Ω), V = [Vm × H × H]2, H = H6.

The nonlinear Neumann m-Laplacian operator Am : Vm → V∗
m is defined by

⟨Amϕ, θ⟩V∗
m ,Vm

=
∫

Ω
|∇ϕ|m−2∇ϕ · ∇θ dx, ϕ, θ ∈ Vm,

so that formally Amϕ = −div(|∇ϕ|m−2∇ϕ) = −∆mϕ, with the homogeneous nonlinear
Neumann boundary condition |∇ϕ|m−2∇ϕ · ν = 0 on ∂Ω incorporated into the varia-
tional identity.

The product diffusion operator A : V → V∗ acts, for every test vector

Θ = col(θ1, ϑ1, ζ1, θ2, ϑ2, ζ2) ∈ V,

through

⟨AΥ, Θ⟩V∗ ,V = d
2

∑
i=1

∫
Ω
|∇ϕi|m−2∇ϕi · ∇θi dx, ⟨AΥ, Υ⟩V∗ ,V = d

2

∑
i=1

∥∇ϕi∥m
Lm(Ω) ≥ 0.

It is hemicontinuous and monotone: for

Υ = col(ϕ1, ψ1, χ1, ϕ2, ψ2, χ2), Υ̃ = col(ϕ̃1, ψ̃1, χ̃1, ϕ̃2, ψ̃2, χ̃2),

〈
AΥ −AΥ̃, Υ − Υ̃

〉
V∗ ,V

= d
2

∑
i=1

∫
Ω

(
|∇ϕi|m−2∇ϕi − |∇ϕ̃i|m−2∇ϕ̃i

)
· (∇ϕi −∇ϕ̃i) dx ≥ 0.

The realization of Am in H = L2(Ω) has domain

D(Am,H) =
{

ϕ ∈ Vm : ∃ f ∈ H with
∫

Ω
|∇ϕ|m−2∇ϕ · ∇θ dx =

∫
Ω

f θ dx ∀ θ ∈ Vm

}
,

and Am,Hϕ = f , the function f being uniquely determined and equal, formally, to −∆mϕ

under the homogeneous nonlinear Neumann boundary condition. When m = 2 this
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reduces to the classical Neumann Laplacian A2,Hϕ = −∆ϕ with D(A2,H) = {ϕ ∈ H2(Ω) :
∂ϕ/∂ν = 0 on ∂Ω} for smooth ∂Ω.

The coupled fractional HR system then takes the abstract form{CD
ρ
ξ Υ(ξ) +AΥ(ξ) = F (Υ(ξ)) in V∗, for a.e. ξ ∈ (0, T),

Υ(0) = Υ0 in H.
(12)

Definition 3 (Weak solution). A function Υ = (ϕ1, ψ1, χ1, ϕ2, ψ2, χ2) is a weak solution of
(8)–(10) on [0, T] if Υ ∈ L∞(0, T;H), ϕi ∈ Lm(0, T; Vm) ∩ L4(QT), CD

ρ
ξ Υ ∈ L4/3(0, T;V∗) +

L2(0, T;H), Υ(0) = Υ0 in H, and, for every test vector Θ = (θ1, ϑ1, ζ1, θ2, ϑ2, ζ2) ∈ V and almost
every ξ ∈ (0, T),

〈
CD

ρ
ξ Υ, Θ

〉
V∗ ,V

+ d
2

∑
i=1

∫
Ω
|∇ϕi|m−2∇ϕi · ∇θi dx = ⟨F (Υ), Θ⟩V∗ ,V. (13)

Proposition 1 (Growth and local Lipschitz continuity of the reaction map). Let Xm :=
Vm ∩ L4(Ω), ∥ϕ∥Xm

:= ∥ϕ∥Vm
+ ∥ϕ∥L4(Ω), and define V := [Xm × H × H]2, H := H6,

H = L2(Ω). Then X∗
m = V∗

m + L4/3(Ω), and consequently V∗ = [X∗
m × H × H]2. The reaction–

coupling mapping F : V −→ V∗ is well defined and satisfies

∥F (Υ)∥V∗ ≤ C
(

1 + ∥Υ∥H + ∥ϕ1∥3
L4(Ω) + ∥ϕ2∥3

L4(Ω)

)
(14)

for every Υ = col(ϕ1, ψ1, χ1, ϕ2, ψ2, χ2) ∈ V, where C > 0 depends only on the model parameters
and on Ω. Moreover, for every R > 0, there exists a constant LR > 0 such that∥∥∥F (Υ)−F (Υ̃)

∥∥∥
V∗

≤ LR

∥∥∥Υ − Υ̃
∥∥∥
V

(15)

whenever ∥Υ∥H + ∑2
i=1∥ϕi∥L4(Ω) ≤ R and

∥∥∥Υ̃
∥∥∥
H
+ ∑2

i=1
∥∥ϕ̃i
∥∥

L4(Ω) ≤ R. One may take LR =

C(1 + R + R2). Consequently, F is locally Lipschitz from V into V∗ and maps bounded subsets of
V into bounded subsets of V∗.

Proof. Let Υ = col(ϕ1, ψ1, χ1, ϕ2, ψ2, χ2) ∈ V. For i, j ∈ {1, 2}, i ̸= j, define pi := aϕ2
i −

bϕ3
i + ψi − χi + J + κ(ϕj − ϕi), fi := α0 − ψi − βϕ2

i , and si := q(ϕi − c)− rχi. Thus, F (Υ) =
col(p1, f1, s1, p2, f2, s2). Let Θ = col(θ1, ϑ1, ζ1, θ2, ϑ2, ζ2) ∈ V, where θi ∈ Xm, ϑi, ζi ∈ H. The
duality action of F (Υ) on Θ is

⟨F (Υ), Θ⟩V∗ ,V =
2

∑
i=1

[
⟨pi, θi⟩X∗

m ,Xm
+ (fi, ϑi) + (si, ζi)

]
. (16)

The cubic term is interpreted through the duality between L4/3(Ω) and L4(Ω), whereas all
the remaining terms are paired through L2(Ω).

We use the product norm

∥Θ∥V =
2

∑
i=1

(
∥θi∥Vm

+ ∥θi∥L4(Ω) + ∥ϑi∥+ ∥ζi∥
)

.

In particular, ∥θi∥L4(Ω) ≤ ∥Θ∥V, ∥ϑi∥ ≤ ∥Θ∥V, ∥ζi∥ ≤ ∥Θ∥V. Since Ω is bounded, the em-
bedding L4(Ω) ↪→ L2(Ω) is continuous, and ∥θi∥L2(Ω) ≤ |Ω|1/4∥θi∥L4(Ω) ≤ |Ω|1/4∥Θ∥V.
Throughout the proof, C > 0 denotes a constant depending only on a, b, J, κ, α0, β, q, r, c and
on Ω. Its value may change from line to line.
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Step 1: Algebraic estimates for the quadratic and cubic terms.
Let ϕ, ϕ̃ ∈ L4(Ω). Since ϕ2 − ϕ̃2 = (ϕ + ϕ̃)(ϕ − ϕ̃), Hölder’s inequality gives∥∥∥ϕ2 − ϕ̃2

∥∥∥
L2(Ω)

≤
∥∥ϕ + ϕ̃

∥∥
L4(Ω)

∥∥ϕ − ϕ̃
∥∥

L4(Ω)

≤
(
∥ϕ∥L4(Ω) +

∥∥ϕ̃
∥∥

L4(Ω)

)∥∥ϕ − ϕ̃
∥∥

L4(Ω).

Hence, ∥∥∥ϕ2 − ϕ̃2
∥∥∥

L2(Ω)
≤
(
∥ϕ∥L4(Ω) +

∥∥ϕ̃
∥∥

L4(Ω)

)∥∥ϕ − ϕ̃
∥∥

L4(Ω). (17)

Similarly, ϕ3 − ϕ̃3 = (ϕ− ϕ̃)
(
ϕ2 + ϕϕ̃ + ϕ̃2). Using Hölder’s inequality with exponents

4 and 2, we obtain∥∥∥ϕ3 − ϕ̃3
∥∥∥

L4/3(Ω)
≤
∥∥ϕ − ϕ̃

∥∥
L4(Ω)

∥∥∥ϕ2 + ϕϕ̃ + ϕ̃2
∥∥∥

L2(Ω)
.

Moreover,
∥∥ϕ2

∥∥
L2(Ω) = ∥ϕ∥2

L4(Ω),
∥∥ϕ̃2

∥∥
L2(Ω) =

∥∥ϕ̃
∥∥2

L4(Ω), and

∥∥ϕϕ̃
∥∥

L2(Ω) ≤ ∥ϕ∥L4(Ω)

∥∥ϕ̃
∥∥

L4(Ω) ≤
1
2

(
∥ϕ∥2

L4(Ω) +
∥∥ϕ̃
∥∥2

L4(Ω)

)
.

Therefore, ∥∥∥ϕ2 + ϕϕ̃ + ϕ̃2
∥∥∥

L2(Ω)
≤ 3

2

(
∥ϕ∥2

L4(Ω) +
∥∥ϕ̃
∥∥2

L4(Ω)

)
,

and hence ∥∥∥ϕ3 − ϕ̃3
∥∥∥

L4/3(Ω)
≤ 3

2

(
∥ϕ∥2

L4(Ω) +
∥∥ϕ̃
∥∥2

L4(Ω)

)∥∥ϕ − ϕ̃
∥∥

L4(Ω). (18)

Direct calculation also gives∥∥∥ϕ2
∥∥∥

L2(Ω)
= ∥ϕ∥2

L4(Ω),
∥∥∥ϕ3

∥∥∥
L4/3(Ω)

= ∥ϕ∥3
L4(Ω). (19)

Step 2: Well-definedness and growth estimate.
For the membrane-potential component, Hölder’s inequality and (19) give∣∣∣⟨pi, θi⟩X∗

m ,Xm

∣∣∣ ≤ a
∥∥∥ϕ2

i

∥∥∥
L2(Ω)

∥θi∥L2(Ω) + b
∥∥∥ϕ3

i

∥∥∥
L4/3(Ω)

∥θi∥L4(Ω)

+
(
∥ψi∥+ ∥χi∥+ J|Ω|1/2 + κ

∥∥ϕj
∥∥+ κ∥ϕi∥

)
∥θi∥L2(Ω)

≤ C
(

1 + ∥Υ∥H + ∥ϕi∥2
L4(Ω) + ∥ϕi∥3

L4(Ω)

)
∥Θ∥V.

For the fast component,

|(fi, ϑi)| ≤
(

α0|Ω|1/2 + ∥ψi∥+ β
∥∥∥ϕ2

i

∥∥∥
L2(Ω)

)
∥ϑi∥

≤ C
(

1 + ∥Υ∥H + ∥ϕi∥2
L4(Ω)

)
∥Θ∥V.

For the slow component,

|(si, ζi)| ≤
(

q∥ϕi∥+ q|c||Ω|1/2 + r∥χi∥
)
∥ζi∥

≤ C(1 + ∥Υ∥H)∥Θ∥V.
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Since t2 ≤ 1 + t3 for every t ≥ 0, we have ∥ϕi∥2
L4(Ω) ≤ 1 + ∥ϕi∥3

L4(Ω). Summing the
preceding estimates over i = 1, 2, we obtain∣∣∣⟨F (Υ), Θ⟩V∗ ,V

∣∣∣ ≤ C
(

1 + ∥Υ∥H + ∥ϕ1∥3
L4(Ω) + ∥ϕ2∥3

L4(Ω)

)
∥Θ∥V.

Taking the supremum over all Θ ∈ V, ∥Θ∥V ≤ 1, yields

∥F (Υ)∥V∗ ≤ C
(

1 + ∥Υ∥H + ∥ϕ1∥3
L4(Ω) + ∥ϕ2∥3

L4(Ω)

)
.

This proves (14) and shows that F (Υ) ∈ V∗ for every Υ ∈ V.
If B ⊂ V is bounded then there exists RB > 0 such that

∥Υ∥H +
2

∑
i=1

∥ϕi∥L4(Ω) ≤ RB

for every Υ ∈ B. Therefore, supΥ∈B∥F (Υ)∥V∗ ≤ C
(
1 + RB + 2R3

B
)
< ∞. Thus, F maps

bounded subsets of V into bounded subsets of V∗.

Step 3: Local Lipschitz continuity.
Fix R > 0, and let Υ = col(ϕ1, ψ1, χ1, ϕ2, ψ2, χ2) and Υ̃ = col(ϕ̃1, ψ̃1, χ̃1, ϕ̃2, ψ̃2, χ̃2)

satisfy ∥Υ∥H + ∑2
i=1∥ϕi∥L4(Ω) ≤ R and

∥∥∥Υ̃
∥∥∥
H
+

2

∑
i=1

∥∥ϕ̃i
∥∥

L4(Ω) ≤ R.

The constant terms J, α0, and qc cancel in the difference. For the membrane-potential
component,

pi − p̃i = a
(

ϕ2
i − ϕ̃2

i

)
− b
(

ϕ3
i − ϕ̃3

i

)
+
(
ψi − ψ̃i

)
− (χi − χ̃i) + κ

[(
ϕj − ϕ̃j

)
−
(
ϕi − ϕ̃i

)]
.

By (17), ∥∥∥ϕ2
i − ϕ̃2

i

∥∥∥
L2(Ω)

≤ 2R
∥∥ϕi − ϕ̃i

∥∥
L4(Ω).

By (18), ∥∥∥ϕ3
i − ϕ̃3

i

∥∥∥
L4/3(Ω)

≤ 3R2∥∥ϕi − ϕ̃i
∥∥

L4(Ω).

Consequently, ∣∣∣⟨pi − p̃i, θi⟩X∗
m ,Xm

∣∣∣
≤ C(1 + R + R2)

(∥∥ϕi − ϕ̃i
∥∥

L4(Ω) +
∥∥ϕj − ϕ̃j

∥∥
L2(Ω)

+
∥∥ϕi − ϕ̃i

∥∥
L2(Ω) +

∥∥ψi − ψ̃i
∥∥+ ∥χi − χ̃i∥

)
∥Θ∥V.

For the fast component,

fi − f̃i = −
(
ψi − ψ̃i

)
− β

(
ϕ2

i − ϕ̃2
i

)
.

Therefore, using (17), we have∣∣∣(fi − f̃i, ϑi)
∣∣∣ ≤ C(1 + R)

(∥∥ψi − ψ̃i
∥∥+ ∥∥ϕi − ϕ̃i

∥∥
L4(Ω)

)
∥Θ∥V.
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For the slow component,

si − s̃i = q
(
ϕi − ϕ̃i

)
− r(χi − χ̃i),

and hence
|(si − s̃i, ζi)| ≤ C

(∥∥ϕi − ϕ̃i
∥∥

L2(Ω) + ∥χi − χ̃i∥
)
∥Θ∥V.

Since Ω is bounded and m ≥ 2, one has

∥z∥L2(Ω) ≤ |Ω|
1
2−

1
m ∥z∥Lm(Ω) ≤ C∥z∥Vm

for every z ∈ Vm. Therefore,

∥∥∥Υ − Υ̃
∥∥∥
H
+

2

∑
i=1

∥∥ϕi − ϕ̃i
∥∥

L4(Ω) ≤ C
∥∥∥Υ − Υ̃

∥∥∥
V

.

Summing the componentwise estimates over i = 1, 2, we obtain∣∣∣∣〈F (Υ)−F (Υ̃), Θ
〉
V∗ ,V

∣∣∣∣ ≤ C(1 + R + R2)
∥∥∥Υ − Υ̃

∥∥∥
V
∥Θ∥V.

Taking the supremum over all Θ ∈ V, ∥Θ∥V ≤ 1, gives∥∥∥F (Υ)−F (Υ̃)
∥∥∥
V∗

≤ C(1 + R + R2)
∥∥∥Υ − Υ̃

∥∥∥
V

.

Thus, (15) holds with
LR = C(1 + R + R2).

Hence, F is locally Lipschitz from V into V∗.

Proposition 2 (Fractional slow-variable estimate). Write the slow parameters as

q = εq̄, r = εr̄, 0 < ε ≪ 1, (20)

with q̄, r̄ > 0 fixed. Let Υ be a weak solution on [0, T] and suppose

Mϕ,i := ess sup
0≤s≤T

∥ϕi(s)∥, Mχ,i := ess sup
0≤s≤T

∥χi(s)∥

are finite, i = 1, 2. Then

sup
0≤ξ≤T

∥∥∥χi(ξ)− χ0
i

∥∥∥ ≤ εTρ

Γ(1 + ρ)

[
q̄
(

Mϕ,i + |c| |Ω|1/2)+ r̄Mχ,i

]
. (21)

Consequently the slow component changes by O(εTρ) on every bounded time interval; for ρ = 1 this
reduces to the classical O(εT) estimate, while for 0 < ρ < 1 the accumulated change is governed by
the fractional timescale Tρ/Γ(1 + ρ).

Proof. Under the scaling (20), the slow equation in (8) becomes

CD
ρ
ξ χi = ε

[
q̄(ϕi − c)− r̄χi

]
.
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The equivalent Volterra representation, obtained by applying the fractional integral operator
of Definition 2 and identity (3), gives

χi(ξ)− χ0
i =

ε

Γ(ρ)

∫ ξ

0
(ξ − s)ρ−1[q̄(ϕi(s)− c)− r̄χi(s)

]
ds.

Taking the H-norm, using the triangle inequality inside the integral, and the bounds
∥ϕi(s)− c∥ ≤ Mϕ,i + |c| |Ω|1/2 and ∥χi(s)∥ ≤ Mχ,i for a.e. s ∈ [0, T], we obtain

∥∥∥χi(ξ)− χ0
i

∥∥∥ ≤ ε

Γ(ρ)

[
q̄
(

Mϕ,i + |c| |Ω|1/2)+ r̄Mχ,i

] ∫ ξ

0
(ξ − s)ρ−1 ds.

Since
∫ ξ

0 (ξ − s)ρ−1 ds = ξρ/ρ and ρ Γ(ρ) = Γ(1 + ρ), this simplifies to

∥∥∥χi(ξ)− χ0
i

∥∥∥ ≤ εξρ

Γ(1 + ρ)

[
q̄
(

Mϕ,i + |c| |Ω|1/2)+ r̄Mχ,i

]
.

Taking the supremum over ξ ∈ [0, T] gives (21).

Remark 3 (Scope of the slow–fast estimate). Proposition 2 makes the HR timescale separation
mathematically explicit for the Caputo memory operator without asserting a complete geometric
singular-perturbation theory. A full fractional singular-perturbation and bifurcation analysis,
requiring nonlocal invariant manifolds for the Caputo PDE with m-Laplacian diffusion, is left
as a substantial direction for future work; see Section 12. The estimate nevertheless supports the
numerical phase portraits and burst statistics of Section 11, where the slow variable organizes the
long bursting envelope and the fractional order modifies the effective temporal accumulation rate
Tρ/Γ(1 + ρ).

4. A Priori Estimates and Dissipativity
The first estimate simultaneously prevents finite-time blow-up and supplies the com-

pactness required in the existence proof.

Theorem 1 (Basic fractional energy inequality). Let Υ be a sufficiently regular solution of
(8)–(10). Set

C0 :=
β2 + 4

b
(22)

and define

E(ξ) := C0

2

∑
i=1

∥ϕi(ξ)∥2 +
2

∑
i=1

∥ψi(ξ)∥2 +
2

∑
i=1

∥χi(ξ)∥2. (23)

Then there exist explicit constants η0 > 0 and C∗ > 0, depending only on the model parameters,
such that

CD
ρ
ξE(ξ) + 2C0d

2

∑
i=1

∥∇ϕi(ξ)∥m
Lm + η0E(ξ) +

2

∑
i=1

∥ϕi(ξ)∥4
L4 ≤ C∗|Ω|. (24)

One may take η0 = 1
2 min{1, r} after enlarging C∗.

Proof. For simplicity, all norms without subscripts are taken in H = L2(Ω). Since Υ is
sufficiently regular, all the tests below are admissible.
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For each i ∈ {1, 2}, test the ϕi-equation by C0ϕi, the ψi-equation by ψi, and the χi-
equation by χi. By Lemma 1,〈

CD
ρ
ξ ϕi, C0ϕi

〉
≥ C0

2
CD

ρ
ξ∥ϕi∥2,

〈
CD

ρ
ξ ψi, ψi

〉
≥ 1

2
CD

ρ
ξ∥ψi∥2,

and 〈
CD

ρ
ξ χi, χi

〉
≥ 1

2
CD

ρ
ξ∥χi∥2.

Furthermore, by the definition of the nonlinear Neumann operator Am,

⟨Amϕi, ϕi⟩V∗
m ,Vm

= ∥∇ϕi∥m
Lm(Ω).

Adding the three tested equations and then summing over i = 1, 2 therefore gives

1
2

CD
ρ
ξE(ξ) + C0d

2

∑
i=1

∥∇ϕi∥m
Lm(Ω) + C0b

2

∑
i=1

∥ϕi∥4
L4(Ω) +

2

∑
i=1

∥ψi∥2 + r
2

∑
i=1

∥χi∥2

≤
2

∑
i=1

∫
Ω

(
C0aϕ3

i + C0ϕiψi − C0ϕiχi + C0 Jϕi + α0ψi − βϕ2
i ψi + q(ϕi − c)χi

)
dx

+ C0κ
∫

Ω

[
(ϕ2 − ϕ1)ϕ1 + (ϕ1 − ϕ2)ϕ2

]
dx.

The coupling contribution is dissipative, since

C0κ
∫

Ω

[
(ϕ2 − ϕ1)ϕ1 + (ϕ1 − ϕ2)ϕ2

]
dx = −C0κ

∫
Ω
|ϕ1 − ϕ2|2 dx = −C0κ∥ϕ1 − ϕ2∥2 ≤ 0.

Hence, this term may be discarded from the upper estimate. We next estimate the remaining
reaction terms pointwise. For the fast variable, Young’s inequality gives

α0ψi ≤ 2α2
0 +

1
8

ψ2
i

and

−βϕ2
i ψi ≤

β2

2
ϕ4

i +
1
2

ψ2
i .

Consequently,

α0ψi − βϕ2
i ψi − ψ2

i ≤ 2α2
0 +

β2

2
ϕ4

i −
3
8

ψ2
i .

For the slow variable, one has

q(ϕi − c)χi ≤
q2

2r
(ϕi − c)2 +

r
2

χ2
i .

It follows that

q(ϕi − c)χi − rχ2
i ≤ q2

2r
(ϕi − c)2 − r

2
χ2

i .

Using (ϕi − c)2 ≤ 2ϕ2
i + 2c2, we obtain

q(ϕi − c)χi − rχ2
i ≤ q2

r
ϕ2

i +
q2c2

r
− r

2
χ2

i .

For the cubic reaction term, define Ca := 27(C0a)4

256 . Indeed, the maximum of C0a s3 − s4

over s ∈ R is bounded above by Ca. Therefore, C0aϕ3
i ≤ ϕ4

i + Ca. The mixed potential–fast-
variable term satisfies

C0ϕiψi ≤ 2C2
0ϕ2

i +
1
8

ψ2
i .
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Similarly,

−C0ϕiχi ≤ C0|ϕi||χi| ≤
C2

0
r

ϕ2
i +

r
4

χ2
i .

Finally,

C0 Jϕi ≤ C0|J||ϕi| ≤ C0ϕ2
i +

C0 J2

4
.

Combining the preceding estimates, the total coefficient multiplying ϕ2
i is

M :=
q2

r
+ 2C2

0 +
C2

0
r

+ C0.

It is important to estimate the complete quantity Mϕ2
i in one step rather than estimating its

four summands separately. By Young’s inequality,

Mϕ2
i ≤ ϕ4

i +
M2

4
. (25)

Define K0 := 2α2
0 +

q2c2

r + Ca +
C0 J2

4 + M2

4 . After inserting all the preceding bounds,
integrating over Ω, and summing over i = 1, 2, we obtain

1
2

CD
ρ
ξE(ξ) + C0d

2

∑
i=1

∥∇ϕi∥m
Lm(Ω) +

(
C0b − β2

2
− 2
) 2

∑
i=1

∥ϕi∥4
L4(Ω)

+
1
4

2

∑
i=1

∥ψi∥2 +
r
4

2

∑
i=1

∥χi∥2 ≤ 2K0|Ω|.

Here, the two positive quartic contributions subtracted from the cubic damping are: one
contribution from the estimate of C0aϕ3

i , and one contribution from the grouped inequality
(25). The additional contribution β2ϕ4

i /2 comes from the fast-variable equation.

By the definition, C0 = β2+4
b , we have C0b − β2

2 − 2 = β2

2 + 2.
Consequently

CD
ρ
ξE(ξ) + 2C0d

2

∑
i=1

∥∇ϕi∥m
Lm(Ω) + (β2 + 4)

2

∑
i=1

∥ϕi∥4
L4(Ω)

+
1
2

2

∑
i=1

∥ψi∥2 +
r
2

2

∑
i=1

∥χi∥2 ≤ 4K0|Ω|.
(26)

We now recover both a quadratic L2-term and a remaining quartic term from the
quartic dissipation. Since β2 + 4 ≥ 4, it follows in particular that (β2 + 4)s4 ≥ 3s4 for every
s ∈ R. Moreover, 3s4 = s4 + 2s4. The minimum of 2s4 − C0

2 s2 is attained when s2 = C0/8,

and its minimum value is −C2
0/32. Hence, 2s4 ≥ C0

2 s2 − C2
0

32 . Consequently,

3s4 ≥ s4 +
C0

2
s2 −

C2
0

32
.

Applying this pointwise with s = ϕi(x, ξ) and integrating over Ω, we obtain

(β2 + 4)∥ϕi∥4
L4(Ω) ≥ ∥ϕi∥4

L4(Ω) +
C0

2
∥ϕi∥2 −

C2
0

32
|Ω|.
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Summing over i = 1, 2 and inserting this estimate into (26) gives

CD
ρ
ξE(ξ) + 2C0d

2

∑
i=1

∥∇ϕi∥m
Lm(Ω) +

2

∑
i=1

∥ϕi∥4
L4(Ω)

+
C0

2

2

∑
i=1

∥ϕi∥2 +
1
2

2

∑
i=1

∥ψi∥2 +
r
2

2

∑
i=1

∥χi∥2

≤
(

4K0 +
C2

0
16

)
|Ω|.

Set η0 := 1
2 min{1, r}. Then 0 < η0 ≤ 1

2 and 0 < η0 ≤ r
2 . Therefore,

C0

2

2

∑
i=1

∥ϕi∥2 +
1
2

2

∑
i=1

∥ψi∥2 +
r
2

2

∑
i=1

∥χi∥2 ≥ η0E(ξ).

Thus,

CD
ρ
ξE(ξ) + 2C0d

2

∑
i=1

∥∇ϕi(ξ)∥m
Lm(Ω) + η0E(ξ) +

2

∑
i=1

∥ϕi(ξ)∥4
L4(Ω) ≤ C∗|Ω|,

where one may take C∗ := 4K0 +
C2

0
16 . Equivalently,

C∗ = 8α2
0 +

4q2c2

r
+

27(C0a)4

64
+ C0 J2 + M2 +

C2
0

16
,

with M = q2

r + 2C2
0 +

C2
0

r + C0. Both η0 and C∗ depend only on the model parameters.
Therefore, (24) follows.

Remark 4 (Necessity of the grouped estimate). If the four quadratic potential terms are each
converted separately through Kϕ2

i ≤ ϕ4
i + K2/4 then the positive quartic budget becomes 1

2 β2 + 5
and the net quartic coefficient is − 1

2 β2 + 1, which is positive for β2 < 2. The estimate would then
fail for small β, for instance for the certificate parameter set with β = 1

2 . The grouped inequality
(25) produces the single positive quartic that keeps the coefficient negative for the whole admissible
range of β.

Corollary 1 (Uniform-in-time estimate). Every weak solution satisfies

E(ξ) ≤ E(0)Eρ(−η0ξρ) +
C∗|Ω|

η0

[
1 − Eρ(−η0ξρ)

]
. (27)

Consequently,

sup
ξ∈[0,T]

∥Υ(ξ)∥2
H ≤ C

(
1 +

∥∥∥Υ0
∥∥∥2

H

)
,

and

Iρ
0+

(
2

∑
i=1

∥∇ϕi∥m
Lm(Ω) +

2

∑
i=1

∥ϕi∥4
L4(Ω)

)
(ξ) ≤ C

(
1 +

∥∥∥Υ0
∥∥∥2

H

)
. (28)

Here, C > 0 may depend on T, ρ, Ω and the model parameters but is independent of the particular
weak solution.
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Proof. From Theorem 1, every weak solution satisfies

CD
ρ
ξE(ξ) + 2C0d

2

∑
i=1

∥∇ϕi(ξ)∥m
Lm(Ω) + η0E(ξ) +

2

∑
i=1

∥ϕi(ξ)∥4
L4(Ω) ≤ C∗|Ω|

for almost every ξ ∈ (0, T).
Since the gradient and quartic terms are non-negative, we may discard them and

obtain
CD

ρ
ξE(ξ) + η0E(ξ) ≤ C∗|Ω|.

The energy E is non-negative. Hence, applying the fractional comparison principle of
Lemma 2 with y(ξ) = E(ξ), λ = η0, H = C∗|Ω| gives

E(ξ) ≤ E(0)Eρ(−η0ξρ) + C∗|Ω|
∫ ξ

0
(ξ − s)ρ−1Eρ,ρ(−η0(ξ − s)ρ) ds.

Using the standard Mittag–Leffler identity

∫ ξ

0
(ξ − s)ρ−1Eρ,ρ(−η0(ξ − s)ρ) ds =

1
η0

[
1 − Eρ(−η0ξρ)

]
,

we obtain

E(ξ) ≤ E(0)Eρ(−η0ξρ) +
C∗|Ω|

η0

[
1 − Eρ(−η0ξρ)

]
,

which is precisely (27).
For 0 < ρ ≤ 1 and η0 > 0, one has 0 < Eρ(−η0ξρ) ≤ 1. Therefore, (27) implies E(ξ) ≤

E(0) + C∗ |Ω|
η0

for every ξ ∈ [0, T]. In fact, the sharper estimate E(ξ) ≤ max
{
E(0), C∗ |Ω|

η0

}
also follows because the right-hand side of (27) is a convex combination of E(0) and
C∗|Ω|/η0.

By the definition of E ,

E(ξ) = C0

2

∑
i=1

∥ϕi(ξ)∥2 +
2

∑
i=1

∥ψi(ξ)∥2 +
2

∑
i=1

∥χi(ξ)∥2.

Hence,
min{C0, 1}∥Υ(ξ)∥2

H ≤ E(ξ) ≤ max{C0, 1}∥Υ(ξ)∥2
H.

Similarly,

E(0) ≤ max{C0, 1}
∥∥∥Υ0

∥∥∥2

H
.

Consequently,

sup
ξ∈[0,T]

∥Υ(ξ)∥2
H ≤ 1

min{C0, 1}

(
E(0) + C∗|Ω|

η0

)
≤ C

(
1 +

∥∥∥Υ0
∥∥∥2

H

)
.

It remains to prove the integrated estimate. Apply the Riemann–Liouville fractional
integral Iρ

0+ to (24). Using
Iρ
0+

CD
ρ
ξE(ξ) = E(ξ)− E(0),

we obtain

E(ξ)− E(0) + 2C0d Iρ
0+

(
2

∑
i=1

∥∇ϕi∥m
Lm(Ω)

)
(ξ) + η0 Iρ

0+E(ξ) + Iρ
0+

(
2

∑
i=1

∥ϕi∥4
L4(Ω)

)
(ξ)

≤ C∗|Ω|Iρ
0+1.
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Since Iρ
0+1 = ξρ

Γ(ρ+1) , this becomes

E(ξ)− E(0) + 2C0d Iρ
0+

(
2

∑
i=1

∥∇ϕi∥m
Lm(Ω)

)
(ξ) + η0 Iρ

0+E(ξ) + Iρ
0+

(
2

∑
i=1

∥ϕi∥4
L4(Ω)

)
(ξ)

≤ C∗|Ω| ξρ

Γ(ρ + 1)
.

Since E(ξ) ≥ 0 and Iρ
0+E(ξ) ≥ 0, we may discard these non-negative terms from the

left-hand side and obtain

2C0d Iρ
0+

(
2

∑
i=1

∥∇ϕi∥m
Lm(Ω)

)
(ξ) + Iρ

0+

(
2

∑
i=1

∥ϕi∥4
L4(Ω)

)
(ξ) ≤ E(0) + C∗|Ω| ξρ

Γ(ρ + 1)
.

Set
cd := min{2C0d, 1} > 0.

Then

2C0d
2

∑
i=1

∥∇ϕi∥m
Lm(Ω) +

2

∑
i=1

∥ϕi∥4
L4(Ω) ≥ cd

(
2

∑
i=1

∥∇ϕi∥m
Lm(Ω) +

2

∑
i=1

∥ϕi∥4
L4(Ω)

)
.

Therefore,

Iρ
0+

(
2

∑
i=1

∥∇ϕi∥m
Lm(Ω) +

2

∑
i=1

∥ϕi∥4
L4(Ω)

)
(ξ) ≤ 1

cd

[
E(0) + C∗|Ω| ξρ

Γ(ρ + 1)

]
.

For 0 ≤ ξ ≤ T, ξρ ≤ Tρ, and E(0) ≤ max{C0, 1}
∥∥Υ0

∥∥2
H. It follows that

Iρ
0+

(
2

∑
i=1

∥∇ϕi∥m
Lm(Ω) +

2

∑
i=1

∥ϕi∥4
L4(Ω)

)
(ξ) ≤ C

(
1 +

∥∥∥Υ0
∥∥∥2

H

)
,

which proves (28).
The estimates are first obtained at the Galerkin or regularized level. Their validity for

weak solutions follows by passage to the limit, using weak lower semicontinuity of the
spatial and quartic terms.

Definition 4 (Fractional absorbing ball). A bounded set B ⊂ H is absorbing for the solution
family if for every bounded B ⊂ H there is TB > 0 such that every solution with Υ0 ∈ B satisfies
Υ(ξ) ∈ B for all ξ ≥ TB.

Corollary 2 (Absorbing set in H). For every R∗ > C∗|Ω|/(η0 min{C0, 1}), the ball

BR∗ := {Υ ∈ H : ∥Υ∥2
H ≤ R∗}

is absorbing.

Proof. Since Eρ(−η0ξρ) → 0, estimate (27) gives

lim sup
ξ→∞

∥Υ(ξ)∥2
H ≤ C∗|Ω|

η0 min{C0, 1} .

The convergence is uniform for initial data in a bounded subset of H, which proves the
assertion.
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Remark 5 (No classical semiflow assertion). For 0 < ρ < 1, the state at time ξ does not
determine the future without its memory history. Corollary 2 is therefore stated for the solution
family. A genuine semiflow can be recovered on a suitable history space, or one may work with a
process or trajectory dynamical system.

5. Existence of Global Weak Solutions
The proof combines the classical Galerkin–monotonicity strategy [36,41] with fractional

compactness and weak-time regularity in the spirit of [39,40].

Theorem 2 (Global existence). Assume (11) and let Υ0 ∈ H. If the energy relation is required at
ξ = 0, assume additionally that ϕ0

i ∈ L4(Ω), i = 1, 2. Then problem (8)–(10) possesses at least
one global weak solution in the sense of Definition 3. Moreover, every weak solution satisfies (27)
and (28).

Proof. We divide the proof into several steps.

Step 1: Construction of the Galerkin approximations.
Set

Xm := Vm ∩ L4(Ω), ∥z∥Xm
:= ∥z∥Vm

+ ∥z∥L4(Ω).

Choose a sequence (ek)k≥1 ⊂ Xm that is orthonormal in H = L2(Ω) and whose linear span
is dense in Xm. For every N ∈ N, define

HN := span{e1, . . . , eN}.

When ∂Ω is sufficiently regular, the functions ek may be chosen as smooth eigenfunctions
of the Neumann Laplacian.

Choose initial approximations

ϕ0
i,N , ψ0

i,N , χ0
i,N ∈ HN

such that
ϕ0

i,N −→ ϕ0
i , ψ0

i,N −→ ψ0
i , χ0

i,N −→ χ0
i

strongly in H as N → ∞. If ϕ0
i ∈ L4(Ω) then the approximations may also be chosen so

that
ϕ0

i,N −→ ϕ0
i strongly in L4(Ω).

We seek approximate solutions of the form

ϕi,N(ξ) =
N

∑
k=1

ai,k(ξ)ek,

ψi,N(ξ) =
N

∑
k=1

bi,k(ξ)ek,

and

χi,N(ξ) =
N

∑
k=1

ci,k(ξ)ek,

for i = 1, 2.
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For every ℓ = 1, . . . , N and i, j ∈ {1, 2} with i ̸= j, the Galerkin equations are(
CD

ρ
ξ ϕi,N , eℓ

)
+ d

∫
Ω
|∇ϕi,N |m−2∇ϕi,N · ∇eℓ dx

=
(

aϕ2
i,N − bϕ3

i,N + ψi,N − χi,N + J + κ(ϕj,N − ϕi,N), eℓ
)

,

(
CD

ρ
ξ ψi,N , eℓ

)
=
(

α0 − ψi,N − βϕ2
i,N , eℓ

)
,

and (
CD

ρ
ξ χi,N , eℓ

)
= (q(ϕi,N − c)− rχi,N , eℓ).

Let YN(ξ) ∈ R6N denote the vector containing all the Galerkin coefficients. The
preceding system can be written in the finite-dimensional form

CD
ρ
ξYN(ξ) = GN(YN(ξ)), YN(0) = Y0

N .

The mapping
GN : R6N −→ R6N

is continuous and locally Lipschitz. Indeed, the reaction terms are polynomials in the
Galerkin coefficients. Moreover, for m ≥ 2, the mapping

z 7−→ |z|m−2z

is locally Lipschitz on finite-dimensional spaces. Consequently, the finite-dimensional
realization of the nonlinear diffusion operator is locally Lipschitz.

The Galerkin system is equivalent to the Volterra integral equation

YN(ξ) = Y0
N +

1
Γ(ρ)

∫ ξ

0
(ξ − s)ρ−1GN(YN(s)) ds.

The local existence theorem for finite-dimensional Caputo systems therefore provides a
unique maximal solution

YN ∈ C([0, TN);R6N)

for some TN > 0. If TN < ∞ then the continuation criterion implies

|YN(ξ)| −→ ∞ as ξ ↑ TN .

Step 2: Uniform energy estimates.
Since the Galerkin solutions take values in HN , we may test the three Galerkin equa-

tions by
C0ϕi,N , ψi,N , χi,N ,

respectively. Repeating the proof of Theorem 1, we obtain

CD
ρ
ξEN(ξ) + 2C0d

2

∑
i=1

∥∇ϕi,N(ξ)∥m
Lm(Ω) + η0EN(ξ) +

2

∑
i=1

∥ϕi,N(ξ)∥4
L4(Ω) ≤ C∗|Ω|,

where

EN(ξ) = C0

2

∑
i=1

∥ϕi,N(ξ)∥2 +
2

∑
i=1

∥ψi,N(ξ)∥2 +
2

∑
i=1

∥χi,N(ξ)∥2.

The constants C0, η0, and C∗ are independent of N.

https://doi.org/10.3390/fractalfract10080548

https://doi.org/10.3390/fractalfract10080548


Fractal Fract. 2026, 10, 548 24 of 55

By the fractional comparison principle,

EN(ξ) ≤ EN(0)Eρ(−η0ξρ) +
C∗|Ω|

η0

[
1 − Eρ(−η0ξρ)

]
.

Because the initial approximations are uniformly bounded in H, there exists a constant
C > 0, independent of N and ξ, such that

sup
ξ≥0

∥ΥN(ξ)∥2
H ≤ C

(
1 +

∥∥∥Υ0
∥∥∥2

H

)
. (29)

The estimate (29) prevents the Galerkin coefficient vector from becoming unbounded
in finite time. Therefore, the finite-dimensional continuation criterion gives

TN = ∞.

Thus, every Galerkin solution exists globally.
Applying Iρ

0+ to the Galerkin energy inequality at a fixed time T > 0 yields

2C0d Iρ
0+

(
2

∑
i=1

∥∇ϕi,N∥m
Lm(Ω)

)
(T) + Iρ

0+

(
2

∑
i=1

∥ϕi,N∥4
L4(Ω)

)
(T) ≤ CT ,

where CT > 0 is independent of N.
Let g ≥ 0. Since 0 < ρ ≤ 1, one has

(T − s)ρ−1 ≥ Tρ−1, 0 ≤ s < T.

Consequently,

Iρ
0+g(T) =

1
Γ(ρ)

∫ T

0
(T − s)ρ−1g(s) ds ≥ Tρ−1

Γ(ρ)

∫ T

0
g(s) ds.

It follows that
2

∑
i=1

∫ T

0
∥∇ϕi,N(ξ)∥m

Lm(Ω) dξ ≤ CT

and
2

∑
i=1

∫ T

0
∥ϕi,N(ξ)∥4

L4(Ω) dξ ≤ CT .

Because the boundary condition is of Neumann type, the energy estimate controls the
gradient rather than the full W1,m(Ω)-norm. We use the Neumann estimate

∥z∥Lm(Ω) ≤ C
(
∥∇z∥Lm(Ω) + ∥z∥L2(Ω)

)
, z ∈ W1,m(Ω).

Combining this estimate with (29), we obtain

2

∑
i=1

∥ϕi,N∥m
Lm(0,T;Vm) +

2

∑
i=1

∥ϕi,N∥4
L4(QT)

≤ CT . (30)

Moreover,
∥ψi,N∥L∞(0,T;H) + ∥χi,N∥L∞(0,T;H) ≤ CT .
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Step 3: Estimates for the Caputo derivatives.
By Lemma 4,

∥Amϕi,N∥V∗
m
≤ ∥∇ϕi,N∥m−1

Lm(Ω).

Since m′ = m/(m − 1), it follows that

∫ T

0
∥Amϕi,N∥m′

V∗
m

dξ ≤
∫ T

0
∥∇ϕi,N∥

(m−1)m′

Lm(Ω)
dξ

=
∫ T

0
∥∇ϕi,N∥m

Lm(Ω) dξ

≤ CT .

Thus,
(Amϕi,N) is bounded in Lm′

(0, T; V∗
m).

From the potential equation and the growth estimate for the reaction map, we have∥∥∥CDρ
ξ ϕi,N

∥∥∥
X∗

m
≤ d∥Amϕi,N∥V∗

m
+ C

(
1 + ∥ϕi,N∥3

L4(Ω)

+ ∥ψi,N∥+ ∥χi,N∥+ ∥ϕi,N∥+
∥∥ϕj,N

∥∥).

The estimates (29) and (30) therefore imply that (CDρ
ξ ϕi,N) is bounded in

Lm′
(0, T; V∗

m) + L4/3(0, T; L4/3(Ω)) + L2(0, T; H).

All these spaces are continuously embedded in Lq0(0, T; X∗
m), where

q0 := min
{

m′,
4
3

}
> 1.

Hence,
(CD

ρ
ξ ϕi,N) is bounded in Lq0(0, T; X∗

m).

For the fast variable,
CD

ρ
ξ ψi,N = α0 − ψi,N − βϕ2

i,N .

Since ∥∥∥ϕ2
i,N

∥∥∥
L2(QT)

= ∥ϕi,N∥2
L4(QT)

,

the sequence (CD
ρ
ξ ψi,N) is bounded in L2(0, T; H).

Similarly,
CD

ρ
ξ χi,N = q(ϕi,N − c)− rχi,N ,

and hence (CD
ρ
ξ χi,N) is bounded in L2(0, T; H).

Step 4: Weak compactness.
By (29), (30), and the Banach–Alaoglu theorem, there exist functions

ϕi ∈ L∞(0, T; H) ∩ Lm(0, T; Vm) ∩ L4(QT), ψi, χi ∈ L∞(0, T; H),

and a subsequence, still indexed by N, such that

ΥN
∗
⇀ Υ in L∞(0, T;H),

ϕi,N ⇀ ϕi in Lm(0, T; Vm),
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ϕi,N ⇀ ϕi in L4(QT), ψi,N
∗
⇀ ψi in L∞(0, T; H),

and
χi,N

∗
⇀ χi in L∞(0, T; H).

Furthermore, there exists σi ∈ Lm′
(0, T; V∗

m) such that Amϕi,N ⇀ σi in Lm′
(0, T; V∗

m).
After passing to a further subsequence,

CD
ρ
ξ ϕi,N ⇀ CD

ρ
ξ ϕi in Lq0(0, T; X∗

m),

CD
ρ
ξ ψi,N ⇀ CD

ρ
ξ ψi in L2(0, T; H),

and
CD

ρ
ξ χi,N ⇀ CD

ρ
ξ χi in L2(0, T; H).

The weak limits of the Caputo derivatives are identified in the distributional sense by
testing against smooth functions compactly supported in (0, T).

Step 5: Strong compactness of the membrane potentials.
Set p0 := min{m, 4}. The estimate (30) implies that (ϕi,N) is bounded in Lp0(0, T; Xm).

Moreover, Xm ⋐ H ↪→ X∗
m. Indeed, for m ≥ 2 and 1 ≤ n ≤ 3 the embedding W1,m(Ω) ⋐

L2(Ω) is compact, while the embedding H ↪→ X∗
m is continuous.

By the fractional compactness lemma,

ϕi,N −→ ϕi strongly in Lp0(0, T; H).

In particular,
ϕi,N −→ ϕi strongly in L2(QT).

After passing to a further subsequence,

ϕi,N(x, ξ) −→ ϕi(x, ξ)

for almost every (x, ξ) ∈ QT .
Interpolating between the strong convergence in L2(QT) and the uniform boundedness

in L4(QT) gives
ϕi,N −→ ϕi strongly in Ls(QT)

for every 2 ≤ s < 4.
Consequently,

ϕ2
i,N −→ ϕ2

i strongly in Lq(QT)

for every 1 ≤ q < 2. Since (ϕ2
i,N) is bounded in L2(QT) and converges almost everywhere,

we also have
ϕ2

i,N ⇀ ϕ2
i in L2(QT).

Similarly, (ϕ3
i,N) is bounded in L4/3(QT) and converges almost everywhere. Therefore,

ϕ3
i,N ⇀ ϕ3

i in L4/3(QT).

The linear reaction and coupling terms pass to the limit by weak or strong convergence.
In particular, the products involving ϕi,N and the weakly convergent variables ψi,N and
χi,N pass to the limit because ϕi,N → ϕi strongly in L2(QT).

Step 6: Identification of the nonlinear diffusion term.
It remains to prove that

σi = Amϕi.
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For every z ∈ Lm(0, T; Vm), the monotonicity of Am gives

∫ T

0
⟨Amϕi,N −Amz, ϕi,N − z⟩V∗

m ,Vm
dξ ≥ 0.

We first establish the corresponding Minty limsup condition. Test the i-th Galerkin
potential equation by ϕi,N and integrate over (0, T). The strong convergence in L3(QT) implies∫

QT

ϕ3
i,N dx dξ −→

∫
QT

ϕ3
i dx dξ.

The strong convergence of ϕi,N in L2(QT) and the weak convergence of ψi,N and χi,N imply∫
QT

ψi,Nϕi,N dx dξ −→
∫

QT

ψiϕi dx dξ

and ∫
QT

χi,Nϕi,N dx dξ −→
∫

QT

χiϕi dx dξ.

The coupling terms pass to the limit by the strong L2(QT) convergence of both membrane
potentials.

Since
ϕi,N ⇀ ϕi in L4(QT),

weak lower semicontinuity yields

lim inf
N→∞

∫
QT

|ϕi,N |4 dx dξ ≥
∫

QT

|ϕi|4 dx dξ.

The positive representation underlying Lemma 1, together with a standard time
regularization argument, gives

lim inf
N→∞

∫ T

0

〈
CD

ρ
ξ ϕi,N , ϕi,N

〉
dξ ≥

∫ T

0

〈
CD

ρ
ξ ϕi, ϕi

〉
dξ.

Passing to the upper limit in the tested Galerkin equation and using the limiting potential
equation tested by ϕi, we obtain

lim sup
N→∞

∫ T

0
⟨Amϕi,N , ϕi,N⟩V∗

m ,Vm
dξ ≤

∫ T

0
⟨σi, ϕi⟩V∗

m ,Vm
dξ.

We may now pass to the limit in the monotonicity inequality. Using the weak conver-
gences and the preceding limsup estimate, we find

∫ T

0
⟨σi −Amz, ϕi − z⟩V∗

m ,Vm
dξ ≥ 0

for every z ∈ Lm(0, T; Vm).
Let h ∈ Lm(0, T; Vm) and choose z = ϕi − εh, ε > 0. Then

∫ T

0
⟨σi −Am(ϕi − εh), h⟩V∗

m ,Vm
dξ ≥ 0.

By the hemicontinuity of Am, letting ε ↓ 0 gives

∫ T

0
⟨σi −Amϕi, h⟩V∗

m ,Vm
dξ ≥ 0.
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Replacing h by −h gives the reverse inequality. Therefore,

∫ T

0
⟨σi −Amϕi, h⟩V∗

m ,Vm
dξ = 0

for every h ∈ Lm(0, T; Vm). Hence, σi = Amϕi in Lm′
(0, T; V∗

m).

Step 7: Passage to the limit in the Galerkin system.
Let Θ = col(θ1, ϑ1, ζ1, θ2, ϑ2, ζ2) ∈ V and let η ∈ C∞

c (0, T). Multiply the Galerkin
equations by η, integrate in time, and pass to the limit.

The Caputo terms pass to the limit by their weak convergence. The nonlinear diffusion
terms pass to the limit because σi = Amϕi. The quadratic terms pass weakly in L2(QT), the
cubic terms pass weakly in L4/3(QT), and all the linear reaction and coupling terms pass
by weak or strong convergence.

Therefore,

∫ T

0
η(ξ)

[〈
CD

ρ
ξ Υ(ξ), Θ

〉
V∗ ,V

+ d
2

∑
i=1

∫
Ω
|∇ϕi|m−2∇ϕi · ∇θi dx − ⟨F (Υ(ξ)), Θ⟩V∗ ,V

]
dξ = 0.

Since η is arbitrary, it follows that

〈
CD

ρ
ξ Υ(ξ), Θ

〉
V∗ ,V

+ d
2

∑
i=1

∫
Ω
|∇ϕi|m−2∇ϕi · ∇θi dx = ⟨F (Υ(ξ)), Θ⟩V∗ ,V

for almost every ξ ∈ (0, T). Thus, the weak formulation (13) is satisfied.

Step 8: Verification of the initial condition.
The Galerkin solutions satisfy the Volterra representation

ΥN(ξ) = Υ0
N + Iρ

0+(F (ΥN)−AΥN)(ξ)

in the corresponding finite-dimensional dual space.
Let Θ be a smooth test vector. Pairing the preceding identity with Θ gives

(ΥN(ξ), Θ)H = (Υ0
N , Θ)H +

1
Γ(ρ)

∫ ξ

0
(ξ − s)ρ−1⟨F (ΥN(s))−AΥN(s), Θ⟩ ds.

The estimates obtained above imply that the scalar integrand is bounded in Lq(0, T) for
some q > 1. Therefore, its fractional integral tends to zero as ξ ↓ 0. Passing to the limit in
the scalar Volterra identity gives

lim
ξ↓0

(Υ(ξ), Θ)H = (Υ0, Θ)H.

Since the smooth test vectors form a dense subset of H and Υ ∈ L∞(0, T;H), this identity
extends to every Θ ∈ H. Consequently,

Υ ∈ Cw([0, T];H)

and
Υ(0) = Υ0 in H.

Step 9: Passage of the energy estimates to the limit.
The weak-star lower semicontinuity of the H-norm gives

∥Υ(ξ)∥2
H ≤ lim inf

N→∞
∥ΥN(ξ)∥2

H
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for almost every ξ ∈ (0, T). Similarly, weak lower semicontinuity gives

∫ T

0
∥∇ϕi∥m

Lm(Ω) dξ ≤ lim inf
N→∞

∫ T

0
∥∇ϕi,N∥m

Lm(Ω) dξ

and ∫ T

0
∥ϕi∥4

L4(Ω) dξ ≤ lim inf
N→∞

∫ T

0
∥ϕi,N∥4

L4(Ω) dξ.

Thus, the Galerkin energy estimates pass to the limiting weak solution. In particular, the
limiting solution satisfies (27) and (28).

Step 10: Global extension.
The preceding construction is valid on every finite interval [0, T]. Moreover, the

Galerkin solutions are globally defined and the estimates are uniform on each finite interval.
Applying a diagonal subsequence argument on the intervals

[0, 1], [0, 2], [0, 3], . . .

produces a weak solution defined on [0, ∞). Therefore, the weak solution is global.
Finally, the same energy inequality holds for any weak solution. This may be shown

by regularizing the weak solution in time, using the regularized functions as test functions,
applying Lemma 1, and then removing the regularization by weak lower semicontinuity.
Corollary 1 consequently implies that every weak solution satisfies (27) and (28).

Remark 6. The proof rests on the cubic damping rather than on any global-Lipschitz property: the
map ϕ 7→ aϕ2 − bϕ3 is not globally Lipschitz on L2(Ω).

6. Uniqueness and Continuous Dependence
For uniqueness one needs enough integrability to control the local polynomial coeffi-

cient. This is automatic in the strong class and, in dimensions n ≤ 3, follows for positive
times from the parabolic regularization available when m = 2. We state a transparent
sufficient condition.

Assumption 1. The weak solutions under comparison satisfy ϕi, ϕ̄i ∈ L∞(QT), i = 1, 2.

Theorem 3 (Uniqueness and continuous dependence). Let Υ and Ῡ be two weak solutions
satisfying Assumption 1, with initial data Υ0 and Ῡ0. Then

∥∥Υ(ξ)− Ῡ(ξ)
∥∥2
H ≤ C

∥∥∥Υ0 − Ῡ0
∥∥∥2

H
Eρ(Lξρ), 0 ≤ ξ ≤ T, (31)

where L depends only on the parameters and the L∞ bounds of the two solutions. In particular,
Υ0 = Ῡ0 implies Υ = Ῡ.

Proof. Set

Ui := ϕi − ϕ̄i, Vi := ψi − ψ̄i, Wi := χi − χ̄i, i = 1, 2.

Then
Υ − Ῡ = col(U1, V1, W1, U2, V2, W2).

Subtracting the equations satisfied by Υ and Ῡ, we obtain, for i, j ∈ {1, 2} with i ̸= j,

CD
ρ
ξUi + d

(
Amϕi −Amϕ̄i

)
= a

(
ϕ2

i − ϕ̄2
i
)
− b
(
ϕ3

i − ϕ̄3
i
)
+ Vi − Wi + κ(Uj − Ui),
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CD
ρ
ξVi = −Vi − β

(
ϕ2

i − ϕ̄2
i
)
,

and
CD

ρ
ξWi = qUi − rWi.

Using the algebraic identities

ϕ2
i − ϕ̄2

i = (ϕi + ϕ̄i)Ui

and
ϕ3

i − ϕ̄3
i =

(
ϕ2

i + ϕiϕ̄i + ϕ̄2
i
)
Ui,

the difference system becomes

CD
ρ
ξUi + d

(
Amϕi −Amϕ̄i

)
=
[

a(ϕi + ϕ̄i)− b
(
ϕ2

i + ϕiϕ̄i + ϕ̄2
i
)]

Ui + Vi − Wi + κ(Uj − Ui),

CD
ρ
ξVi = −Vi − β(ϕi + ϕ̄i)Ui,

and
CD

ρ
ξWi = qUi − rWi.

Test these three equations by Ui, Vi, and Wi, respectively, integrate over Ω, and sum
over i = 1, 2. By Lemma 1, 〈

CD
ρ
ξUi, Ui

〉
≥ 1

2
CD

ρ
ξ∥Ui∥2,

〈
CD

ρ
ξVi, Vi

〉
≥ 1

2
CD

ρ
ξ∥Vi∥2,

and 〈
CD

ρ
ξWi, Wi

〉
≥ 1

2
CD

ρ
ξ∥Wi∥2.

Moreover, the strong monotonicity of Am, established in Lemma 4, gives

⟨Amϕi −Amϕ̄i, ϕi − ϕ̄i⟩V∗
m ,Vm

≥ cm∥∇ϕi −∇ϕ̄i∥m
Lm(Ω)

= cm∥∇Ui∥m
Lm(Ω).

The coupling terms are dissipative. Indeed,

κ
∫

Ω

[
(U2 − U1)U1 + (U1 − U2)U2

]
dx = −κ

∫
Ω
|U1 − U2|2 dx = −κ∥U1 − U2∥2.

Therefore,

1
2

CD
ρ
ξ

2

∑
i=1

(
∥Ui∥2 + ∥Vi∥2 + ∥Wi∥2

)
+ dcm

2

∑
i=1

∥∇Ui∥m
Lm(Ω)

+ κ∥U1 − U2∥2 +
2

∑
i=1

∥Vi∥2 + r
2

∑
i=1

∥Wi∥2

≤
2

∑
i=1

Ri,

where
Ri :=

∫
Ω

[
a(ϕi + ϕ̄i)− b

(
ϕ2

i + ϕiϕ̄i + ϕ̄2
i
)]

U2
i dx

+
∫

Ω

[
UiVi − UiWi − β(ϕi + ϕ̄i)UiVi + qUiWi

]
dx.
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By Assumption 1, there exists a constant MT > 0 such that

∥ϕi∥L∞(QT)
≤ MT , ∥ϕ̄i∥L∞(QT)

≤ MT , i = 1, 2.

Consequently,
|ϕi + ϕ̄i| ≤ 2MT

almost everywhere in QT .
Since

ϕ2
i + ϕiϕ̄i + ϕ̄2

i =

(
ϕi +

1
2

ϕ̄i

)2
+

3
4

ϕ̄2
i ≥ 0,

we have
a(ϕi + ϕ̄i)− b

(
ϕ2

i + ϕiϕ̄i + ϕ̄2
i
)
≤ a|ϕi + ϕ̄i| ≤ 2aMT .

Hence, ∫
Ω

[
a(ϕi + ϕ̄i)− b

(
ϕ2

i + ϕiϕ̄i + ϕ̄2
i
)]

U2
i dx ≤ 2aMT∥Ui∥2.

The two terms containing UiVi may be combined as

UiVi − β(ϕi + ϕ̄i)UiVi =
[
1 − β(ϕi + ϕ̄i)

]
UiVi.

Since
|1 − β(ϕi + ϕ̄i)| ≤ 1 + 2βMT ,

Young’s inequality gives∣∣∣∣∫Ω

[
1 − β(ϕi + ϕ̄i)

]
UiVi dx

∣∣∣∣ ≤ (1 + 2βMT)∥Ui∥∥Vi∥ ≤ (1 + 2βMT)
2

2
∥Ui∥2 +

1
2
∥Vi∥2.

Similarly, the terms containing UiWi satisfy

−UiWi + qUiWi = (q − 1)UiWi.

Therefore, ∣∣∣∣(q − 1)
∫

Ω
UiWi dx

∣∣∣∣ ≤ |q − 1|∥Ui∥∥Wi∥

≤ (q − 1)2

2r
∥Ui∥2 +

r
2
∥Wi∥2.

Combining the preceding estimates, we obtain

Ri ≤ KT∥Ui∥2 +
1
2
∥Vi∥2 +

r
2
∥Wi∥2,

where

KT := 2aMT +
(1 + 2βMT)

2

2
+

(q − 1)2

2r
.

Thus,
2

∑
i=1

Ri ≤ KT

2

∑
i=1

∥Ui∥2 +
1
2

2

∑
i=1

∥Vi∥2 +
r
2

2

∑
i=1

∥Wi∥2.
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Substituting this estimate into the preceding energy inequality gives

1
2

CD
ρ
ξ

2

∑
i=1

(
∥Ui∥2 + ∥Vi∥2 + ∥Wi∥2

)
+ dcm

2

∑
i=1

∥∇Ui∥m
Lm(Ω) + κ∥U1 − U2∥2 +

1
2

2

∑
i=1

∥Vi∥2

+
r
2

2

∑
i=1

∥Wi∥2 ≤ KT

2

∑
i=1

∥Ui∥2.

Define

Y(ξ) :=
2

∑
i=1

(
∥Ui(ξ)∥2 + ∥Vi(ξ)∥2 + ∥Wi(ξ)∥2

)
.

By the definition of the product Hilbert norm,

Y(ξ) =
∥∥Υ(ξ)− Ῡ(ξ)

∥∥2
H.

Since
2

∑
i=1

∥Ui∥2 ≤ Y(ξ),

and all the remaining terms on the left-hand side are non-negative, we obtain

1
2

CD
ρ
ξY(ξ) ≤ KTY(ξ).

Equivalently,
CD

ρ
ξY(ξ) ≤ 2KTY(ξ).

Applying the fractional Gronwall inequality from Lemma 3 yields

Y(ξ) ≤ Y(0)Eρ(2KTξρ), 0 ≤ ξ ≤ T.

Since
Y(0) =

∥∥∥Υ0 − Ῡ0
∥∥∥2

H
,

we conclude that∥∥Υ(ξ)− Ῡ(ξ)
∥∥2
H ≤

∥∥∥Υ0 − Ῡ0
∥∥∥2

H
Eρ(2KTξρ), 0 ≤ ξ ≤ T.

Thus, (31) holds with
C = 1 and L = 2KT .

The constant L depends only on the model parameters and on the L∞(QT) bounds of the
membrane-potential components of the two solutions.

Finally, if
Υ0 = Ῡ0

then
Y(0) = 0.

The preceding estimate gives

Y(ξ) = 0 for every ξ ∈ [0, T].

Therefore,
Υ(ξ) = Ῡ(ξ) for every ξ ∈ [0, T],

and the weak solution is unique in the class specified by Assumption 1.
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For weak solutions, the preceding testing procedure may be justified by a standard
temporal regularization or Galerkin approximation. The result then follows by passing
to the limit using the weak lower semicontinuity of the Caputo energy term and the
monotonicity of Am.

Remark 7 (Alternative uniqueness route). Instead of Assumption 1, one may work with a
truncated reaction, show that the energy estimate places every solution in a common invariant
bounded set, and then use the Lipschitz constant of the original reaction on that set. This is especially
convenient in a fully discrete or one-dimensional setting.

7. Synchronization of the Two Neurons
The synchronization result is global and requires no a priori bound on the individual

membrane potentials. It relies on the cubic structure and on the monotonicity of the
m-Laplacian.

Definition 5 (Complete synchronization). The two neurons synchronize in H if

∥y1(ξ)− y2(ξ)∥H −→ 0 as ξ → ∞.

They synchronize with a Mittag–Leffler rate if there are C, µ > 0 such that

∥y1(ξ)− y2(ξ)∥2
H ≤ CEρ(−µξρ)

∥∥∥y0
1 − y0

2

∥∥∥2

H
.

Set U = ϕ1 − ϕ2, V = ψ1 − ψ2, and W = χ1 − χ2. Subtracting the equations gives
CD

ρ
ξU + d(Amϕ1 −Amϕ2) = a(ϕ1 + ϕ2)U − b(ϕ2

1 + ϕ1ϕ2 + ϕ2
2)U + V − W − 2κU,

CD
ρ
ξV = −V − β(ϕ1 + ϕ2)U,

CD
ρ
ξW = qU − rW.

(32)

Theorem 4 (Global Mittag–Leffler synchronization). Define

λ :=
8β2

b
(33)

and suppose

κ >
λ

2
+

a2

b
+

(q − λ)2

4λr
. (34)

Set

δ := 4κλ −
(

2λ2 +
4λa2

b
+

(q − λ)2

r

)
> 0 (35)

and µ := min{δ/λ, 1, r}. Then every global weak solution satisfies

λ∥U(ξ)∥2 + ∥V(ξ)∥2 + ∥W(ξ)∥2 ≤
(
λ∥U(0)∥2 + ∥V(0)∥2 + ∥W(0)∥2)Eρ(−µξρ). (36)

Consequently the neurons synchronize globally in H with a uniform Mittag–Leffler rate.

Proof. Let
U := ϕ1 − ϕ2, V := ψ1 − ψ2, W := χ1 − χ2.

The difference system (32) is

CD
ρ
ξU + d

(
Amϕ1 −Amϕ2

)
= a(ϕ1 + ϕ2)U − b(ϕ2

1 + ϕ1ϕ2 + ϕ2
2)U + V − W − 2κU,
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CD
ρ
ξV = −V − β(ϕ1 + ϕ2)U,

and
CD

ρ
ξW = qU − rW.

Test the first equation by λU, the second by V, and the third by W. Using Lemma 1
and the monotonicity estimate from Lemma 4, we obtain

1
2

CD
ρ
ξ

(
λ∥U∥2 + ∥V∥2 + ∥W∥2

)
+ λdcm∥∇U∥m

Lm(Ω) + 2κλ∥U∥2

+ ∥V∥2 + r∥W∥2 ≤ N + λ(U, V) + (q − λ)(U, W), (37)

where

N :=
∫

Ω

[
λa(ϕ1 + ϕ2)U2 − β(ϕ1 + ϕ2)UV − λb(ϕ2

1 + ϕ1ϕ2 + ϕ2
2)U

2
]

dx.

Since
ϕ2

1 + ϕ1ϕ2 + ϕ2
2 ≥ 1

2
(ϕ2

1 + ϕ2
2),

and
β(|ϕ1|+ |ϕ2|)|U||V| ≤ 2β2(ϕ2

1 + ϕ2
2)U

2 +
1
4

V2,

we have

N ≤ 1
4
∥V∥2 +

∫
Ω

[
λa(|ϕ1|+ |ϕ2|)−

(
λb
2

− 2β2
)
(ϕ2

1 + ϕ2
2)
]
U2 dx.

By (33),
λb
2

− 2β2 =
λb
4

.

Therefore,

N ≤ 1
4
∥V∥2 + λ

∫
Ω

[
a(|ϕ1|+ |ϕ2|)−

b
4
(ϕ2

1 + ϕ2
2)

]
U2 dx.

For every s ∈ R,

a|s| − b
4

s2 ≤ a2

b
.

Applying this inequality to ϕ1 and ϕ2 gives

N ≤ 1
4
∥V∥2 +

2λa2

b
∥U∥2. (38)

The remaining mixed terms satisfy

λ(U, V) ≤ λ2∥U∥2 +
1
4
∥V∥2

and

(q − λ)(U, W) ≤ (q − λ)2

2r
∥U∥2 +

r
2
∥W∥2.

Substituting these estimates and (38) into (37), multiplying by 2, and discarding the non-
negative diffusion term, we obtain

CD
ρ
ξEs(ξ) + 4κλ∥U∥2 + ∥V∥2 + r∥W∥2 ≤

(
2λ2 +

4λa2

b
+

(q − λ)2

r

)
∥U∥2,

where
Es(ξ) := λ∥U(ξ)∥2 + ∥V(ξ)∥2 + ∥W(ξ)∥2.
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By the definition of δ in (35), the preceding inequality becomes

CD
ρ
ξEs(ξ) + δ∥U∥2 + ∥V∥2 + r∥W∥2 ≤ 0.

Since

µ = min
{

δ

λ
, 1, r

}
,

we have

δ∥U∥2 + ∥V∥2 + r∥W∥2 ≥ µ
(

λ∥U∥2 + ∥V∥2 + ∥W∥2
)
= µEs(ξ).

Consequently,
CD

ρ
ξEs(ξ) + µEs(ξ) ≤ 0.

Applying Lemma 2 yields

Es(ξ) ≤ Es(0)Eρ(−µξρ), ξ ≥ 0,

which is precisely (36).
Since Eρ(−µξρ) → 0 as ξ → ∞, it follows that

∥U(ξ)∥2 + ∥V(ξ)∥2 + ∥W(ξ)∥2 −→ 0.

Hence, the two neurons synchronize globally in H with a Mittag–Leffler decay rate.

Remark 8 (Integer-order limit). For ρ = 1, E1(−µξ) = e−µξ , and Theorem 4 reduces to
exponential synchronization of the classical coupled system. For 0 < ρ < 1 the decay is algebraic at
large time,

Eρ(−µξρ) ∼ 1
µΓ(1 − ρ)ξρ , ξ → ∞, 0 < ρ < 1, (39)

so that fractional memory slows the asymptotic decay while preserving complete synchronization
under the same structural coupling condition.

Remark 9 (Conservativeness of the threshold). Condition (34) is sufficient, not necessary.
It results from global Young inequalities and can be much larger than the numerically observed
threshold. A sharper criterion follows by retaining independent positive Lyapunov weights and
optimizing the associated quadratic form; the gap is quantified numerically in Section 11.

The threshold in Theorem 4 is a global sufficient certificate, not a prediction of the
practical synchronization transition. It is uniform in the initial data and spatial profiles and
is obtained after worst-case Young estimates that suppress trajectory-specific cancellation.
Consequently, the bound may be much larger than the first coupling value that satisfies a
prescribed finite-window numerical criterion. The latter is an empirical transition associated
with one parameter set, one observation window, and one tolerance, and should not be
interpreted as a necessary analytical threshold or a bifurcation value; this distinction is
made explicit before the numerical section so that the large gap between the two quantities,
quantified in Section 11, is not read as a weakness of the model.

Proposition 3 (Invariance of the synchronization manifold). The diagonal set S := {Υ ∈ H :
y1 = y2} is invariant. If y0

1 = y0
2, then y1(ξ) = y2(ξ) for every ξ ≥ 0.
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Proof. For identical initial data, (U, V, W)(0) = 0, and the difference system (32) admits
the zero solution. By uniqueness in the applicable solution class it is the only solution.
Alternatively, estimate (36) gives Es(ξ) = 0 directly under (34).

8. Robust Synchronization Under Parameter Mismatch
Exact identity of the two neurons is an idealization, so we record a practical synchro-

nization result. Suppose the difference system carries an additive mismatch

M(ξ) = col(Mu(ξ), Mv(ξ), Mw(ξ)), λ∥Mu(ξ)∥2 + ∥Mv(ξ)∥2 + ∥Mw(ξ)∥2 ≤ ε2,

representing small differences in external currents or intrinsic parameters after collecting
them in the error equations.

Theorem 5 (Practical Mittag–Leffler synchronization). Assume (34). Then there is Cµ > 0
such that

Es(ξ) ≤ Es(0)Eρ

(
−µ

2
ξρ
)
+

Cµε2

µ

[
1 − Eρ

(
−µ

2
ξρ
)]

, (40)

and in particular lim supξ→∞ Es(ξ) ≤ Cµε2/µ.

Proof. Repeating the proof of Theorem 4 gives

CD
ρ
ξEs + µEs ≤ 2λ(Mu, U) + 2(Mv, V) + 2(Mw, W),

and weighted Young inequalities bound the right-hand side by µ
2 Es + Cµε2. Therefore

CD
ρ
ξEs +

µ
2 Es ≤ Cµε2, and Lemma 2 proves (40).

9. An H1 Estimate in the Linear-Diffusion Case
The natural energy space for the nonlinear problem is W1,m(Ω). When m = 2 and the

initial membrane potentials already belong to H1(Ω), the linear Neumann diffusion yields a
closed fractional estimate for their gradients. We deliberately do not infer instantaneous H1

regularization from merely L2 initial data here; that stronger assertion requires a separate
fractional maximal-regularity argument.

Proposition 4 (Propagation of H1 regularity for m = 2). Assume m = 2, let ∂Ω be of class
C1,1, and suppose ϕ0

i ∈ H1(Ω) for i = 1, 2. For every set of initial data bounded in

H1 :=
[

H1(Ω)× L2(Ω)× L2(Ω)
]2

there exists a constant CB > 0, depending only on the bounded set, the model parameters, and Ω,
such that

Y(ξ) ≤ Y(0)Eρ(−ξρ) + CB
[
1 − Eρ(−ξρ)

]
, Y(ξ) :=

2

∑
i=1

∥∇ϕi(ξ)∥2. (41)

Consequently the H1 norm of the membrane potentials is propagated uniformly in time,

sup
ξ≥0

Y(ξ) ≤ max{Y(0), CB}, lim sup
ξ→∞

Y(ξ) ≤ CB.

The bound is uniform over data bounded in H1; it is a regularity-propagation statement and does
not assert instantaneous smoothing of data taken merely in H.
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Proof. We derive the estimate on the Faedo–Galerkin approximations of Theorem 2, for
which the operations below are legitimate: each approximation lies in L2(0, T; H2(Ω)) with
CD

ρ
ξ ϕi ∈ L2(0, T; L2(Ω)), the Caputo derivative commutes with the spatial gradient, and

ϕi satisfies the homogeneous Neumann condition. All terms on the left-hand side of the
resulting inequality are convex or monotone in the approximation, so the estimate passes to
the limit by weak lower semicontinuity. We therefore argue as if ϕi itself were admissible.

Since m = 2, the nonlinear diffusion operator reduces to the Neumann Laplacian,
Amϕi = −∆ϕi, and the membrane-potential equations read

CD
ρ
ξ ϕi − d∆ϕi = aϕ2

i − bϕ3
i + ψi − χi + J + κ(ϕj − ϕi), i, j ∈ {1, 2}, i ̸= j.

For each i, take the L2(Ω) inner product of the ϕi-equation with −∆ϕi. Integrating the
time term by parts in space and using the Neumann condition,(

CD
ρ
ξ ϕi,−∆ϕi

)
=
(
CD

ρ
ξ∇ϕi,∇ϕi

)
≥ 1

2
CD

ρ
ξ∥∇ϕi∥2,

the inequality being Lemma 1 applied in L2(Ω;Rn). The diffusion term gives d(−∆ϕi,−∆ϕi) =
d∥∆ϕi∥2.

For the polynomial reaction, integration by parts and the Neumann condition give∫
Ω

(
aϕ2

i − bϕ3
i

)
(−∆ϕi) dx =

∫
Ω

(
2aϕi − 3bϕ2

i

)
|∇ϕi|2 dx,

and, completing the square,

2as − 3bs2 = −3b
(

s − a
3b

)2
+

a2

3b
≤ a2

3b
(s ∈ R),

so that ∫
Ω

(
2aϕi − 3bϕ2

i

)
|∇ϕi|2 dx ≤ a2

3b
∥∇ϕi∥2.

The constant-current term vanishes,

J
∫

Ω
(−∆ϕi) dx = −J

∫
∂Ω

∂ϕi
∂ν

dS = 0,

and the recovery variables are controlled by Young’s inequality,

|(ψi,−∆ϕi)| ≤
d
4
∥∆ϕi∥2 +

1
d
∥ψi∥2, |(−χi,−∆ϕi)| ≤

d
4
∥∆ϕi∥2 +

1
d
∥χi∥2.

The coupling contribution is dissipative: summing over the two neurons and integrating
by parts,

κ
∫

Ω
[(ϕ2 − ϕ1)(−∆ϕ1) + (ϕ1 − ϕ2)(−∆ϕ2)]dx = −κ∥∇(ϕ1 − ϕ2)∥2 ≤ 0.

Combining these estimates and summing over i = 1, 2,

1
2

CD
ρ
ξY(ξ) +

d
2

2

∑
i=1

∥∆ϕi∥2 + κ∥∇(ϕ1 − ϕ2)∥2 ≤ a2

3b
Y(ξ) +

1
d

2

∑
i=1

(
∥ψi∥2 + ∥χi∥2

)
.

Multiplying by 2 and discarding the non-negative coupling term yields

CD
ρ
ξY(ξ) + d

2

∑
i=1

∥∆ϕi∥2 ≤ C3 Y(ξ) +
2
d

2

∑
i=1

(
∥ψi∥2 + ∥χi∥2

)
, C3 :=

2a2

3b
. (42)

https://doi.org/10.3390/fractalfract10080548

https://doi.org/10.3390/fractalfract10080548


Fractal Fract. 2026, 10, 548 38 of 55

We absorb the leading Y-term through a Neumann interpolation inequality. For
z ∈ H2(Ω) with ∂νz = 0, integration by parts gives ∥∇z∥2 = −(z, ∆z), whence, for every
ε > 0,

∥∇z∥2 ≤ ε∥∆z∥2 +
1
4ε
∥z∥2.

Choosing ε = d/(C3 + 1) and multiplying by C3 + 1,

d∥∆z∥2 ≥ (C3 + 1)∥∇z∥2 − Cd∥z∥2, Cd :=
(C3 + 1)2

4d
.

Applying this to ϕ1 and ϕ2 and inserting the result into (42), the term C3Y(ξ) cancels and
we are left with

CD
ρ
ξY(ξ) + Y(ξ) ≤ Cd

2

∑
i=1

∥ϕi(ξ)∥2 +
2
d

2

∑
i=1

(
∥ψi(ξ)∥2 + ∥χi(ξ)∥2

)
.

Let B ⊂ H1 be bounded. Because H1 ↪→ H continuously, there is RB > 0 with∥∥Υ0
∥∥2
H ≤ RB for every Υ0 ∈ B, and Corollary 1 provides MB > 0, independent of the

datum in B and of ξ ≥ 0, such that ∥Υ(ξ)∥2
H ≤ MB. In particular the right-hand side above

is at most CB := (Cd +
2
d )MB, so that

CD
ρ
ξY(ξ) + Y(ξ) ≤ CB.

The fractional comparison principle (Lemma 2, with λ = 1 and constant forcing CB)
gives (41).

Finally, since 0 < Eρ(−ξρ) ≤ 1 for 0 < ρ ≤ 1, the right-hand side of (41) is a
convex combination of Y(0) and CB, so Y(ξ) ≤ max{Y(0), CB} for all ξ ≥ 0; and since
Eρ(−ξρ) → 0 as ξ → ∞, passing to the upper limit gives lim supξ→∞ Y(ξ) ≤ CB. The
bound depends on Y(0) only through the first term, uniformly over H1-bounded data,
which is the asserted propagation of H1 regularity.

10. Consequences and Limiting Cases
Corollary 3 (Classical partly diffusive system). For ρ = 1 and m = 2, the model, the energy
estimate, the global existence result, and the synchronization theorem reduce to their classical
parabolic counterparts; in particular (36) becomes Es(ξ) ≤ Es(0)e−µξ .

Corollary 4 (Uncoupled dynamics). For κ = 0, Theorem 1 still gives global dissipativity of the
two independent partly diffusive neurons; synchronization, however, is not implied.

Corollary 5 (Linear spatial propagation). For m = 2 the nonlinear diffusion operator becomes
the Neumann Laplacian and the monotonicity contribution in the synchronization estimate is
exactly d∥∇(ϕ1 − ϕ2)∥2.

Remark 10 (Transition to the numerical section). The analytical results identify the quantities
to be verified computationally: the discrete analogue of (24), the Mittag–Leffler envelope (36), the
dependence of the synchronization time on (ρ, m, κ), and the gap between the sufficient threshold
(34) and the empirical critical coupling. These are addressed in the next section.

11. Numerical Approximation and Computational Analysis
The time discretization is based on the L1 formula [43–46], and the no-flux spatial

operator is treated by a conservative finite-volume construction [47]. The combination
follows the monotone structure of the continuous m-Laplacian rather than linearizing it at
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vanishing gradients; a related Caputo–p-Laplacian reaction–diffusion computation can be
found in [37].

This section develops a fully reproducible approximation of the time-fractional, partly
diffusive HR system. The computations serve three distinct purposes. First, manufactured-
solution and independent-solver tests verify the temporal and spatial accuracy of the
numerical method and its integer-order and linear-diffusion limits. Second, the discrete
energy and synchronization computations test the Mittag–Leffler estimates and quantify
the conservatism of the sufficient coupling certificate. Third, parameter sweeps and hetero-
geneous spatial simulations provide dynamical interpretation by separating the effects of
fractional memory, coupling strength, nonlinear diffusion, neuronal mismatch, and spa-
tially varying forcing. The figures are presented in this order so that numerical verification
is completed before biological and dynamical conclusions are drawn. The Python (ver-
sion 3.11.9) implementation generates all figures directly from the model parameters and
initial conditions. For reproducibility, the computed convergence errors, synchronization
diagnostics, spike statistics, and parameter-sweep summaries are additionally stored as
comma-separated files.

11.1. The Fully Discrete L1–Finite-Volume Method

For the numerical experiments we take the one-dimensional cable Ω = (0, L) and
introduce the uniform spatial mesh xj = jh, j = 0, 1, . . . , M, h = L/M and the uniform
temporal mesh ξn = nτ, n = 0, 1, . . . , N, τ = T/N. The value of a grid function zn

h at xj is
written zn

j . The discrete Neumann inner product and norm are

(zh, yh)h := h

(
1
2 z0y0 +

M−1

∑
j=1

zjyj +
1
2 zMyM

)
, ∥zh∥2

h = (zh, zh)h,

the half weights at the endpoints corresponding to boundary control volumes of length
h/2. For 0 < ρ < 1 define the L1 weights

ω
(ρ)
k = (k + 1)1−ρ − k1−ρ, k ≥ 0,

and the discrete Caputo derivative

δ
ρ
τzn

h :=
τ−ρ

Γ(2 − ρ)

n−1

∑
k=0

ω
(ρ)
k

(
zn−k

h − zn−k−1
h

)
, (43)

with the convention δ1
τzn

h = (zn
h − zn−1

h )/τ for ρ = 1. It is convenient to write

δ
ρ
τzn

h = cρ,τzn
h −Hn

z , cρ,τ =
τ−ρ

Γ(2 − ρ)
, (44)

where, for 0 < ρ < 1,

Hn
z = cρ,τ

[
ω
(ρ)
n−1z0

h +
n−1

∑
k=1

(
ω
(ρ)
n−k−1 − ω

(ρ)
n−k

)
zk

h

]
,

and Hn
z = τ−1zn−1

h for ρ = 1. To avoid a singular Jacobian when m > 2 and ∇ϕ = 0, the
nonlinear flux is regularized by

Φm,ϵ(s) :=
(

ϵ2 + s2
)(m−2)/2

s, ϵ > 0, (45)
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and the regularized finite-volume realization of the positive operator −∆m is

(Aϵ
m,hz)j =



−2
h

Φm,ϵ

(
z1 − z0

h

)
, j = 0,

−1
h

[
Φm,ϵ

( zj+1 − zj

h

)
− Φm,ϵ

( zj − zj−1

h

)]
, 1 ≤ j ≤ M − 1,

2
h

Φm,ϵ

(
zM − zM−1

h

)
, j = M.

(46)

The factors two in the boundary rows are essential, since the boundary control volumes
have length h/2; omitting them degrades the observed spatial accuracy.

For i, j ∈ {1, 2} with i ̸= j, the fully implicit scheme is
δ

ρ
τϕn

i,h + dAϵ
m,hϕn

i,h = a(ϕn
i,h)

2 − b(ϕn
i,h)

3 + ψn
i,h − χn

i,h + J + κ(ϕn
j,h − ϕn

i,h),

δ
ρ
τψn

i,h = α0 − ψn
i,h − β(ϕn

i,h)
2,

δ
ρ
τχn

i,h = q(ϕn
i,h − c)− rχn

i,h,

(47)

with powers and products evaluated nodewise. From (44) the two recovery variables can
be eliminated at every time level,

ψn
i,h =

Hn
ψi
+ α0 − β(ϕn

i,h)
2

cρ,τ + 1
, χn

i,h =
Hn

χi
+ q(ϕn

i,h − c)
cρ,τ + r

, (48)

so that only the two membrane-potential vectors remain unknown in the nonlinear solve,
which is performed by a damped Newton iteration. The derivative of the regularized flux,

Φ′
m,ϵ(s) =

(
ϵ2 + s2

)(m−4)/2(
ϵ2 + (m − 1)s2

)
> 0,

keeps the diffusion block sparse, tridiagonal, and monotone. The residual stopping criterion
is ∥R(ℓ)∥2 ≤ 10−9 max{1, ∥R(0)∥2} with at most thirty Newton iterations, and backtracking
is used whenever the full Newton step fails to reduce the residual.

Lemma 6 (Discrete monotonicity). For all grid functions zh and yh,(
Aϵ

m,hzh −Aϵ
m,hyh, zh − yh

)
h
≥ 0,

and moreover

(
Aϵ

m,hzh, zh

)
h
= h

M−1

∑
j=0

Φm,ϵ(Dhzj+1/2)Dhzj+1/2 ≥ h
M−1

∑
j=0

|Dhzj+1/2|m, (49)

where Dhzj+1/2 = (zj+1 − zj)/h.

Proof. Multiplying (46) by the trapezoidal control-volume weights and summing over
j gives the discrete summation-by-parts identity (Aϵ

m,hzh, yh)h = h ∑M−1
j=0 Φm,ϵ(Dhzj+1/2)

· Dhyj+1/2. Taking yh = zh gives the identity in (49), and since m ≥ 2, (ϵ2 + s2)(m−2)/2s2 ≥
|s|m. The difference estimate follows from the strict monotonicity of s 7→ Φm,ϵ(s) on every
edge after summation of the non-negative edge terms.

Lemma 7 (Discrete Caputo energy inequality). For every Hilbert-space-valued sequence
(zn)N

n=0,
2(δρ

τzn, zn) ≥ δ
ρ
τ∥zn∥2, n ≥ 1. (50)
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Proof. The L1 coefficients are positive and decreasing. Expanding 2(zn, zn − zk)− ∥zn∥2 +

∥zk∥2 = ∥zn − zk∥2 and using the convolution representation of (43) yields

2(δρ
τzn, zn)− δ

ρ
τ∥zn∥2 = cρ,τω

(ρ)
n−1∥zn − z0∥2 + cρ,τ

n−1

∑
k=1

(
ω
(ρ)
n−k−1 − ω

(ρ)
n−k

)
∥zn − zk∥2,

which is non-negative; for ρ = 1 it reduces to the standard backward-Euler identity.

Proposition 5 (Solvability of one time step). At every time level, scheme (47) has at least one
solution, and it is unique whenever

cρ,τ +
q

cρ,τ + r
>

1
3b

(
a − β

cρ,τ + 1

)2
. (51)

Proof. After eliminating ψn
i,h and χn

i,h by (48), the equations define a continuous map on
R2(M+1). Pairing it with (ϕn

1,h, ϕn
2,h), the cubic terms contribute b ∑i ∥ϕn

i,h∥
4
ℓ4

h
, the diffusion

contributes a non-negative quantity by Lemma 6, and the coupling contributes κ∥ϕn
1,h −

ϕn
2,h∥

2
h; these fourth-order terms dominate all lower-order terms as the Euclidean norm

grows, so Brouwer’s theorem on a large ball gives existence. For uniqueness, subtract two
solutions and test by their membrane-potential difference. Writing s = ϕ + ϕ̄ and using
ϕ2 + ϕϕ̄ + ϕ̄2 ≥ 3

4 s2, the pointwise polynomial difference is bounded below by

3b
4

s2 +

(
β

cρ,τ + 1
− a
)

s + cρ,τ +
q

cρ,τ + r
,

whose first two terms have minimum − 1
3b (a − β/(cρ,τ + 1))2. Condition (51), with the

monotonicity of the diffusion and coupling, makes the reduced map strictly monotone, so
the two solutions coincide and (48) gives equality of the recovery variables.

11.2. Discrete Energy Stability and Synchronization

Set C0 = (β2 + 4)/b and define

En
h := C0

2

∑
i=1

∥ϕn
i,h∥

2
h +

2

∑
i=1

∥ψn
i,h∥

2
h +

2

∑
i=1

∥χn
i,h∥

2
h. (52)

Theorem 6 (Unconditional discrete dissipativity). There are constants η0 > 0 and C∗ > 0,
independent of h, τ, ϵ, and n, such that every solution of (47) satisfies

δ
ρ
τEn

h + 2C0d
2

∑
i=1

h
M−1

∑
j=0

|Dhϕn
i,j+1/2|

m + η0En
h +

2

∑
i=1

∥ϕn
i,h∥

4
ℓ4

h
≤ C∗L. (53)

The constants may be chosen exactly as in the continuous energy estimate.

Proof. Take the discrete inner product of the first equation in (47) with C0ϕn
i,h, the second

with ψn
i,h, and the third with χn

i,h, and sum over i = 1, 2. Lemma 7 controls the time terms
and Lemma 6 the nonlinear diffusion, while the coupling terms give

C0κ
[
(ϕn

2,h − ϕn
1,h, ϕn

1,h)h + (ϕn
1,h − ϕn

2,h, ϕn
2,h)h

]
= −C0κ∥ϕn

1,h − ϕn
2,h∥

2
h.

All remaining estimates are pointwise Young inequalities identical to those in the proof of
Theorem 1. In particular, the quadratic potential terms are grouped into a single Young
step exactly as in (25), so that the choice of C0 makes the cubic damping dominate the
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accumulated quartic contribution for every β > 0, as recorded in Remark 4. Summation
with the positive quadrature weights yields (53) without any restriction on h or τ.

The scalar discrete comparison equation associated with (53) defines a positive discrete
Mittag–Leffler resolvent, so the numerical energy remains uniformly bounded and ap-
proaches a discrete absorbing level. The computed energy is compared later, in Section 11.6,
with the envelope obtained from δ

ρ
τEn

h + η0En
h ≤ Ĉh, where Ĉh is the maximum computed

comparison residual. This is an a posteriori discrete certificate sharing the Mittag–Leffler
structure of the analytical estimate; it is not a fitted decay curve.

For synchronization, define Un
h = ϕn

1,h − ϕn
2,h, Vn

h = ψn
1,h − ψn

2,h, Wn
h = χn

1,h − χn
2,h, and

En
s,h = λ∥Un

h ∥
2
h + ∥Vn

h ∥
2
h + ∥Wn

h ∥
2
h, λ =

8β2

b
. (54)

Proposition 6 (Discrete synchronization inequality). If κ > λ
2 + a2

b + (q−λ)2

4λr then

δ
ρ
τEn

s,h + µEn
s,h ≤ 0, (55)

with µ the constant of Theorem 4. Consequently En
s,h is bounded by the positive discrete Mittag–

Leffler resolvent and converges to zero.

Proof. Subtract the two discrete neuron systems and test the three difference equations with
λUn

h , Vn
h , and Wn

h . Lemma 7 handles the L1 terms, the diffusion difference is non-negative
by Lemma 6, and the remaining algebra is pointwise and identical to the continuous
synchronization proof, resting on a|s| − b

4 s2 ≤ a2/b and Young inequalities for the UV and
UW products. This yields (55), and positivity of the discrete scalar resolvent gives the final
assertion.

11.3. Convergence of the Approximation

Theorem 7 (Convergence to a weak solution). Let Υh,τ,ϵ denote the piecewise-constant temporal
interpolant of the solution of (47), and assume the initial grid values converge to Υ0 in H. Along a
sequence h → 0, τ → 0, ϵ → 0 there exists a subsequence such that

Υh,τ,ϵ
∗
⇀ Υ in L∞(0, T;H),

ϕi,h,τ,ϵ ⇀ ϕi in Lm(0, T; W1,m(Ω)) ∩ L4(QT),

ϕi,h,τ,ϵ → ϕi strongly in L2(QT),

where Υ is a weak solution of the fractional coupled HR system. If that weak solution is unique in
the class under consideration, the entire family converges.

Proof. Theorem 6 furnishes bounds independent of h, τ, and ϵ for Υh,τ,ϵ in L∞(0, T;H)

and for ϕi,h,τ,ϵ in Lm(0, T; W1,m(Ω)) ∩ L4(QT), and the discrete equations then bound the
L1 time derivatives in the sum of the dual spaces used in the weak formulation. The
discrete fractional translation estimate associated with the L1 convolution, combined
with the compact embedding W1,m(Ω) ∩ L4(Ω) ⋐ L2(Ω), gives relative compactness in
L2(QT); after extraction ϕi,h,τ,ϵ converges strongly in L2(QT) and almost everywhere, and
interpolation with the uniform L4 bound upgrades this to Ls(QT) for every 2 ≤ s < 4.
Hence the quadratic terms converge strongly in Lq(QT) for q < 2 and the cubic terms
weakly in L4/3(QT).

For the nonlinear diffusion, the regularized fluxes are bounded in Lm′
(QT), weak

compactness gives a limit flux, and discrete monotonicity together with the energy limsup
inequality yields the Minty condition; letting first h, τ → 0 and then ϵ → 0 identifies the
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weak limit as |∇ϕi|m−2∇ϕi. The Neumann condition is already incorporated in the finite-
volume summation by parts and passes to the variational limit. Finally, testing the discrete
equations by smooth grid projections and using the preceding convergences produces the
weak formulation of the continuous problem, the initial value following from the discrete
Volterra representation and weak temporal continuity. Uniqueness removes the need to
extract a subsequence.

This supplies convergence for the nonlinear system without any formal global Lip-
schitz condition on the cubic reaction. A sharp error estimate would require additional
regularity and nondegeneracy assumptions for the m-Laplacian, so we instead verified the
expected rates on a smooth manufactured problem and used mesh-independence tests for
the nonlinear model.

11.4. Manufactured-Solution Verification

We tested the L1–finite-volume backbone on

CD
ρ
ξ z − dzxx = f (x, ξ), zx(0, ξ) = zx(1, ξ) = 0, z(x, 0) = 0, (56)

with exact solution z(x, ξ) = ξ3 cos(πx) and forcing f (x, ξ) =
[

Γ(4)
Γ(4−ρ)

ξ3−ρ + dπ2ξ3
]

cos(πx).
For a smooth solution the L1 approximation was expected to have order 2 − ρ in time. The
observed temporal order at each refinement was computed from

pτ =
log(Eτ/Eτ/2)

log 2
, (57)

where Eτ denotes the discrete L2 error at step size τ; Table 1 confirms the terminal orders
1.38, 1.19, and 1.05 for ρ = 0.6, 0.8, and 0.95, respectively, in close agreement with the
theoretical smooth-solution orders 2 − ρ = 1.40, 1.20, and 1.05. The corresponding Log–log
temporal error curves are shown in Figure 1.

Table 1. Temporal convergence at T = 1 for the manufactured problem. The spatial grid has
401 nodes.

ρ τ L2 Error Order Energy Error Order

0.60 5.000 × 10−2 7.166 × 10−3 – 2.362 × 10−2 –
2.500 × 10−2 2.791 × 10−3 1.360 9.202 × 10−3 1.360
1.250 × 10−2 1.077 × 10−3 1.374 3.550 × 10−3 1.374
6.250 × 10−3 4.132 × 10−4 1.382 1.362 × 10−3 1.382

0.80 5.000 × 10−2 1.732 × 10−2 – 5.709 × 10−2 –
2.500 × 10−2 7.649 × 10−3 1.179 2.522 × 10−2 1.179
1.250 × 10−2 3.358 × 10−3 1.188 1.107 × 10−2 1.188
6.250 × 10−3 1.469 × 10−3 1.192 4.845 × 10−3 1.192

0.95 5.000 × 10−2 3.202 × 10−2 – 1.056 × 10−1 –
2.500 × 10−2 1.555 × 10−2 1.042 5.126 × 10−2 1.042
1.250 × 10−2 7.532 × 10−3 1.046 2.483 × 10−2 1.046
6.250 × 10−3 3.644 × 10−3 1.047 1.201 × 10−2 1.047

For the spatial test we took ρ = 1 and used the exact solution z(x, ξ) = ξ cos(πx).
Backward Euler differentiates the linear temporal factor exactly, so the reported error
isolated the spatial discretization. The second-order rates in Table 2 verify the boundary
closure in (46). The corresponding spatial convergence curves are shown in Figure 2.
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Figure 1. Log–log temporal error for three fractional orders. The slopes approach 2 − ρ, as predicted
for a smooth solution. Manufactured problem (56) with exact solution z = ξ3 cos(πx) at T = 1,
computed on a spatial grid of 401 nodes; the orders were obtained from (57).

Figure 2. Spatial convergence of the finite-volume Neumann discretization. Both the L2 and discrete
energy errors are asymptotically second order. Manufactured problem (56) with ρ = 1 and exact
solution z = ξ cos(πx) at T = 0.2, so that the reported error isolated the spatial discretization and
verifies the boundary closure in (46).

Table 2. Spatial convergence at T = 0.2 for the manufactured problem.

Nodes h L2 Error Order Energy Error Order

21 5.000 × 10−2 2.700 × 10−5 – 8.893 × 10−5 –
41 2.500 × 10−2 6.753 × 10−6 1.999 2.226 × 10−5 1.998
81 1.250 × 10−2 1.689 × 10−6 2.000 5.567 × 10−6 2.000

161 6.250 × 10−3 4.222 × 10−7 2.000 1.392 × 10−6 2.000

11.5. Parameter Sets, Initial Data, and Diagnostic Quantities

The canonical parameter set is the standard bursting set of the classical HR equa-
tions. A second, moderately scaled certificate set is used only for the direct verification
of the sufficient synchronization theorem, because the canonical threshold is intentionally
conservative.
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Unless stated otherwise, L = 20, ϵ = 10−4, and the spatially heterogeneous initial
values are

ϕ0
1(x) = −1.25 + 0.45 exp

[
−
(

x − 0.32L
0.09L

)2
]

,

ϕ0
2(x) = −0.80 + 0.35 exp

[
−
(

x − 0.68L
0.11L

)2
]

,

ψ0
i (x) = α0 − β(ϕ0

i (x))2, χ0
i (x) =

q
r
(ϕ0

i (x)− c).

Localized rectangular and sinusoidal initial profiles were used additionally in the robust-
ness study. At a fixed observation point x0, spikes were local maxima of ϕi(ξ, x0) above
zero with prominence at least 0.2, and spikes were assigned to different bursts when the
gap exceeded the larger of twenty time units and three times the median inter-spike gap.
We report the mean inter-spike interval, the number of detected burst onsets divided by
the observation time, the peak voltage, and the time between the first and last detected
spike in the active window. These finite-window statistics are descriptive; when only two
or three spikes are detected, they should not be interpreted as asymptotic firing invariants.
The synchronization time was

Tsync := min
{

ξn : E k
s,h ≤ 0.05 E0

s,h for every k ≥ n
}

, (58)

a blank heatmap cell indicating that this criterion was not reached on the simulated interval.

11.6. Verification of Dissipativity and Limiting Cases

Figure 3 displays the discrete energy together with the computable comparison enve-
lope described after Theorem 6. The numerical trajectory remained well below the envelope
and settled into a bounded regime. This test used the certificate parameter set with ρ = 0.8,
m = 3, τ = 0.2, and 61 spatial nodes.

Figure 3. Discrete energy and the corresponding discrete Mittag–Leffler comparison envelope. The
envelope was computed from the discrete comparison residual, not fitted to the trajectory. Certificate
parameter set of Table 3 with ρ = 0.8, m = 3, τ = 0.2, and 61 spatial nodes. The computed energy
stayed well below the envelope, confirming the unconditional discrete dissipativity of Theorem 6.
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Table 3. Dimensionless parameter sets used in the numerical experiments.

Set a b α0 β q r c J d

canonical 3 1 1 5 0.0084 0.0021 −1.6 3.281 0.02
certificate 1 1 0.8 0.5 0.4 0.5 −1 1.2 0.02

The left panel of Figure 4 compares ρ = 0.9999 with the integer-order computation;
the relative difference on the displayed interval is 6.86 × 10−3. In the right panel the m = 2,
ρ = 1 implementation is compared with an independent method-of-lines BDF solver for
the same spatially discrete PDE, giving a relative difference of 9.33 × 10−4. The first value
quantifies the finite-order approximation ρ = 0.9999 ̸= 1, whereas the second is a code-
to-code consistency check for the linear-diffusion implementation. Both are small at the
resolution used and support the two limiting reductions.

Figure 4. Left: approach to the integer-order limit as ρ ↑ 1, comparing ρ = 0.9999 with the
integer-order computation (relative difference 6.86 × 10−3). Right: verification of the m = 2 , ρ = 1
implementation against an independent method-of-lines BDF computation for the same spatially
discrete PDE (relative difference 9.33 × 10−4). Both panels are consistency checks for the two limiting
reductions of the scheme.

11.7. Neuronal Firing and Bursting Dynamics

To isolate firing and synchronization from spatial propagation, the time-series experi-
ments in Figures 5 and 6 were performed on the spatially homogeneous invariant manifold,
which remained an exact special case of the PDE. We took ρ = 0.98 and simulated to
T = 1000. Figure 5 shows the membrane-potential traces for weak, near-transition, and
strong coupling. For weak coupling the two neurons retained visible phase differences;
near the transition their spikes became substantially aligned; and strong coupling produced
almost coincident voltage traces, while the slow variables retained the long timescale re-
sponsible for bursting. Figure 6 shows the fast and slow recovery variables and the phase
portraits for the strong-coupling experiment.

Figure 7 quantifies how memory and nonlinear diffusion act on the bursting rhythm,
and it isolates a clean, monotone memory effect. As ρ decreased from 1 to 0.90, the mean
burst period lengthened monotonically from about 379 to 565 time units, an increase of
roughly 49 percent, and the mean number of spikes per burst rose from about 31.7 to 38.8.
Stronger memory therefore slowed the bursting clock and packed more spikes into each
burst. By contrast, varying the diffusion exponent m from 2 to 4 in the spatial experiment
left the temporal rhythm essentially unchanged: the mean burst period remained near
362 time units, varying by less than one and a half time units, below 0.4 percent, and the
peak amplitude stayed close to 0.93. The nonlinear diffusion exponent thus governed
the spatial sharpness of the traveling fronts, as discussed in Section 11.9, rather than the
temporal bursting dynamics. separation is consistent with the energy analysis, in which
the m-Laplacian contributed only non-negative spatial dissipation and did not enter the
temporal reaction balance that fixed the bursting period.
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Figure 5. Membrane-potential traces for weak, near-transition, and strong coupling. The same initial
mismatch is used in all three panels. Canonical parameter set of Table 3, spatially homogeneous
invariant manifold, ρ = 0.98, T = 1000, with κ = 0, 0.05, and 0.8 from top to bottom. Increasing κ

progressively removes the phase difference between the two neurons.

Figure 6. Fast and slow recovery variables and phase portraits for the strong-coupling experiment.
The closed loops and slow drift display the spike–burst timescale separation. Canonical parameter
set, ρ = 0.98, κ = 0.8, T = 1000. The slow variable χ1 organizes the long bursting envelope, consistent
with the fractional slow-variable estimate of Proposition 2.
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Figure 7. Left: detected mean inter-spike interval and burst frequency versus the fractional order.
Right: peak amplitude and detected active-window duration versus the nonlinear diffusion expo-
nent. The two panels use different simulation protocols and are interpreted within, not across, the
respective sweeps.

11.8. Synchronization Diagnostics and Threshold Conservatism

For direct comparison with the synchronization theorem we first used the certificate
set, for which λ = 2 and κth = 2.64. The computation in Figure 8 uses κ = κth + 1, ρ = 0.8,
and m = 3. All three component errors decayed, and the discrete synchronization energy
stayed below the continuous Mittag–Leffler envelope of the theorem.

For the canonical bursting parameters the sufficient analytical threshold was κth = 23, 916.52.
A logarithmic scan on [0.2, 30], using the numerical criterion (58) on [0, 120], gave the
first successful sampled value κemp = 11.0, so that the ratio between the sufficient and
empirical values was approximately 2.17 × 103. This did not contradict the theorem, which
is global, uniform in the initial state, and derived from worst-case Young inequalities; the
computation shows that the bound was a global sufficient certificate rather than a practical
estimate of the empirical sampled transition. The synchronization-time curve and the
comparison between the empirical and sufficient thresholds are shown in Figure 9.

Figure 10 gives two parameter maps. At fixed m = 3, the computed synchroniza-
tion time varied with both ρ and κ, although the finite-window pattern was not strictly
monotone in every sampled cell. In the (m, κ) sweep, all the sampled rows coincided at the
displayed resolution: the experiment resolved a clear coupling effect but no measurable
m-dependence of the five-percent synchronization time. This is consistent with, but does
not prove, the analytical observation that coupling directly damps the spatially constant
asynchronous mode, whereas nonlinear diffusion acts through spatial gradients.

Figure 8. Left: membrane, fast-variable, and slow-variable synchronization errors. Right: discrete
synchronization energy and the theoretical Mittag–Leffler envelope. Certificate parameter set with
λ = 2, κ = κth + 1, ρ = 0.8, and m = 3. All three component errors decayed and the discrete energy
remained below the envelope of Theorem 4.
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Figure 9. Left: synchronization time versus coupling strength for the canonical parameter set. Right:
logarithmic comparison of the empirical sampled threshold with the global sufficient threshold. The
empirical value κemp ≈ 11.0 follows from criterion (58) on [0, 120], whereas κth = 23, 916.52 is the
global sufficient certificate of Theorem 4; the two quantities answer different questions and their ratio
measures the conservatism of the worst-case estimates.

Figure 10. Synchronization-time maps on the (ρ, κ)- and (m, κ)-planes. Blank cells indicate that the
five-percent criterion was not reached by T = 120. The (ρ, κ) map was computed at fixed m = 3 and
the (m, κ) map at fixed ρ = 0.9. Coupling had a clear effect in both maps, while no m-dependence
of the five-percent time was resolved at this sampling resolution. The maps report an empirical
finite-window transition, not a bifurcation curve.

11.9. Spatial Propagation and Nonlinear Diffusion

The spatial experiment used localized, separated initial voltage profiles, ρ = 0.9,
m = 3, and κ = 20. Figure 11 shows the two space–time voltage surfaces, whose initially
different fronts became nearly identical as the coupling acted:

Figure 11. Space–time membrane-potential surfaces for the two neurons under strong coupling.
Localized, separated initial voltage profiles on Ω = (0, 20) with ρ = 0.9, m = 3, and κ = 20. The
initially distinct fronts became nearly identical as the electrical coupling acted.
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The first panel of Figure 12 displays the complete space–time evolution of |U|, and the
remaining panels compare an early transient with the final spatial profile. The maximum
pointwise difference fell from about 0.799 initially to about 6.2 × 10−2 at T = 120.

Figure 12. Space–time asynchronous voltage magnitude |U| = |ϕ1 − ϕ2| and spatial profiles during
the early transient and at the late, near-synchronized time. Same experiment as Figure 11 (ρ = 0.9,
m = 3, κ = 20). The maximum pointwise difference fell from about 0.799 initially to about 6.2 × 10−2

at T = 120.

To quantify spatial sharpness we report the discrete gradient norm

Gm(ξn) := ∥Dhϕn
1∥ℓm

h
=

(
h

M−1

∑
j=0

|Dhϕn
1,j+1/2|

m

)1/m

. (59)

Figure 13 shows a modest, non-monotone dependence on m: the terminal gradient
measure decreased from 0.7048 at m = 2 to 0.6820 at m = 3, followed by a slight increase
to 0.6833 at m = 4. The cross-sectional profiles remained localized but their plateau levels
and transition zones evolved in time. Thus the computation confirms that m changes the
spatial solution, but it does not support a universal claim that increasing m monotonically
sharpens the front over the tested range.

Figure 13. Left: terminal gradient-based wavefront diagnostic Gm(T) of (59) versus the nonlinear
diffusion exponent. Right: cross-sectional voltage profiles at three times for m = 3. The dependence
on m was modest and non-monotone over 2 ≤ m ≤ 4, so the diffusion exponent reshaped the spatial
profile without monotonically sharpening the front in the tested range.

11.10. Robustness and Computational Cost

The synchronization theorem concerns identical deterministic neurons, so we tested
three perturbations outside that exact setting:

(i) Gaussian, sinusoidal, and localized initial voltage profiles;
(ii) a one-percent mismatch in a and a two-percent mismatch in J for the second neuron;
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(iii) a spatially heterogeneous current Ji(x) = J[1 + 0.04 cos(2πx/L) + 0.011{i=2}] to-
gether with independent Gaussian perturbations of standard deviation 0.015 at each
time level.

The last perturbation was a discrete current-noise experiment and was not asserted
to be a continuum white-noise stochastic PDE. Figure 14 shows that strong coupling
removed the initial-profile dependence, while parameter mismatch and heterogeneous or
noisy forcing prevented exact equality but produced bounded practical synchronization,
consistent with the robust estimate of Theorem 5.

Figure 14. Synchronization robustness under different initial profiles, small parameter mismatch,
and heterogeneous or noisy applied current. The relative synchronization energy was plotted for the
three perturbation families (i)–(iii) described in the text. Strong coupling removed the dependence
on the initial profile, whereas mismatch and heterogeneous or noisy forcing produced a nonzero
bounded floor, consistent with Theorem 5.

For the mismatch experiment the relative late-time synchronization-energy floor de-
creased from about 8.07 × 10−2 at κ = 5 to 4.03 × 10−2 at κ = 30; it did not vanish because
the synchronization manifold was no longer invariant. The standard L1 implementation
stored the complete time history: with M + 1 spatial nodes and N + 1 time levels the state
storage was 6(N + 1)(M + 1)× 8 bytes, while direct history summation had nominal work
proportional to N2(M + 1). Figure 15 reports the measured execution time and state-array
memory for 40, 80, 160, and 320 time levels; the memory doubled when N doubled, as
expected. The delivered code uses the full-memory formula so that every result is trans-
parent, and sum-of-exponentials or fast Fourier transform acceleration can be added for
substantially longer simulations:

Figure 15. Left: relative practical synchronization floor under parameter mismatch. Right: measured
runtime and state-array memory for the full-memory L1 method. The floor decreases from about
8.07 × 10−2 at κ = 5 to 4.03 × 10−2 at κ = 30 without vanishing, because the synchronization
manifold is not invariant under mismatch. Runtime and memory are reported for 40, 80, 160, and
320 time levels.
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11.11. Numerical Conclusions

The computations support the analytical and numerical developments in five respects.
First, the manufactured solution verified the expected 2− ρ temporal rate and second-order
spatial rate. Second, the discrete energy remained below a computable Mittag–Leffler
comparison bound. Third, under the sufficient coupling condition the synchronization
energy followed the predicted Mittag–Leffler decay. Fourth, the integer-order and linear-
diffusion limits agreed closely with independent reference calculations. Fifth, the parameter
studies separated the roles of memory, coupling, and nonlinear diffusion without treat-
ing any single finite-window statistic as universal: decreasing ρ markedly enlarged the
detected inter-spike interval and reduced the detected burst frequency; the sampled m
values had a smaller effect on inter-spike timing but altered burst duration, peak ampli-
tude, and spatial-gradient diagnostics; and the empirical coupling threshold was roughly
three orders of magnitude below the global sufficient certificate. A small mismatch and
heterogeneous current replaced exact synchronization by a nonzero, coupling-dependent
practical error floor.

The computational novelty reported here is not an additional surface visualization
but a quantitative separation of mechanisms: the fractional order reorganizes the temporal
bursting scale, whereas the nonlinear diffusion exponent primarily modifies the spatial
transition zones and gradient distribution. Coupling scans connect these effects to a finite-
window synchronization transition, while the analytical theorem supplies a global sufficient
certificate; the empirical transition and the global certificate are reported throughout as
distinct objects.

12. Conclusions and Future Directions
In our model, which is a time-fractional partly diffusive model of two electrically

coupled HR neurons, the membrane potentials are transported by a degenerate nonlinear
m-Laplacian, while the temporal evolution is governed by the Caputo derivative of order
ρ ∈ (0, 1]. Working in a Gelfand triple adapted to the no-flux nonlinear Neumann condition,
we chose a fractional energy inequality having a grouped Young step that maintained the
estimate dissipative for the whole admissible range of β, and we obtained a uniform-in-
time a priori bound. With the combination of a Faedo–Galerkin construction, fractional
compactness, and the Minty method, the existence of a global weak solution was established.
Uniqueness and continuous dependence followed in the bounded solution class. We then
proved global Mittag–Leffler synchronization above an explicit coupling threshold. In
the case of parameter mismatch, a practical synchronization estimate was provided. A
fully implicit L1 finite-volume scheme was shown to be solvable at every time level,
with uniqueness holding under an explicit monotonicity condition, and with the scheme
unconditionally energy dissipative and convergent. The expected 2 − ρ temporal and
second-order spatial rates were recovered from the computations. The simulations split
the two mechanisms cleanly: memory set the temporal rhythm, lengthening the mean
bursting period by about 50% as ρ was reduced from 1 to 0.90, while the diffusion exponent
had a negligible effect on that rhythm and instead controlled the spatial sharpness of the
traveling fronts.

Several directions remain open. The sufficient coupling threshold is conservative by
about three orders of magnitude, and a sharper criterion obtained by optimizing inde-
pendent Lyapunov weights would be of both analytical and practical interest. Similarly,
Proposition 2 gives an explicit fractional estimate for the Hindmarsh–Rose slow–fast separa-
tion under Caputo memory, but a complete geometric singular-perturbation and bifurcation
theory, requiring nonlocal invariant manifolds for the Caputo PDE with m-Laplacian dif-
fusion, was not attempted here and remains a substantial open problem. The uniqueness
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result relies on an L∞ bound, so removing that hypothesis for the degenerate case m > 2 is a
natural next step, as is an eventual H1 absorbing estimate for data taken merely in H, which
requires a sliding-window fractional argument. On the numerical side, the full-memory
L1 method has quadratic cost in the number of time levels, and sum-of-exponentials or
fast-convolution acceleration would permit substantially longer simulations. Finally, the
analysis extends naturally to networks of N coupled neurons on a graph, to variable-order
or distributed-order memory, and to genuinely stochastic forcing, for which the present
discrete current-noise experiment is only a first indication.

The two-neuron problem is the minimal spatially distributed setting in which exact
and mismatch-robust synchronization can be analyzed without conflating the result with
graph-topological effects. For larger networks, the coupling operator would introduce a
graph spectrum in addition to the nonlinear spatial diffusion within each neuron. This
opens the possibility of cluster, interlayer, partial, and chimera-like states, especially in
multiplex, nonlocal, adaptive, or higher-order architectures. Establishing such regimes
would require a network-level extension of the present energy functional and separate
coherence diagnostics; these phenomena are therefore identified as future directions rather
than claimed for the present two-neuron model.

Author Contributions: Conceptualization, M.A.M. and K.V.; methodology, S.R. and K.V.; software,
M.A.M.; validation, K.V. and S.R.; formal analysis, K.V. and S.R.; investigation, M.A.M.; writing—
original draft preparation, M.A.M. and S.S.; writing—review and editing, K.V. and S.R.; visualization,
M.A.M.; supervision, S.S. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Hodgkin, A.L.; Huxley, A.F. A quantitative description of membrane current and its application to conduction and excitation in

nerve. J. Physiol. 1952, 117, 500–544. [CrossRef] [PubMed]
2. FitzHugh, R. Impulses and physiological states in theoretical models of nerve membrane. Biophys. J. 1961, 1, 445–466. [CrossRef]

[PubMed]
3. Nagumo, J.; Arimoto, S.; Yoshizawa, S. An active pulse transmission line simulating nerve axon. Proc. IRE 1962, 50, 2061–2070.

[CrossRef]
4. Hindmarsh, J.L.; Rose, R.M. A model of neuronal bursting using three coupled first order differential equations. Proc. R. Soc.

Lond. B 1984, 221, 87–102. [CrossRef] [PubMed]
5. Izhikevich, E.M. Neural excitability, spiking and bursting. Int. J. Bifurc. Chaos 2000, 10, 1171–1266. [CrossRef]
6. Izhikevich, E.M. Dynamical Systems in Neuroscience: The Geometry of Excitability and Bursting; MIT Press: Cambridge, MA,

USA, 2007.
7. Ermentrout, G.B.; Terman, D.H. Mathematical Foundations of Neuroscience; Interdiscip. Appl. Math.; Springer: New York, NY, USA,

2010; Volume 35.
8. Terman, D. Chaotic spikes arising from a model of bursting in excitable membranes. SIAM J. Appl. Math. 1991, 51, 1418–1450.

[CrossRef]
9. Innocenti, G.; Genesio, R. On the dynamics of chaotic spiking–bursting transition in the Hindmarsh–Rose neuron. Chaos 2009,

19, 023124. [CrossRef] [PubMed]
10. Ma, S.; Feng, Z.; Lu, Q. Dynamics and double Hopf bifurcations of the Rose–Hindmarsh model with time delay. Int. J. Bifurc.

Chaos 2009, 19, 3733–3751. [CrossRef]
11. Pikovsky, A.; Rosenblum, M.; Kurths, J. Synchronization: A Universal Concept in Nonlinear Sciences; Cambridge University Press:

Cambridge, UK, 2001.
12. Arenas, A.; Díaz-Guilera, A.; Kurths, J.; Moreno, Y.; Zhou, C. Synchronization in complex networks. Phys. Rep. 2008, 469, 93–153.

[CrossRef]

https://doi.org/10.3390/fractalfract10080548

http://dx.doi.org/10.1113/jphysiol.1952.sp004764
http://www.ncbi.nlm.nih.gov/pubmed/12991237
http://dx.doi.org/10.1016/s0006-3495(61)86902-6
http://www.ncbi.nlm.nih.gov/pubmed/19431309
http://dx.doi.org/10.1109/jrproc.1962.288235
http://dx.doi.org/10.1098/rspb.1984.0024
http://www.ncbi.nlm.nih.gov/pubmed/6144106
http://dx.doi.org/10.1142/s0218127400000840
http://dx.doi.org/10.1137/0151071
http://dx.doi.org/10.1063/1.3156650
http://www.ncbi.nlm.nih.gov/pubmed/19566259
http://dx.doi.org/10.1142/s0218127409025080
http://dx.doi.org/10.1016/j.physrep.2008.09.002
https://doi.org/10.3390/fractalfract10080548


Fractal Fract. 2026, 10, 548 54 of 55

13. Dhamala, M.; Jirsa, V.K.; Ding, M. Transitions to synchrony in coupled bursting neurons. Phys. Rev. Lett. 2004, 92, 028101.
[CrossRef] [PubMed]

14. Jalili, M. Enhancing synchronizability of diffusively coupled dynamical networks: A survey. IEEE Trans. Neural Netw. Learn. Syst.
2013, 24, 1009–1022. [CrossRef] [PubMed]

15. Stamova, I. Global Mittag–Leffler stability and synchronization of impulsive fractional-order neural networks with time-varying
delays. Nonlinear Dyn. 2014, 77, 1251–1260. [CrossRef]

16. Yan, B.; Parastesh, F.; He, S.; Rajagopal, K.; Jafari, S.; Perc, M. Interlayer and intralayer synchronization in multiplex fractional-
order neuronal networks. Fractals 2022, 30, 2240194. [CrossRef]

17. Phan, C.; You, Y. A new model of coupled Hindmarsh–Rose neurons. J. Nonlinear Model. Anal. 2020, 2, 79–94.
18. Phan, C.; You, Y. Synchronization of boundary coupled Hindmarsh–Rose neuron network. Nonlinear Anal. Real World Appl. 2020,

55, 103139. [CrossRef]
19. Caputo, M. Linear models of dissipation whose Q is almost frequency independent, Part II. Geophys. J. R. Astron. Soc. 1967, 13,

529–539. [CrossRef]
20. Podlubny, I. Fractional Differential Equations; Math. Sci. Eng. 198; Academic Press: San Diego, CA, USA, 1999.
21. Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; North-Holland Math. Stud.

204; Elsevier: Amsterdam, The Netherlands, 2006.
22. Diethelm, K. The Analysis of Fractional Differential Equations; Lecture Notes in Math. 2004; Springer: Berlin/Heidelberg, Germany, 2010.
23. Gorenflo, R.; Kilbas, A.A.; Mainardi, F.; Rogosin, S.V. Mittag–Leffler Functions, Related Topics and Applications, 2nd ed.; Springer

Monogr. Math.; Springer: Berlin/Heidelberg, Germany, 2020.
24. Dong, J.; Zhang, G.-J.; Xie, Y.; Yao, H.; Wang, J. Dynamic behavior analysis of fractional-order Hindmarsh–Rose neuronal model.

Cogn. Neurodyn. 2014, 8, 167–175. [CrossRef] [PubMed]
25. Xie, Y.; Kang, Y.; Liu, Y.; Wu, Y. Firing properties and synchronization rate in fractional-order Hindmarsh–Rose model neurons.

Sci. China Technol. Sci. 2014, 57, 914–922. [CrossRef]
26. Kaslik, E. Analysis of two- and three-dimensional fractional-order Hindmarsh–Rose type neuronal models. Fract. Calc. Appl.

Anal. 2017, 20, 623–645. [CrossRef]
27. Malik, S.A.; Mir, A.H. Synchronization of fractional order neurons in presence of noise. IEEE/ACM Trans. Comput. Biol. Bioinform.

2022, 19, 1887–1896. [CrossRef] [PubMed]
28. Shi, X.; Wang, Z. Hybrid projective synchronization of fractional-order extended Hindmarsh–Rose neurons with hidden attractors.

Axioms 2023, 12, 157. [CrossRef]
29. Al-Qurashi, M.; Asif, Q.U.A.; Chu, Y.; Rashid, S.; Elagan, S.K. Complexity analysis and discrete fractional difference implementa-

tion of the Hindmarsh–Rose neuron system. Results Phys. 2023, 51, 106627. [CrossRef]
30. Parastesh, F.; Rajagopal, K.; Jafari, S.; Perc, M. Discrete memristive Hindmarsh–Rose neural model with fractional-order

differences. Fractal Fract. 2025, 9, 276. [CrossRef]
31. Raja, M.J.A.A.; Hassan, S.A.; Chang, C.Y.; Shu, C.M.; Kiani, A.K.; Shoaib, M.; Raja, M.A.Z. A hybrid neural-computational

paradigm for complex firing patterns and excitability transitions in fractional Hindmarsh–Rose neuronal models. Chaos Solitons
Fractals 2025, 193, 116149. [CrossRef]

32. Zhu, M.; Cheng, Z.; Xin, Y.; Shang, Y.; Lin, X. Bifurcation analysis of a fractional-order Hindmarsh–Rose neuron model with two
delays. Neurocomputing 2026, 700, 134447. [CrossRef]

33. DiBenedetto, E. Degenerate Parabolic Equations; Universitext; Springer: New York, NY, USA, 1993.
34. Lindqvist, P. Notes on the Stationary p-Laplace Equation; SpringerBriefs Math.; Springer: Cham, Switzerland, 2019.
35. Brezis, H. Functional Analysis, Sobolev Spaces and Partial Differential Equations; Universitext; Springer: New York, NY, USA, 2011.
36. Showalter, R.E. Monotone Operators in Banach Space and Nonlinear Partial Differential Equations; Math. Surveys Monogr. 49;

American Mathematical Society: Providence, RI, USA, 1997.
37. Zinihi, A.; Sidi Ammi, M.R.; Torres, D.F.M. Fractional differential equations of a reaction–diffusion SIR model involving the

Caputo fractional time derivative and a nonlinear diffusion operator. Evol. Equ. Control Theory 2025, in press. [CrossRef]
38. Alikhanov, A.A. A priori estimates for solutions of boundary value problems for fractional-order equations. Differ. Equ. 2010, 46,

660–666. [CrossRef]
39. Zacher, R. Weak solutions of abstract evolutionary integro-differential equations in Hilbert spaces. Funkc. Ekvacioj 2009, 52, 1–18.

[CrossRef]
40. Li, L.; Liu, J.-G. Some compactness criteria for weak solutions of time fractional PDEs. SIAM J. Math. Anal. 2018, 50, 3963–3995.

[CrossRef]
41. Lions, J.-L. Quelques Méthodes de Résolution des Problèmes aux Limites non Linéaires; Dunod: Paris, France, 1969.
42. Simon, J. Compact sets in the space Lp(0, T; B). Ann. Mat. Pura Appl. 1987, 146, 65–96. [CrossRef]
43. Lin, Y.; Xu, C. Finite difference/spectral approximations for the time-fractional diffusion equation. J. Comput. Phys. 2007, 225,

1533–1552. [CrossRef]

https://doi.org/10.3390/fractalfract10080548

http://dx.doi.org/10.1103/physrevlett.92.028101
http://www.ncbi.nlm.nih.gov/pubmed/14753970
http://dx.doi.org/10.1109/tnnls.2013.2250998
http://www.ncbi.nlm.nih.gov/pubmed/24808517
http://dx.doi.org/10.1007/s11071-014-1375-4
http://dx.doi.org/10.1142/s0218348x22401946
http://dx.doi.org/10.1016/j.nonrwa.2020.103139
http://dx.doi.org/10.1111/j.1365-246x.1967.tb02303.x
http://dx.doi.org/10.1007/s11571-013-9273-x
http://www.ncbi.nlm.nih.gov/pubmed/24624236
http://dx.doi.org/10.1007/s11431-014-5531-3
http://dx.doi.org/10.1515/fca-2017-0033
http://dx.doi.org/10.1109/tcbb.2020.3040954
http://www.ncbi.nlm.nih.gov/pubmed/33242310
http://dx.doi.org/10.3390/axioms12020157
http://dx.doi.org/10.1016/j.rinp.2023.106627
http://dx.doi.org/10.3390/fractalfract9050276
http://dx.doi.org/10.1016/j.chaos.2025.116149
http://dx.doi.org/10.1016/j.neucom.2026.134447
http://dx.doi.org/10.3934/eect.2025018
http://dx.doi.org/10.1134/s0012266110050058
http://dx.doi.org/10.1619/fesi.52.1
http://dx.doi.org/10.1137/17m1145549
http://dx.doi.org/10.1007/bf01762360
http://dx.doi.org/10.1016/j.jcp.2007.02.001
https://doi.org/10.3390/fractalfract10080548


Fractal Fract. 2026, 10, 548 55 of 55

44. Jin, B.; Lazarov, R.; Zhou, Z. An analysis of the L1 scheme for the subdiffusion equation with nonsmooth data. IMA J. Numer.
Anal. 2016, 36, 197–221. [CrossRef]

45. Stynes, M.; O’Riordan, E.; Gracia, J.L. Error analysis of a finite difference method on graded meshes for a time-fractional diffusion
equation. SIAM J. Numer. Anal. 2017, 55, 1057–1079. [CrossRef]

46. Liao, H.-L.; McLean, W.; Zhang, J. A discrete Gronwall inequality with applications to numerical schemes for subdiffusion
problems. SIAM J. Numer. Anal. 2019, 57, 218–237. [CrossRef]

47. Eymard, R.; Gallouët, T.; Herbin, R. Finite volume methods. In Handbook of Numerical Analysis; North-Holland: Amsterdam, The
Netherlands, 2000; Volume VII.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/fractalfract10080548

http://dx.doi.org/10.1093/imanum/dru063
http://dx.doi.org/10.1137/16m1082329
http://dx.doi.org/10.1137/16m1175742
https://doi.org/10.3390/fractalfract10080548

	Introduction
	Notation and Analytical Preliminaries
	Caputo Calculus
	The Nonlinear Neumann Diffusion Operator
	Product Spaces and Fractional Compactness

	The Time-Fractional Partly Diffusive Coupled HR Model
	A Priori Estimates and Dissipativity
	Existence of Global Weak Solutions
	Uniqueness and Continuous Dependence
	Synchronization of the Two Neurons
	Robust Synchronization Under Parameter Mismatch
	An H1 Estimate in the Linear-Diffusion Case
	Consequences and Limiting Cases
	Numerical Approximation and Computational Analysis
	The Fully Discrete L1–Finite-Volume Method
	Discrete Energy Stability and Synchronization
	Convergence of the Approximation
	Manufactured-Solution Verification
	Parameter Sets, Initial Data, and Diagnostic Quantities
	Verification of Dissipativity and Limiting Cases
	Neuronal Firing and Bursting Dynamics
	Synchronization Diagnostics and Threshold Conservatism
	Spatial Propagation and Nonlinear Diffusion
	Robustness and Computational Cost
	Numerical Conclusions

	Conclusions and Future Directions
	References

