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Abstract

This paper investigates the output synchronization of fractional-order cyber-physical sys-
tems (FOCPSs) under communication constraints. To address limited bandwidth and
high transmission costs, an event-triggered encoding-decoding sampled-data iterative
learning control (ET-EDSDILC) protocol is proposed. The control law integrates a quan-
tized sampling framework with an encoding–decoding mechanism to reconstruct control
signals and address communication constraints. Furthermore, an event-triggered mech-
anism based on error energy attenuation (EEA) is developed to adjust communication
frequency by monitoring error trends, thereby reducing unnecessary data transmissions.
By applying fractional-order calculus and the contraction mapping principle, sufficient
conditions for output synchronization are derived. Numerical simulations show that the
proposed ET-EDSDILC framework reduces communication overhead and data redundancy
while maintaining tracking performance, offering a solution for FOCPSs under communica-
tion constraints.

Keywords: fractional-order cyber-physical systems; event-triggered mechanism;
encoding-decoding mechanism; iterative learning control; output synchronization; sampled-
data control

1. Introduction
In recent decades, the collective behaviors and coordinated control of cyber-physical

systems (CPSs) have emerged as a focal point of multidisciplinary research, owing to their
extensive deployment in smart grids [1], autonomous vehicle platoons [2], and wireless
sensor networks [3,4]. A fundamental objective within these networked architectures is
consensus synchronization, where interconnected nodes aim to achieve state consistency
through localized information exchange. In practical engineering environments, many
physical processes exhibit intrinsic memory and hereditary properties that are not fully
captured by classical integer-order models. Fractional calculus accurately captures complex
dynamics due to its inherent non-locality and memory effects [5–7]. This framework offers
an extra degree of freedom through its non-integer differentiation order, allowing for
more precise characterization of the “history-dependent” nature of complex systems. This
mathematical flexibility is particularly crucial for modeling phenomena where historical
states continuously shape future dynamics, such as the viscoelasticity in robotic joints,
the electrochemical reactions in smart grid storage [8], and the long-range dependence in
transportation networks [9]. Consequently, investigating the output synchronization issues
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of fractional-order cyber-physical systems (FOCPSs) is of significant theoretical value and
practical importance.

Iterative learning control (ILC) has proven to be an effective paradigm for networked
systems required to execute output synchronization tasks repetitively over a finite time
interval. Reference [10] investigated the ILC design for systems lacking a priori knowledge
of the control direction. Reference [11] focused on the development of monotonically con-
vergent ILC for linear discrete-time systems, while Reference [12] explored the convergence
properties of ILC in SISO nonrepetitive systems affected by iteration-dependent uncertain-
ties. To extend this learning framework to non-integer order dynamics, several foundational
studies on fractional-order ILC (FOILC) have been established. For instance, the design of
FOILC schemes specifically tailored for fractional-order linear architectures was pioneered
in [13], which provided the theoretical basis for non-integer order learning laws. Fur-
thermore, considering the complex characteristics in practical systems, the Reference [14]
addressed the tracking control problem for fractional-order linear systems with time delay
by virtue of a rigorous frequency analysis approach. Specifically, the inherent repetitive
nature of operation cycles in CPS is exploited by ILC algorithms, through which tracking
errors and periodic disturbances are progressively attenuated over successive iterations to
ensure superior execution precision [15,16]. By incorporating tracking information from
previous executions to refine current control signals, ILC facilitates high-precision perfor-
mance for systems operating in a repetitive manner. However, the practical implementation
of ILC in modern networked environments often faces significant challenges related to
communication efficiency [17,18]. The continuous exchange of high-resolution information
across the network can place an excessive burden on limited communication bandwidth
and computational resources. Mitigating this communication pressure while maintaining
convergence performance is critical for the efficient deployment of large-scale FOCPSs.

To address these bandwidth constraints, sampled-data control and event-triggered
mechanisms have been widely considered as viable strategies [19–21]. Furthermore, in dig-
ital communication channels, signal quantization—where continuous signals are mapped
to discrete levels—is often a practical necessity [18,22]. To further enhance data security
and transmission reliability, the integration of encoding and decoding mechanisms has
gained attention, as they can effectively reconstruct control information and mitigate the
impact of communication uncertainties [23,24]. While fixed-period sampling provides a
basic digital framework, it may still involve redundant data transmissions. Non-periodic
event-triggered control offers a more flexible approach. Specifically, the error energy at-
tenuation (EEA)-based event-triggered mechanism provides a sophisticated alternative by
regulating control updates based on the dissipation rate of output synchronization error
energy, thereby offering a more nuanced way to manage communication overhead [25].

Motivated by these considerations, this study investigates the output synchronization
problem of FOCPSs under an event-triggered encoding-decoding sampled-data iterative
learning control (ET-EDSDILC) protocol. This work explores the integration of an EEA-
based triggering mechanism and an encoding–decoding framework into the iterative
learning process of fractional-order systems subject to communication constraints. Specif-
ically, an ILC law incorporating quantized sampling and encoding–decoding stages is
synthesized, where control trajectories are updated solely based on processed discrete error
fragments. The communication frequency is dynamically regulated by the orchestrated
EEA-based mechanism, pruning redundant iterations while striving to maintain the strict
output synchronization of the system states.

The primary contributions of this work are summarized as follows

(i) In contrast to the general integer-order frameworks widely investigated in recent liter-
ature, the specific mathematical complexities and hereditary characteristics introduced
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by fractional calculus are accommodated within the designed control framework.
A sampled-data-based iterative learning control protocol is extended and applied
to FOCPSs.

(ii) An event-triggered mechanism and an encoding–decoding mechanism are integrated
into the control protocol. The incorporation of these mechanisms is intended to allevi-
ate the network communication burden and mitigate quantization errors, respectively.

(iii) By utilizing the properties of the Mittag–Leffler function and the contraction mapping
principle, sufficient criteria for the consensus synchronization of FOCPSs are analyt-
ically established. Consequently, the theoretical feasibility and convergence of the
proposed control protocol are mathematically verified.

The remainder of this paper is organized as follows. Section 2 introduces mathematical
preliminaries. Section 3 describes the FOCPS model and control objectives. Section 4 details
the design of the ET-EDSDILC protocol and the EEA-based event-triggered mechanism.
Output synchronization analysis is presented in Section 5. Numerical simulations and
conclusions are provided in Section 6 and Section 7, respectively.
Notations: Rn stands for n-dimensional Euclidean space. The transpose of matrix Q
is expressed by QT . ⊗ is the Kronecker product. The symbol Iq denotes the identity
matrix with q × q dimension. For a matrix Q ∈ Rq, its matrix norm can be defined by
∥Q∥ =

√
λmax(QTQ), where λmax(·) is the maximum eigenvalue of Q. If f (t) : [0, T] → Rn

is a vector function, the λ-norm of f (t) is defined as ∥ f ∥λ = sup
t∈[0,T]

{e−λt∥ f (t)∥}. Define the

∞-norm as ∥ f ∥∞ = max
t∈[0,T]

{∥ f (t)∥}. ⌊·⌋ represent the floor function. 1N denotes an N × 1

vector of ones.

2. Preliminaries
2.1. Graph Theory

The communication topology among agents in FOCPSs is modeled by a directed graph
G = (Λ, E , Θ). Here, Λ = {1, 2, . . . , N} denotes the node set, and E ⊆ Λ × Λ represents
the edge set, where a directed link (i, j) ∈ E indicates that information flows from node i to
node j. The associated adjacency matrix Θ = [aij]N×N is defined with elements aij = 1 if
(j, i) ∈ E and aij = 0 otherwise, with aii = 0 for all i ∈ Λ.

The Laplacian matrix L = [lij]N×N of digraph is given as follows

lij =

−aij, i ̸= j,

∑N
k=1,k ̸=i aik = Ωi, i = j.

The in-degree associated with the i-th node is denoted by Ωi. Accordingly, a diagonal
configuration is employed to define the degree matrix Ω = diag{Ω1, . . . , ΩN}, from which
the relation L = Ω − Θ is derived. Furthermore, the existence of a spanning tree within a
directed graph is established if a root node is identified such that a directed path can be
utilized to reach every remaining node from this origin.

2.2. Fractional-Order Calculus

The scope of classical calculus is expanded by fractional-order calculus, through which
the fundamental operations of integration and differentiation are generalized to encompass
non-integer orders.

Definition 1 ([26]). Given a function g(t) : R+ 7→ R, the Riemann-Liouville fractional-order
integral of order α > 0 is formulated as follows

https://doi.org/10.3390/fractalfract10060418

https://doi.org/10.3390/fractalfract10060418


Fractal Fract. 2026, 10, 418 4 of 33

t0D
−α
t g(t) ≜

1
Ξ(α)

∫ t

t0

(t − s)α−1g(s)ds,

wherein the Gamma function is denoted by the symbol Ξ(·).

Definition 2 ([27]). For α > 0, the Caputo fractional derivative is defined by

C
t0
Dα

t g(t) ≜ t0D
α−ς
t g(t)Dςg(t), ς − 1 ≤ α < ς, ς ∈ N.

For simplicity, Dα
t denotes the Caputo derivative C

t0
Dα

t hereafter.

Definition 3 ([28]). The two-parameter Mittag-Leffler function is defined as follows

Eα,β(z) =
∞

∑
k=0

zk

Ξ(αk + β)
, α > 0, β > 0, z ∈ C.

Several fundamental lemmas are recalled for the subsequent stability and synchro-
nization analysis.

Lemma 1 ([28]). For the Mittag–Leffler function, fractional integration or differentiation satisfies
the following identity

t0D
ϑ
t

[
tβ−1Eα,β(λtα)

]
= tβ−ϑ−1Eα,β−ϑ(λtα), ϑ < β.

Lemma 2 ([29]). Suppose that continuity is assumed for a function u(t) defined on t ∈ [t0, T],
and let v(t − τ) be a continuous, non-negative mapping on the domain t0 ≤ τ ≤ T. Furthermore,
a positive, continuous, and non-declining function is denoted by w(t) for t ∈ [t0, T].

If

u(t) ≤ w(t) +
∫ t

t0

v(t − τ)u(τ)dτ, t ∈ [t0, T],

then
u(t) ≤ w(t)e

∫ t
t0

v(t−τ)dτ , t ∈ [t0, T].

Lemma 3 ([27]). Under the assumption that continuity is maintained for the function f (t, x(t)),
an equivalence is established between the following initial value problem{

C
t Dα

t x(t) = f (t, x(t)), 0 < α < 1
x(t0) = x(0),

and the nonlinear Volterra integral equation formulated as

x(t) = x(0) +
1

Ξ(α)

∫ t

t0

(t − s)α−1 f (s, x(s))ds,

the continuity of the corresponding solutions is guaranteed.

3. System Description and Problem Statement
3.1. The Description of FOCPSs

Consider the following FOCPSs, the i-th (i ∈ Λ) agent is described as{
Dα

t xi,k(t) = Axi,k(t) + Bui,k(t),
yi,k(t) = Cxi,k(t) + Dui,k(t),

(1)
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where i = 1, 2, . . . , N is the index of nodes. Within this mathematical setup, Dα
t defines

the Caputo fractional derivative of order α ∈ (0, 1). Specifically, the vectors xi,k(t) ∈
Rq, ui,k(t) ∈ Rm and yi,k(t) ∈ Rp denote the state, input, and measured output for the i-th
agent during the k-th iteration, with system matrices A ∈ Rq×q, B ∈ Rq×m, C ∈ Rp×q and
D ∈ Rp×m. The ET-EDSDILC investigated in this study—designed for linear FOCPSs—is
illustrated in Figure 1.

Figure 1. ET-EDSDILC protocol structure for output synchronization of FOCPSs.

To achieve a prescribed output synchronization objective yd(t) for the FOCPSs over a
finite time interval [0, T], the reference manifold is defined as follows{

Dα
t xd(t) = Axd(t) + Bud(t),
yd(t) = Cxd(t) + Dud(t),

(2)

where xd(t) represents the desired state. ud(t) represents the desired control.
This paper aims to synchronize the output trajectories of all FOCPSs with the de-

sired trajectory by designing a distributed protocol that ensures consensus as k → ∞,
meaning that

lim
k→∞

∥∥∥yi,k(t)− yj,k(t)
∥∥∥ = 0, ∀t ∈ [0, T].

To facilitate the theoretical analysis, this section presents a fundamental assumption
regarding the initial conditions of FOCPSs.

Assumption 1. The initial conditions of FOCPSs are given by

xi,k(0) = xd(0), i ∈ Λ.

3.2. Quantization and Encoding-Decoding Mechanism of Signals

In the following analysis, we utilize a uniform quantizer defined by

Q(h̄) =


0, if − 1

2 < h̄ ⩽ 1
2 ,

ω, if 2ω−1
2 < h̄ ⩽ 2ω+1

2 ,

−Q(−h̄), if h̄ ⩽ − 1
2 ,

(3)

https://doi.org/10.3390/fractalfract10060418

https://doi.org/10.3390/fractalfract10060418


Fractal Fract. 2026, 10, 418 6 of 33

where ω = 1, 2, . . .Q(·) is a map from R to the set of quantization.

Remark 1. The uniform quantizer in Equation (3) maps each scalar h̄ ∈ R to the quantization
level set Z = {0,±1,±2, . . . }, and no overflow occurs since the quantizer is defined over the
whole real line. For any h̄ ∈ R, the quantization error is bounded by |h̄ −Q(h̄)| ≤ 1

2 . For a
vector h̄ = [h̄1, . . . , h̄q]T, the quantizer is applied componentwise as Q(h̄) = [Q(h̄1), . . . ,Q(h̄q)]T.
Hence, |h̄r −Q(h̄r)| ≤ 1

2 for r = 1, 2, . . . , q, and the corresponding error vector satisfies ∥h̄ −
Q(h̄)∥ ≤

√
q

2 .

The encoding-decoding mechanism (EDM) of signals transmitted between FOCPSs
is denoted by E and D. For the j-th (j ∈ Λ) agent, the output trajectory yj,k(t) is quan-
tized, transmitted, and subsequently decoded to yield the estimated signal ŷj,k(t). These
operations represent the primary mechanism for all inter-agent communication.

The encoder E for the j-th FOCPS is formulated as follows
ϕj,0(t) = 0,

sj,k+1(t) = Q
(

yj,k+1(t)−ϕj,k(t)
βk

)
,

ϕj,k+1(t) = βksj,k+1(t) + ϕj,k(t),

(4)

where 0 denotes the zero vector of appropriate dimensions for ∀j ∈ Λ, t ∈ [0, T], k = 0, 1, 2 . . .
For encoder E, yj,k+1(t) and sj,k+1(t) are assigned as the input and output, respectively, while
the internal state is represented by ϕj,k+1(t). To augment tracking performance, a scaling
sequence {βk} is developed. The objective of this design is to modulate the discrepancy
between the actual signal and the encoder’s internal state. This sequence is governed by
βk+1 = Kβk, with 0 < K < 1.

Regarding the information transmitted from the j-th agent to the i-th agent, decoder
D is formulated as followsŷj,0(t) = 0,

ŷj,k+1(t) = βksj,k+1(t) + ŷj,k(t),
(5)

where ŷj,k(t) is the output of decoder D, which is called the estimated signal, for ∀j ∈ Λ,
t ∈ [0, T], k = 0, 1, 2 . . .

Remark 2. It is assumed that an identical scaling sequence {βk} is shared by the EDM of each
FOCPS. This uniformity ensures that the same estimated signal is reconstructed from the actual
signal following the encoding, transmission, and decoding stages. Consequently, the theoretical
framework can be presented in a more concise and unified form.

From the definitions of decoder and encoder above, the learning control algorithm
and the plant dynamics are driven by ŷi,k(t) and ui,k(t). The primary focus of this paper
is to investigate the consensus tracking problem for FOCPSs integrated with EDM. Prior
to the introduction of the consensus analysis scheme, the relationship between yi,k(t) and
ŷi,k(t) is elucidated. By combining Equations (4) and (5), one can get

ŷi,k+1(t) = βksi,k+1(t) + ŷi,k(t)

= yi,k+1(t)− βkϵi,k+1(t)− ϕi,k(t) + ŷi,k(t), (6)

where ϵi,k+1(t) =
(

yi,k+1(t)−ϕi,k(t)
βk

)
−Q

(
yi,k+1(t)−ϕi,k(t)

βk

)
∈ Rp is the output quantization

error. Define ϵk(t) = [(ϵ1,k(t))T , (ϵ2,k(t))T , . . . , (ϵN,k(t))T ]T ∈ RNp. Obviously, there is
∥ϵk∥∞ ≤ 1

2
√

Np.
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The connection between ŷi,k(t) and ϕi,k(t) is established in Equation (6). Based on the
formal definition of the EDM, it follows that

ŷi,k+1(t)− ϕi,k+1(t) = (βksi,k+1(t) + ŷi,k(t))− (βksi,k+1(t) + ϕi,k(t))

= ŷi,k(t)− ϕi,k(t).

For the initial iteration, one gets

ŷi,0(t)− ϕi,0(t) = 0.

By employing the method of mathematical induction, it can be derived that

ŷi,k(t)− ϕi,k(t) = 0, ∀k, t ∈ [0, T]. (7)

Combining Equations (6) and (7), one hasϕi,k(t) = yi,k(t)− βkϵi,k(t),

ŷi,k(t) = yi,k(t)− βkϵi,k(t).
(8)

4. Synchronization Analysis of FOCPSs
4.1. ET-EDSDILC Protocol Design

In the context of continuous-time systems, the duration [0, T] is subdivided by a
sampling mechanism into M distinct intervals, each possessing a uniform length h. The
collection of sampling indices is represented by the set n = {0, 1, 2, . . . , M}, where M = ⌊ T

h ⌋
is specified. Additionally, the distributed output synchronization error is characterized by
the term ξi,k(t), which is formulated in the following manner

ξi,k(t) =
N

∑
j=1

aij(ŷj,k(t)− yi,k(t)) + bi(yd(t)− yi,k(t)). (9)

The pinning weight bi > 0 if the leader informs node i, otherwise bi = 0. The pinning
gain matrix is B = diag{b1, . . . , bN}. The interaction topology is the augmented digraph
G = {Λ ∪ {0}, E , Θ} with a spanning tree.

Combining Equations (8) and (9) results in

ξi,k(t) =
N

∑
j=1

ai,j(ŷj,k(t)− yi,k(t)) + bi(yd(t)− yi,k(t))

=
N

∑
j=1

ai,j(yj,k(t)− yi,k(t)− βkϵj,k(t)) + biei,k(t)

=
N

∑
j=1

(ai,jei,k(t)− ai,jej,k(t)) + biei,k(t)− βk

N

∑
j=1

ai,jϵj,k(t),

(10)

where ei,k(t) is utilized to represent the output error associated with the k-th iteration.
This term is formally established as the tracking deviation that exists between yd(t) and
yi,k(t), the latter of which is produced throughout the real-time execution of the current
control cycle

ei,k(t) = yd(t)− yi,k(t).

Within the sampling interval t ∈ [nh, nh + h), ϵi,k(t) remain as a specific constant.
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The synthesis of the control input corresponding to the i-th node during the (k + 1)-th
iteration is formulated in the following mannerui,k+1(t) = ui,k(t) + Γξi,k(t), t ∈ [nh, nh + h)

ui,k+1(t) = ui,k+1(nh),

where Γ ∈ Rm×p denotes the learning gain matrix.
In the EEA-based event-triggered framework, k is the current iteration, and {kl}

are the triggering iterations. The control law updates only at kl , remaining constant for
kl ≤ k < kl+1.

By integrating the aforementioned sampled-data framework with the event-triggered
mechanism, the complete ET-EDSDILC protocol is ultimately formulated as follows

ui,k+1(t) = ui,kl
(t) + Γξi,kl

(t) k + 1 = kl+1,

ui,k(nh) = ui,kl
(nh) k ∈ {kl , kl + 1, . . . , kl+1 − 1},

ui,kl
(t) = ui,kl

(nh) t ∈ [nh, nh + h),

(11)

where ξi,kl
(t) remains as a constant ξi,kl

(nh) as t ∈ [nh, nh + h).
For analytical convenience, the following notations are formally introduced

ukl
(t) = [uT

1,kl
(t), uT

2,kl
(t), ..., uT

N,kl
(t)]T ; ξkl

(t) = [ξT
1,kl

(t), ξT
2,kl

(t), ..., ξT
N,kl

(t)]T ;

rkl
(t) = [rT

1,kl
(t), rT

2,kl
(t), ..., rT

N,kl
(t)]T ; ykl

(t) = [yT
1,kl

(t), yT
2,kl

(t), ..., yT
N,kl

(t)]T ;

ϵkl
(t) = [ϵT

1,kl
(t)ϵT

2,kl
(t), ..., ϵT

N,kl
(t)]T ;

To reduce communication load, signals are transmitted at EEA-based event-triggered
iterations, and the learning protocol is then formulated as follows.

ukl+1
(t) = ukl

(t) + (IN ⊗ Γ)ξkl
(t). (12)

From Equation (10), as t ∈ [nh, nh + h), it can be obtained that

ξkl
(t) = [(L+ B)⊗ Ip]ekl

(t)− βkl
(Θ ⊗ Ip)ϵkl

(t). (13)

Substituting Equation (13) into Equation (12) yields the following result

ukl+1
(t) = ukl

(t) + [(L+ B)⊗ Γ]ekl
(t)− βkl

(Θ ⊗ Γ)ϵkl
(t), (14)

where ekl
(t) = 1N ⊗ yd(t)− ykl

(t) represents the output consensus error under the EEA-
based mechanism.

4.2. Design of Dynamic EEA-Based Event-Triggered Mechanism

Based on the definition of the individual output error ei,k(t), its compact vectorized
representation is given by

ek(t) = 1N ⊗ yd(t)− yk(t).

The collective output vector is defined as yk(t) = [yT
1,k(t), . . . , yT

N,k(t)]
T. For further

analytical tractability, the compact augmented state vector is likewise formulated as
xk(t) = [xT

1,k(t), . . . , xT
N,k(t)]

T.
In order to regulate the discrete update sequence within the iterative learning proce-

dure, the iteration-axis error energy manifold is established as Rk(t) = ekl
(t)− ek(t) for

the interval k ∈ {kl , kl + 1, . . . , kl+1 − 1}. The series of triggering iteration moments {kl}
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is systematically produced by a dynamic attenuation function χ(Rk(t)), which quantifies
whether the error dissipation along the iteration axis is sufficient. By taking the sampled-
data control requirement t = nh + h into account, the triggering law is stipulated in the
following manner

{k + 1 = kl+1 | χ(Rk(nh + h)) ≥ 0}.

The detailed formulation of the EEA-based triggering requirement for FOCPSs is delineated
within the subsequent lemma.

Lemma 4. Within the framework of the FOCPSs governed by the introduced ET-EDSDILC protocol,
the EEA-based triggering mechanism χ(Rk(nh + h)) is constructed as

χ(Rk(nh + h)) = ∥Rk(nh + h)∥2 −
η∥ek(nh + h)∥2 − 2S2

k(nh + h)

2
∥∥∥ [(L+B)⊗CBΓ]

Ξ(α)
hα

α + [(L+ B)⊗ DΓ]
∥∥∥2 ,

where the positive scalar η ∈ (0, 1] is utilized as a tunable variable to achieve a trade-off between
stabilization and output synchronization velocity.

Remark 3. The threshold parameter η balances communication efficiency and synchronization
performance. Increasing η reduces communication frequency but may degrade tracking accuracy,
whereas decreasing η improves synchronization accuracy at the expense of more transmissions.

Additionally, the auxiliary operator Sk(nh + h) is developed for the purpose of offsetting the
influence of system nonlinearities and fractional-order dynamics, with its formulation presented below

Sk(nh + h) =∥∥∥∥∥
[

I −
[
[(L+ B)⊗ CBΓ]

Ξ(α)
hα

α
+ [(L+ B)⊗ DΓ]

]]
ek(nh + h)

− (IN ⊗ C)∆xk(nh)− (IN ⊗ C)
Ξ(α)

∫ nh+h

nh
(nh + h − s)α−1∆xk(s) ds

−
[

βkl
(Θ ⊗ CBΓ)

Ξ(α)
hα

α
+ βkl

(Θ ⊗ DΓ)

]
ϵkl

(nh + h)

∥∥∥∥∥,

with ∆xk(t) = xk+1(t)− xk(t).

Proof. Using the Kronecker product, the FOCPSs (2) can be written compactly as the
following manifold.{

Dα
t xk(t) = (IN ⊗ A)xk(t) + (IN ⊗ B)ukl

(t),
yk(t) = (IN ⊗ C)xk(t) + (IN ⊗ D)ukl

(t).
(15)

Based on the defined error ek(t), the output error recursion across iterations is given
as follows

ek+1(t) = ek(t)− yk+1(t) + yk(t)

= ek(t)− (IN ⊗ C)∆xk(t)− (IN ⊗ D)∆ukl
(t), (16)

with ∆ukl
(t) = ukl+1

(t)− ukl
(t).

Based on the derivation in Equation (14), it can be obtained that

∆ukl
(t) = [(L+ B)⊗ Γ]ekl

(t)− βkl
(Θ ⊗ Γ)ϵkl

(t). (17)
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Upon the integration of the ET-EDSDILC protocol described in Equation (17) into
the error dynamics defined by Equation (16), the evolution of error propagation can be
characterized in the following manner

ek+1(t) = ek(t)− (IN ⊗ C)∆xk(t)− [(L+ B)⊗ DΓ]ekl
(t)

+ βkl
(Θ ⊗ DΓ)ϵkl

(t). (18)

Moreover, by implementing Definition 1 within the sampled-data duration t ∈ [nh, nh+ h)
and considering the zero-order hold characteristic of the control command, the state evolution
∆xk(t) is integrated across the sampling timeframe. Consequently, the integral formulation of the
error dynamics is derived as follows

ek+1(t) = ek(t)− (IN ⊗ C)∆xk(nh)− (IN ⊗ CA)

Ξ(α)

∫ t

nh
(t − s)α−1∆xk(s) ds

− (IN ⊗ CB)
Ξ(α)

∫ t

nh
(t − s)α−1∆ukl

(s) ds − [(L+ B)⊗ DΓ]ekl
(t)

+ βkl
(Θ ⊗ DΓ)ϵkl

(t). (19)

From Equation (11), it is evident that the control input ukl
(t) remains constant through-

out the sampling interval t ∈ [nh, nh + h). Based on Equation (19), it follows that

ek+1(t) = ek(t)− (IN ⊗ C)∆xk(nh)− (IN ⊗ CA)

Ξ(α)

∫ t

nh
(t − s)α−1∆xk(s) ds

− [(L+ B)⊗ CBΓ]
Ξ(α)

∫ t

nh
(t − s)α−1 dsekl

(t)− [(L+ B)⊗ DΓ]ekl
(t)

+
βkl

(Θ ⊗ CBΓ)
Ξ(α)

∫ t

nh
(t − s)α−1 dsϵkl

(t) + βkl
(Θ ⊗ DΓ)ϵkl

(t). (20)

By collecting like terms and integrating the coefficients of ekl
(t) and ϵkl

(t), the follow-
ing expression can be obtained that

ek+1(t) = ek(t)− (IN ⊗ C)∆xk(nh)− (IN ⊗ CA)

Ξ(α)

∫ t

nh
(t − s)α−1∆xk(s) ds

−
[
[(L+ B)⊗ CBΓ]

Ξ(α)
(t − nh)α

α
+ [(L+ B)⊗ DΓ]

]
ekl

(t)

−
[

βkl
(Θ ⊗ CBΓ)

Ξ(α)
(t − nh)α

α
+ βkl

(Θ ⊗ DΓ)

]
ϵkl

(t). (21)

To describe the sampling-induced deviation, define the measurement error as Rk(t) =
ekl

(t)− ek(t). Then, the sampled error can be decomposed as follows

ekl
(t) = Rk(t) + ek(t). (22)

Substituting Equation (22) into Equation (21), it follows that

ek+1(t) = ek(t)− (IN ⊗ C)∆xk(nh)− (IN ⊗ CA)

Ξ(α)

∫ t

nh
(t − s)α−1∆xk(s) ds

−
[
[(L+ B)⊗ CBΓ]

Ξ(α)
(t − nh)α

α
+ [(L+ B)⊗ DΓ]

]
Rk(t)

−
[
[(L+ B)⊗ CBΓ]

Ξ(α)
(t − nh)α

α
+ [(L+ B)⊗ DΓ]

]
ek(t)

−
[

βkl
(Θ ⊗ CBΓ)

Ξ(α)
(t − nh)α

α
+ βkl

(Θ ⊗ DΓ)

]
ϵkl

(t). (23)
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Utilizing the sampling moment t = nh + h, the resultant mathematical expression is
established based on the derivation from Equation (23)

ek+1(nh + h) = ek(nh + h)− (IN ⊗ C)∆xk(nh)

− (IN ⊗ CA)

Ξ(α)

∫ nh+h

nh
(nh + h − s)α−1∆xk(s) ds

−
[
[(L+ B)⊗ CBΓ]

Ξ(α)
hα

α
+ [(L+ B)⊗ DΓ]

]
Rk(nh + h)

−
[
[(L+ B)⊗ CBΓ]

Ξ(α)
hα

α
+ [(L+ B)⊗ DΓ]

]
ek(nh + h)

−
[

βkl
(Θ ⊗ CBΓ)

Ξ(α)
hα

α
+ βkl

(Θ ⊗ DΓ)

]
ϵkl

(nh + h).

To regulate the transmission frequency and mitigate communication resource con-
sumption, the EEA-based event-triggered function is defined as follows

Mk+1(t) = ∥ek+1(t)∥2.

Furthermore, the auxiliary difference term ∆Mk+1(nh+ h) is specifically defined as follows

∆Mk+1(nh + h) = Mk+1(nh + h)− ηMk(nh + h). (24)

By substituting the derived expression of ek+1(nh + h) back into Equation (24), the
following reformulated relation can be obtained

∆Mk+1(nh + h) =

∥∥∥∥∥ek(nh + h)− (IN ⊗ C)∆xk(nh)

− (IN ⊗ CA)

Ξ(α)

∫ nh+h

nh
(nh + h − s)α−1∆xk(s) ds

−
[
[(L+ B)⊗ CBΓ]

Ξ(α)
hα

α
+ [(L+ B)⊗ DΓ]

]
Rk(nh + h)

−
[
[(L+ B)⊗ CBΓ]

Ξ(α)
hα

α
+ [(L+ B)⊗ DΓ]

]
ek(nh + h)

−
[

βkl
(Θ ⊗ CBΓ)

Ξ(α)
hα

α
+ βkl

(Θ ⊗ DΓ)

]
ϵkl

(nh + h)

∥∥∥∥∥
2

− η∥ek(nh + h)∥2. (25)

Utilizing the Cauchy-Schwarz inequality, specifically in the elementary form
(a + b)2 ≤ 2a2 + 2b2, to the expression in Equation (25), the subsequent analytical for-
mulation is deduced

∆Mk+1(nh + h)

≤ 2
∥∥∥∥ [(L+ B)⊗ CBΓ]

Ξ(α)
hα

α
+ [(L+ B)⊗ DΓ]

∥∥∥∥2

∥Rk(nh + h)∥2

+ 2

∥∥∥∥∥
[

I −
[
[(L+ B)⊗ CBΓ]

Ξ(α)
hα

α
+ [(L+ B)⊗ DΓ]

]]
ek(nh + h)

− (IN ⊗ C)∆xk(nh)− (IN ⊗ CA)

Ξ(α)

∫ nh+h

nh
(nh + h − s)α−1∆xk(s) ds

−
[

βkl
(Θ ⊗ CBΓ)

Ξ(α)
hα

α
+ βkl

(Θ ⊗ DΓ)

]
ϵkl

(nh + h)

∥∥∥∥∥
2

− η∥ek(nh + h∥2. (26)
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Provided that the inequality ∆Mk+1(nh + h) < 0 remains valid, it is ascertained that
the execution of the triggering event will be suspended.

For the purpose of providing a rigorous description of the error dissipation within the
FOCPSs, the auxiliary error operator Sk(nh + h) is constructed in the following manner

Sk(nh + h) =∥∥∥∥∥
[

I −
[
[(L+ B)⊗ CBΓ]

Ξ(α)
hα

α
+ [(L+ B)⊗ DΓ]

]]
ek(nh + h)

− (IN ⊗ C)∆xk(nh)− (IN ⊗ CA)

Ξ(α)

∫ nh+h

nh
(nh + h − s)α−1∆xk(s) ds

−
[

βkl
(Θ ⊗ CBΓ)

Ξ(α)
hα

α
+ βkl

(Θ ⊗ DΓ)

]
ϵkl

(nh + h)

∥∥∥∥∥.

For the guarantee of monotonic convergence of the output synchronization error
energy in the iteration domain, the inequality presented below needs to be satisfied

∥Rk(nh + h)∥2 ≥
η∥ek(nh + h)∥2 − 2S2

k(nh + h)

2
∥∥∥ [(L+B)⊗CBΓ]

Ξ(α)
hα

α + [(L+ B)⊗ DΓ]
∥∥∥2 .

Under the EEA-based event-triggered scheme, the dynamic triggering function
χ(Rk(nh + h)) is derived and formulated as follows

χ(Rk(nh + h)) = ∥Rk(nh + h)∥2 −
η∥ek(nh + h)∥2 − 2S2

k(nh + h)

2
∥∥∥ [(L+B)⊗CBΓ]

Ξ(α)
hα

α + [(L+ B)⊗ DΓ]
∥∥∥2 .

Consequently, the update of the ET-EDSDILC protocol is determined by the integrated
triggering mechanism presented below

{k + 1 = kl+1|∥ek(nh + h)∥ > θ or χ(Rk(nh + h)) ≥ 0}.

The ET-EDSDILC protocol re-triggers only when the error exceeds θ > 0 or the error
energy attenuation is insufficient, balancing communication savings and synchronization
accuracy.

5. Sufficient Conditions for Output Synchronization of FOCPSs
Theorem 1. Consider the FOCPSs under the ET-EDSDILC protocol while satisfying Assumption 1.
If the learning gain is designed to meet the following conditionρ =

∥∥INp − [(L+ B)⊗ DΓ]
∥∥ < 1,

ρ̃
K < 1,

(27)

As the number of iterations kl and the number of samples M approach infinity,

lim
kl→∞

∥∥∥yi,k(t)− yj,k(t)
∥∥∥ = 0, ∀t ∈ [0, T]

will be achieved.
For all i ∈ Λ, the quantizers remain bounded throughout all iterations, provided that the

aforementioned output synchronization conditions are satisfied.

∥∥∥∥ yi,kl+1
− ϕi,kl

βkl

∥∥∥∥
∞
⩽

eλT
(

ρ̃∥e0∥λ

β0
+Kϖ

)
+

∥yd∥∞
β0

, kl = 0,

eλT
(
∥e0∥λ

β0
(1 + ρ̃) + ϖK

K−ρ̃ + ϖ
K−ρ̃

)
+

√
Np

2K , kl ⩾ 1,
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the definitions of ϖ, ρ̃ are given in the proof.

Proof. Our theoretical achievements are derived through a two-step process. In the first
step, the output synchronization of the tracking error is rigorously established. Subse-
quently, the quantized values within the encoder-decoder framework are shown to be
bounded in the second step.

Part I: The compact form of the FOCPSs, which are entirely governed by iterative
processes, can be formulated as follows{

Dα
t xkl

(t) = (IN ⊗ A)xkl
(t) + (IN ⊗ B)ukl

(t),
ykl

(t) = (IN ⊗ C)xkl
(t) + (IN ⊗ D)ukl

(t).
(28)

Within the sampling timeframe t ∈ [nh, nh + h), the evolution of the error dynamics
can be described through the application of Equation (14) in the manner below

ekl+1
(t) = ekl

(t)− (IN ⊗ C)∆xkl
(t)− (IN ⊗ D)∆ukl

(t)

=
[
INp − [(L+ B)⊗ DΓ]

]
ekl

(t)− (IN ⊗ C)∆xkl
(t)

+ βkl
(Θ ⊗ DΓ)ϵkl

(t). (29)

From Equation (29), applying the fractional integration rule in Lemma 3 with t0 = 0
gives the continuous-time error state. To fit the sampled-data framework and retain the
non-local memory, the horizon [0, t] is divided into the historical interval [0, nh) and the
current interval [nh, t]. Thus, for t ∈ [nh, nh + h), ∆xkl

(t) can be written as

∆xkl
(t) = xkl+1

(t)− xkl
(t)

= ∆xkl
(nh) +

(IN ⊗ A)

Ξ(α)

∫ t

nh
(t − s)α−1∆xkl

(s) ds

+
(IN ⊗ B)

Ξ(α)

∫ t

nh
(t − s)α−1∆ukl

(s) ds +Hkl
(t, nh), (30)

where the historical memory term Hkl
(t, nh) over [0, nh) is

Hkl
(t, nh) =

∫ nh

0

[
(t − s)α−1 − (nh − s)α−1

][ (IN ⊗ A)

Ξ(α)
∆xkl

(s) +
(IN ⊗ B)

Ξ(α)
∆ukl

(s)
]

ds. (31)

Taking norms in Equations (30) and (31) yields

∥∆xkl
(t)∥ ≤ ∥∆xkl

(nh)∥+ ∥IN ⊗ A∥
Ξ(α)

∫ t

nh
(t − s)α−1∥∆xkl

(s)∥ ds

+
∥IN ⊗ B∥

Ξ(α)

∫ t

nh
(t − s)α−1∥∆ukl

(s)∥ ds + ∥Hkl
(t, nh)∥, (32)

with

∥Hkl
(t, nh)∥ ≤∫ nh

0

[
(nh − s)α−1 − (t − s)α−1

][∥IN ⊗ A∥
Ξ(α)

∥∆xkl
(s)∥+ ∥IN ⊗ B∥

Ξ(α)
∥∆ukl

(s)∥
]

ds.

Due to the memory property of fractional-order calculus, consecutive sampling intervals
are coupled. An interval-by-interval induction method is used to handle this non-local
effect. The proof starts from the first interval with n = 0, then verifies the case n = 1, and
finally extends the argument to any interval n ∈ {0, . . . , M}.
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Case 0: By Assumption 1, the initial state deviation satisfies ∆xkl
(0) = 0. From

Equation (29), at t = 0, one has

ekl+1
(0) =

[
INp − [(L+ B)⊗ DΓ]

]
ekl

(0) + βkl
(Θ ⊗ DΓ)ϵkl

(0). (33)

Taking the λ-norm of Equation (33) gives

∥ekl+1
(0)∥λ ≤

∥∥INp − [(L+ B)⊗ DΓ]
∥∥∥ekl

(0)∥λ + βkl
∥Θ ⊗ DΓ∥∥ϵkl

(0)∥λ. (34)

Since ∥ϵkl
∥λ ≤ ∥ϵkl

∥∞ ≤ 1
2
√

Np and lim
kl→∞

βkl
= 0, the condition

∥∥INp − [(L+ B)⊗

DΓ]
∥∥ < 1 gives lim

kl→∞
∥ekl

(0)∥λ = 0.

Taking the norm of Equation (17) yields

∥∆ukl
(t)∥ ≤ ∥(L+ B)⊗ Γ∥∥ekl

(t)∥+ βkl
∥Θ ⊗ Γ∥∥ϵkl

(t)∥. (35)

Since ∆ukl
(t) = ∆ukl

(0) is constant over t ∈ [0, h), taking the λ-norm in Equation (35) gives

∥∆ukl
(0)∥λ ≤ ∥(L+ B)⊗ Γ∥∥ekl

(0)∥λ + βkl
∥Θ ⊗ Γ∥∥ϵkl

(0)∥λ. (36)

Using lim
kl→∞

βkl
= 0 and lim

kl→∞
∥ekl

(0)∥λ = 0, Equation (36) gives

lim
kl→∞

∥∆ukl
(0)∥λ = 0.

For the first sampling interval, ∥Hkl
(t, 0)∥ = 0. From Equation (32), it follows that

∥∆xkl
(t)∥ ≤ ∥IN ⊗ A∥

Ξ(α)

∫ t

0
(t − s)α−1∥∆xkl

(s)∥ ds

+
∥IN ⊗ B∥

Ξ(α)

∫ t

0
(t − s)α−1∥∆ukl

(s)∥ ds

≤ ∥IN ⊗ A∥
Ξ(α)

∫ t

0
(t − s)α−1∥∆xkl

(s)∥ ds

+
∥IN ⊗ B∥

Ξ(α)

∫ t

0
(t − s)α−1eλs ds∥∆ukl

(0)∥λ. (37)

By Lemma 1, for any λ > 0, one has

dtαE1,1+α(λt)
dt

= tα−1E1,α(λt) > 0,

1
Ξ(α)

∫ t

0
(t − s)α−1eλsds = tαE1,1+α(λt),

which shows that 1
Ξ(α)

∫ t
0 (t − s)α−1eλsds is increasing.

Introduce the auxiliary functions

v(t − s) =
∥IN ⊗ A∥

Ξ(α)
(t − s)α−1,

w(s) =
∥IN ⊗ B∥

Ξ(α)

∫ t

0
(t − s)α−1eλs ds∥∆ukl

(0)∥λ.

Since dw(s)
ds > 0, Lemma 2 gives

∥∆xkl
(t)∥ ≤ ∥IN ⊗ B∥

Ξ(α)

∫ t

0
(t − s)α−1eλs ds∥∆ukl

(0)∥λ exp
(
∥IN ⊗ A∥hα

Ξ(α + 1)

)
. (38)

https://doi.org/10.3390/fractalfract10060418

https://doi.org/10.3390/fractalfract10060418


Fractal Fract. 2026, 10, 418 15 of 33

By variable substitutions and extension of the upper integration limit, it can be ob-
tained that∫ t

0
(t − s)α−1eλs ds t−s=w

=====
∫ t

0
wα−1eλ(t−w) dw = eλt

∫ t

0
wα−1e−λw dw

λw=s
=====

eλt

λα

∫ λt

0
sα−1e−s ds <

eλt

λα

∫ λt

0
sα−1e−s ds =

eλt

λα
Ξ(α). (39)

Substituting Equation (39) into Equation (38) yields

∥∆xkl
(t)∥ ≤ ∥IN ⊗ B∥γ1eλt

λα
∥∆ukl

(0)∥λ

≤ ∥IN ⊗ B∥γ1eλh

λα
∥∆ukl

(0)∥λ, (40)

with γ1 = exp
(
∥IN⊗A∥hα

Ξ(α+1)

)
.

As kl → ∞, using lim
kl→∞

∥∆ukl
(0)∥λ = 0, Equation (40) gives

lim
kl→∞

∥∆xkl
(t)∥ = 0 ∀t ∈ [0, h). (41)

From the definition of ∥Hkl
(t, nh)∥, for t ∈ [0, h), one can get

∥Hkl
(t, h)∥ =∫ h

0

[
(h − s)α−1 − (t − s)α−1

][∥IN ⊗ A∥
Ξ(α)

∥∆xkl
(s)∥+ ∥IN ⊗ B∥

Ξ(α)
∥∆ukl

(s)∥
]

ds.

Since lim
kl→∞

∥∆ukl
(t)∥ ≤ lim

kl→∞
∥∆ukl

(0)∥λ = 0 and lim
kl→∞

∥∆xkl
(t)∥ = 0, the above

equation gives

lim
kl→∞

∥Hkl
(t, h)∥ = 0. (42)

Case 1: By the continuity of fractional-order state trajectories at sampling nodes, taking the
left-hand limit as t → h− gives

0 ≤ lim
kl→∞

∥∆xkl
(h)∥ ≤ lim

kl→∞
eλh∥∆xkl

(t)∥λ = 0, (43)

which implies lim
kl→∞

∥∆xkl
(h)∥ = 0 and lim

kl→∞
∥∆xkl

(h)∥λ = 0.

At the sampling instant t = h, the error dynamics are

ekl+1
(h) =

[
INp − [(L+ B)⊗ DΓ]

]
ekl

(h) + (IN ⊗ C)∆xkl
(h) + βkl

(Θ ⊗ DΓ)ϵkl
(h). (44)

Taking the λ-norm in Equation (44) and using norm inequalities has

∥ekl+1
(h)∥λ ≤

∥∥INp − [(L+ B)⊗ DΓ]
∥∥∥ekl

(h)∥λ + ∥IN ⊗ C∥∥∆xkl
(h)∥λ

+ βkl
∥Θ ⊗ DΓ∥∥ϵkl

(h)∥λ. (45)

Since ∥ϵkl
∥λ ≤ ∥ϵkl

∥∞ ≤ 1
2
√

Np, lim
kl→∞

βkl
= 0, and lim

kl→∞
∥∆xkl

(h)∥λ = 0, the condi-

tion
∥∥INp − [(L+ B)⊗ DΓ]

∥∥ < 1 guarantees lim
kl→∞

∥ekl
(h)∥λ = 0.

Taking the norm of the control update protocol in Equation (17) at t = h gives

∥∆ukl
(h)∥ ≤ ∥(L+ B)⊗ Γ∥∥ekl

(h)∥+ βkl
∥Θ ⊗ Γ∥∥ϵkl

(h)∥. (46)
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Since the control sequence is held constant over t ∈ [h, 2h), one has ∆ukl
(t) = ∆ukl

(h).
Taking the λ-norm in Equation (46) yields

∥∆ukl
(h)∥λ ≤ ∥(L+ B)⊗ Γ∥∥ekl

(h)∥λ + βkl
∥Θ ⊗ Γ∥∥ϵkl

(h)∥λ. (47)

The previous convergence results imply from Equation (47) that

lim
kl→∞

∥∆ukl
(h)∥λ = 0.

For the second sampling window t ∈ [h, 2h) with n = 1, Equation (32) can be rewrit-
ten as

∥∆xkl
(t)∥ ≤ ∥∆xkl

(h)∥+ ∥Hkl
(t, h)∥+ ∥IN ⊗ A∥

Ξ(α)

∫ t

h
(t − s)α−1∥∆xkl

(s)∥ ds

+
∥IN ⊗ B∥

Ξ(α)

∫ t

h
(t − s)α−1∥∆ukl

(s)∥ ds

≤ ∥∆xkl
(h)∥+ ∥Hkl

(t, h)∥+ ∥IN ⊗ A∥
Ξ(α)

∫ t

h
(t − s)α−1∥∆xkl

(s)∥ ds

+
∥IN ⊗ B∥

Ξ(α)

∫ t

h
(t − s)α−1eλs ds∥∆ukl

(h)∥λ. (48)

For the convenience of subsequent analysis, the following auxiliary functions are introduced

v(t − s) =
∥IN ⊗ A∥

Ξ(α)
(t − s)α−1,

w(s) =
∥IN ⊗ B∥

Ξ(α)

∫ t

h
(t − s)α−1eλs ds∥∆ukl

(h)∥λ.

The strict monotonicity dw(s)
ds > 0 validates the application of Lemma 2, yielding the

following upper bound

∥∆xkl
(t)∥ ≤ γ1∥∆xkl

(h)∥+ γ1∥Hkl
(t, h)∥

+
γ1∥IN ⊗ B∥

Ξ(α)

∫ t

h
(t − s)α−1eλs ds∥∆ukl

(h)∥λ. (49)

The integral kernel is uniformly bounded as

∫ t

h
(t − s)α−1eλs ds t−s=w

=====
∫ t−h

0
wα−1eλ(t−w) dw = eλt

∫ t−h

0
wα−1e−λw dw

λw=s
=====

eλt

λα

∫ λ(t−h)

0
sα−1e−s ds <

eλt

λα

∫ λt

0
sα−1e−s ds =

eλt

λα
Ξ(α). (50)

Substituting this bound into Equation (49) has

∥∆xkl
(t)∥ ≤ γ1∥∆xkl

(h)∥+ γ1∥Hkl
(t, h)∥+ ∥IN ⊗ B∥γ1e2λh

λα
∥∆ukl

(h)∥λ. (51)

Thus, as kl → ∞, using lim
kl→∞

∥∆xkl
(h)∥ = 0, lim

kl→∞
∥Hkl

(t, h)∥ = 0, and lim
kl→∞

∥∆ukl
(h)∥λ = 0,

one obtains

lim
kl→∞

∥∆xkl
(t)∥ = 0 ∀t ∈ [h, 2h). (52)

By state continuity, lim
kl→∞

∥∆xkl
(2h)∥ = 0 and lim

kl→∞
∥∆xkl

(2h)∥λ = 0. For the next

interval t ∈ [2h, 3h) with n = 2, the memory term is

∥Hkl
(t, 2h)∥ =∫ 2h

0

[
(2h − s)α−1 − (t − s)α−1

][ ∥IN ⊗ A∥
Ξ(α)

∥∆xkl
(s)∥+ ∥IN ⊗ B∥

Ξ(α)
∥∆ukl

(s)∥
]

ds.
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Using the uniform convergence of the state and control deviations over ∀t ∈ [h, 2h)
together with Case 0, the limit of the memory term satisfies

lim
kl→∞

∥Hkl
(t, 2h)∥ = 0. (53)

Repeating the interval-by-interval argument, suppose that lim
kl→∞

∥ekl
(t)∥λ = 0 holds

on the previous intervals, and that the state and control deviations uniformly converge to
zero over [0, nh). By continuity at sampling instants, the boundary condition at the n-th
sampling instant satisfies

lim
kl→∞

∥∆xkl
(nh)∥ = 0, lim

kl→∞
∥∆xkl

(nh)∥λ = 0. (54)

The historical memory residual over [0, nh) therefore vanishes for the current interval
t ∈ [nh, nh + h):

lim
kl→∞

∥Hkl
(t, nh)∥ = 0. (55)

The output synchronization over t ∈ [nh, nh + h) is then analyzed.
Applying the λ-norm to Equation (29) at the sampling instant gives

∥ekl+1
(nh)∥λ ≤

∥∥INp − [(L+ B)⊗ DΓ]
∥∥∥ekl

(nh)∥λ + ∥IN ⊗ C∥∥∆xkl
(nh)∥λ

+ βkl
∥Θ ⊗ DΓ∥∥ϵkl

(nh)∥λ. (56)

Under the sufficient condition ρ =
∥∥INp − [(L + B) ⊗ DΓ]

∥∥ < 1, together with
lim

kl→∞
βkl

= 0, lim
kl→∞

∥∆xkl
(nh)∥λ = 0, and ∥ϵkl

∥λ ≤ ∥ϵkl
∥∞ ≤ 1

2
√

Np, Equation (56) ensures

lim
kl→∞

∥ekl
(nh)∥λ = 0.

Taking the norm of Equation (17) at t = nh gives

∥∆ukl
(nh)∥ ≤ ∥(L+ B)⊗ Γ∥∥ekl

(nh)∥+ βkl
∥Θ ⊗ Γ∥∥ϵkl

(nh)∥. (57)

Noting ∥ei,kl
(t)∥ = ∥yd(t)− yi,kl

(t)∥, one has

lim
kl→∞

∥yd(nh)− yi,kl
(nh)∥ = 0.

For any i, j ∈ Λ, the consensus error can be bounded by introducing yd(t) and using
the triangle inequality:

∥yi,kl
(nh)− yj,kl

(nh)∥ = ∥yi,kl
(nh)− yd(nh)− (yj,kl

(nh)− yd(nh))∥

= ∥ej,kl
(nh)− ei,kl

(mh)∥ ⩽ ∥ei,kl
(nh)∥+ ∥ej,kl

(nh)∥. (58)

Hence,

lim
k→∞

∥∥∥yi,kl
(nh)− yj,kl

(nh)
∥∥∥ = 0, ∀i, j ∈ Λ.

The contraction mapping analysis in Part I gives exact zero-error convergence at
the sampling instants t = nh. During inter-sample intervals, the control input is kept
constant by zero-order hold. Since fractional-order state trajectories are continuous, the
synchronization error remains bounded. As the number of sampling intervals M tends to
infinity, the sampling period h tends to zero, and continuous-time full-track synchronization
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is asymptotically recovered. Thus, the residual inter-sample errors are negligible.
As M approaches infinity, the control objective is theoretically achieved:

lim
k→∞

∥∥∥yi,kl
(t)− yj,kl

(t)
∥∥∥ = 0, ∀i, j ∈ Λ t ∈ [0, T].

Part II: The uniform boundedness of the quantized values within the encoding-
decoding framework is established as follows.

Since ∆xkl
(0) = 0 by Assumption 1, applying Lemma 3 over the global horizon [0, nh]

to the compact FOCPS Equation (28) yields

∆xkl
(nh) =

IN ⊗ A
Ξ(α)

∫ nh

0
(nh − s)α−1∆xkl

(s) ds

+
IN ⊗ B
Ξ(α)

∫ nh

0
(nh − s)α−1∆ukl

(s) ds. (59)

Taking the norm of both sides of Equation (59) and recalling that ∆ukl
(s) = ∆ukl

(n′h)
is held constant for s ∈ [n′h, (n′ + 1)h), n′ ∈ {0, . . . , n − 1}

∥∆xkl
(nh)∥ ≤ ∥IN ⊗ A∥

Ξ(α)

∫ nh

0
(nh − s)α−1∥∆xkl

(s)∥ ds

+
∥IN ⊗ B∥

Ξ(α)

∫ nh

0
(nh − s)α−1eλs ds · sup

n′≤n−1
∥∆ukl

(n′h)∥λ. (60)

By the same integral evaluation as in Equation (39)

1
Ξ(α)

∫ nh

0
(nh − s)α−1eλs ds <

eλnh

λα
. (61)

Setting v(nh − s) = ∥IN⊗A∥
Ξ(α) (nh − s)α−1 and applying Lemma 2 to Equation (60) to-

gether with Equation (61) gives

∥∆xkl
(nh)∥ ≤ ∥IN ⊗ B∥ γn eλnh

λα
sup

n′≤n−1
∥∆ukl

(n′h)∥λ, (62)

where γn = exp
(
∥IN ⊗ A∥Tα

Ξ(α + 1)

)
. Taking the λ-norm of both sides of Equation (62) and

noting e−λnh ≤ 1 yields

∥∆xkl
(nh)∥λ ≤ ∥IN ⊗ B∥ γn

λα
sup

n′≤n−1
∥∆ukl

(n′h)∥λ. (63)

From Equation (57), ∥∆ukl
(n′h)∥λ is bounded as

∥∆ukl
(n′h)∥λ ≤ ∥(L+ B)⊗ Γ∥ ∥ekl

(n′h)∥λ + βkl
∥Θ ⊗ Γ∥ ∥ϵkl

(n′h)∥λ. (64)

Substituting Equation (64) into Equation (63) and denoting ς = ∥IN ⊗ B∥ γn ∥(L+

B)⊗ Γ∥, ∂ = ∥IN ⊗ B∥ γn ∥Θ ⊗ Γ∥

∥∆xkl
(nh)∥λ ≤ ς

λα
sup

n′≤n−1
∥ekl

(n′h)∥λ +
βkl

∂

λα
sup

n′≤n−1
∥ϵkl

(n′h)∥λ. (65)

By the fundamental definition of the global λ-norm, any pointwise evaluation over the
horizon [0, T] is strictly bounded by its supremum, which implies that sup

n′≤n−1
∥ekl

(n′h)∥λ ≤

∥ekl
∥λ and ∥ekl

(nh)∥λ ≤ ∥ekl
∥λ. Thus, Equation (65) can be uniformly bounded as

https://doi.org/10.3390/fractalfract10060418

https://doi.org/10.3390/fractalfract10060418


Fractal Fract. 2026, 10, 418 19 of 33

∥∆xkl
(nh)∥λ ≤ ς

λα
∥ekl

∥λ +
βkl

∂
√

Np
2λα

. (66)

Substituting Equation (66) into Equation (56) yields

∥ekl+1
(nh)∥λ ≤

(
ρ +

∥IN ⊗ C∥ς

λα

)
∥ekl

(nh)∥λ

+ βkl

(
∥IN ⊗ C∥∂

λα
+ ∥Θ ⊗ DΓ∥

)
∥ϵkl

(nh)∥λ. (67)

Defining ρ̃ = ρ +
∥IN ⊗ C∥ς

λα
and ∂̃ =

∥IN ⊗ C∥∂

λα
+ ∥Θ ⊗ DΓ∥, and letting

ϖ =
∂̃
√

Np
2

, Equation (67) reduces to

∥ekl+1
(nh)∥λ ≤ ρ̃ ∥ekl

(nh)∥λ + βkl
ϖ. (68)

Since ρ < 1, a sufficiently large λ can always be chosen such that ρ̃ < 1 and ρ̃/K < 1.
Applying Equation (68) recursively gives

∥ekl+1
∥λ ≤ ρ̃ kl+1∥e0∥λ + β0ϖ

kl

∑
r=0

ρ̃ rKkl−r, (69)

Furthermore, it can be obtained that

∥ekl+1
∥∞ ≤ eλT

(
ρ̃ kl+1∥e0∥λ + β0ϖ

kl

∑
r=0

ρ̃ rKkl−r

)
. (70)

Case 0: For the i-th agent at the initial triggering instant kl = 0∥∥∥∥yi,1 − ϕi,0

β0

∥∥∥∥
∞
≤
∥∥∥∥yi,1

β0

∥∥∥∥
∞
≤ ∥ei,1∥∞ + ∥yd∥∞

β0
≤ ∥e1∥∞ + ∥yd∥∞

β0

≤ eλT
(

ρ̃∥e0∥λ

β0
+Kϖ

)
+

∥yd∥∞

β0
. (71)

General case: Invoking Equation (7) and the triangle inequality for kl ≥ 1∥∥∥∥yi,kl+1 − ϕi,kl

βkl

∥∥∥∥
∞
≤

∥ekl+1∥∞ + ∥ekl
∥∞

Kkl β0
+

∥ϵkl
∥∞

K

≤ eλT

(
∥e0∥λ

β0
(1 + ρ̃)

(
ρ̃

K

)kl

+ ϖ
kl

∑
r=0

(
ρ̃

K

)r
+

ϖ

K

kl−1

∑
r=0

(
ρ̃

K

)r
)
+

√
Np

2K . (72)

Since ρ̃/K < 1, the geometric series converge and (ρ̃/K)kl is uniformly bounded for
all kl ≥ 0, yielding the following uniform upper bound for all kl ≥ 1∥∥∥∥yi,kl+1 − ϕi,kl

βkl

∥∥∥∥
∞
≤ eλT

(
(1 + ρ̃)∥e0∥λ

β0
+

ϖK
K− ρ̃

+
ϖ

K− ρ̃

)
+

√
Np

2K . (73)

The right-hand side of Equation (73) constitutes a finite constant independent of the
iteration index kl , which confirms that the argument of the uniform quantizer remains uni-
formly bounded across all triggering iterations under the proposed ET-EDSDILC protocol.
The proof is thus completed.
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6. Numerical Simulation
In this section, a representative numerical example is provided to demonstrate the effi-

cacy and finite-time output synchronization properties of the proposed ET-EDSDILC protocol.
The specific parameters are as follows t ∈ [0, 2], α = 0.85. Event-triggered parameters

η = 0.8, θ = 0.2. The initial parameters β0 of the scaling sequence are defined as β0 = 1,
and the scaling factor is defined as K = 0.95. The main matrices of FOCPSs are chosen as

A =


−0.15 0 0.20 0

0 −0.20 0 0.25
0 0 −0.25 0
0 0 0 −0.10

,

B = diag{0.9, 0.9, 0.9, 0.9}, C = diag{1, 1, 1, 1}, D = diag{1, 1, 1, 1}. The total number of
iterations k is set to 150.

Their desired trajectories are selected as yd1(t) = 40(1 − t) cos(10πt), yd2(t) = 40(1 −
t) sin(10πt), yd3(t) = 30 sin(1.5πt)(t + 0.5), yd4(t) = 30 cos(πt + π

4 )(1.2− 16t2(1− t)2), and

yd(t) = [yd1(t), yd2(t), yd3(t), yd4(t)]T .

The fixed communication topology between nodes of FOCPSs is shown in Figure 2.
The virtual leader is represented as number 0; it means only the second and forth agent can
receive the desired states. The Laplacian matrix is as follows

L =


1 −1 0 0
0 1 −1 0
−1 0 1 0
0 −1 0 1

,B =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

.

According to the Theorem 1, the gain matrix Γ = diag{0.62, 0.55, 0.48, 0.61} is chosen,
it can be computed that ρ =

∥∥INp − [(L+ B)⊗ DΓ]
∥∥ = 0.7686 < 1, which means that the

Theorem 1 is satisfied.

Figure 2. Fixed communication topology between FOCPSs.

The temporal evolution of the system output states, denoted by y1(t), y2(t), y3(t),
and y4(t), over the predefined time horizon is illustrated in the graphical representations
provided in Figures 3–10. It can be observed that as the iteration count is incrementally
increased, the trajectories associated with all four FOCPS units are gradually steered toward
a relatively unified and stable manifold. In particular, the chaotic oscillations and transient
instabilities that are evident during the third iteration are progressively mitigated through
the iterative refinement process. By the time the 50th iteration is reached, a relatively high
degree of output synchronization is achieved among the respective FOCPS, indicating a
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noticeable reduction in the variance of the state trajectories. This observed phenomenon
suggests that, through the implementation of the proposed ET-EDSDILC protocol, the
output synchronization errors can be effectively attenuated, and the desired tracking
performance can be achieved within a finite iterative sequence, even in the presence of
communication constraints.

Figure 3. The output y1(t), y2(t) in the three-dimensional space when kl = 3.

Figure 4. The output y1(t), y2(t) in the three-dimensional space when kl = 10.

Figure 5. The output y1(t), y2(t) in the three-dimensional space when kl = 15.
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Figure 6. The output y1(t), y2(t) in the three-dimensional space when kl = 50.

Figure 7. The output y3(t), y4(t) in the three-dimensional space when kl = 3.

Figure 8. The output y3(t), y4(t) in the three-dimensional space when kl = 10.

Figure 9. The output y3(t), y4(t) in the three-dimensional space when kl = 15.

Figure 10. The output y3(t), y4(t) in the three-dimensional space when kl = 50.
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The evolutionary performance and output synchronization characteristics of the pro-
posed ET-EDSDILC protocol are illustrated in Figures 11–14. It is shown that both the
individual output responses of the FOCPSs and the multifaceted state deviations are grad-
ually steered toward the desired reference trajectories as the iteration index kl progresses.
Through the application of this iterative learning mechanism, output synchronization
among the multiple FOCPS agents can be achieved, allowing the tracking objective to
be approximately fulfilled across the temporal horizon. Furthermore, it can be observed
that the residual output errors are progressively suppressed, thereby demonstrating the
effectiveness of the control law under communication constraints inherent in the sampled-
data environment.
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Figure 11. The output y1(t)−y4(t) synchronization trajectory of FOCPS1.
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Figure 12. The output y1(t)−y4(t) synchronization trajectory of FOCPS2.
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Figure 13. The output y1(t)−y4(t) synchronization trajectory of FOCPS3.
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Figure 14. The output y1(t)−y4(t) synchronization trajectory of FOCPS4.

Regarding the numerical results, the event-trigger counts of FOCPS 1 to FOCPS 4
are shown in Figures 15–18. The trigger frequencies vary with the iteration process under
the proposed ET-EDSDILC law. Higher trigger rates appear in the early iterations, while
the number of triggering events generally decreases as the iteration index kl increases,
indicating a reduction in communication updates. As reported in Table 1, the transmission
rates of FOCPS 1 to FOCPS 4 are 72.11%, 69.47%, 71.99%, and 70.98%, respectively. These
results suggest that, in the tested example, the proposed scheme can reduce part of the
communication load while preserving acceptable output synchronization performance.
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Figure 15. The number of trigger occurrences of FOCPS1.
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Figure 16. The number of trigger occurrences of FOCPS2.
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Figure 17. The number of trigger occurrences of FOCPS3.
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Figure 18. The number of trigger occurrences of FOCPS4.
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Table 1. Total number of triggering times of each FOCPS.

Actual Triggered Times Maximum Triggered Times Data Transmission

FOCPS1 21,634 30,000 72.11%
FOCPS2 20,846 30,000 69.47%
FOCPS3 21,596 30,000 71.99%
FOCPS4 21,295 30,000 70.98%

Remark 4. The 100% triggering baseline sends data at every sample, totaling 30,000 transmis-
sions per FOCPS. Achieving 70% transmission rates avoids 30% of overhead, saving commu-
nication resources in fractional-order iterative learning control systems while keeping tracking
performance acceptable.

Taking the four states of FOCPS 1 as a representative example, Figures 19–22 present
the evolution of the encoder output s(t) at different iterations. At the 5th iteration, the
encoder outputs contain relatively large fluctuations and dense pulses, reflecting more
frequent signal adjustments during the early learning stage. When the iteration index kl

increases to 20 and 100, both the signal amplitude and pulse density are reduced. This
change indicates that the encoding process becomes less intensive as the tracking devia-
tion decreases, which is consistent with the expected behavior of the proposed learning
mechanism under quantized communication.
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Figure 19. Evolution of the encoder output s1(t) of FOCPS1 with increasing iterations.

By the 100th iteration, the encoder output s(t) mainly contains sparse and low-
amplitude signals, suggesting that the tracking deviation has been reduced to a relatively
small level. This trend indicates that the demand for quantization and encoding updates
decreases as the iterative learning process proceeds. In the tested example, the proposed
encoding–decoding mechanism helps reduce redundant data transmission while maintain-
ing acceptable tracking performance.
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Figure 20. Evolution of the encoder output s2(t) of FOCPS1 with increasing iterations.
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Figure 21. Evolution of the encoder output s3(t) of FOCPS1 with increasing iterations.

The evolution of the maximum distributed output synchronization errors, denoted
as ξmax,i (i = 1, 2, 3, 4), for the four systems FOCPS 1 through FOCPS 4 is illustrated
in Figures 23–26. It is observed that the trajectories of the maximum error components
exhibit a consistent and monotonic decreasing trend over the course of 150 iterations. As
the iteration index increases, the distributed synchronization errors ξmax,i for all FOCPSs
effectively converge toward a sufficiently small neighborhood of zero.
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Figure 22. Evolution of the encoder output s4(t) of FOCPS1 with increasing iterations.
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Figure 23. The evolution of maximum distributed output synchronization error ξ(t) for FOCPS1.
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Figure 24. The evolution of maximum distributed output synchronization error ξ(t) for FOCPS2.
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Figure 25. The evolution of maximum distributed output synchronization error ξ(t) for FOCPS3.
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Figure 26. The evolution of maximum distributed output synchronization error ξ(t) for FOCPS4.

Under signal quantization and finite bit-rate communication, the synchronization
errors decrease to the order of 10−3, which reflects a relatively small residual error in the
tested setting. The similar convergence trends observed in the subplots also indicate that
all FOCPSs exhibit comparable synchronization behavior. These numerical results provide
support for the applicability of the proposed ET-EDSDILC protocol under the considered
communication constraints.

To examine the role of the proposed EDM, a comparative simulation is conducted for
the four states of FOCPS1 at the 50th iteration, as shown in Figures 27–30. In the enlarged
views, the output without EDM presents a staircase-like profile, which is mainly associated
with uncompensated quantization effects under uniform quantization. After incorporating
EDM into the control law, the tracking curves become smoother and closer to the desired
trajectories. The comparison indicates that the EDM can help reduce the adverse influence
of communication quantization in the tested case.
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Figure 27. Output synchronization comparison of y1(t) for FOCPS1 with and without EDM when
kl = 50.
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Figure 28. Output synchronization comparison of y2(t) for FOCPS1 with and without EDM when
kl = 50.
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Figure 29. Output synchronization comparison of y3(t) for FOCPS1 with and without EDM when
kl = 50.
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Figure 30. Output synchronization comparison of y4(t) for FOCPS1 with and without EDM when
kl = 50.

To quantitatively examine the overall system behavior, Figure 31 presents the absolute
tracking errors of the four states of FOCPS1. Without the EDM, the error curves retain
a visible residual bound over the operation interval, which is related to uncompensated
quantization noise. When the EDM is included, the errors of the four states are reduced to a
narrower neighborhood around zero. This comparison indicates that the EDM contributes
to improved steady-state tracking accuracy and more consistent error behavior among the
system states in the tested case.

20 40 60 80 100 120 140

Iteration 

10
-2

10
0

10
2

M
a

x
 e

rr
o

r 
o

f 
s
ta

te
 1

 

Without EDM (Quantized Only)

With EDM

20 40 60 80 100 120 140

Iteration 

10
-2

10
0

10
2

M
a

x
 e

rr
o

r 
o

f 
s
ta

te
 2

20 40 60 80 100 120 140

Iteration 

10
-2

10
-1

10
0

10
1

10
2

M
a

x
 e

rr
o

r 
o

f 
s
ta

te
 3

  

20 40 60 80 100 120 140

Iteration 

10
-2

10
0

10
2

M
a

x
 e

rr
o

r 
o

f 
s
ta

te
 4

Figure 31. Maximum distributed output synchronization error ξ(t) comparison of FOCPS1 with and
without EDM.

7. Conclusions
This research explores the output synchronization problem for FOCPSs under commu-

nication constraints. The ET-EDSDILC protocol combines a quantized sampling framework
with an encoding–decoding mechanism and an EEA-based event-triggered scheme to
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reduce redundant transmissions while aiming to maintain output synchronization de-
spite communication limitations. Theoretical analysis using contraction mapping and
fractional-order calculus supports the stability and feasibility of the approach. Numeri-
cal simulations suggest that the protocol can reduce communication overhead and data
redundancy, providing a reference solution for FOCPSs under communication constraints.
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