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Abstract

Fractional-order dynamic systems, due to their long memory and nonlocality, have sig-
nificant advantages in describing the dynamic behavior of complex engineering systems.
However, existing identification methods often struggle to balance modeling accuracy and
model structural complexity under conditions of strong nonlinearity, strong coupling, and
multiple operating conditions. To address the challenge of modeling complex fractional-
order systems with strong nonlinearity, strong coupling, and multiple operating conditions,
this paper proposes a fuzzy multi-model modeling and identification method based on the
decomposition-synthesis approach. First, a fractional-order fuzzy multi-model structure
is constructed to characterize the dynamic characteristics of such complex systems. Sec-
ond, an improved SKFCM hybrid clustering algorithm is proposed, combining K-means
clustering and satisfactory fuzzy C-means clustering. This optimizes the cluster center se-
lection strategy and overcomes the shortcomings of traditional satisfactory FCM algorithms,
such as random initial membership and unreasonable cluster center selection, thus achiev-
ing a reasonable determination of the number of local models. Finally, the least-squares
and Levenberg–Marquardt algorithms are integrated to interactively identify local model
parameters, system fractional-order, and fuzzy scheduling function parameters, solving
key difficulties such as unknown fractional-order s in antecedent variables, numerous
parameter couplings, and difficulty in determining the antecedent space. Through aca-
demic examples and simulations of a robotic arm system, the proposed method effectively
achieves high-precision modeling of complex fractional-order systems, demonstrating
strong feasibility and superiority.

Keywords: fractional-order fuzzy multi-model; SKFCM clustering; decomposition-
synthesis principle; interactive identification; schedule function optimization

1. Introduction
Modeling and parameter identification of fractional-order dynamic systems has be-

come a research hotspot in the field of engineering control in recent years. Compared with
integer-order models, fractional-order calculus has unique long-memory and nonlocality
characteristics, enabling it to more accurately describe the intrinsic dynamic behavior of
complex systems [1,2]. This advantage has led to the widespread application of fractional-
order methods in various engineering fields such as robotic arms [3,4], proton exchange
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membrane fuel cells [5,6], lithium-ion battery state estimation [7,8], and soft actuators [9],
demonstrating capabilities that surpass integer-order modeling.

Fractional-order system identification methods are mainly divided into two cate-
gories: frequency domain identification and time domain identification. In the frequency
domain, researchers have solved the identification problem of experimental systems of
unknown order by constructing nonlinear least-squares problems [10] or using extended
sparse regression [11]. The research on time domain identification is more abundant.
Duhé et al. established a complete recursive identification framework for continuous-
time fractional-order models, covering both known and unknown order cases [12]. For
nonlinear systems, identification methods based on block structure models have received
widespread attention, such as the parameter decoupling and joint estimation algorithm
for the Hammerstein–Wiener model [13,14]. In addition, the least-squares method based
on the modulation function [15] and the time domain identification algorithm [16] have
verified the superiority of fractional-order models in noise suppression and two-mass
system modeling, respectively.

To address the problem that traditional identification methods have a high dependence
on prior information, intelligent optimization algorithms have been introduced in large
numbers. Particle swarm optimization and its improved algorithms (such as Lévy flight,
differential evolution, etc.) have been successfully applied to parameter identification
of fractional-order chaotic systems [17], epidemic propagation models [18], and Wiener–
Hammerstein systems [19]. Hybrid optimization strategies (such as the combination of
particle swarm optimization and genetic algorithms) have further improved the online
identification capability of time-varying parameters [20]. These studies transform the
identification problem into an optimization problem, reducing the prior requirements for
the system model structure.

In practical fractional-order system modeling, the unknown differential order and
the need for synchronous identification with system parameters are common technical
challenges. To address this problem, researchers have developed various synchronous iden-
tification strategies, including a time delay and order synchronization algorithm based on
the modified optimal perturbation method [21]; a method using the Legendre wavelet op-
eration matrix to jointly estimate non-homogeneous order, time delay, and coefficients [22];
and a variable-period integral operation matrix technique for measurement noise envi-
ronments [23]. These methods achieve efficient synchronous identification of order and
parameters by constructing special operation matrices or numerical formats.

In the field of nonlinear system identification, fuzzy modeling methods have unique
advantages due to their ability to handle uncertainty. Fractional-order learning algorithms
based on the Takagi–Sugeno (TS) fuzzy model [24] and fractional-order gradient descent
neural fuzzy models [25] have been proven to effectively linearize nonlinear systems. Mean-
while, a series of advances have also been made in observer design and fault estimation
methods for TS fuzzy fractional-order systems [26]. However, the aforementioned studies
largely assume a known model structure. For real-world systems with unknown model
parameters and uncertain structures, data-driven fractional-order fuzzy multi-model identi-
fication still faces challenges, primarily in the following aspects: computational difficulties
arise from the antecedent variables being fractional-order variables of unknown order;
multi-parameter coupling increases algorithm complexity; the number of local models is
difficult to determine; and the antecedent space partitioning lacks a scientific basis.

To address these issues, this paper proposes a fractional-order fuzzy multi-model
modeling and identification method based on the decomposition-synthesis principle. First,
multiple local models are used to describe the global characteristics of complex nonlinear
fractional-order systems. Second, K-means clustering is introduced into the satisfactory
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fuzzy C-means clustering algorithm, constructing an SKFCM hybrid clustering algorithm
to accurately determine the number of local models. Finally, the antecedent variables are
selected as fractional-order variables of unknown order, and the Levenberg–Marquardt
algorithm and least-squares method are combined to achieve interactive identification of
local model parameters and fractional-order values.

This paper is structured as follows. Basic concepts of fractional calculus are introduced
in Section 1. Section 2 presents a step-by-step account of how the fractional fuzzy multi-
model is established. Section 3 proposes the SKFCM clustering algorithm and interactive
identification method. Section 4 verifies the effectiveness of the method through examples
of academic fractional calculus systems and robotic arm systems; the control application
based on the established model will be the focus of the next research step.

2. Model Establishment
2.1. Fractional Calculation

The computation and application of fractional-order systems have attracted consider-
able research attention due to their widespread use in identification, control, filtering, and
fault diagnosis. Various definitions of fractional calculus operators exist in the literature.
For discrete-time cases, the most common ones are the Grünwald–Letnikov (GL) [27],
Riemann–Liouville (RL) [28], and Caputo [29] definitions. This paper adopts the GL
definition, which is given by:

∆αx(kh) =
1
hα

k

∑
i=0

(−1)i

(
α

i

)
x((k− i)h) (1)

where ∆α represents the fractional-order difference operator with order α, the initial value

of which is 0; x(kh) denotes a function of t = kh; and h is the system sampling time,

(
α

i

)
is defined by the following binomial equation:

(
α

i

)
=

1 for i = 0
α(α−1)···(α−i+1)

i! for i > 0
(2)

The following recurrence relationship is defined as:{
β(0) = 1
β(i) = β(i− 1) (i−α−1)

i for i = 1, . . . , k
(3)

where β(i) = (−1)i

(
α

i

)
. By combining Equations (2) and (3), Equation (1) can be

written as:

∆αx(kh) =
1
hα

k

∑
i=0

β(i)x((k− i)h) (4)

Assuming that system sampling time h = 1, Equation (4) can be written as
Equation (5):

∆αx(k) =
k

∑
i=0

β(i)x(k− i) (5)

2.2. Description of Local Model

Fractional-order systems can be represented by various types of models, including
differential equations, transfer functions, state–space representations [30–32], as well as
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discrete or continuous forms. In this paper, the following discrete transfer function model
is adopted to describe fractional-order systems:

y(k) =
B(z)
A(z)

u(k) (6)

where u(k) and y(k) are the input and output of the system, and y(k) = y0(k) + v(k) and
B(z) are the denominator polynomial and the numerator polynomial, respectively,

A(z) = 1 + a1z−α1 + a2z−α2 + · · ·+ ana z−αna B(z) = b1z−γ1 + b2z−γ2 + · · ·+ bnb z−γnb

where αi, γi ∈ R+ is the fractional order, and z−1 is the backshift operator, z−1y(k) =

y(k− 1). The regression equation of Equation (6) can be expressed as follows:

y(k) +
na

∑
i=1

aiz−αi y(k) =
nb

∑
i=1

biz−γi u(k) (7)

If the fractional orders take entirely different values, then the fractional-order models
in Equations (6) and (7) usually become systems of non-identical (or disproportionate)
order; otherwise, each fractional order is an integer multiple of the base order (α is order
factor) αi = i− α, γi = j− α(i = 1, 2 . . . , na; j = 1, 2 . . . , nb). Such a model is defined as a
homogeneous (proportionate) order system. In this work, a proportional fractional-order
system is considered. Then, the regression equation of Equation (7) can be written as:

y(k) +
na

∑
i=1

aiz−i+αy(k) =
nb

∑
i=1

biz−i+αu(k) (8)

Using the discrete fractional-order operator ∆ and by combining it with the backshift
operator, the model is expressed as follows:

y(k) = −
na

∑
i=1

ai∆αy(k− i) +
nb

∑
i=1

bi∆αu(k− i) (9)

2.3. Establishment of Fractional-Order Fuzzy Multi-Model

The idea behind the fractional-order fuzzy multi-model strategy is the decomposition–
synthesis principle. First, the whole system is divided into several fractional-order subsys-
tems according to a certain decomposition principle, and the local model of each subsystem
is selected. Afterward, each local model parameter and each parameter of the dispatch func-
tion are identified. Finally, according to a certain scheduling mechanism, the local models
are weighted and combined to approximate the global model of the system. For complex
nonlinear systems, when fuzzy multiple models are used for description, the whole nonlin-
ear fractional-order system can be regarded as multiple partial fractional-order models (9)
through nonlinear weighted combinations, that is:

y(k) =
n

∑
l=1

µl [ϕ(k, α)]gl [ϕ(k, α)] (10)

where y(k) represents the output of the system at time k, n is the number of fuzzy rules.
α is the fractional order of the system, gl [ϕ(k, α)] is the fractional-order local model of the
input variable ϕ(k, α), and µl [ϕ(k, α)] represents the l-th scheduling function. The common
options for dispatching function are Gaussian membership function, generalized bell-
shaped membership function, sigmoidal membership function, and triangular membership
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function [33–35]. Since ϕ(k, α) is a vector, the form of Gaussian membership function
adopted in this paper is as follows:

µl [ϕ(k, α)] = exp

[
− (ϕ(k, α)− ci)

T(ϕ(k, α)− ci)

s2
i

]
(11)

where ci, si are scheduling function parameters, ci is the central variable of the Gaussian
function, and si is the width of the Gaussian function. For a nonlinear system, the descrip-
tion form of its fractional-order fuzzy model can be obtained using Equations (9) and (10):

Rl : i f ϕ(k, α) is Fl ,

then yl(k) = −
na
∑

i=1
ali∆αy(k− i) + . . .

nb
∑

j=1
bli∆αu(k− j) , l = 1, 2, . . . , n

(12)

where Fl is the fuzzy set under the l-th rule, and its scheduling function is µl [ϕ(k)], ali and
bli are the local model parameters; na and nb are the order of system output and input,
respectively. Thus, the global model output of the system is:

y(k) =
n
∑

l=1
µl [ϕ(k, α)][−al1∆αy(k− 1)− . . .

al2∆αy(k− 2)− alna ∆αy(k− na) + . . .
bl1∆αu(k− 1) + bl2∆αu(k− 2) + . . .
. . . + blnb

∆αu(k− nb)]

(13)

where l = 1, 2, . . . , n, n is the number of fractional-order local models of the system; it is
determined based on the number of cluster c. As expressed by Equations (11) and (13),
the fractional-order fuzzy multi-model modeling problem is the identification problem of
scheduling function parameters c, ci, and si; the local model parameters al and bl , and the
fractional-order α.

3. Model Parameter Identification
3.1. Identification of Dispatch Function Parameter on the Basis of SKFCM Hybrid Clustering

The scheduling function parameters c, ci, and si are also called model antecedent
structure parameters, and they are mostly implemented by fuzzy clustering algorithms.
The commonly used fuzzy clustering algorithms are the FCM algorithm [36], the GK
clustering algorithm [37], and the satisfactory FCM algorithm [38]. The satisfactory fuzzy
C-means (FCM) algorithm is highly efficient in calculating the number of cluster centers. It
automatically and incrementally adds cluster centers using a weighted distance criterion,
prioritizing the addition of centers furthest from existing centers (with decreasing weights).
As the number of cluster centers increases, the newly added centers gradually overlap
with existing centers, at which point the algorithm automatically stops, thus automatically
determining the optimal number of clusters. However, its initial membership matrix is
randomly selected. Nevertheless, the problem of poor clustering results due to the selection
of new cluster centers remains unresolved. Therefore, this work proposes the SKFCM
hybrid clustering method based on the satisfactory FCM clustering algorithm, introduces
the K-means [39] clustering algorithm into the satisfactory FCM fuzzy clustering method,
and improves the new cluster center selection method of the satisfactory FCM algorithm.
Through these steps, the method proposed herein not only solves the problem of selecting
the number of local models but also overcomes the disadvantages of the satisfactory FCM
algorithm’s arbitrary initial membership matrix and poor selection of new cluster centers.
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The new cluster center of the satisfactory FCM algorithm is to find the most dissimilar
sample from the previous cluster center in the sample data as the new cluster center, that is,
to find a sample in the sample set farthest from the cluster center to join the previous cluster.
The center set c1 ∼ cc constitutes a new cluster center set c1 ∼ cc+1, which will gradually
“marginalize” the new cluster center. The problem of “marginalization” is illustrated in
Figure 1. The clustering center gradually tends to follow the sample edge as the number of
clusters increases.

3c =

4c =

...1c c= +

2c = 1+ 1+

...1+

Figure 1. “Marginalization” problem.

To overcome the random initialization and poor new-cluster-center selection of the
satisfactory FCM clustering algorithm, the k-means algorithm is introduced as a deter-
ministic preprocessing step. Specifically, k-means provides stable initial cluster centers
based on the data distribution, which eliminates the randomness of the initial membership
matrix in FCM and ensures reproducible clustering results. This hybrid strategy also guides
the selection of new cluster centers when the number of local models increases, thereby
improving the determination of the optimal number of clusters.

To address the aforementioned problems of “marginalization”, selection of the number
of local models, and random trials of the initial membership matrix of the satisfactory
FCM clustering algorithm, this paper introduces the K-means clustering algorithm into
the satisfactory FCM fuzzy clustering method and improves the satisfactory FCM. The
algorithm’s new method of selecting cluster centers is improved, and the improvements
are as follows:

(1) Selection of initial membership matrix.

The K-means clustering algorithm is an algorithm that gathers N sample objects into
specified c clusters according to the similarity between sample data. First, a c cluster center
needs to be initialized {c1, c2, c3, . . . , cc}, 1 < c < N. The initial number of clusters is
specified as c = 2 according to the satisfactory FCM algorithm. The Euclidean distance to
each cluster center is then calculated for each sample data as follows:

dis
(
ϕ(k, α), Cj

)
=

√
m

∑
t=1

(
ϕt(k, α)− Cjt

)2 (14)

where ϕ(k, α) represents the k-th data sample (1 ≤ k ≤ N), Cj indicates the j-th cluster
center (1 ≤ j ≤ c), ϕt(k, α) denotes the t-th attribute of the sample data k(1 ≤ t ≤ m),
and Cjt signifies the t-th attribute of the cluster center j. The distance of each sample data
to each cluster center is compared, and the sample data are assigned to the clusters of
the nearest cluster center to form a c cluster {s1, s2, s3, . . . , sc}, 1 < c < N. Among these
clusters, the cluster center is the mean value of all sample data in each dimension, which is
calculated as follows:

Ct =

∑
ϕ(k,α)∈Sl

ϕ(k, α)

|Sl |
(15)
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where Ct represents the l-th cluster center (1 ≤ l ≤ c), |Sl | indicates the number of
sample data in the l-th cluster, and ϕ(k, α) denotes the k-th sample data in the l-th cluster
(1 ≤ i ≤ |Sl |). In this manner, the initial clustering center of the satisfactory FCM algorithm
can be obtained, and the problem of random trial and error of the initial membership
degree matrix can be solved.

(2) “Marginalization” and the number of local models.

To solve the problem of “marginalization” of the new cluster centers and the selection
of the number of local models as determined by the satisfactory FCM clustering algorithm,
this paper adopts the K-means algorithm to cluster and obtain new cluster centers. With the
new cluster center as the initial clustering center, a new non-random membership matrix
U is calculated, and the satisfactory FCM algorithm is used to perform c + 1 classification
of the system again. A new cluster number is added according to the modeling accuracy
index. These steps are repeated according to the performance index until a satisfactory
result is obtained.

The objective function of the SKFCM hybrid clustering algorithm can be expressed
as follows:

H(U, C) =
c

∑
i=1

N

∑
k=1

(µik)
m∥ci − ϕ(k, α)∥2 (16)

where
c
∑

i=1
µik = 1, U = [µik]c×N represents the membership degree matrix, c is the number

of clusters, N is the number of samples, µik is the membership of the k-th sample in the i-th
cluster center, C = [c1, c2, . . . , cc], ci is the i-th cluster center, and ϕ(k, α) is the k-th sample
point, ∥ci − ϕ(k, α)∥2 represents the Euclidean distance between the cluster center ci and
the sample point ϕ(k, α), and m is a weighted index, generally taken as 2. Solving the
minimum value problem of Equation (16), we can get:

µi,k =
1

c
∑

j=1

(
∥ϕ(k, α)− ci∥
∥ϕ(k, α)− cj∥

)2/(m−1)
(17)

ci =

N
∑

k=1
µm

ikϕ(k, α)

N
∑

k=1
µm

ik

(18)

The main procedural steps of the SKFCM hybrid clustering algorithm can be outlined
as follows:

Step 1: Given a set of data samples ϕ, the initial number of clusters is set to c = 2.
Step 2: The initial cluster center is determined according to Equations (14) and (15).
Step 3: The initial matrix U is calculated using Equation (17).
Step 4: The initial cluster centers of the matrices obtained from Steps 3 and 2 are

substituted into Equation (16) to calculate the accuracy index H(U, C).
Step 5: Whether the convergence index satisfies ∥Hl+1 − Hl∥ ≤ δ, where l is the

number of iterations, and δ is the iteration accuracy. In general, δ = 0.01 can meet the
accuracy requirements. c cluster centers ci (i = 1, 2, . . . c) are then calculated.

Step 6: If the accuracy requirements are not met, then these steps are repeated until
the given convergence index is met.

Step 7: Whether the accuracy index H(U, C) meets the user accuracy requirements is
determined. If not, then the number of clusters c = c + 1 is increased. The process returns
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to step 2, and the steps are repeated until the accuracy requirements of the given user
are met.

The steps of the SKFCM hybrid clustering algorithm are described in pseudocode as
shown in Table 1.

Table 1. Pseudocode of SKFCM hybrid clustering algorithm in this paper.

Step Operate Illustrate

1

Input data:
Input signal u(k), output signal y(k), k = 1, . . . , K; fractional-order initial α(0),
model structure parameters na, nb, calculation of ϕ(k, α), clustering parameters
m = 2, δ, αw < 1, optimization parameters ∆α, λ0

Initialization

2

Given an initial number of clusters c = 2, with weights w1 = 1, w2 = αw,
respectively.
Repeat: Calculate the minimum distance dj = mini

(
wi
∥∥xj − ci

∥∥) for each point;
if max

(
dj
)
< δ, exit the cluster; otherwise, use argmaxdj as the new cluster

center cj+1, with weight wj+1 = wj · αw, c = c + 1.
Preliminary determination of cluster centers C0 = [c1, c2, . . . , cc] for each
variable.

SKFCM automatically
determines the number of
clusters.

3

The calculation of C0 = [c1, c2, . . . , cc] is fast, but it suffers from marginalization.
Regenerate clusters C1 using K-means and update the cluster centers C0 of each
variable. Calculate the objective function value of the current cluster centers
according to Equations (16) and (17). If the convergence condition is not met,
update Cj using Equation (18). If the convergence condition is met, output the
cluster centers C = [c1, c2, · · · , cc] of each variable.

SKFCM automated
refinement of cluster centers

4

Sparsely sample the center vector of each variable using a fixed step size;
Combine all samples into a single combination, with each combination
corresponding to a rule’s antecedent;
Denoted by the total number of rules as n.

Determine the number of
rules

5 Based on ϕ(k, α), construct the consequent matrix Φ, with size
(K/2)× ((na + nb) · n).

Successor matrix
construction

6 Estimating consequent parameters θ : θ =
(
ΦTΦ

)−1ΦTYtrain using
least-squares method.

Estimate consequent
parameters

7
Optimize fractional-order α:
Calculate J′α, J ′′α according to Equations (23) and (24). Iterate the value of α
according to Equation (22).

LM algorithm for estimating
fractional order

8
Calculation model output: Calculate ŷ(k) =

n
∑

l=1
µl(k)(Φθl)

Calculate the objective function J according to Equation (21).
If J decreases, then λ← 1.05 ; otherwise λ← 0.95λ .

Calculate the objective
function

9 If J < ε, then jump to 10; otherwise go to 6. Termination judgment

10 The algorithm ends, outputting the consequent parameter θ, fractional-order α
and the model output ŷ. Program ended

3.2. Identification of Fractional-Order and Local Model Parameters

We propose to select the antecedent variable of the model as the fractional-order vari-
able whose order is to be identified. This idea is then used to construct the fractional-order
fuzzy multi-model of the system. The least-square algorithm and the LM algorithm are
combined to interactively identify the local model parameters and the fractional order.
First, the fractional-order antecedent variables are calculated by the GL calculus operator,
whereas the scheduling function parameters are obtained by fuzzy division of the an-
tecedent variables via the SKFCM algorithm. Second, the least-squares algorithm is used to

https://doi.org/10.3390/fractalfract10060362

https://doi.org/10.3390/fractalfract10060362


Fractal Fract. 2026, 10, 362 9 of 19

identify the local model parameters of the system, and the local model is applied according
to the scheduling function. The weighted combination obtains the global model of the
system. Finally, whether the objective function (21) of the system reaches the minimum is
evaluated. If it is not satisfied, then the Levenberg–Marquardt (LM) algorithm is used to
iterate the fractional-order α until the objective function J reaches the minimum, and the
fractional-order and local model parameters are obtained.

The global model of the system can be expressed by (13) as:

ŷ(k) = φ(k, α̂)T θ̂ (19)

θ̂ =
[
a11 a12 . . . a1na b11 b12 . . . b1nb a21 a22 . . . a2na b21 b22 . . . b2nb . . . . . . al1 al2 . . . alna bl1 bl2 . . . blnb

]T

φ(k, α̂) = [−µ1∆α̂y(k− 1)− µ1∆α̂y(k− 2) . . .− µ1∆α̂y(k− na)

µ1∆α̂u(k− 1) µ1∆α̂u(k− 2) . . . µ1∆α̂u(k− nb) . . .
−µ2∆α̂y(k− 1)− µ2∆α̂y(k− 2) . . .− µ2∆α̂y(k− na)

µ2∆α̂u(k− 1) µ2∆α̂u(k− 2) . . . µ2∆α̂u(k− nb) . . . . . .
−µl∆α̂y(k− 1)− µl∆α̂y(k− 2) . . .− µl∆α̂y(k− na)

µl∆α̂u(k− 1) µl∆α̂u(k− 2) . . . µl∆α̂u(k− nb) ]

After determining the parameters of the system scheduling function, the schedul-
ing function of each sample number in the data set ϕ can be calculated by Equation
(11). Hence, the identification problem of each local model parameter can be directly
solved by the least-square algorithm. The local model parameters are solved once by the
least-square algorithm:

θ̂ = [φ(k, α̂)φ(k, α̂)T ]
−1

φ(k, α̂) y(k) (20)

The objective function is:

J =
1
K

K
∑

k=1
ε2(k) =

1
K

K
∑

k=1
[y(k)− ŷ(k)]2

=
1
K

K
∑

k=1
[y(k)− φT(k, α̂)θ̂]2

(21)

where K is the data length, and ŷ(k), α̂, and θ̂ are the estimated values of y(k), α, and θ,
respectively. The LM algorithm uses the following recurrence equation:{

α(i+1) = α(i) −
{[

J ′′α + λI
]−1 J′α

}
α̂=α(i)

(22)

The parameter update rule is based on the calculation of each parameter gradient J′

and Hessian matrix J ′′ , where λ is the convergent adjustment parameter. J′α = − 2
K

(
σŷ(k)/α

)T(
y(k)− φT(k, α)θ

)
J ′′α = 2

K

(
σŷ(k)/α

)T(
σŷ(k)/α

) (23)

where σŷ(k)/α = ∂ŷ(k)
∂α is the output sensitivity, which is calculated by the following equation:

σŷ/α ≈
ŷ(k, α + δα)− ŷ(k, α)

δα
(24)

The input and output data collected by the system are divided into two parts: a
training set and a test set. The training set is used to establish a fractional-order fuzzy
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multi-model of the system, whereas the test set is employed to verify the established model.
The overall algorithm flow diagram of this chapter is as follows in Figure 2.
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Figure 2. Block diagram of the overall algorithm flow.

4. Simulation Examples
The proposed method is validated through two examples in this chapter. The first

one is an academic case involving a strongly nonlinear and strongly coupled system. The
second example is an experiment with a flexible manipulator. Reference [40] conducted a
fractional-order H–W structure modeling, but its linear block and nonlinear block structure
parameters did not have an effective method to determine. Therefore, the fractional-order
fuzzy multi-model proposed herein is used to model and identify it. The simulation results
are compared with those of the method used in [40] to verify the effectiveness of the method
proposed in this paper.

4.1. Academic Calculation Example

A fractional-order system of a strongly nonlinear and strongly coupled system is
constructed as follows. There is a strong coupling between its output items.

y(k) = a1∆α(y(k− 1)) + a2∆αy(k− 2)∆αy(k− 1) + . . .
b1∆αu(k− 1) + b2∆αu(k− 2) + . . .
p2b1∆αu2(k− 1) + p2b2∆αu2(k− 2)

(25)
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where
[a1 a2] = [−0.1 − 0.2]; [b1 b2] = [0.4 0.2];
[p1 p2] = [1 0.5]; α = 0.6.
The fractional-order fuzzy multi-model is then implemented to approximate the system.

ϕ(k, α) =
{

∆α̂y(k− 1), ∆α̂y(k− 2), ∆α̂y(k− 3), . . .
∆α̂u(k− 1), ∆α̂u(k− 2), ∆α̂u(k− 3)

} (26)

is selected as the input variable of the antecedent. The u(k) input uses a continuous
excitation signal with a mean value of 0 and a variance of 1. At the same time, Gaussian
white noise with a mean of 0 and a variance of 0.01 is added. The number of collected data
signals is 1000. The input and output signals are shown in Figure 3. The measured data set
contains two parts: the first 500 are used to establish a fractional-order fuzzy multi-model,
and the remaining 500 are utilized for test verification. The noise is Gaussian white noise
with a mean value of 0 and a variance of 0.01.

0 200 400 600 800 1000
-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5 Test set

in
p
u
t

k

Training set

 

(a) System input 
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(b) System output 

Figure 3. System input and output.

The fractional-order fuzzy multi-model proposed in this paper is applied to model the
system using 6 local models. The parameters of the local models are summarized in Table 2.
The actual system after modeling, the output of the estimated system, and the prediction
error are shown in Figure 4. The fractional-order identification of the system is 0.652, as
shown in Figure 5. A comparison of the estimated output and the actual output, as well
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as partially amplifying the difference between them, reveals that the actual output data
overlap with and basically fit the estimated output data.

Table 2. Parameters of the local model.

al1 al2 al3 bl1 bl2 bl3

R1 −0.2484 −0.1504 0.03824 0.19111 0.04012 −0.029
R2 −0.0418 0.36294 0.18225 0.29545 0.11232 −0.1075
R3 −0.2803 −0.1547 0.01724 0.56058 0.33757 −0.0717
R4 0.05426 0.07174 0.04499 0.75302 0.55598 0.03532
R5 0.01119 0.12247 0.05323 0.04407 −0.1632 −0.0597
R6 0.32357 0.17154 0.07235 0.21819 0.1539 0.00902
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(a) Actual and estimated output of the system  (b) Output error of the system 

Figure 4. System actual, estimated output, and prediction error.
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Figure 5. Estimated value of fractional order α.

By combining the parameters of the local model in Table 2, the system can be repre-
sented by six fractional-order fuzzy rules, and the overall fuzzy model of the system is
represented as follows:

R1 : i f ϕ(k, α) is F1,
then y1(k) = −0.2484∆0.652y(k− 1)− 0.1504∆0.652y(k− 2) + 0.03824∆0.652y(k− 3)

+0.19111∆0.652u(k− 1) + 0.04012∆0.652u(k− 2)− 0.029∆0.652u(k− 3)
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R2 : i f ϕ(k, α) is F2,
then y2(k) = −0.0418∆ 0.652y(k− 1) + 0.36294∆0.652y(k− 2) + 0.18225∆0.652y(k− 3)

+0.29545∆0.652u(k− 1) + 0.11232∆0.652u(k− 2)− 0.1075∆0.652u(k− 3)

R3 : i f ϕ(k, α) is F3,
then y3(k) = −0.2803∆ 0.652y(k− 1)− 0.1547∆0.652y(k− 2) + 0.01724∆0.652y(k− 3)

+0.56058∆0.652u(k− 1) + 0.33757∆0.652u(k− 2)− 0.0717∆0.652u(k− 3)

R4 : i f ϕ(k, α) is F4,
then y4(k) = 0.05426∆ 0.652y(k− 1) + 0.07174∆0.652y(k− 2) + 0.04499∆0.652y(k− 3)

+0.75302∆0.652u(k− 1) + 0.55598∆0.652u(k− 2) + 0.03532∆0.652u(k− 3)

R5 : i f ϕ(k, α) is F5,
then y5(k) = 0.01119∆ 0.652y(k− 1) + 0.12247∆0.652y(k− 2) + 0.05323∆0.652y(k− 3)

+0.04407∆0.652u(k− 1)− 0.1632∆0.652u(k− 2)− 0.0597∆0.652u(k− 3)

R6 : i f ϕ(k, α )is F6,
then y6(k) = 0.32357∆ 0.652y(k− 1) + 0.17154∆0.652y(k− 2) + 0.07235∆0.652y(k− 3)

+0.21819∆0.652u(k− 1) + 0.1539∆0.652u(k− 2) + 0.00902∆0.652u(k− 3)

4.2. Robotic Arm Calculation Example

Further verification of the proposed method is carried out on the flexible robotic
arm benchmark dataset obtained from the DAISY database [41] (a system identification
database). The system is composed of an arm mounted on a motor, with the reaction
torque of the structure on the ground as the input and the acceleration of the flexible
arm as the output. A total of 1024 samples are available in the measured dataset, which
are partitioned into a training set (first part) and a test set (second part). The noise is
Gaussian white noise with zero mean and variance 0.01. Modeling and identification
are performed using the fractional-order fuzzy multi-model proposed herein, and the
simulation outcomes are compared with those achieved by the method in [40]. The input
and output signals of the flexible robot arm are depicted in Figure 6. References [42,43] also
performed NLARX and NARMAX structural modeling of this dataset. The present work
establishes a fractional-order fuzzy multi-model of the flexible robot arm.

The H–W structure reported in the literature [40] is used to establish the H–W model
of the system. The model structure is selected according to the literature [40]. As shown in
Figure 7a, if the actual output of the system and the output of the H–W model are enlarged,
then the actual output data can be clearly seen to overlap the estimated output data, and the
degree of fit is relatively high. Figure 7b represents the prediction error. The error ranges
from −0.4 to 0.2, and the error is relatively large. The system fractional order identified by
the H-W model is 0.701, as shown in Figure 8.

The system is modeled by the fractional-order fuzzy multi-model proposed herein.
The number of local models is 18, and the parameters of the local models are summarized
in Table 3. As shown in Figure 8, the identified system fractional order is 0.72. The output
of the actual system, the estimated system, and the prediction error after modeling are
shown in Figure 9. In Figure 9a, the estimated output and the actual output are partially
enlarged, and the actual output data can be clearly seen to overlap with and completely fit
the estimated output data. The prediction error shown in Figure 9b ranges from −0.04 to
0.02. Compared with the error of the H–W model, the accuracy of the model introduced
herein is improved by nearly 10-fold.
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Figure 6. System input and output.

Table 3. Parameters of the local model.

al1 al2 al3 bl1 bl2 bl3 bl4 bl5

R1 0.09450 0.14373 0.11314 0.00664 0.03187 0.04534 0.03720 0.01230
R2 0.02460 0.00145 0.02290 0.00786 0.00284 0.00729 0.01243 0.00698
R3 0.17801 0.23929 0.17020 0.03156 0.05565 0.06145 0.04447 0.01209
R4 0.04183 0.07478 0.06235 0.02168 0.01814 0.00451 0.02699 0.03026
R5 0.04390 0.11296 0.11608 0.01395 0.00100 0.02125 0.03108 0.02286
R6 0.06943 0.02724 0.02870 0.01797 0.01311 0.00076 0.01426 0.01924
R7 0.02525 0.10136 0.11439 0.03986 0.02471 0.01461 0.04592 0.04451
R8 0.17466 0.21437 0.13890 0.03768 0.05963 0.05662 0.03139 0.00149
R9 0.07986 0.08579 0.04444 0.00848 0.02279 0.02776 0.01867 0.00061
R10 0.12896 0.19475 0.15230 0.00996 0.03475 0.04972 0.04378 0.01873
R11 0.02302 0.05513 0.05769 0.02426 0.01881 0.00003 0.01544 0.01533
R12 0.09756 0.05317 0.01604 0.04011 0.03517 0.00660 0.02556 0.03999
R13 0.01778 0.07233 0.08102 0.03432 0.02398 0.00895 0.03814 0.04016
R14 0.09151 0.10952 0.06802 0.03090 0.02505 0.00271 0.01775 0.02325
R15 0.12242 0.10849 0.03843 0.04165 0.05004 0.02792 0.00773 0.03223
R16 −0.05866 −0.03058 0.01550 0.00022 −0.00915 −0.01069 −0.00513 −0.00079
R17 0.11235 0.12502 0.06955 −0.02794 −0.02384 −0.00538 0.01319 0.02128
R18 0.07704 0.07848 0.03673 −0.01821 −0.01389 −0.00175 0.00905 0.01264
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Figure 7. H-W model system actual, estimated output, and prediction error.
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Figure 8. Estimated value of fractional order α.

The objective function error and mean square error J of the model in [4,40,44] are
compared with the fractional-order fuzzy multi-model proposed in this paper (Figure 10).
Given that the error of the fractional-order fuzzy multi-model is small, the fitting degree is
high, and the mean square error J is small, and can be partially enlarged. Therefore, the
modeling effect is substantially improved.

For the research on the modeling method of this manipulator system, the author has
completed a lot of work before. In references [4,40,44], Zhang, Q et al., Hammar, K et al.,
and Zhang, Q et al. have studied various fractional-order parameter modeling methods.
We compared the identification effects of the non-parametric modeling method proposed
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in this paper, as shown in Table 4. It can be seen that for the data of the same manipulator
system, the fuzzy multi-model method proposed in this paper has smaller modeling errors
and more accurate results.
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Figure 9. System actual, estimated output, and prediction error of fractional-order fuzzy multi-
model. (a) Actual and estimated output of fractional-order fuzzy multi-model; (b) Output error of
fractional-order fuzzy multi-model.

 

Figure 10. The objective function J of the four modeling methods, [4,40,44].

Table 4. Comparison of the error range of the robot arm estimation with the literature.

Method [40] [44] [4] The Method of This Paper

Error range [−0.2, 0.2] [−0.15, 0.15] [−0.1, 0.1] [−0.04, 0.04]

5. Conclusions
A new method for modeling and identifying fractional-order fuzzy multi-model sys-

tems is proposed herein. The input and output framework is adopted on the basis of the
decomposition–synthesis principle. The SKFCM hybrid clustering algorithm is proposed,
and the satisfactory FCM algorithm is improved to solve the problem of accurately deter-
mining the number of local models and selecting the initial cluster center. The antecedent is
selected as a fractional-order variable of unknown order, and the LM algorithm is combined
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with the least square algorithm to interactively solve the problems of local model parame-
ters and fractional order. A robotic arm calculation example is used to compare the method
proposed in this paper with the method reported in the literature. Theoretical analyses and
simulations proved that the fractional-order fuzzy multi-model method introduced in this
study has a good fit and a high accuracy. How to control the established fractional fuzzy
model is the author’s next research objective.
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