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Abstract

This study extends the discrete version of the Susceptible-Infected—Recovered (SIR) model
to the non-autonomous case in which the rates of infection and cure are time-dependent.
This generalization addresses a critical open problem in the literature. We develop a non-
standard finite difference approach that maintains essential biological properties, such as
population conservation and non-negativity, even under parameter variation. The main
novelty here is the derivation of an exact semi-analytical solution to the non-autonomous
nonlinear system. We also leverage the exact solution to develop an optimal control
problem, which illustrates the potential for rigorous optimization of treatment strategies to
minimize infection costs. The numerical simulations verify the theoretical results, showing
not only the stability of the model when parameters change seasonally, as well as the
efficiency of the optimal controls, but also the predictive power of the non-autonomous
approach compared to classical autonomous models.

Keywords: exact solution; discrete-time SIR model; time-dependent parameters; optimal
control; non-autonomous nonlinear system

1. Introduction

Compartmental models play a crucial role in mathematical epidemiology, and the SIR
model is a cornerstone for the analysis of disease transmission dynamics [1,2]. Although
classical continuous models offer fundamental insights into the dynamics of the epidemics,
in practice, real-world applications often require advanced analytical or numerical treat-
ments. To this end, many researchers have extended these models using various approaches
such as homotopy perturbation methods [3], application of fractional-order derivatives for
memory effects [4-9], and variational iteration techniques for epidemics such as dengue
fever [10-13]. Moreover, the proposed time-dependent methodology presents a new ap-
proach for studying and replicating fractional-order memory effects without the burden of
complicated fractional discretizations.

One of the main difficulties in the epidemiological modeling is the discretization of
nonlinear continuous systems. Nevertheless, numerical schemes such as Runge—Kutta,
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along with Euler schemes, often result in numerical instability and violate biological
constraints such as non-negativity. To solve this problem, Mickens [14,15] introduced the
concept of a non-standard finite difference approach. The method is a powerful tool for
constructing dynamically consistent discrete schemes [16,17]. This approach has been
successfully used to solve various epidemiological models to satisfy the requirements of
positivity, boundedness, and equilibrium stability [18-22].

More specifically, the recent works on the dynamic SIR model have emphasized
the possibility of finding the exact solutions for the discrete systems [23]. In order to
accomplish this, a closed-form solution to a discrete-time SIR model with fixed parameters
was obtained by Lemos-Silva et al. [24] and team using non-standard finite difference
approach. Although the study provides a solid mathematical foundation, it considers
constant transmission and recovery rates. However, in a realistic scenario, these parameters
are often time-dependent due to the effect of seasonality and mutations. The study clearly
indicates that the extension of their results for non-constant parameters is an open problem.

Motivated by these works, in this paper, we try to address this gap by presenting a
discrete-time SIR model with time-dependent parameters b, and c¢;. We will prove that
the non-standard finite difference approach enables us to obtain an exact solution even
in such a generalized setting. In addition, we use these results to obtain a therapeutic
protocol that reduces the size of the infected population significantly. This combination of
exact solvability of non-autonomous systems and optimal control application seems to be a
novelty in the field.

The remainder of the manuscript is organized to follow a systematic approach for
presenting the proposed analysis. The models are discussed in Section 2. The development
of the extended non-standard finite difference approach model, the precise solution to the
model presented, and the stability analysis are given in Section 3. In Section 4, we apply the
solution to an optimal control framework. Section 5 then focuses on numerical simulations
to corroborate the theoretical findings. In Section 6, conclusions are given along with some
possible avenues for future inquiry.

2. Dynamical Models

The non-negativity issues in the SIR model were addressed in the paper by
Lemos-Silva et al. [24], where they proposed a dynamically consistent non-standard fi-
nite difference approach for the autonomous case, i.e., when the parameters b and c
are constant:

41— % —bx; 11y,
h x+y
Y+1—Y; bx]+1]/] (1)
= — C ,
h X+ Y
AT
h - y]+l'

This model serves as a correct version of a biologically valid model alternative to the
discrete-time SIR model in [23]:

_ @@+
I RSN
e+ 1) —y(e) = "L —coyie +), @

2(E+1) —2(8) = c(Dy(C + 1),

where ¢ is the discrete time index. Whereas this model can produce negative popu-
lations under certain conditions, the system (1) utilizes Mickens” non-standard finite
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difference approach to address this flaw, ensuring dynamic consistency and strictly
preserving non-negativity.

Both models (1) and (3) are discrete-time discretizations of the continuous SIR model
defined by Bailey [1]:

X =—p Y

x+y’
y’:bxxTyy—cy, 3)
2 =cy.

where x,y,z,b > 0,c > 0, h denote the susceptible population, infected population, recov-
ered population, transmission rate, recovery rate, and time step size, respectively. The
system is initialized at time &, € Ry with values x(&y) = xo > 0, y(&) = yo > 0, and
z(¢o) = zo 2 0. Defined on the domain R, = {{ € R : { = {p}, the functions x, y, and z
take values in R()* , where x tracks susceptible, y tracks infected, and z tracks the removed
population. The significant feature of the model is found by summing the derivatives, which
yields x' +y' + 2’ = 0. This proves the invariance of the total population .4 = xo + yo + 2o
over time. So, x(¢) + y(¢) +z(¢) = 4. The variable z({) is thus determined as soon as
x(¢) and y(¢&) are known through the relation z(¢) = A4 — x(&) — y(¢).

While model (2) represents a previous attempt to discretize model (3), it fails to
preserve the system’s essential qualitative properties. On the contrary, model (1) relies on a
non-standard finite difference approach discretization of the continuous system (3), which
is dynamically consistent and preserves its biological and mathematical behaviors, such as
boundedness, non-negativity, and constant total population.

On the other hand, an explicit analytic solution for system (3) has been found in [2]
under the assumptions that x,y > 0, b, ¢ € R™, which includes ratio o/ xo, denoted by K is
defined as the ratio v/ xg. While the problem (3) is approached by a different methodology
in [23], the results are extended to include both autonomous and non-autonomous scenarios.
In the non-autonomous case, where the coefficients are functions b,c : R — R™T. It is of
interest to note that, if b and c are held constant, the solution in [23] will converge to the
solution provided in (3).

In addition, the authors [24] derived the following exact solution for the autonomous

discrete system (1):

_ ] 14+Ksi—1
X = %0 I licy gt st/

— W1y 14+Ks' 71
Y=g izt tppax T (4)
- Yo 17 14+Ks! !
g =N = (0+ ) it Tt
where K = x9/yp and s = (14 ch) /(1 + bh). Although this study provides a solid mathe-
matical foundation for the autonomous model, it implicitly assumes constant parameters.
Nevertheless, as mentioned in system (2), we have a non-autonomous nonlinear system in
which the parameters of the transmission and recovery rates are time-dependent due to
seasonality and mutations. The authors in [24] have explicitly mentioned that extending

their exact solution to this non-autonomous discrete version is still an open problem of
critical importance.
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We now formulate our proposed non-autonomous nonlinear system using a dynami-
cally consistent non-standard finite difference approach:

Y —Y —b)x;41Y,
h ; Xty

Y-y o95al (5)
o xvy

GH17%

T T 9Y

where x(&) = x0 > 0,y(80) = yo > 0,2(o) = zo = 0,and b,c € R™. We denote the total
population .4 > 0 as:

N = x9 + Yo + 2o. (6)

Here, b, stands for the time-varying transmission, ¢, represents the recovery rates, and h
denotes the time step size.

3. Explicit SIR Model Solution

Throughout the paper, we consider the transmission and recovery rates satisfy
b;,c; > 0 for each j € N, and the time step size h > 0.

3.1. Discrete-Time Model Solution

It is imperative to point out a significant limitation of the system (2): this does not
mathematically constrain the variables to be non-negative. Since epidemiological models
must have non-negative population counts to be biologically valid, the system (2) is not
physically relevant. To prove this claim, the following proposition is presented.

Proposition 1. If xop > 0 and yo > 0, the transmission coefficient b(&) obeys the bound
b(&) > 14 (&) throughout the process and h = 1, then the discrete system (2) yields non-
physical solutions. In particular, a future time T > &g exists such that the number of susceptible
individuals x(T) drops below zero.

Proof. The proof of this can be done by considering the recursion formula for the number
of susceptibles based on the system (2):

b(§)x(S)y(¢)
1+¢(8)(x(§) +¥(8)) = b(&)x(5)’

Let us assume that the transmission rate strictly exceeds the threshold, that is,
b(¢) > 1+c¢(¢). Denote by r = x(¢)/y(¢) the ratio of susceptible to infected in-
dividuals. Dividing both sides by y(¢), the condition for which x(¢ + 1) will be
negative is:

x(+1) =x(8) - (

b(¢)
(1+¢(8)) +r(1+c(8) —b())

Asb(&) > 1+ c({), the coefficient of » will be negative. As such, for very small values of
r, that is, when r < W%, the term in the denominator of (2) will be positive but

definitely less than (1 + ¢(&)). This means that (2) satisfies

b(©) b
(1+c(@)+r(1+c(@)—b(g) ~ 1+c(Q)

>1

> 1.
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This means that the subtracting expression in (1) must be greater than x(¢), implying
that x(§ + 1) < 0. This means that at some point in the future, T > ¢, the number of
susceptible people will become less than zero, which proves that the system yields non-
physical solutions. []

3.2. Dynamic Consistency

The new method preserves important biological properties of the original continuous
model, including non-negativity and constant population size.

Proposition 2. Let xg > 0, yo > 0, and zg = 0. Then, for all j € N, the solutions of system (5)
satisfy x;,;,z; 2 0. Furthermore, the total population A" = x; + y, + z, is invariant.

Proof. To determine the positivity of the solutions, we first solve the first equation of (5)
for x; 11

x(x; +y)

x4+ (1+bh)y, @

X141 =

Since x;,y,,b;,h > 0, the denominator is strictly positive. Thus, if x; > 0, then x;11 > 0.
Next, we solve the second equation of (5) for y,1:

(T+bh)y,(x, +y))
+oh) [x,+ (L+bh)y,]

y]-‘rl = (1 (8)
Given that x, 1 > 0, the numerator is positive. As ¢, > 0, the denominator satisfies
1+ he; > 1. Consequently, if y; > 0, then y; 11 > 0.

For the removed compartment, the third equation in (5) yields:

Z]+1 = Z] + hC]]/]+1.

Since zg = 0 and y, 41 = 0, it follows by induction that z; = 0 for all ;.
Finally, to prove the conservation of the total population, we sum the three equations
in (5):

o 1Y Y1y
1= 5T Y X — _ [ b] Yty * T x4y Y1+ C]}/]+1] _
h N h B

This implies .4],1 — 4] =0, and thus x; +y;, +z, = 4 forallj. O

3.3. Equilibrium Points

We identify the fixed points (x*,y*,z*) of scheme (5). Proposition 2 ensures
z* = N —x* —y*, and it allows us to focus on x and y. It is demonstrated that assuming
y* > 0leads to (c — b)h(x* +y*) = 0 by analysing the steady-state second equation. It
must be y* = 0 as h > 0 and generally b # c. Consequently, the system exhibits a disease-
free equilibrium. Selecting y* = 0 and applying the constraint x* + z* = 4" defines the
solution set

{(p,O,«/V—p) p2 0},

consistent with the continuous model’s extinction dynamics.
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3.4. Exact Solution for Time-Varying Parameters

The section’s key outcome involving the derivation of an exact solution for the non-
autonomous system. Let K, = x;/y, be the ratio of susceptible to infected individuals.
Next, closed-form solution for the discretization system (5) are derived using induction.

Theorem 1. The ratio K, evolves according to the linear recurrence relation:

1+hc]

Mo, 1+hb, ©)

IC]Jrl

Proof. We first express x;,1 and y, 1 in (7) and (8) explicitly in terms of K, as:

(x, +y;) x
+ (1+bh)y,’
(1+bh)(x;+y))y,
DT W) [+ (T+ bhy)]

X1 =

Dividing the numerator and denominator of the fraction inside the parentheses by y; and
recalling K, = x,/y,, we obtain:

Xy = v, K, (K, +1)
] - 7
K+ (1+b;h) (10)
R (R8P TRS )
+ —_— .
! (14 ¢h) [IC, + (1+bjh)]
Now, we compute the ratio ;11 = x;11/y,+1 using (10) :
v, K (K, +1)
K K; + (1+4bh)
+1=
! (1+0b,h)y, (K, +1)
(14 ¢h) [K; + (14 bh)]
1+ he,
1+ hby
This completes the proof. [
Corollary 1. The explicit exact solution for the system (5) is given by:
11+ he;
=Ko H 1+ hb;’ (11)
1 1-+hc;
ﬁ (1+ hb;) (’Co I TFiE; 1) 12
o) (1 hcz) (Ko TTZh 1ot +1+hbi) |
1 1+he;
= (’CO IT6 r. + 1)
x] = X0 1 l 1+hc / ’ (13)
1 1+hC]
14 he; \ i (’CO I~ b T 1)
Z]:JV—<X()+]/0H )H (14)
LHhbi )i | (Ko T })}IZ? + 1+ hby)
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Proof. We prove these formulas by mathematical induction on j, ensuring that only the
initial conditions /Cy and yp appear in the expressions.
Base case. For j = 0, the empty products are defined as 1. Therefore,

Ko=Kp-1,
Yo=1yo- 1.

Furthermore, from the definition Xy = x(/yo, we have xo = Koyo. Thus, the formulas hold
for;=0.

Inductive hypothesis. Assume that for some integer ; = 0, the expressions for K; and
y; given in (11) and (12) are valid.

Inductive step. We need to verify the formulas for j + 1. From Theorem (1), the
evolution of the ratio K, satisfies the recurrence relation:

1+ he,
K =X, + b,

Substituting the inductive hypothesis (11) for K; into the equation above gives:
1+ he; \ 1+ he,
Ky = (KOH 1 +hbl> 1+ hb,

1+]’lCi

This establishes the formula for IC; ;1.
For the infected population, we utilize the recurrence relation derived in the proof of (1)

_ (k) (K5 +1)
YT A oh) [, + 1+ by

We substitute the inductive hypothesis (12) for y; into the recurrence relation above. Addi-
tionally, we replace K, in the bracketed term with the explicit product form from (11):

1 1+4hc;
I (1 + hby) ( 01T Tl +1)

v = |yl .
im0 | (1Fhei) (ko 17z })ﬂzif+1+hbi)

7—1 1+4he;
(1+ hby) (KoTTZ 0 T, +1)

1+h 7—1 1+he
(1+ CJ)( KolTj— 01+hb]+1+hb1)

1 1+hc;
(1+ hb)) (’CO I T, + 1)

]
wll T
0 1*’“z>< KoTT=) 1t + 1+ i)

This confirms the formula for y,,; containing only Ky and yj. Finally, the solution for x;
follows directly from the definition XC; = x;/y,, i.e., x; = K,y,, and the conservation of total
population .#" yields z,. By the principle of mathematical induction, the explicit solutions
(11)=(14) hold forally € N. O

https://doi.org/10.3390/fractalfract10060371
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3.5. Long-Term Behavior

We begin by reformulating the explicit solutions provided in Corollary (1). For instance,
the susceptible population x; in (13) can be rearranged in the product form:

-1 1
v =xo ]| —m~ | (15)
i=0 (1 + p,'+ll)

while the infected population y; can be expressed in a similar product form:

Ly he; 1
=Yo H hb: (16)
l+hbl (1_|_ pi-l-ll)
where
—L 14 he;
=Ko H 1+ hb 17

The reproduction ratio, defined as q; = b;/c,, serves as a critical threshold for the system’s
dynamics. The following analysis demonstrates that the extinction equilibrium is stable
when q = 1, whereas the disease-free equilibrium exhibits stability for q; < 1.

Next, we examine the model’s long-term evolution where the basic reproduction
number g, 2 1. We prove that under this condition, the system is asymptotically stable and
converges to the extinction equilibrium (0,0, .4).

Theorem 2. Assuming the basic reproduction ratio satisfies q, = 1 asymptotically, the solution
trajectory characterized in corollary (1) asymptotically converges to the equilibrium state (0,0, .4)
as time advances.

Proof. The verification of this result is based on examining two distinct cases depending
on the value of g;.

h
Case 1: q; = 1. In this case, the parameter p; simplifies to p; = Ko H Lth? = K. Insert-

ing this into the formula of the susceptible population x; in (13) ylelds a geometric product:

X fxOH

i=0 (1 + r)

Note that 1> 0, and thus this numerator is strictly less than the denominator, placing

b;
Ko +
this ratio in the interval (0,1). As a result, the limit lim; , x; = 0 holds. If we apply
this reasoning to (12), we can see that y; — 0. The conservation of the total population,
denoted as ./, implies that the removed class must satisfy z, = .4/ — x; — y; — /. Hence,
convergence to (0,0,.4") is established.

Case 2: q; > 1. In this scenario, p; will be in 0 < p; < Ky. The asymptotic limits of x,
and y; will be computed individually.
First, for x;: Let us define the factors in the product (13) as

1

8§i= T -
(1 + pllﬁl)

https://doi.org/10.3390/fractalfract10060371
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bih

pi+1
monotonically decreasing because the term pi decays as i grows. Given that every term is

As

> 0, it follows that 0 < g; < 1 for all indices i. In addition, the sequence g; is

bounded above by gg, we can say that:

11

0<x,=x0]]g < x0(g0)-
i=0

As 0 < go < 1, the right-hand side vanishes as j — oo, which necessitates lim; ;o x; = 0.
Second, for y;: Equation (12) contains factors y; = %izgl’ gi. Although %izgi

that initial factors y; may exceed unity, the fact that g; — 0 ensures that there is always

> 1implies

some integer k for which y; < 1 for all i > k. This threshold is found by solving ﬂ—zlg; gi <L

1+ hc; c;h
! (1- 1+hb;)

As ii%l’ < 1, this is true for sufficiently large i. Thus, the product for y; can be decomposed as:

k -1
y=yo [Tvi- IT vi
i=0 i=k+1
The first product represents a fixed positive constant, and we can see that the second product
comprises terms strictly less than 1 and tends to zero exponentially. Hence, lim;, y; = 0.
Also, since both x; and y,; vanishing in the limit, the removed population z; = 4" — x; — y,
approaches .#". This confirms that the system tends to the equilibrium (0,0, .4") when
b, > ¢;. The proof is finished by combining both results from both scenarios. [

Lastly, we consider the case where g, < 1. It will be demonstrated that the recovery
rate dominates the infection rate sufficiently to guarantee the eradication of the disease
while a positive portion of the population remains susceptible, approaching the disease-free
equilibrium (p,0, .4 — p).

Theorem 3. In the scenario where the reproduction number satisfies q; < 1 asymptotically, then
the solution of system (5) asymptotically approaches the equilibrium point (p,0, /4 — p), where the
constant p lies in the interval (0, 4.

Proof. The premise q; < 1 implies that b] < ¢ As a result, from the definition p;, we
deduce that p; > 1.

First, we examine the trajectory of the susceptible class x;. By utilizing the formulation
in (13), we write x; as:

7—1
—
i=0
where the product terms are given by

14+ p;

4= 1+bil’l+P1‘.

https://doi.org/10.3390/fractalfract10060371
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Observe that as i grows, the term p; tends to infinity. Therefore, the factor a; approaches
1 monotonically. To establish that the infinite product converges to a positive limit, we
examine the series of complements ) >, (1 — a;).

1+ pi blh

1—a;=1- - .
i 1+bh+p  1+bh+p

Given p; > 1, the 1 — a; terms are bounded above:

bh bk
L+bh+pi ~ pi

1 .
The comparison test confirms the convergence of Y3(1 —a;) as };7°; — converges. According

1
to standard results in the theory of infinite products (see [25]), the convergence of the series
[1(1 — a;) is a necessary and sufficient condition for the infinite product []a; to tend to a
non-zero value. Thus,

(o)
limx, = xo [ [ai = p,

J— i1

with p > 0. Note that the total population cannot exceed .4/, so p € (0,.47].
Next, consider the infected population y,. Recalling (12), let us define the sequence:

ﬁ»—1+bih. 1+ p; _1+b,'h( B bih )
" 1+4ch 1+bh+p;, 1+ch 1+bh+p; )

The expression within the parentheses will approach 1 as i grows, causing the sequence ;
to decrease in a strict manner. The limit is computed as:

lim 4; = lim 1+bih
isoo | ineo l4ch
1+b;h

This is strictly smaller than 1 as < 1. A fundamental property of infinite products

1+C1‘]’l
states that if the factors of an infinite product converge to a limit A < 1, then the product

itself must vanish. Therefore,
oo
]ll)rgoy] = yogai =0.

Finally, applying the conservation law x; + y; + z; = .4/, we can determine the limit of the
removed population:

limz, =4 —-p—-0=4—p.

]
This verifies that the solution tends toward the equilibrium (p,0, 4" — p) as requested. [J

4. Optimal Control Application

Here, we shall use the exact solution obtained in Section 3 to an optimal control
problem. Unlike most numerical schemes, which involve solving a complex discrete adjoint
system, the exact solution of the state allows us to reduce the dynamic optimization problem
to a static nonlinear programming problem.

We are interested in a scenario in which the recovery rate ¢; can be controlled by public
health authorities through medical treatment or vaccination. We let g; € [0, gmax] represent

https:/ /doi.org/10.3390/fractalfract10060371
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the control effort; e.g., the rate of treatment administration, at time step ;. We model the
effective recovery rate as:

¢, = c(gy) =co+pg) (18)

where ¢ represents rate of the natural recovery and p > 0 represents the effectiveness of
the treatment. The transmission rate in this case is assumed constant, i.e., b, = b, though
the framework extends to time-varying cases.

Our goal is to minimize the total number of infected individuals and the associated
cost of implementation of the control over a finite time horizon T. The discrete form of the
objective functional | is given by:

T-1

J(80,- - 811) = X (Ay, + Bg?), 19)
7=0

where A is a weight indicating the cost of a single infected individual (socio-economic
burden), and B g]2 is a quadratic cost of the control effort (logistical or financial constraints).
The quadratic term guarantees diminishing returns for the control effort, which prevents
“bang-bang” solutions and leads to smoother, more realistic strategies.

The optimization problem is to find the sequence of controls {g; } which minimizes ]
subject to the system dynamics given by (5).

In general, such a problem is solved by applying the discrete Pontryagin’s maximum
principle (see [26]), which involves forward integration of the state equations and backward
integration of the adjoint equations, which can be computationally intensive and sensitive
to initial guesses.

Yet, thanks to Corollary 1, the state variable y, has an explicit exact solution:

-1

vy =y ][®6g) (20)
i=0

where the explicit transition factor ®(i, g;) is defined by substituting ¢; = co + pg; into (12),
which leads to

i—1 1+7’lc/
(i, g;) — LH Mo+ P2 (’CO o o, + 1)
8= T b, i1 1Fhe;
i (Ko Iy TS, + 1+ hb;)

Substituting (20) into the functional (19), we have:

T-1 =1
J(g) =), A<yoH®(i,gi)> +Bgy | (21)
7=0 i=0

This expression depends explicitly only on the control vector g = (go,...,¢r-1). Thus,
the problem of optimal control is reduced to finding the minimum of a multivariate

function J(g).
3J (S = 0P (k, gx)
— =Bg+ A o [ 93, gi) | ——==.
o ° ,; yg 71 g
1

Since this exact gradient is available without solving a complex discrete adjoint system,
standard gradient-based algorithms; specifically, the quasi-Newton method (see Ref. [27]),
can be implemented to find the optimal control policy with high precision at no significant
computational cost.
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Remark 1. Since the analytical solution leads to the reduction of the dynamic optimization problem
into the static optimization problem of nonlinear programming, the extension of the model to
handle more than one intervention, such as vaccination, quarantine, and treatment, will simply add
elements to the gradient vector without the need to solve the complicated discrete adjoint system.

5. Numerical Simulations

In this section, we will perform numerical simulations to verify our theoretical
findings and illustrate the application of our model. We will divide our analysis into
four subsections: (1) model stability and consistency with dynamic behavior for different
recovery rates, (2) simulating periodic transmission rates to model seasonal transmission,
(3) testing the efficacy of our optimal control strategy to achieve minimum infections, and
(4) comparing the forecasting power of our non-autonomous model to classical autonomous
models. For all cases, we will assume a normal population size of 4" = 1.

5.1. Infected Individuals

This subsection is dedicated to reveals that the scheme is dynamically consistent, and
stability of the equilibria along with the preservation of the essential biological properties,
as per the basic reproductive number, is guaranteed.

In Figure 1, the sensitivity of the infection dynamics to variations in the recovery
rate ¢, when the transmission rate b = 0.3 is fixed. It is noticeable that the relationship
between the two parameters is inverse, and when the recovery rate ¢ increases from 0.05 to
0.2—corresponding to a decrease in the basic reproduction number R¢—the peak of the
epidemic is significantly reduced. This demonstrates that a higher recovery rate, which
effectively shortens the infectious period, drastically reduces the maximum burden of the
epidemic. Although the trajectories exhibit different magnitudes of infection and recovery,
they all have similar shapes and converge asymptotically to zero according to the stability
analysis of Theorem 2. In addition, such simulations demonstrate that there is significant
sensitivity for both rates, which gives an indication of the robustness of the model under
various situations.

Infected Individuals c=0.05
c=0.10
c=0.20

Time
. = L L 1
20 40 60 80 100 120 140

Figure 1. Infected individuals of model (5) with b = 0.3, ¢ = 0.05:0.1:0.2, xp = 0.8,yp = 0.2,
h = 0.005 and zy = 0.
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5.2. Scenario 1: Seasonality Effect

Real-world epidemics often exhibit seasonal patterns. To simulate this, we define a
periodic transmission rate:

_ 2mih
b, =04 (1 + 0.5cos (10> ) . (22)

We set the constant recovery rate ¢; = 0.2 and initial conditions xo = 0.7, y0 = 0.3,z9 = 0.
The basic reproduction number oscillates around Ry ~ 2.

Figure 2 demonstrates how populations of infected, susceptible, and removed indi-
viduals change over a range of 100 units. As predicted by Theorem 1 and Corollary 1, the
numerical solution preserves non-negativity and total population conservation throughout
the simulation. The infected population y; exhibits damped oscillations converging towards
the equilibrium, consistent with the averaging effect of the time-varying ratio ;.

0.9 - 4

Susceptible (z,)
= = = .Infected (y,)
Removed (z,)

o
™
T
|

o
3

o
o

Population fraction
o
[6)]

0.4 n
0.3 4
0.2 o
0.1 o
0 L L L L L L
40 50 60 70 80 90 100
Time (Days)

Figure 2. Evolution of susceptible (x;), infected (y,), and removed (z;) populations under a periodic
transmission rate b;.

5.3. Scenario 2: Optimal Control Strategy

We now evaluate the control optimization problem formulated in Section 4. We seek to
minimize the cost functional (19) with weights A = 1 and B = 0.1 over a horizon of T = 50.
The natural recovery rate is ¢y = 0.1, and the control efficacy is p = 0.5. The transmission
rate is fixed at b, = 0.4.

We compare two cases:

1. Uncontrolled: g, = 0 for all ;.
Optimally Controlled: The control sequence {g;} is obtained by minimizing the
objective functional using the exact solution gradient.

Figure 3 illustrates the comparison. The uncontrolled epidemic (dashed line) shows a
sharp peak in infections. In contrast, the optimally controlled epidemic (solid line) exhibits
a significantly flattened curve with a lower peak infection count. The control effort <
shown in the subplot, is concentrated primarily during the rising phase of the epidemic,
reflecting an efficient use of resources to curb the spread.
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Comparison of infection dynamics
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Optimal treatment strategy (piecewise constant)
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o
(&
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Time (Days)

Figure 3. Comparison of uncontrolled and optimally controlled infected populations, with optimal

treatment effort g, shown in the subplot.

5.4. Comparison with Autonomous Models

To highlight the contribution of this work, we first compare the dynamics of the newly
proposed non-autonomous model with the constant-parameter model presented in [24].
We simulate a scenario where the recovery rate exhibits seasonal variation, defined as
¢; = 0.1 4 0.05cos(2717/1/50), against a baseline constant recovery rate ¢ = 0.1.

Figure 4 illustrates the trajectory of the infected population y; for both models. While
the constant model (dashed blue) follows a smooth, single-peaked trajectory, the time-
varying model (solid red) exhibits a shifted peak and a different decay profile. This
discrepancy underscores the importance of considering time-dependent parameters for
accurate epidemic forecasting and intervention planning.

= = Constant ¢ = 0.1 (Lemos-Silva ct. al.)
0.6 Time-Varying c(t) (This paper)
0.5
@0
S04
30
=
°
£
- 0.3
o]
3
©
(9]
2
£
0.2
0.1
0 I )
100 150

Time

Figure 4. Comparison of infected population dynamics: constant-parameter model (Lemos-Silva
et al. [24]) versus the proposed time-varying model.

These simulations confirm that the proposed non-standard finite difference approach
serves a robust structure for non-autonomous system modeling and enables the rigorous
application of control theory to discrete-time epidemiological models.
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5.5. Fractional Calculus Application

In this last scenario, we utilize our analytical solution to illustrate the behavior of
physical systems usually explained using the concepts of fractional calculus. The models
for epidemics in fractional-order have been noted to account for memory and non-locality
effects, which lead to power law or Mittag-Leffler decay solutions instead of the usual
exponential decay.

The use of SIR models of fractional order is common when modeling with memory
and non-local behavior, which usually yields power-law or Mittag-Leffler relaxation. In
practice, the numerical discretization of such fractional-order systems may be unstable. We
illustrate below how our exact non-autonomous solution gives rise to a more stable method
of approximation. The time-dependent nature of our approach permits the representation
of such a fractional feature by assuming a proper time dependence of the recovery rate c;,
in particular, taking the recovery rate in a power-law form:

ci=c(j+1)7" ac(01),

where ¢ is a constant. We shall use a power-law expression for the recovery rate in order
to model this “aging” aspect of infection, meaning that recovery becomes increasingly
difficult over time.

The transmission rate is considered constant at bj = b = 0.4, and the initial conditions
are taken to be xp = 0.9 and yp = 0.1. The solution of the system can be obtained using
Equation (12) in Corollary 1 without any numerical error from fractional differentiation.

Figure 5 shows the infection dynamics of the population y; for various «.

*  Observation: For « = 0, which is the usual autonomous case, we observe exponential
decay. For « > 0 (« = 0.3, 0.6), the decay is much slower with a “heavy tail” property.

*  Connection: The qualitative nature of this response is consistent with the response
obtained from a fractional order SIR model, such as the one obtained via the Caputo
derivative approach.

This highlights the capability of the exact solution to tackle complicated dynamics
lying somewhere between discrete models and fractional calculus.

0.7
A a=0
it -=='a=03
06 ;1 R a=06
il
\
\
0.5

o
'S

o
w

Infected Individuals (y;)

o
o

0.1F

0 50 100 150 200 250 300 350 400 450 500
Time (Days)

Figure 5. Approximation of fractional dynamics via power-law recovery.

6. Conclusions and Future Work

In the present study, a non-autonomous variant of the discrete-time SIR model has been
developed using time-varying parameters, thus providing a solution to the problem posed

https:/ /doi.org/10.3390/fractalfract10060371


https://doi.org/10.3390/fractalfract10060371

Fractal Fract. 2026, 10, 371 16 of 17

in [24]. With the help of nonstandard finite differences, a formulation of the model has
been presented such that it maintains all biologically important features like positivity and
conservation of populations. The main mathematical result obtained here is the solution in
explicit form for the nonlinear model under consideration.

Furthermore, the practical utility of our theoretical results has been confirmed through
the development of an optimal control model. Given the availability of the exact state equa-
tion, the optimal control problem was converted into a static optimization problem, making
it possible to determine exact gradients. Our numerical experiments have confirmed
our theoretical results on stability and further demonstrated that our non-autonomous
approach could simulate intricate dynamics, like seasonal waves, not possible with
autonomous models.

There are several avenues that are promising for future work. Firstly, the proposed
method can be generalized to more sophisticated models for dealing with heterogeneous
groups or network-induced spatial interactions. In addition, this framework lays down a
strong base for easily incorporating the compartment of vaccination in the non-autonomous
scenario without violating dynamic consistency. Secondly, it would also be important to
carry out a multi-region sensitivity analysis for the model based on actual epidemiological
data. Finally, the optimal control model can be extended to incorporate multiple control
measures at once in order to achieve greater cost-efficiency in policy design.
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