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Abstract

Nonlinear equations arise extensively in engineering and applied sciences, where efficient
and reliable iterative solvers are required. This study introduces two fractional-order itera-
tive schemes based on a common predictor–corrector structure: a Caputo-based method,
NCFS1, and an Atangana–Baleanu–Caputo (ABC)-based variant, NFSabc

1 . The proposed
schemes incorporate a fractional order and two tunable parameters to improve flexibility
in the iterative process. The local convergence behavior of the Caputo-based method is
analyzed by means of fractional Taylor expansions, yielding an explicit error equation
and convergence order, while analogous asymptotic considerations are discussed for the
ABC-based variant. A dynamical-systems analysis is also performed through basins of
attraction, the Convergence Area Index, and the Wada measure. Numerical experiments
on application-motivated nonlinear models indicate that the proposed methods can pro-
vide faster error reduction, smaller residuals, and lower computational cost than selected
existing fractional iterative schemes. These results suggest that the proposed framework
is a flexible and effective approach for nonlinear root-finding problems, combining local
convergence analysis with global dynamical assessment.

Keywords: fractional iterative methods; Caputo derivative; Atangana–Baleanu–Caputo
derivative; nonlinear equations; Wada measure

MSC: 65H04; 65H05; 65B99; 65Y15; 65Y04

1. Introduction
Nonlinear equations play a central role in a wide range of problems in engineering,

physics, and applied sciences, arising in models of fluid dynamics, heat transfer, biological
systems, signal processing, and nonlinear control [1–3]. These problems are typically
formulated as

f (x) = 0, f : R→ R, (1)

where f is a nonlinear operator. In most practical settings, analytical solutions are not
available, particularly for high-dimensional or strongly nonlinear systems. This motivates
the development of efficient, accurate, and robust iterative numerical methods [4].

Among classical approaches, the Newton–Raphson method [5] is one of the most
widely used schemes, defined by
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xn+1 = xn −
f (xn)

f ′(xn)
, n = 0, 1, · · · , (2)

and characterized by quadratic convergence under standard assumptions. To further
accelerate convergence, several higher-order extensions have been proposed, including
Traub [6] and Steffensen-type methods [7]. For instance, the classical Traub scheme is
given by 




yn = xn −
f (xn)

f ′(xn)
,

xn+1 = yn −
f (yn)

f ′(xn)
.

(3)

Despite their effectiveness, these methods exhibit well-known limitations. In particular,
their convergence behavior may be highly sensitive to the choice of the initial guess,
and their domains of attraction can be relatively restricted. Moreover, in the presence of
strong nonlinearities or stiff behavior, their performance may deteriorate, leading to slow
convergence or even divergence. These issues motivate the development of more flexible
iterative frameworks capable of improving both robustness and convergence properties
across a wider range of nonlinear problems.

In this context, fractional calculus [8] has emerged as a promising framework for
enhancing iterative methods. By extending classical integer-order derivatives to non-
integer orders, fractional operators introduce memory and nonlocal effects, which can
influence the convergence behavior and stability of numerical schemes. Among the most
widely used formulations, the Caputo fractional derivative [9], defined for γ ∈ (0, 1] as

cDγ f (x) =
1

Γ(1− γ)

∫ x

0

f ′(t)
(x− t)γ

dt, (4)

provides a convenient and widely adopted framework for generalizing classical root-
finding methods.

In particular, the fractional Newton method [10–12], denoted by SNF∗, extends the
classical Newton scheme as

xn+1 = xn −
[

Γ(γ + 1)
f (xn)

cDγ f (xn)

]1/γ

, (5)

and achieves a convergence order of γ + 1, with local error of the form

en+1 = C eγ+1
n +O(e2γ+1

n ), (6)

where C is a constant depending on higher-order fractional derivatives of f evaluated at
the root.

While this fractional extension introduces additional flexibility through the parameter
γ and incorporates memory effects, its practical performance remains subject to limitations
similar to those of classical schemes. In particular, convergence may still be sensitive to
the choice of the initial guess, and robustness can deteriorate in the presence of strong
nonlinearities or stiff behavior.

In addition to the Caputo formulation, the Atangana–Baleanu–Caputo (ABC) frac-
tional derivative [13] has recently attracted considerable attention due to its favorable
analytical and numerical properties. It is defined as

abcDγ f (x) =
B(γ)
1− γ

∫ x

0
f ′(t) Eγ

(
− γ

1− γ
(x− t)γ

)
dt, (7)
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where Eγ(·) denotes the Mittag–Leffler function.
Unlike the Caputo derivative, which involves a singular kernel (x− t)−γ, the ABC

operator is characterized by a smooth, non-singular Mittag–Leffler kernel. This structural
difference has important numerical implications. In particular, the ABC formulation can
alleviate numerical instabilities associated with singular kernels and may reduce excessive
memory effects, leading in practice to improved robustness of iterative schemes.

Remark on Fractional Operators

It is important to emphasize that the Caputo and ABC fractional derivatives are
defined through fundamentally different kernel structures, corresponding to singular
power-law and non-singular Mittag–Leffler kernels, respectively. For this reason, a direct
analytical equivalence or a strict coupling of these operators is not assumed in this work.

Instead, the proposed approach adopts a common structural formulation for the
iterative schemes, which is instantiated separately using each operator. This operator-
agnostic construction enables a systematic comparison of their numerical behavior under
the same algorithmic structure and comparable smoothness assumptions on the underlying
problem. The term “unified” is therefore used in a computational sense, referring to
the shared formulation of the schemes rather than to a mathematical unification of the
underlying fractional operators.

Consequently, ABC-based schemes often exhibit improved convergence behavior and,
in some cases, larger domains of attraction, particularly in strongly nonlinear regimes.

A corresponding ABC-based Newton-type iteration can be written as

xn+1 = xn −
(

Γ(γ + 1)
f (xn)

abcDγ f (xn)

) 1
γ

. (8)

Despite these advantages, most existing approaches employ either Caputo or ABC
operators in isolation, without systematically exploring formulations that enable a direct
comparison of their complementary properties within a common algorithmic structure.
As a result, the potential of fractional iterative schemes to balance accuracy, stability,
and robustness remains only partially realized.

Recent progress in fractional-order iterative methods has led to significant develop-
ments in both theoretical analysis and computational efficiency for nonlinear problems.
In particular, several studies have focused on extending classical Newton-type schemes to
the fractional setting, often through conformable or Caputo-based formulations. For in-
stance, Candelario et al. [14] proposed generalized conformable fractional Newton-type
methods for nonlinear systems, while Bayrak et al. [15] analyzed fractional Newton-type
iterations with emphasis on convergence behavior and stability. Wang and Xu [16] further
extended higher-order schemes by introducing a conformable vector Traub-type method
for systems of nonlinear equations.

From a theoretical standpoint, significant effort has been devoted to improving conver-
gence order and analyzing stability properties. Erfanifar et al. [17] constructed families of
fractional iterative methods with applications to fractional differential equations, whereas
Akram et al. [18] developed higher-order two-step schemes with enhanced numerical
performance. In addition, Asghari et al. [19] investigated the dynamical behavior of con-
formable iterative methods, establishing connections between convergence properties and
basin structures.

Further contributions have explored stability and applicability in practical contexts.
Shams and Carpentieri [20] analyzed stability properties of fractional-order schemes in
nonlinear engineering models, while Nayak and Parida [21] examined Caputo-based itera-
tive methods with emphasis on global convergence and real-world applications. Moreover,
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fractional iterative techniques have been increasingly considered in control theory [22] and
dynamical systems [23], where memory effects play a fundamental role in stability and
feedback mechanisms.

Overall, these studies demonstrate that fractional-order iterative schemes can enhance
convergence behavior and extend modeling capabilities. However, they are typically
developed within a single fractional framework and are primarily analyzed from a local
or method-specific perspective, which limits a systematic understanding of how different
fractional operators influence both convergence and global dynamical behavior.

Recent contributions have introduced high-order fractional iterative schemes for
nonlinear equations, often combining convergence acceleration with dynamical system
analysis to improve stability and robustness [24]. In this context, several modifications of
the fractional Newton framework have been proposed, incorporating nonlinear correction
terms and multi-step strategies. For instance, Shams et al. [25] introduced a modified single-
step scheme with a nonlinear correction factor that enhances stability while preserving
the convergence order γ + 1. Predictor–corrector strategies, such as the two-stage scheme
ECFS1 [12], further improve convergence through an additional correction step. More
advanced formulations include the two-step method ECFS2 [26], which achieves order
2γ + 1 via nonlinear ratio-based corrections, and the scheme ECFS3 [27], where auxiliary
functions are introduced to further enhance convergence behavior and stability.

While these approaches achieve higher convergence orders and improved local perfor-
mance, they often come at the cost of increased computational complexity. Moreover, their
analysis is predominantly focused on local convergence, and they are typically developed
within a single fractional framework, which limits the ability to exploit complementary
properties of different fractional operators.

In summary, although both classical and fractional iterative schemes provide a solid
theoretical foundation and increasingly high convergence orders, their practical perfor-
mance remains constrained by several key limitations. In particular, higher-order methods
may exhibit reduced robustness and increased sensitivity in the presence of strong nonlin-
earities or stiff behavior. Furthermore, the evaluation of fractional derivatives introduces
non-negligible computational overhead due to memory effects, especially in large-scale
settings [28,29].

Another important limitation is that most existing approaches are primarily analyzed
from a local convergence perspective, offering limited insight into their global dynamical
behavior. In addition, they are typically formulated within a single fractional framework,
without fully exploiting the complementary characteristics of Caputo and ABC operators.

These observations highlight the need for fractional iterative schemes that can simul-
taneously balance convergence order, stability, and computational efficiency, while also
providing a more comprehensive understanding of their global convergence behavior.
Motivated by these challenges, this work introduces a family of fractional-order iterative
methods based on a common computational structure that can be instantiated using both
Caputo and ABC derivatives. The proposed approach aims to balance convergence speed,
stability, and computational efficiency by leveraging the complementary characteristics of
the two fractional operators.

The main contributions of this work can be summarized as follows:

• Development of a class of high-order fractional iterative schemes that extend existing
Newton-type methods;

• Formulation of a common computational framework for both Caputo and ABC oper-
ators, enabling a systematic and consistent comparison of their numerical behavior
within the same algorithmic structure;
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• Derivation of convergence orders and associated error equations using fractional
Taylor expansions;

• Introduction of tunable fractional parameters to enhance stability and flexibility;
• Analysis of global convergence behavior through basin dynamics and fractal

structures;
• Numerical evidence indicating improved efficiency with respect to selected existing

fractional methods.

The novelty of the proposed approach lies in the construction of an operator-agnostic
iterative structure that can be instantiated with different fractional derivatives, combined
with a dynamical systems perspective that provides insight into both local convergence
properties and global basin behavior. The remainder of the paper is organized as follows.
Section 2 presents the proposed methods and their convergence analysis. Section 3 reports
the numerical results. Section 4 examines the dynamical behavior and discusses practical
implementation in engineering applications. Finally, Section 5 concludes the paper.

2. Fractional-Order Schemes and Convergence Analysis
This section introduces the proposed fractional-order iterative schemes and estab-

lishes their local convergence properties. Starting from a Newton-type predictor–corrector
structure, we construct two bi-parametric methods based on the Caputo and Atangana–
Baleanu–Caputo fractional derivatives. The fractional order γ ∈ (0, 1] and the parameters
λ1, λ2 ∈ R provide additional flexibility for controlling convergence speed and stability.
The convergence analysis is carried out using fractional Taylor expansions in a neighbor-
hood of a simple root of the nonlinear equation f (x) = 0.

Let f : R→ R be sufficiently smooth in a neighborhood of a simple root ξ. For conve-
nience, we introduce the notation

cD f (x) := cDγ f (x), abcD f (x) := abcDγ f (x),

and define the ratio

ρn :=
f (yn)

f (xn)
.

The proposed Caputo-based scheme, denoted by NCFS1, is defined as





yn = xn −
[

Γ(γ + 1)
f (xn)

cD f (xn)

]1/γ

,

xn+1 = yn −
[

Γ(γ + 1)
f (yn)

cD f (xn)

(
λ1ρn +

1 + (λ2 + 2)ρn

1 + λ2ρn

)]1/γ

,

(9)

where λ1, λ2 ∈ R are free parameters. Replacing the Caputo derivative in (9) with the
Atangana–Baleanu–Caputo derivative yields the corresponding ABC-based bi-parametric
scheme, denoted by NFSabc

1 :





yn = xn −
[

Γ(γ + 1)
f (xn)

abcD f (xn)

]1/γ

,

xn+1 = yn −
[

Γ(γ + 1)
f (yn)

abcD f (xn)

(
λ1ρn +

1 + (λ2 + 2)ρn

1 + λ2ρn

)]1/γ

,

(10)

where λ1, λ2 ∈ R.
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2.1. Justification of the Unified Fractional Framework

The proposed framework considers both Caputo andABC derivatives, which differ in
kernel structure (singular versus non-singular). These operators are not combined within a
single iterative scheme; instead, they are used to instantiate two parallel methods, NCFS1

and NFSabc
1 , sharing an identical algorithmic structure.

This common structure enables a systematic and consistent comparison of the result-
ing schemes within the same computational setting. In particular, both operators admit
fractional Taylor expansions and exhibit comparable leading-order asymptotic behavior in
a neighborhood of a simple root, under standard smoothness assumptions. This allows the
convergence analysis to be developed within a unified computational framework.

The proposed approach is therefore complementary rather than algebraically unified,
leveraging the distinct characteristics of the two operators—namely, the stronger mem-
ory effects of the Caputo derivative and the smoother kernel associated with the ABC
formulation—without requiring a direct coupling between them.

2.2. Parameter Selection Guidelines

The performance of the proposed schemes depends on the appropriate choice of the
fractional order γ and the parameters λ1, λ2. The following guidelines provide practical
insight into their selection:

• Fractional order γ:
Values of γ close to 1 typically yield faster convergence and behavior closer to classical
methods, while smaller values γ ∈ (0.6, 0.9) may improve stability and robustness,
particularly for highly nonlinear or stiff problems.

• Parameter λ1: This parameter controls the weight of the correction term. Moderate
values (e.g., λ1 ∈ [0, 1]) generally enhance convergence without introducing signifi-
cant instability.

• Parameter λ2: This parameter influences the nonlinear rational correction. Small
values (e.g., λ2 ≈ 0) tend to favor stability, while larger values may accelerate conver-
gence at the expense of reduced robustness.

• Practical strategy: In numerical experiments, good performance is typically obtained
by selecting γ close to 1 and tuning λ1, λ2 empirically based on residual reduction and
convergence speed.

These guidelines are consistent with the numerical results reported in Section 3, where
appropriate parameter choices lead to rapid convergence (often within a few iterations)
and residual errors ranging from 10−3 to 10−18.

2.3. Computational Complexity

At each iteration, the evaluation of the fractional derivatives cD f (xn) and abcD f (xn)

involves the computation of history-dependent convolution terms. For n discretization
points, a straightforward implementation leads to a cost of O(n2) per iteration.

Consequently, the overall complexity of the proposed iterative schemes is O(kn2),
where k denotes the number of iterations. By employing fast convolution techniques
or memory-efficient approximations, this cost can be reduced to O(kn log n), thereby
improving computational efficiency for larger-scale problems.

2.4. Local Convergence

We now establish the local convergence order of the Caputo-based scheme NCFS1.

https://doi.org/10.3390/fractalfract10050340
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Theorem 1 (Local convergence of NCFS1). Let f be sufficiently smooth, in the sense required for
the existence of the involved fractional derivatives, in a neighborhood of a simple root ξ such that
f (ξ) = 0 and f ′(ξ) ̸= 0. Assume that x0 is sufficiently close to ξ and that

λ1 ̸= −2, A1 ̸= 0.

Then the method (9) converges locally to ξ with order

p = γ2 + γ + 1, 0 < γ < 1.

More precisely, the leading error term satisfies

en+1 = − (λ1 + 2)Aγ+1
1

γ
eγ2+γ+1

n +O
(

eγ2+γ+1+η
n

)
,

where
η = min{γ2, γ(1− γ)}.

If the leading coefficient vanishes, for example when λ1 = −2, then a higher asymptotic order
may occur, determined by the first nonzero higher-order term.

Proof. Let en = xn − ξ. We first expand f (xn) and cDγ f (xn) around the simple root ξ,
and then propagate these expansions through the predictor step of (9). Using the fractional
Taylor expansion of f about ξ, we obtain

f (xn) =
cDγ f (ξ)
Γ(γ + 1)

(
eγ

n + K2e2γ
n + K3e3γ

n +O(e4γ
n )

)
, (11)

where

Kj =
Γ(γ + 1)
Γ(jγ + 1)

cD jγ f (ξ)
cD γ f (ξ)

, j ≥ 2.

Taking the Caputo fractional derivative of (11), we obtain

cDγ f (xn) =
cDγ f (ξ)
Γ(γ + 1)

[
Γ(γ + 1) +

Γ(2γ + 1)K2

Γ(γ + 1)
eγ

n +
Γ(3γ + 1)K3

Γ(2γ + 1)
e2γ

n +O(e3γ
n )

]
. (12)

Hence, by dividing (11) by (12), we obtain

f (xn)
cDγ f (xn)

=

(
1

Γ(γ + 1)

)
eγ

n +

(
K2

Γ(γ + 1)
− 22γK2√

π Γ(γ + 1)2 Γ
(

γ +
1
2

))
e2γ

n

+A0e3γ
n +O(e4γ

n ), (13)

where

A0 =
K3

Γ(γ + 1)− 22γK2
2√

π Γ(γ+1)2 Γ
(

γ + 1
2

)
− 33γ

√
3 K3

2
√

π Γ(γ+1)2 22γ

Γ
(

γ+ 1
3

)

Γ
(

γ+ 2
3

)

· 1

Γ
(

γ + 1
2

)

+
24γK2

2
π Γ(γ + 1)3

[
Γ
(

γ + 1
2

)]2
.

(14)

Using (13) and applying the binomial expansion to the fractional power (·)1/γ, the pre-
dictor step in (9) yields

yn − ξ = A1eγ+1
n +A2e2γ+1

n +O(e3γ+1
n ), (15)
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where

A1 =

(−K2

γ
+

22γK2

γΓ(γ + 1)
√

π
Γ
(

γ +
1
2

))
,

A2 = − 1
γ

[
− K3 +

22γΓ
(

γ + 1
2

)
K2

2

Γ(γ + 1)
√

π
+

33γ
√

3 K3

2 Γ(γ + 1)
√

π (2γ)2

Γ
(

γ + 1
3

)
Γ
(
γ + 2

3
)

Γ
(

γ + 1
2

)

−
24γΓ

(
γ + 1

2

)2
K2

2

Γ(γ + 1)2π

]

− 1
2γ

(
1
γ
− 1

)(
K2 −

22γK2

Γ(γ + 1)
√

π
Γ
(

γ +
1
2

))2

.

Using the expansion of yn − ξ obtained above and applying the fractional Taylor
expansion of f about the simple root ξ, we obtain

f (yn) =
cDγ f (ξ)
Γ(γ + 1)

[
(yn − ξ)γ + K2(yn − ξ)2γ

]
+O

(
e3γ2+3γ

n

)
. (16)

By substituting (15) into (16), we get:

(yn − ξ)γ = Aγ
1 eγ2+γ

n + γAγ−1
1 A2 eγ2+2γ

n +O
(

eγ2+3γ
n

)
. (17)

and
(yn − ξ)2γ = A2γ

1 e2γ2+2γ
n +O

(
e2γ2+3γ

n

)
. (18)

The asymptotic ordering of the exponents plays a crucial role in establishing the
convergence behavior of the proposed method. For 0 < γ < 1, consider the exponents

γ2 + γ, γ2 + 2γ, 2γ2 + 2γ, γ2 + 3γ.

A direct comparison shows that

γ2 + γ < γ2 + 2γ since γ > 0,

γ2 + 2γ < 2γ2 + 2γ since γ2 > 0,

2γ2 + 2γ < γ2 + 3γ since γ(1− γ) > 0.

Consequently, we obtain the strict ordering

γ2 + γ < γ2 + 2γ < 2γ2 + 2γ < γ2 + 3γ, ∀ γ ∈ (0, 1).

This hierarchy implies that any term of order eγ2+γ
n dominates all higher-order contri-

butions in the asymptotic expansion, while terms involving eγ2+2γ
n , e2γ2+2γ

n , and eγ2+3γ
n are

strictly higher-order perturbations.

Therefore, truncation of the expansion at order eγ2+3γ
n is rigorously justified and does

not alter the leading-order asymptotic structure of the method. In particular, all neglected

terms are asymptotically negligible with respect to the dominant term eγ2+γ
n as n→ ∞.
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f (yn) =
cDγ f (ξ)
Γ(γ + 1)

[
Aγ

1 eγ2+γ
n + γAγ−1

1 A2 eγ2+2γ
n

+ K2A2γ
1 e2γ2+2γ

n +
γ(γ− 1)

2
Aγ−2

1 A2
2 eγ2+3γ

n

+O
(

e2γ2+3γ
n

)]
.

(19)

Dividing the above expansion of f (yn) by (11), we obtain

ρn =
f (yn)

f (xn)
= Aγ

1 eγ2

n +
(

γAγ−1
1 A2 − K2Aγ

1

)
eγ2+γ

n + K2A2γ
1 e2γ2+γ

n

+A3eγ2+2γ
n +O

(
e2γ2+2γ

n

)
.

(20)

where

A3 =

[
γ(γ− 1)

2
Aγ−2

1 A2
2 − γAγ−1

1 A2K2 +
(

K2
2 − K3

)
Aγ

1

]
.

Therefore,

1 + λ2ρn = 1 + λ2Aγ
1 eγ2

n + λ2

(
γAγ−1

1 A2 − K2Aγ
1

)
eγ2+γ

n + λ2K2A2γ
1 e2γ2+γ

n

+ λ2A3eγ2+2γ
n +O

(
e2γ2+2γ

n

)
.

(21)

In the second sub-step of (9), we expand the rational correction factor as follows:

Θn =
1 + (λ2 + 2)ρn

1 + λ2ρn

= 1 + 2Aγ
1 eγ2

n − 2λ2A2γ
1 e2γ2

n + 2
(

γAγ−1
1 A2 − K2Aγ

1

)
eγ2+γ

n +O
(

e2γ2+γ
n

)
. (22)

Consequently, we derive the error expression for Ψn, which corresponds to the second
sub-step of (9), as follows:

Ψn = λ1ρn +
1 + (λ2 + 2)ρn

1 + λ2ρn

= 1 + (λ1 + 2)Aγ
1 eγ2

n − 2λ2A2γ
1 e2γ2

n + (λ1 + 2)B1eγ2+γ
n +

+O
(

e2γ2+γ
n

)
, (23)

where

B1 = γAγ−1
1 A2 − K2Aγ

1 .

f (yn)
cDγ f (xn)

=
Aγ

1
Γ(γ + 1)

eγ2+γ
n +


γAγ−1

1 A2

Γ(γ + 1)
−

22γΓ
(

γ + 1
2

)

√
π Γ(γ + 1)2 K2Aγ

1


eγ2+2γ

n

+
K2A2γ

1
Γ(γ + 1)

e2γ2+2γ
n +O(eγ2+2γ+1

n ).

(24)
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Thus, multiplying (23) and (24), we obtain the result.

Ξ = Γ(γ + 1)
f (yn)

cDγ f (xn)

(
λ1ρn +

1 + (λ2 + 2)ρn

1 + λ2ρn

)

= Aγ
1 eγ2+γ

n + (λ1 + 2)A2γ
1 e2γ2+γ

n +


γAγ−1

1 A2 −
22γΓ

(
γ + 1

2

)

Γ(γ)γ
√

π
K2Aγ

1


eγ2+2γ

n

+
(

K2A2γ
1 + (λ1 + 2)Aγ

1B1

)
e2γ2+2γ

n +O
(

eγ2+2γ+1
n

)
.

(25)

Thus, factoring out the leading term and applying the generalized binomial expansion
to the fractional power (·)1/γ, we obtain

[
Γ(γ + 1)

f (yn)
cDγ f (xn)

(
λ1ρn +

1 + (λ2 + 2)ρn

1 + λ2ρn

)]1/γ

= A1eγ+1
n +

(λ1 + 2)Aγ+1
1

γ
eγ2+γ+1

n +O
(

eγ2+γ+1+η
n

)
,

(26)

where
η = min{γ2, γ(1− γ)}.

The exponent γ(1− γ) accounts for the contribution of order e2γ+1
n relative to the

leading term eγ2+γ+1
n , while the term γ2 accounts for the next possible contribution arising

from the expansion of the rational correction factor. This gives a conservative leading-order
remainder sufficient for determining the local convergence order.

Substituting this expansion and (15) into the second sub-step of (9), we obtain

en+1 = xn+1 − ξ

= A1eγ+1
n +A2e2γ+1

n +O(e3γ+1
n )

−
[
A1eγ+1

n +
(λ1 + 2)Aγ+1

1
γ

eγ2+γ+1
n +O

(
eγ2+γ+1+η

n

)]
.

(27)

After cancellation of the common predictor term, the leading error equation becomes

en+1 = − (λ1 + 2)Aγ+1
1

γ
eγ2+γ+1

n +O
(

eγ2+γ+1+η
n

)
. (28)

Since λ1 ̸= −2 and A1 ̸= 0, the leading coefficient is nonzero. Therefore, the local
order of convergence is

p = γ2 + γ + 1.

This proves the theorem.

Remark 1 (Degenerate leading coefficient). The conclusion of Theorem 1 is stated under the
nondegeneracy assumptions λ1 ̸= −2 and A1 ̸= 0, which ensure that the leading coefficient in the

local error equation does not vanish. If λ1 = −2, the leading term of order eγ2+γ+1
n cancels. In this

degenerate case, the convergence order is determined by the first nonzero higher-order term in the
error expansion. Therefore, a higher asymptotic order may occur, but its precise value depends on
the structure of the remaining coefficients and must be determined from the next nonzero term.

Remark 2 (Analogous convergence behavior of theABC-based scheme). Under assumptions
analogous to those of Theorem 1, the method (10) can be analyzed using a similar asymptotic
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expansion and error-propagation strategy. This is motivated by the fact that both the Caputo and
ABC fractional operators admit fractional Taylor-type expansions in a neighborhood of a simple
root ξ, provided that f is sufficiently smooth and the corresponding fractional derivatives exist.

Although the two operators differ in their kernel structures, namely a singular power-law kernel
in the Caputo case and a non-singular Mittag–Leffler kernel in the ABC case, their leading-order
local asymptotic behavior near ξ exhibits analogous dominant terms. Consequently, the quantity

f (xn)
abcDγ f (xn)

admits a formally similar expansion, allowing the same type of binomial and error-propagation
arguments to be employed.

Therefore, the ABC-based scheme (10) is expected to exhibit the same asymptotic conver-
gence order

p = γ2 + γ + 1,

possibly with a different error constant depending on the ABC fractional derivatives and kernel
structure. This behavior is further investigated numerically in the next section.

3. Numerical Experiments and Implementation
This section describes the numerical framework used to assess the proposed fractional

iterative schemes NCFS1 and NFSabc
1 for solving nonlinear equations. The experiments

are designed to evaluate both their computational performance and their global dynami-
cal behavior.

The numerical assessment is organized around two complementary objectives. First,
we examine the convergence behavior of the proposed methods on representative nonlinear
test problems, using iteration counts, step differences, residual norms, CPU time, and mem-
ory usage as performance indicators. Second, we compare the proposed schemes with
existing fractional iterative methods, including ECFS1–ECFS3, and analyze their basins of
attraction in order to investigate the dependence of convergence on the initial guess.

For all experiments, the parameters are fixed as λ1 = 0.02 and λ2 = 1.5. These values
were selected empirically to obtain stable convergence behavior across the considered test
problems and are kept unchanged throughout the numerical study to ensure a consistent
comparison among the methods. Although the theoretical analysis focuses on the fractional
case 0 < γ < 1, the value γ = 1 is also included in some experiments as the classical
integer-order reference case. A detailed summary of the parameters used throughout the
study is provided in Appendix A (Table A1).

All computations were carried out in MATLAB R2023b on an Intel Core i7 workstation
with 16 GB RAM using double-precision arithmetic. The stopping criteria were

|xn+1 − xn| ≤ ε or | f (xn)| ≤ ε, ε = 10−12. (29)

The numerical performance is evaluated using the following indicators:

(i) Number of iterations required to satisfy the stopping criteria;
(ii) Step differences and residual norms at convergence;
(iii) CPU time and memory usage;
(iv) Number of roots detected in the basin-of-attraction analysis;
(v) Global convergence behavior and basin complexity, assessed through the Convergence

Area Index and the Wada measure.
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To quantify the qualitative structure of the basins of attraction, we employ the Wada
measure [30,31], which provides an indicator of the complexity of basin boundaries in
nonlinear dynamical systems. For a compact set F ⊂ C, it is defined as

W(F) = lim
ε→0

N3(ε)

N(ε)
, (30)

where N(ε) denotes the number of ε-sized boxes covering F, and N3(ε) denotes the number
of such boxes containing points associated with at least three distinct basins of attraction.
Larger values of W(F) indicate more intricate and intertwined basin boundaries and,
therefore, greater sensitivity of the basin geometry to the choice of the initial point. When
fewer than three basins are detected, the Wada measure is correspondingly zero in the
present computational setting.

In addition, we consider the Convergence Area Index (CAI) [32], which measures the
fraction of initial points in a prescribed computational domain that converge to a root of
the nonlinear equation f (z) = 0. It is defined as

CAI =
Nconv

Ntotal
, (31)

where Nconv is the number of initial points that satisfy the convergence criteria within
the maximum number of iterations, and Ntotal is the total number of tested initial points.
The CAI takes values in [0, 1], with values close to 1 indicating that convergence occurs for
most initial points in the selected domain.

Algorithm 1 summarizes the core two-step iteration used in the numerical experiments,
while Figure 1 illustrates the computational workflow adopted for the basin-of-attraction
analysis. For each initial point in the selected complex grid, the iterative scheme is applied
until one of the prescribed stopping criteria is satisfied or the maximum number of iterations
is reached. The resulting convergence information is then used to assign the initial point to
a root or to a nonconvergent class and to compute the associated performance indicators,
including the average number of iterations, the CAI, and the Wada measure.

Algorithm 1 Core two-step fractional iterative scheme and its ABC-based variant for
solving f (x) = 0

Require: Fractional order γ ∈ (0, 1], nonlinear function f , fractional derivative cDγ f (x)
(or abcDγ f (x) for the ABC variant), parameters λ1, λ2 ∈ R, initial guess x0, maximum
number of iterations Nmax, tolerance ε > 0.

Ensure: Approximate root r of f (x) = 0.
1: Set n← 0.
2: repeat

Step 1: Predictor
3: Compute

yn = xn −
[

Γ(γ + 1)
f (xn)

cDγ f (xn)

]1/γ

.

For the ABC variant, replace cDγ with abcDγ.
Step 2: Corrector

4: Compute

ρn =
f (yn)

f (xn)
.
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Algorithm 1 Cont.

5: Compute

xn+1 = yn −
[

Γ(γ + 1)
f (yn)

cDγ f (xn)

(
λ1ρn +

1 + (λ2 + 2)ρn

1 + λ2ρn

)]1/γ

.

For the ABC variant, replace cDγ with abcDγ.
6: n← n + 1.
7: until |xn − xn−1| ≤ ε or | f (xn)| ≤ ε or n ≥ Nmax
8: r ← xn.
9: return r.

Start / Initialize MATLAB environment

Define nonlinear function f(x), derivative cDγf(x),
approximate roots, and parameters

γ, λ1, λ2, tol,Nmax

Generate complex grid Z = X + iY
for the basin computation

Loop over methods
ECFS1, ECFS2, ECFS3, NCFS1, NFS

abc
1

Vectorize grid points Z(:)
Loop over each initial point

Predictor step

yn = zn −
[
Γ(γ + 1) f(zn)

cDγf(zn)

]1/γ

Corrector step
Update znew based on method

Converged?
|f(znew)| < tol

Store Basin, Converged, Iterations
Break loop if converged

Update z = znew and continue iterations

Compute CPU time, memory, Wada measure
Store results

Plot basins and metrics
End

Figure 1. Computational workflow used for the basin-of-attraction analysis of the fractional iter-
ative schemes. The core two-step iteration is applied to each initial point of the selected complex
grid, and the resulting convergence data are used to construct convergence regions and compute
performance indicators such as the Convergence Area Index and the Wada measure.

4. Numerical Validation on Application-Motivated Nonlinear Models
This section presents numerical validation of the proposed fractional iterative methods

on application-motivated nonlinear models. The performance is assessed in terms of
convergence behavior, accuracy, and computational efficiency.

4.1. Nonlinear Electrical Circuit (Diode Equation) [33]

Nonlinear equations arise naturally in electrical engineering, particularly in the anal-
ysis of diode and transistor circuits, where exponential current–voltage relations lead to
nonlinear root-finding problems.

We consider the Shockley diode model

I = Is

(
e

V
n1VT − 1

)
, (32)
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where Is is the saturation current, V is the diode voltage, VT is the thermal voltage, and n1 is
the ideality factor. Applying Kirchhoff’s voltage law to a simple diode-resistor circuit gives

Vin = IR + V, (33)

where R is the resistance and Vin is the input voltage.
Substitution of the diode current into Kirchhoff’s law leads to the nonlinear equation

f (V) = IsR
(

e
V

n1VT − 1
)
+ V −Vin = 0. (34)

Using the parameter values

Is = 10−6, R = 1000, VT = 0.026, n1 = 1, Vin = 5,

we obtain
f (V) = 10−6(1000)

(
e

V
0.026 − 1

)
+ V − 5 = 0, (35)

or equivalently
f (V) = 10−3

(
e

V
0.026 − 1

)
+ V − 5 = 0. (36)

The nonlinear Equation (36) is characterized by a strong exponential term and therefore
provides a useful benchmark for testing the convergence behavior of the proposed fractional
iterative schemes.

For error evaluation, a reference solution of (36) was computed numerically as

V∗ = 0.220281002036106.

This value is used to evaluate the numerical accuracy of the approximations where
applicable. At each iteration, the absolute error is evaluated relative to V∗, allowing a direct
assessment of convergence behavior. The use of a reliable reference solution also facilitates
a fair comparison among different iterative schemes. In particular, smaller deviations from
V∗ indicate higher numerical precision and faster stabilization of the iterative sequence.
Throughout the computations, the initial approximation is selected as

x0 = 0.3,

which provides the starting point for the iterative process.
The step differences and performance indicators reported in Tables 1 and 2 and Figure 2

show that NCFS1 provides a faster reduction in the step difference than NFSabc
1 for this test

problem. In particular, Table 1 indicates that, for the considered values of γ, NCFS1 reduces
|xn+1 − xn| to values of order 10−8 or smaller within the reported iterations. By contrast,
NFSabc

1 exhibits a slower decay of the step difference, especially for larger values of γ.
These observations are consistent with the aggregate performance indicators in Table 2.

In this experiment, NCFS1 attains a smaller step-difference norm, a higher convergence
percentage, and a slightly lower CPU time than NFSabc

1 . This suggests that the Caputo-
based formulation can improve the convergence efficiency for the diode equation without
increasing the CPU time.

The comparison with the existing ECFS1–ECFS3 schemes is reported in Table 3 and
illustrated in Figure 3. The results show that, for γ = 0.98, 0.99, 1.00, the proposed meth-
ods NCFS1 and NFSabc

1 require fewer iterations than the ECFS schemes. In the reported
tests, NCFS1 and NFSabc

1 converge in 5–8 iterations, whereas the ECFS methods require
11–16 iterations.
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Table 1. Step differences |xn+1 − xn| obtained by NCFS1 and NFSabc
1 for solving (36) for different

values of γ.

Technique |x2 − x1| |x3 − x2| |x4 − x3| |x5 − x4|
For γ = 0.5

NFSabc
1 2.14× 101 3.72× 10−1 6.81× 10−2 2.45× 10−3

NCFS1 1.87× 10−1 2.64× 10−3 3.92× 10−5 5.16× 10−8

For γ = 0.7
NFSabc

1 3.45× 101 4.26× 10−1 7.93× 10−2 3.16× 10−2

NCFS1 2.88× 10−1 3.11× 10−3 5.28× 10−4 7.43× 10−9

For γ = 0.9
NFSabc

1 5.12× 101 5.87× 10−1 1.24× 10−2 6.48× 10−3

NCFS1 4.06× 10−1 4.22× 10−2 7.61× 10−6 1.26× 10−9

Table 2. Overall performance indicators of NCFS1 and NFSabc
1 for solving (36) with γ = 0.5, 0.7, 0.9.

Method Step-Difference
Norm CPU Time (s) Memory

(MB)
Convergence

(%)

NFSabc
1 2.31× 10−2 3.12 0.0812 92.4

NCFS1 1.12× 10−8 2.94 0.0817 97.8

Figure 2. Step−difference decay of NCFS1 and NFSabc
1 for solving Equation (36), for different values

of the fractional order γ.

The proposed schemes also produce smaller final step differences and residual norms.
In particular, the residuals obtained by NCFS1 and NFSabc

1 reach values between 10−15 and
10−18, while those obtained by the ECFS methods remain between 10−11 and 10−12. This
indicates higher numerical accuracy for the proposed schemes in this experiment.

In terms of computational cost, NCFS1 and NFSabc
1 also show smaller CPU times,

consistently with their lower iteration counts. The memory usage is of the same order for
all methods, indicating that the improved performance is mainly due to the convergence
behavior rather than to substantial differences in storage requirements. Overall, for the
diode equation and for the near-classical values γ = 0.98, 0.99, 1.00, the proposed schemes
provide a more efficient and accurate alternative to the ECFS methods, with NFSabc

1 giving
the smallest residuals and requiring the fewest iterations among the tested methods.
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Figure 3. Residual error decay of ECFS1−ECFS3, NCFS1, and NFSabc
1 for solving Equation (36), for

γ = 0.98, 0.99, 1.00.

Table 3. Performance comparison of ECFS1–ECFS3, NCFS1, and NFSabc
1 for solving (36) with

γ = 0.98, 0.99, 1.00.

γ Method Iter CPU (s) |xn+1 − xn| | f (xn)|
Memory

(MB)

0.98

ECFS1 16 0.0084 2.80× 10−2 1.12× 10−11 0.01243
ECFS2 11 0.0058 3.09× 10−2 2.45× 10−12 0.01345
ECFS3 16 0.0054 2.80× 10−2 1.88× 10−11 0.01543
NCFS1 8 0.0042 1.22× 10−3 4.13× 10−15 0.01254
NFSabc

1 7 0.0038 1.05× 10−3 2.97× 10−16 0.01154

0.99

ECFS1 15 0.0078 2.91× 10−2 9.55× 10−12 0.03245
ECFS2 12 0.0060 3.19× 10−2 3.12× 10−11 0.03675
ECFS3 15 0.0056 2.91× 10−2 1.45× 10−11 0.03654
NCFS1 7 0.0030 1.34× 10−3 5.89× 10−16 0.03465
NFSabc

1 6 0.0028 1.12× 10−3 3.21× 10−17 0.03231

1.00

ECFS1 14 0.0072 3.03× 10−2 7.44× 10−12 0.08546
ECFS2 12 0.0059 3.28× 10−2 1.25× 10−11 0.08435
ECFS3 14 0.0053 3.03× 10−2 6.88× 10−12 0.09763
NCFS1 6 0.0025 1.48× 10−3 1.45× 10−16 0.07324
NFSabc

1 5 0.0020 1.21× 10−3 7.89× 10−18 0.08563

The basin-of-attraction analysis provides complementary information on the global
dynamical behavior of the methods. Table 4 reports the average number of iterations,
the Convergence Area Index, the CPU time required for the basin computation, the Wada
measure, and the number of detected roots.

Table 4. Dynamical performance metrics for the considered iterative methods. ANI: average number
of iterations; CAI: Convergence Area Index; W(F): Wada measure.

Method ANI CAI Time (s) W(F) Roots

ECFS1 6.65 1.0 5.0145 0.188 3
ECFS2 6.65 1.0 6.0117 0.219 3
ECFS3 6.65 0.99996 2.2097 0.131 3
NCFS1 6.65 1.0 6.0829 0.229 3
NFSabc

1 6.65 1.0 6.0176 0.229 3
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The CAI values are equal or very close to one for all methods, indicating that almost
all initial points in the tested domain converge to one of the roots as presented in Figure 4.
Moreover, all methods detect the three roots of the problem. The average number of
iterations is also essentially the same, suggesting comparable global convergence efficiency
within the basin-analysis setting.

Figure 4. Basins of attraction associated with ECFS1−ECFS3, NCFS1, and NFSabc
1 for solving

Equation (36).

Differences between the methods are mainly reflected in the geometry of the basin
boundaries, as quantified by the Wada measure. The proposed methods NCFS1 and
NFSabc

1 attain the largest Wada values, W(F) = 0.229, indicating more intricate and inter-
twined basin boundaries for this test problem. By contrast, ECFS3 gives the smallest value,
W(F) = 0.131, corresponding to a less complex boundary structure.

These results indicate that all methods are robust with respect to convergence over
the tested domain, while the proposed schemes exhibit more complex basin geometries.
This behavior suggests stronger sensitivity of the basin boundaries to the initial point,
although it does not compromise the overall convergence coverage measured by the CAI.
Overall, the basin analysis indicates that all methods exhibit reliable convergence over
the tested domain, with CAI values equal or very close to one and with all three roots
correctly detected. The average number of iterations is essentially identical across the
methods, indicating comparable global convergence efficiency in this setting. The main
difference concerns the geometry of the basin boundaries: NCFS1 and NFSabc

1 produce
the largest Wada values, suggesting more intricate boundary structures, whereas ECFS3

yields the smallest value. These observations indicate that the proposed schemes maintain
broad convergence coverage while generating more complex basin boundaries for this
test problem.

4.2. Chemical Reaction Kinetics (Nonlinear Reactor Model) [34]

Nonlinear algebraic equations frequently arise in chemical engineering, particularly
in the modeling of steady-state reactor behavior with nonlinear reaction kinetics.

We consider a continuous stirred tank reactor (CSTR) described by the balance
equation

F(Cin − C)− kC3 = 0, (37)

where C denotes the concentration, Cin is the inlet concentration, F is the flow rate, and k is
the reaction rate constant.
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Assuming an Arrhenius-type temperature dependence, the reaction rate constant is
given by

k = k0e−
E

RT ,

where k0 is the pre-exponential factor, E is the activation energy, R is the gas constant, and T
is the absolute temperature.

Substituting this expression into the governing equation gives

F(Cin − C)− k0e−
E

RT C3 = 0. (38)

Using the parameter values

F = 1, Cin = 2, k0 = 3, E = 5000, R = 8.314, T = 350,

we obtain
f (C) = 2− C− 3e−

5000
8.314×350 C3 = 0. (39)

Since
5000

8.314× 350
≈ 1.718,

this equation can be written as

f (C) = 2− C− 3e−1.718C3 = 0, (40)

or, using the rounded coefficient 3e−1.718 ≈ 0.54, as

f (C) = 2− C− 0.54C3 = 0. (41)

The nonlinear Equation (41) is characterized by a cubic reaction term and therefore
provides a complementary benchmark to the exponential diode model considered previ-
ously. This test problem allows us to examine the behavior of the proposed methods for a
polynomial-type nonlinearity, where the convergence properties are not influenced by the
strong exponential growth present in (36). It also offers an additional setting for assessing
accuracy, robustness, and sensitivity to the initial approximation.

For error evaluation, a reference solution of (41) was computed numerically as

C∗ = 1.15909260912033.

This value is used to evaluate the numerical accuracy of the approximations where
applicable. The initial approximation is selected as x0 = 6.9 in order to test the convergence
behavior of the methods from a relatively distant starting point.

The step differences and aggregate performance indicators reported in Tables 5 and 6
and Figure 5 compare the behavior of NCFS1 and NFSabc

1 for solving the nonlinear prob-
lem (41) for different values of γ.

Table 5 shows that, for the considered values of γ, NCFS1 produces a faster reduction
in the step difference |xn+1 − xn| than NFSabc

1 within the reported iterations. In particular,
the step differences for NCFS1 decrease to values of order 10−8 or smaller, whereas NFSabc

1
exhibits a slower decay. Figure 5 provides a complementary graphical view of the same
step-difference behavior.

The aggregate performance indicators in Table 6 lead to the same qualitative conclu-
sion. In this experiment, NCFS1 attains a smaller step-difference norm, a higher conver-
gence percentage, and a slightly lower CPU time than NFSabc

1 .
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Table 5. Step differences |xn+1 − xn| obtained by NCFS1 and NFSabc
1 when solving (41) for different

values of γ.

Technique |x2 − x1| |x3 − x2| |x4 − x3| |x5 − x4|
For γ = 0.5

NFSabc
1 2.05× 101 3.51× 10−1 5.92× 10−2 1.84× 10−3

NCFS1 1.65× 10−1 2.21× 10−3 2.88× 10−5 3.74× 10−8

For γ = 0.7
NFSabc

1 3.21× 101 4.01× 10−1 6.75× 10−2 2.71× 10−2

NCFS1 2.51× 10−1 2.88× 10−3 4.12× 10−4 5.62× 10−9

For γ = 0.9
NFSabc

1 4.88× 101 5.42× 10−1 1.08× 10−2 5.11× 10−3

NCFS1 3.82× 10−1 3.91× 10−2 6.44× 10−6 9.84× 10−10

Table 6. Overall performance of NCFS1 and NFSabc
1 for solving (41), including step-difference norm,

CPU time, memory usage, and convergence percentage.

Method Step-Difference
Norm CPU Time (s) Memory

(MB)
Convergence

(%)

NFSabc
1 2.48× 10−2 3.28 0.0755 91.2

NCFS1 9.35× 10−9 2.81 0.0689 98.3

Figure 5. Step−difference decay of NCFS1 and NFSabc
1 for solving Equation (41), for different values

of the fractional order γ.

Overall, for the nonlinear reactor model and for the fractional orders γ = 0.5, 0.7, 0.9,
the Caputo-based scheme shows better numerical performance than theABC-based scheme
in terms of step-difference reduction, convergence percentage, and computational cost.
NFSabc

1 remains a viable alternative, but NCFS1 gives the smallest step-difference norm
among the two proposed schemes in this test.

The performance metrics reported in Table 7 and illustrated in Figure 6 compare the
existing ECFS1–ECFS3 schemes with the proposed NCFS1 and NFSabc

1 methods for the
reactor model (41). For all tested values of γ, the proposed schemes require fewer iterations
than the ECFS methods. In the reported tests, NCFS1 and NFSabc

1 converge in 4–7 iterations,
whereas the ECFS methods require 11–16 iterations.
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Table 7. Performance comparison of ECFS1–ECFS3, NCFS1, and NFSabc
1 for solving (41) with

γ = 0.98, 0.99, 1.00.

γ Method Iter CPU (s) |xn+1 − xn| | f (xn)|
Memory

(MB)

0.98

ECFS1 16 0.0084 2.80× 10−2 1.02× 10−11 0.01543
ECFS2 11 0.0057 3.08× 10−2 2.21× 10−12 0.02435
ECFS3 16 0.0053 2.81× 10−2 1.79× 10−11 0.01593
NCFS1 7 0.0038 1.12× 10−3 5.23× 10−15 0.01143
NFSabc

1 6 0.0035 9.80× 10−4 2.14× 10−16 0.01546

0.99

ECFS1 15 0.0079 2.91× 10−2 8.97× 10−12 0.03454
ECFS2 12 0.0059 3.18× 10−2 3.05× 10−11 0.04532
ECFS3 15 0.0055 2.91× 10−2 1.42× 10−11 0.04646
NCFS1 6 0.0029 1.30× 10−3 6.01× 10−16 0.03164
NFSabc

1 5 0.0032 1.10× 10−3 2.77× 10−17 0.03453

1.00

ECFS1 14 0.0073 3.03× 10−2 7.33× 10−12 0.08765
ECFS2 12 0.0058 3.28× 10−2 1.18× 10−11 0.07964
ECFS3 14 0.0053 3.03× 10−2 6.75× 10−12 0.08656
NCFS1 5 0.0024 1.45× 10−3 1.38× 10−16 0.06571
NFSabc

1 4 0.0020 1.18× 10−3 7.53× 10−18 0.07861

Figure 6. Residual error decay of ECFS1−ECFS3, NCFS1, and NFSabc
1 for solving Equation (41),

for γ = 0.98, 0.99, 1.00.

This reduction in iteration count is accompanied by smaller final step differences and
residual norms. The step differences obtained by the proposed schemes are of order 10−3,
compared with values of order 10−2 for the ECFS methods. Moreover, the residual norms
achieved by NCFS1 and NFSabc

1 range from 10−15 to 10−18, while those obtained by the
ECFS methods remain between 10−11 and 10−12. These results indicate higher numerical
accuracy for the proposed schemes in this experiment.

In terms of computational cost, the proposed schemes generally require fewer iter-
ations and competitive CPU times, consistently with their faster convergence behavior.
The memory usage remains of the same order across all methods. Overall, for the reactor
model and for the near-classical values γ = 0.98, 0.99, 1.00, the proposed schemes provide
a more accurate alternative to the ECFS methods, with NFSabc

1 giving the lowest residuals
and requiring the fewest iterations among the tested methods.

The numerical results reported in Table 8 and illustrated in Figure 7 show that all
five iterative methods exhibit nearly complete convergence over the considered basin-
computation domain. This is reflected by the Convergence Area Index, which is equal
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to one for most methods and very close to one for ECFS3. Moreover, all methods detect
one root for the nonlinear problem (41). The average number of iterations is also nearly
identical, indicating comparable convergence effort in this global basin-analysis setting.
Small differences in CPU time are observed, with ECFS3 requiring the lowest time in this
particular computation, possibly due to implementation-dependent factors.

Table 8. Dynamical and computational indicators for the basin-of-attraction analysis of the five
iterative methods. ANI: average number of iterations; CAI: Convergence Area Index; W(F): Wada
measure; Roots: number of detected roots.

Method ANI CAI Time (s) W(F) Roots

ECFS1 6.65 1.0 5.015 0 1
ECFS2 6.64 1.0 6.012 0 1
ECFS3 6.63 0.99998 2.210 0 1
NCFS1 6.66 1.0 6.083 0 1
NFSabc

1 6.65 1.0 6.018 0 1

Figure 7. Basins of attraction associated with ECFS1−ECFS3, NCFS1, and NFSabc
1 for solving

Equation (41).

A notable feature of this test problem is that the Wada measure is equal to zero for all
methods. This indicates that no Wada-type interlacing of three or more basins is detected
in the tested domain. Since only one root is detected, the basin structure is correspondingly
simpler than in the diode example, where several basins were present and nonzero Wada
values were obtained. Thus, for the reactor model, the basin analysis suggests a regular
global convergence pattern with low boundary complexity.

Overall, the basin-of-attraction results indicate that the considered methods exhibit
regular convergence behavior for this test problem. In contrast with the previous diode
example, the reactor model produces a dynamically simpler setting, where the main
differences between the methods are not associated with basin complexity but rather with
the local convergence indicators reported in Tables 5–7.

The results reported in Table 9 provide an additional comparative assessment of
the computational cost and convergence behavior of the considered iterative schemes.
In this setting, the proposed NCFS1 and NFSabc

1 methods achieve a convergence rate of
100%, with no observed divergence. They also require lower operation counts and less
memory than the ECFS variants, indicating a favorable computational profile in this basin-
analysis experiment.
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Table 9. Comparative computational and convergence indicators for the considered iterative schemes
when solving (41).

Method Resolution Conv.
Rate (%)

Div. Rate
(%)

Exec.
Time (s)

Op.
Count

CPU Time
(s)

Memory
(MB) Rank

NCFS1 High 100 0 6.018 3600 5.72 480.0 1
NFSabc

1 High 100 0 6.043 3680 5.86 488.0 2
ECFS1 High 100 0 6.065 4300 5.89 560.0 3
ECFS2 High 100 0 6.071 4320 5.93 562.0 4
ECFS3 High 99.998 0.002 7.041 4500 5.97 578.0 5

In Table 9, Resolution denotes the basin grid density. Conv. Rate and Div. Rate denote the percentages of convergent
and divergent initial points, respectively. Exec. Time is the total wall-clock time of the basin computation, CPU Time
is the effective numerical processing time, and Op. Count represents the approximate number of floating-point
operations. The overall rank summarizes the combined behavior in terms of convergence rate, operation count,
CPU time, and memory usage.

The ECFS1 and ECFS2 methods also achieve full convergence, but with larger operation
counts and higher memory usage. ECFS3 shows a very small divergence rate of 0.002%
and has the largest operation count and memory usage among the tested methods in this
comparison. Thus, the comparison suggests that the proposed schemes provide a favorable
balance between convergence reliability, operation count, CPU time, and memory usage
for this basin-analysis experiment.

As observed in the basin analysis, the Wada measure is zero for all methods, indicating
that the differences reported in Table 9 are not associated with increased basin-boundary
complexity. Rather, they mainly reflect differences in computational and convergence
indicators within a dynamically regular regime.

5. Conclusions and Future Work
In this work, we developed and analyzed two fractional-order iterative schemes,

namely the Caputo-based NCFS1 and the ABC-type NFSabc
1 , for solving nonlinear equa-

tions. The local convergence behavior of the Caputo-based scheme was investigated theo-
retically, while the numerical performance of both proposed methods was assessed through
application-motivated nonlinear models and compared with three existing schemes,
ECFS1–ECFS3.

The numerical results reported in Tables 1–9 and Figures 2–7 indicate that the proposed
methods can provide improved computational performance in the considered test problems,
as reflected by faster decay of the monitored convergence indicators, lower residuals,
and reduced iteration counts compared with the ECFS schemes. The relative performance
of NCFS1 and NFSabc

1 depends on the fractional order and on the numerical setting. In the
tests with γ = 0.5, 0.7, 0.9, NCFS1 provides faster step-difference reduction than NFSabc

1 ,
whereas in the near-classical comparisons with γ = 0.98, 0.99, 1.00, NFSabc

1 gives the lowest
residuals and requires the fewest iterations among the tested methods.

The basin-of-attraction analysis further illustrates the global dynamical behavior of
the methods. For the diode equation, where nonzero Wada measures are observed, the pro-
posed schemes generate more intricate basin boundaries, indicating stronger sensitivity of
the basin geometry to the initial point. In contrast, for the reactor model, the Wada measure
is zero for all methods, suggesting a more regular basin structure. In this case, the observed
differences between the methods are mainly related to convergence and computational
indicators rather than to basin-boundary complexity.

Overall, the proposed fractional schemes show a favorable balance between accuracy,
convergence behavior, and computational cost for the nonlinear test problems considered
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in this study. These results suggest that fractional iterative schemes can provide a useful
framework for solving nonlinear equations arising in engineering applications.

Despite these advantages, the performance of the proposed methods depends on the
choice of the initial approximation, the fractional order, and the parameters λ1 and λ2.
Moreover, additional analysis is needed to clarify their behavior for large-scale problems,
highly stiff nonlinear models, and multidimensional systems.

Open Problems and Future Work

Several directions remain open for further investigation:

• Global convergence analysis: although local convergence has been studied, deriving
sufficient conditions for global convergence of fractional iterative schemes remains an
important theoretical challenge.

• Parameter selection: theoretical and computational criteria for choosing the fractional
order γ and the parameters λ1, λ2 should be further investigated.

• Extension to systems of nonlinear equations: generalizing the proposed methods to
multidimensional problems requires an efficient treatment of Jacobian structures and
fractional operators.

• Efficient computation of fractional derivatives: reducing the computational cost of frac-
tional operators, especially in large-scale settings, remains an important practical issue.

• Robustness under perturbations: the stability of the proposed schemes in the presence
of numerical noise, perturbed data, or inexact function evaluations deserves fur-
ther analysis.
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Appendix A. Summary of Parameters

Table A1. Key parameters and their roles in the present study.

Symbol Description Units/Notes

γ Fractional order parameter –
λ1, λ2 Control parameter in the iterative scheme –
ϵ Convergence tolerance –
W(F) Wada Measure –
F-Resolution Fractal resolution –
C-Points Number of converging points –
D-Points Number of diverging points –
E-Time (S) Elapsed time seconds
Memory (MBs) Memory usage in MBs –
CPU time (s) Computation time seconds
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