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Abstract

Fractional-order operators play a fundamental role in the modeling and control of com-
plex dynamical systems; however, their infinite-dimensional nature necessitates rational
approximation for practical implementation. This paper presents a unified comparative
framework for evaluating widely used approximation methods, including standard and
refined Oustaloup filters, continued fraction expansion (CFE), Matsuda, curve-fitting, and
modified stability boundary locus (M-SBL) approaches. A systematic evaluation method-
ology is developed to assess these methods based on frequency-domain accuracy, time-
domain performance, and robustness. Furthermore, a Pareto-based multi-objective analysis
is introduced to explicitly capture the trade-offs among conflicting performance criteria,
enabling the identification of non-dominated solutions without relying on weighted-sum
formulations. Extensive simulations are conducted over a wide frequency range to evaluate
approximation accuracy and control-oriented performance. The results reveal that different
methods exhibit distinct trade-offs between accuracy, robustness, and complexity. In partic-
ular, the Oustaloup and M-SBL approaches demonstrate strong overall performance across
multiple criteria, while methods such as CFE and curve-fitting show limitations under wide-
band conditions. The proposed framework provides a systematic and reproducible basis
for selecting appropriate approximation techniques in fractional-order control applications,
offering valuable insights into their practical implementation and performance trade-offs.

Keywords: fractional-order calculus; fractional-order operators; approximation methods;
Oustaloup filter; continued fraction expansion; Matsuda method; curve fitting; M-SBL;
multi-objective optimization; Pareto analysis; control systems

1. Introduction
Fractional-order calculus (FOC) has emerged as a powerful mathematical framework

for modeling and control of dynamical systems, offering enhanced flexibility compared to
conventional integer-order approaches [1,2]. By extending differentiation and integration
to non-integer orders, it enables the representation of memory and hereditary effects that
are inherently present in many physical, biological, and engineering processes [3,4]. This
capability constitutes a key advantage over classical models, which typically assume local
and instantaneous behavior, thereby limiting their ability to describe complex dynamics
accurately. As a result, fractional-order models provide improved accuracy and realism,
particularly for systems with long-term dependencies and nonlocal interactions.
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Due to these advantages, fractional-order calculus has been widely applied across
multiple disciplines. In control engineering, it is extensively used in fractional-order PID
controllers to enhance robustness and tuning flexibility [1,5]. In bioengineering, it effectively
models viscoelastic tissues and diffusion processes [3,4], while in electrical engineering, it
accurately represents non-ideal components such as supercapacitors and constant phase
elements [6,7]. Furthermore, it is applied in mechanical systems for viscoelastic modeling
and vibration analysis [8], in fluid dynamics for anomalous diffusion [2], and in robotics
and energy systems for improving control performance and dynamic modeling [9–11].
Overall, FOC provides a unified and effective framework for modeling complex systems
where classical integer-order approaches are insufficient.

Despite these promising applications and advantages, the practical realization of
fractional operators such as sα and 1

sα remains a central challenge in system modeling,
identification, and control. Unlike integer-order operators, fractional operators lack direct
physical interpretation and straightforward numerical implementation. Consequently, their
realization depends on approximation techniques that reproduce their behavior over a
specified frequency range. Rational approximation of fractional operators is therefore es-
sential for practical applications. The accuracy of these approximations has a direct impact
on model accuracy, controller performance, and system stability, making the selection of
an appropriate approximation method a critical step in fractional-order system design.
In the literature, a variety of approximation techniques have been proposed to represent
fractional-order operators using finite-dimensional models. One of the most widely used
approaches is the Oustaloup recursive approximation, introduced for approximating frac-
tional operators over a specified frequency band [7]. Refined variants of the Oustaloup
have been developed to improve accuracy, particularly near the edge of the band, and
are widely used in practical control implementations [9]. Alternative approaches include
continued fraction expansion (CFE), which provides low-order rational approximations
with simple structures [12], and Matsuda’s method, which constructs approximations based
on interpolation of frequency response data [13]. The Carlson method and Charef method
offer simple formulations but are generally limited to narrowband applications [6,14].
Curve-fitting approaches, including frequency-domain identification techniques such as
the Sanathanan–Koerner algorithm, provide flexible data-driven approximations that can
closely match measured responses [15,16]. More recently, stability-oriented techniques
such as the modified stability boundary locus (M-SBL) method have been introduced to
incorporate stability considerations directly into the approximation process [17,18]. Several
studies have compared these methods primarily in terms of frequency-domain accuracy, of-
ten focusing on magnitude and phase errors within a predefined frequency band. However,
the existing literature reveals several important limitations. First, most works emphasize
accuracy improvement without systematically analyzing the trade-off between approxima-
tion fidelity and computational complexity. Second, robustness with respect to variations
in the design frequency band is rarely addressed, even though practical applications often
involve uncertain or varying operating ranges. Third, stability preservation and numerical
conditioning, which are critical for implementation in control systems, are often treated
only implicitly or not evaluated quantitatively. Finally, there is a lack of a unified decision-
making framework that integrates multiple performance criteria and supports the selection
of the most suitable approximation method for a given application.

These limitations indicate that although there are numerous approximation methods,
a comprehensive and structured comparative analysis that jointly considers accuracy,
robustness, complexity, stability, and numerical behavior is still lacking.

To address these gaps, this paper presents a comprehensive comparative study of
fractional-order approximation methods supported by a unified evaluation framework.
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The main objective is to systematically analyze widely used approximation techniques, con-
sidering multiple performance criteria, including frequency-domain accuracy, time-domain
behavior, computational complexity, robustness to frequency-band variation, stability, and
numerical conditioning. In addition to conventional error analysis, this work introduces
a Pareto-based multi-objective decision framework to identify optimal trade-offs among
competing criteria. This approach enables a structured comparison of approximation
methods and provides practical guidance for selecting the most appropriate method based
on specific design requirements. The central research question addressed in this study
is how to systematically evaluate and select fractional-order approximation methods by
jointly considering accuracy, robustness, computational complexity, stability, and numerical
implementation aspects. To address this question, this article develops a unified analytical
and comparative framework that integrates both theoretical characterization and practical
performance evaluation. This framework provides a structured basis for understanding
the trade-offs inherent in fractional-order approximation and supports informed method
selection for engineering applications.

The main contributions of this study are summarized as follows:

• A unified formulation and critical review of major fractional-order approximation
methods, highlighting their underlying mathematical structures.

• The development of a comprehensive evaluation framework that incorporates
frequency-domain accuracy, time-domain performance, computational complexity,
robustness to frequency-band variation, stability, and numerical conditioning.

• A Pareto-based multi-objective decision framework for systematic selection of approx-
imation methods based on application-specific requirements.

By bridging theoretical analysis with practical validation, this study provides a co-
herent guideline for the selection and implementation of fractional-order approximation
methods, particularly in control applications where accuracy, robustness, and computa-
tional efficiency must be simultaneously satisfied.

Following this introduction, the remainder of the paper is structured as follows.
Section 2 presents the mathematical foundations of fractional-order calculus and formu-
lates the problem. Section 3 introduces the considered fractional-order operator approxi-
mation methods along with the corresponding analytical framework. Section 4 details the
proposed comparative evaluation framework and methodology. Section 5 presents and
discusses the obtained results. Section 6 provides an illustrative example demonstrating
the application of the considered approximation methods. Finally, Section 7 concludes the
paper by summarizing the main findings, highlighting practical implications, and outlining
directions for future research.

2. Mathematical Preliminaries and Problem Formulation
This section establishes the theoretical foundation required for fractional-order system

modeling, approximation, and control design by introducing the fundamental concepts of
fractional calculus, system representations, and a unified formulation of the approximation
problem, which is essential for subsequent comparative analysis.

2.1. Fundamentals of Fractional Calculus

Fractional calculus extends the classical concepts of differentiation and integration
to non-integer orders, thereby providing a generalized mathematical framework capable
of describing systems with memory and hereditary characteristics. The general fractional
operator is defined as
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aDα
t f (t) =



dα

dtα
f (t), if ℜ(α) > 0,

f (t), if ℜ(α) = 0,

1
Γ(−α)

∫ t

a
(t − τ)−α−1 f (τ) dτ, if ℜ(α) < 0,

(1)

where α ∈ R (or C), and Γ(·) denotes the Gamma function. This formulation reduces to
classical operators for integer values, ensuring consistency with conventional calculus.
An equivalent and widely used time-domain definition is the Grünwald–Letnikov (G–L)
fractional derivative, which provides a limit-based representation of the same operator. It
is defined as

GL
a Dα

t f (t) = lim
h→0

1
hα

⌊ t−a
h ⌋

∑
k=0

(−1)k
(

α

k

)
f (t − kh), (2)

where (α
k) denotes the generalized binomial coefficient given by(

α

k

)
=

Γ(α + 1)
Γ(k + 1) Γ(α − k + 1)

,

where Gamma function is defined as

Γ(x) =
∫ ∞

0
tx−1e−t dt, x > 0. (3)

The Grünwald–Letnikov formulation is particularly suitable for numerical imple-
mentation, while the integral form in (1) provides analytical insight into the memory
effect inherent in fractional-order systems. Although fractional calculus can be extended
to complex-order operators [7,11,19–24], this study focuses on real-valued orders due to
their direct relevance in engineering applications. Since the operator aDα

t is inherently
infinite-dimensional, practical realization typically relies on approximation techniques,
often implemented in the frequency domain using rational transfer functions [25].

2.2. Fractional-Order System Representation

A linear time-invariant fractional-order system can be expressed using fractional
differential equations of the form

n

∑
i=0

aiDαi y(t) =
m

∑
j=0

bjD
β j u(t), (4)

where y(t) and u(t) represent the system output and input, respectively, and the derivative
orders αi and β j are real positive numbers. By applying the Laplace transform under zero
initial conditions, fractional derivatives are mapped into algebraic expressions as Dα → sα,
leading to

n

∑
i=0

aisαi Y(s) =
m

∑
j=0

bjs
β j U(s), (5)

from which the transfer function representation is obtained as

G(s) =
Y(s)
U(s)

=
∑m

j=0 bjs
β j

∑n
i=0 aisαi

. (6)
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2.2.1. Commensurate Fractional-Order Systems

For commensurate systems characterized by a common base order γ, the transfer
function can be rewritten as

G(s) =
bmsmγ + · · ·+ b0

ansnγ + · · ·+ a0
, (7)

which simplifies numerical implementation and facilitates system identification.

2.2.2. Stability Mapping Between Integer-Order and Fractional-Order Systems

If an integer-order characteristic polynomial is written as

P(s) = ansn + an−1sn−1 + · · ·+ a1s + a0, (8)

then its fractional-order counterpart is obtained by replacing s with sα, yielding

P(sα) = ansnα + an−1s(n−1)α + · · ·+ a1sα + a0. (9)

By introducing the transformation λ = sα, the characteristic equation can be rewritten as

anλn + an−1λn−1 + · · ·+ a1λ + a0 = 0.

The roots of this polynomial in the λ-plane must satisfy [26]

| arg(λi)| >
απ

2

to ensure asymptotic stability of the fractional-order system. In contrast, the stability
condition for integer-order systems is given by

ℜ(si) < 0.

Therefore, the mapping from integer-order to fractional-order stability can be ex-
pressed as

ℜ(si) < 0 =⇒ | arg(λi)| >
απ

2
, λ = sα. (10)

This transformation shows that the classical left half-plane stability region is generalized
into a sector-shaped region in the fractional-order case, where stability depends on the
angular location of the poles rather than solely on their real parts. Figure 1 illustrates the
stability regions for integer-order and fractional-order systems. Thus, stability is evaluated
based on the pole locations, where a model is considered stable if all poles satisfy the
above-mentioned rules [27].

2.3. Fractional-Order PID Controller

The fractional-order PID (FOPID) controller extends the classical PID structure by in-
troducing fractional powers of the integral and derivative terms, which can be expressed as

Gc(s) = Kp +
Ki

sλ
+ Kdsµ, (11)

where Kp, Ki, and Kd are controller gains, and λ, µ ∈ (0, 1] denote the fractional orders. The
inclusion of these additional tuning parameters provides enhanced flexibility in shaping
system dynamics.
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Figure 1. Comparison of stability regions for integer-order and fractional-order systems. (a) The
integer-order system is stable in the left half-plane defined by ℜ(s) < 0, with the imaginary axis
representing the stability boundary. (b) The fractional-order system exhibits a sector-shaped stability
region, where instability is confined to | arg(λ)| < απ

2 and stability is achieved outside this sector. This
illustrates the transformation of the classical half−plane stability condition into an angle-dependent
criterion. For α = 1, the fractional−order system reduces to the classical integer-order case, and
therefore, the stability regions of (a) and (b) coincide.

2.4. Problem Formulation

From the above formulations, it is evident that fractional-order modeling and control
fundamentally depend on operators of the form sα and s−α, which are non-rational and
therefore cannot be directly implemented in physical or digital systems. Consequently,
the core problem addressed in this study is to construct a finite-dimensional rational
approximation of the form

Gapx(s) =
P(s)
Q(s)

=
∑n

k=0 aksk

∑n
k=0 bksk , (12)

such that
Gapx(jω) ≈ G(jω), ∀ω ∈ [ωL, ωH ], (13)

where [ωL, ωH ] represents the design frequency band.
The frequency response of the fractional operator is given by

G(jω) = (jω)α = ωα
[
cos
(απ

2

)
+ j sin

(απ

2

)]
,

which exhibits a constant phase shift of

∠G(jω) =
απ

2

and a magnitude slope of 20α dB/decade.

2.5. Performance Metrics

To enable systematic evaluation of approximation methods, a unified set of perfor-
mance metrics is defined.

Frequency-domain accuracy is quantified using magnitude and phase errors:

em(ωk) = 20 log10 |Gapx(jωk)| − 20 log10 |G(jωk)|, (14)

ep(ωk) = ∠Gapx(jωk)−∠G(jωk), (15)

https://doi.org/10.3390/fractalfract10050321
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from which the root-mean-square errors are computed as

RMSEm =

√√√√ 1
N

N

∑
k=1

e2
m(ωk), (16)

RMSEp =

√√√√ 1
N

N

∑
k=1

e2
p(ωk), (17)

while the maximum deviations are defined as

Maxm = max
k

|em(ωk)|, (18)

Maxp = max
k

|ep(ωk)|. (19)

Time-domain performance is evaluated using the error signal e(t) = y(t)− yapx(t),
where the integral absolute error and integral squared error are given by

IAE =
∫ T

0
|e(t)|dt, (20)

ISE =
∫ T

0
e2(t)dt. (21)

Computational complexity is characterized by model order, defined by the number of poles
and zeros, as well as computational time required for model construction and simulation.

2.6. Remarks on Approximation Characteristics

The approximation error is inherently dependent on the selected frequency band,
because most methods place poles and zeros within the design interval, yielding optimal ac-
curacy within the band and degrading outside it. Furthermore, the approximation problem
is intrinsically multi-objective, requiring a balance between accuracy, computational com-
plexity, robustness, and numerical stability. The performance metrics defined in this section
provide a consistent and unified basis for comparing different approximation methods
throughout this study.

3. Fractional-Order Approximation Methods
This section introduces the main approximation techniques considered in this study. In

each case, the objective is to approximate the fractional-order operator G(s) = sα by means
of a finite-dimensional rational transfer function that preserves the essential frequency-
domain characteristics of the ideal operator within a prescribed frequency interval [ωL, ωH ].

3.1. Oustaloup Recursive Approximation (ORA)

The Oustaloup recursive approximation (ORA) is one of the most widely used
frequency-domain methods for approximating fractional-order operators [9,12,22,28]. Its
main idea is to represent sα as a rational transfer function obtained by recursively dis-
tributing poles and zeros on a logarithmic scale within the selected frequency band. This
construction provides good approximation accuracy within the design interval and has
therefore become a standard choice in fractional-order control applications.

https://doi.org/10.3390/fractalfract10050321
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The ORA model is written as

GORA(s) = K
N

∏
k=−N

s + ω′
k

s + ωk
, (22)

where N denotes the approximation order, ωk and ω′
k are the pole and zero frequencies,

respectively, and K is a gain term introduced to preserve the correct scaling. The poles and
zeros are defined as

ωk = ωL

(
ωH
ωL

) k+N+ 1+α
2

2N+1
, (23)

ω′
k = ωL

(
ωH
ωL

) k+N+ 1−α
2

2N+1
, (24)

while the gain is given by
K = ωα

H . (25)

An important structural property of ORA is that an approximation of order N pro-
duces a rational model with 2N + 1 poles and 2N + 1 zeros. In other words, the structural
complexity increases linearly with the approximation order, which improves approximation
flexibility but also raises implementation cost. The behavior of ORA for different approxi-
mation orders is illustrated in Figure 2, which compares the Bode magnitude and phase
responses of the exact operator s0.5 with third-, fifth-, and eighth-order ORA models over
the frequency band [10−3, 103] rad/s. The results show that the approximation becomes
less sensitive to further order increases once N ≥ 5. For the lower-order case N = 3, visible
ripples appear in both magnitude and phase responses, whereas higher orders reduce these
oscillations and produce smoother frequency characteristics.
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Figure 2. Bode magnitude and phase responses of the third-, fifth-, and eighth-order Oustaloup
recursive approximation (ORA) models of s0.5 over the frequency band [10−3, 103] rad/s.
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This trend is also reflected in Table 1, where increasing the order from N = 3 to N = 8
leads to only minor changes in RMSE and maximum error values, indicating that the ORA
exhibits weak order sensitivity beyond moderate approximation orders. The influence of
the design frequency band is shown in Figure 3 and Table 2. In contrast to the relatively
small effect of increasing N, the selected frequency interval has a much stronger impact
on approximation quality. The widest band produces the lowest overall errors, whereas
narrower bands lead to larger magnitude and phase deviations together with increased
time-domain error indices.

Table 1. Frequency- and time-domain performance comparison of third-, fifth-, and eighth-order
ORA and ROA models of s0.5 over the frequency band [10−3, 103] rad/s.

N
RMSEm (dB) RMSEp (deg) Maxm (dB) Maxp (deg) IAE ISE

ORA ROA ORA ROA ORA ROA ORA ROA ORA ROA ORA ROA

3 7.3486 4.3375 25.939 21.006 20 14.439 44.745 44.109 0.10501 0.40243 0.63739 5.9320
5 7.3549 4.3374 25.828 20.996 20 14.439 44.727 44.091 0.09153 0.38693 0.63805 5.9314
8 7.3579 4.3378 25.789 20.995 20 14.439 44.719 44.083 0.09216 0.38651 0.63824 5.9314
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-40

-20
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Figure 3. Bode magnitude and phase responses of the ORA models of s0.5 for different frequency
bands [10−3, 103], [10−2, 102], and [10−1, 101] rad/s with fixed approximation order N = 5.

Table 2. Frequency- and time-domain performance comparison of fifth-order recursive and refined
Oustaloup approximation models of s0.5 over different frequency bands.

ωl ωh
RMSEm (dB) RMSEp (deg) Maxm (dB) Maxp (deg) IAE ISE

ORA ROA ORA ROA ORA ROA ORA ROA ORA ROA ORA ROA

10−3 103 7.3549 4.3374 25.828 20.996 20 14.439 44.727 44.091 0.09153 0.38693 0.63805 5.9314
10−2 102 13.46 9.6351 32.678 28.962 30 24.437 44.972 44.908 0.39295 0.24305 0.23298 0.024486
10−1 101 20.696 16.213 38.415 35.26 40 34.437 44.997 44.991 3.0302 0.47211 1.284 0.50029
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Overall, the results suggest that for ORA, the choice of frequency band is more
influential than increasing the approximation order beyond a moderate value. A sufficiently
wide design interval combined with a moderate order therefore provides the most reliable
compromise between approximation quality and structural complexity.

3.2. Refined Oustaloup Approximation (ROA)

The refined Oustaloup approximation (ROA) extends the classical ORA by incorporat-
ing a correction filter intended to improve the approximation accuracy, particularly near
the boundaries of the design frequency band [9,10,12,29]. This refinement is motivated by
the observation that the standard recursive form may lose accuracy near the lower and
upper cutoff frequencies, even when the interior band behavior remains satisfactory.

The ROA model is expressed as

GROA(s) = K
N

∏
k=−N

s + ω′
k

s + ωk
Gc(s), (26)

where Gc(s) denotes a correction filter of the form

Gc(s) =
ds2 + bωHs

d(1 − α)s2 + bωHs + dα
. (27)

In this study, the constants are chosen as b = 10 and d = 9, following the ROA
implementation [9]. A comparison between the fifth-order standard and refined Oustaloup
models is presented in Figure 4. The refined approximation exhibits improved magnitude
and phase agreement over a wider portion of the frequency range, which is reflected in the
broader effective accuracy bandwidth. In contrast, the standard ORA shows a narrower
region of satisfactory approximation. The refined Oustaloup method consistently outper-
forms the recursive Oustaloup approximation, particularly in achieving closer alignment
with the true system’s magnitude and phase responses across a broader frequency range,
as shown in Figure 4. However, for parameters ωl = 0.001 rad/s, ωh = 1000 rad/s, and
N = 3 in the approximation of s0.5, Equation (29) reveals that the refined Oustaloup’s
higher-order integer approximation introduces a transfer function of significantly higher
order. While this improves accuracy, the resulting complexity may hinder analytical evalu-
ation or real-time implementation in systems where computational efficiency is critical.

GORA(s) = 31.623
(s + 0.001638)(s + 0.01179)(s + 0.08483)(s + 0.6105)
(s + 0.004394)(s + 0.03162)(s + 0.2276)(s + 1.638)

× (s + 4.394)(s + 31.62)(s + 227.6)
(s + 11.79)(s + 84.83)(s + 610.5)

(28)

GROA(s) = 60s
(s + 0.001638)(s + 0.01179)(s + 0.08483)(s + 0.6105)
(s + 0.004394)(s + 0.03162)(s + 0.2276)(s + 1.638)

× (s + 4.394)(s + 31.62)(s + 227.6)(s + 1111)
(s + 11.79)(s + 84.83)(s + 610.5)(s + 2222)(s + 0.00045)

(29)

The numerical results in Table 1 confirm that ROA consistently improves frequency-
domain accuracy, as indicated by lower RMSE and maximum error values in both magni-
tude and phase. At the same time, the standard ORA achieves lower IAE and ISE values,
suggesting that improved frequency-domain matching does not automatically translate
into superior time-domain performance. It is also evident that increasing the approximation
order beyond N = 5 produces only a negligible improvement for both methods.
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Figure 4. Comparison of Bode magnitude and phase responses for the fifth-order ORA and ROA
models of s0.5 over the frequency band [10−3, 103] rad/s.

The effect of the frequency band is summarized in Table 2. Across all tested bands, the
ROA method yields lower RMSE and maximum errors than the standard version, confirm-
ing its superior frequency-domain accuracy. As the design band becomes narrower, the
errors of both methods increase, but the refined approximation remains consistently more
accurate. In the time domain, ROA provides lower IAE and ISE values for the medium and
narrow bands, whereas ORA performs slightly better over the widest band [10−3, 103], again
revealing a trade-off between frequency-domain precision and transient performance.

In summary, the main advantage of the Oustaloup family lies in its explicit frequency-
band configurability, which makes it attractive for practical applications requiring approxi-
mation over a prescribed interval. However, this flexibility comes at the cost of increased
model order, since an approximation of order N results in a transfer function of order
2N + 1 in both the numerator and denominator. Consequently, although ROA generally
improves frequency-domain behavior compared with ORA, both methods may become
computationally demanding for higher-order implementations.

3.3. Continued Fraction Expansion (CFE)

The continued fraction expansion (CFE) method provides a rational approximation
of the fractional-order operator sα by expanding (1 + x)α into a truncated continued frac-
tion [12,17,25]:

(1 + x)α ≈ 1
1 − αx

1+
(1+α)x

1·2

1+
(1−α)x

2·3

1+
(2+α)x

3·4

1+
(2−α)x

4·5

1+
(3+α)x

5·6

1+
(3−α)x

6·7
1+...

(30)

The truncated terms of the first-order approximate CFE model of sα, can be written
as follows:

(1 + x)α ≈ 1
1 − αx

1+ (1+α)x
1·2

≈ 2 + (1 + α)x
2 + (1 − α)x

+O(x2) (31)
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By setting x = s − 1, where s represents the conventional integer-order Laplacian
operator, the 1st-order approximation of sα around a center frequency is given by a rational
function:

sα ≈ (1 + α)s + (1 − α)

(1 − α)s + (1 + α)
(32)

Through this construction, the fractional operator is represented by an integer-order
transfer function, which makes the method attractive for practical realization when a
relatively simple rational structure is desired. Table 3 summarizes the first- to fifth-order
CFE models of sα. As expected, increasing the approximation order produces a higher-
order rational transfer function, which generally improves approximation accuracy while
increasing implementation complexity.

Table 3. Continued fraction expansion (CFE) approximations of sα for different orders [30].

Order Terms CFE Approximation of sα

1 2
(1 + α)s + (1 − α)

(1 − α)s + (1 + α)

2 4
(α2 + 3α + 2)s2 + (−2α2 + 8)s + (α2 − 3α + 2)
(α2 − 3α + 2)s2 + (−2α2 + 8)s + (α2 + 3α + 2)

3 6
(α3 + 6α2 + 11α + 6)s3 + (−3α3 − 6α2 + 27α + 54)s2 + (3α3 − 6α2 + 27α + 54)s + (−α3 + 6α2 − 11α + 6)
(−α3 + 6α2 − 11α + 6)s3 + (3α3 − 6α2 + 27α + 54)s2 + (−3α3 − 6α2 + 27α + 54)s + (α3 + 6α2 + 11α + 6)

4 8
∑4

k=0 Pks4−k

∑4
k=0 Qks4−k

, where



P0 = Q4 = α4 + 10α3 + 35α2 + 50α + 24,

P1 = Q3 = −4α4 − 10α3 + 40α2 + 320α + 384,

P2 = Q2 = 6α4 − 150α2 + 864,

P3 = Q1 = −4α4 + 20α3 + 40α2 − 320α + 384,

P4 = Q0 = α4 − 10α3 + 35α2 − 50α + 24

5 10
∑5

k=0 Pks5−k

∑5
k=0 Qks5−k

, where



P0 = Q5 = −α5 − 15α4 − 85α3 − 225α2 − 274α − 120,

P1 = Q4 = 5α5 + 45α4 + 5α3 − 1005α2 − 3250α − 3000,

P2 = Q3 = −10α5 − 30α4 + 410α3 + 1230α2 − 4000α − 12, 000,

P3 = Q2 = 10α5 − 30α4 − 410α3 + 1230α2 + 4000α − 12, 000,

P4 = Q1 = −5α5 + 45α4 − 5α3 − 1005α2 + 3250α − 3000,

P5 = Q0 = α5 − 15α4 + 85α3 − 225α2 + 274α − 120

Figure 5 shows the Bode magnitude and phase responses of the first- to fourth-order
CFE approximations of s0.5. The results demonstrate that increasing the approximation
order improves agreement with the ideal fractional operator. Lower-order models exhibit
larger deviations and noticeable ripple behavior, particularly near the frequency-band
boundaries, whereas higher-order models provide smoother responses and closer matching
over a wider frequency interval.

To quantify the achievable approximation range, the effective bandwidth was de-
termined directly from the Bode magnitude response using a ±3 dB deviation criterion
relative to the ideal fractional-order operator. Specifically, the lower and upper cutoff
frequencies, ωl and ωh, were identified as the frequencies at which the magnitude error
exceeded the ±3 dB tolerance. The approximation bandwidth was then computed as

∆ω = ωh − ωl . (33)
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This procedure provides a consistent and reproducible measure of the usable approxi-
mation region for each CFE order.

Figure 5. Bode magnitude and phase responses of first- to fourth-order CFE approximation models
of s0.5.

The quantitative results in Table 4 confirm the observed trend. Both magnitude and
phase RMSE decrease as the approximation order increases, while the time-domain indices
IAE and ISE also improve. In addition, the effective bandwidth expands significantly
with model order. The fourth-order approximation achieves an upper frequency limit of
approximately 53 rad/s and a bandwidth of 52.99 rad/s, exceeding the values reported
in [17], where the maximum frequency and bandwidth were approximately 15 rad/s and
14.99 rad/s, respectively.

Table 4. Frequency- and time-domain performance of CFE approximations of s0.5.

Order Approx. T.F.
RMSE Max Time Freq. and BW

Mag. Phase Mag. Phase IAE ISE ωmin ωmax BW

1 s0.5 ≈ 3s + 1
s + 3

15.383 37.978 30.458 44.98 2.993 1.367 0.13 7.8 7.67

2 s0.5 ≈ 5s2 + 10s + 1
s2 + 10s + 5

12.15 34.66 26.021 44.95 0.807 0.67 0.057 16 15.943

3 s0.5 ≈ 7s3 + 35s2 + 21s + 1
s3 + 21s2 + 35s + 7

10.17 32.406 23.098 44.908 0.236 0.46 0.02 34 33.78

4 s0.5 ≈ 9s4 + 84s3 + 126s2 + 36s + 1
s4 + 36s3 + 126s2 + 84s + 9

8.77 30.639 20.915 44.847 0.119 0.331 0.015 53 52.985

Unlike Oustaloup-based methods, the approximation range cannot be explicitly spec-
ified by the user and is instead determined implicitly by the order of the expansion (see
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the last column of Table 4). Consequently, although higher-order CFE models improve the
overall approximation and broaden the effective frequency range, the method offers limited
flexibility when a predefined or application-specific frequency interval must be targeted.

Remark: A major drawback of the CFE approach is the absence of direct frequency-
band tuning. As a result, the approximation error is distributed more uniformly across
frequency, which may be acceptable for general-purpose approximation but less suitable
for applications requiring focused accuracy over a user-defined range.

3.4. Matsuda’s Approximation Method

Matsuda’s approximation method is a frequency-domain approach that uses a con-
tinued fraction structure to approximate fractional-order operators by integer-order trans-
fer functions. The method is especially attractive because it allows the approximation
to be shaped through the selection of interpolation points over a prescribed frequency
interval, which makes it suitable for applications where band-dependent accuracy is
important [17,29].

A key feature of the Matsuda method is the use of logarithmically distributed fre-
quency samples within a selected range [ωl , ωh], defined as

ωk =

ωl

(
ωh
ωl

) k−1
n−1 , n > 1,

ωh, n = 1,
(34)

where ωl and ωh denote the lower and upper frequency bounds, respectively, and n is the
number of interpolation points. The magnitude response |G(jωk)| of the target fractional-
order operator is then evaluated at these frequencies, after which a recursive interpolation
process is used to compute the divided differences:

d0(ωk) = |G(jωk)|, (35)

d1(ωk) =
d0(ωk)− d0(ω0)

ωk − ω0
, (36)

d2(ωk) =
d1(ωk)− d1(ω1)

ωk − ω1
, (37)

...

dn(ωk) =
dn−1(ωk)− dn−1(ωn−1)

ωk − ωn−1
. (38)

These divided differences are arranged in an upper triangular matrix D [29]:

D =


d0(ω0) d0(ω1) · · · d0(ωn)

0 d1(ω1) · · · d1(ωn)
...

...
. . .

...
0 0 · · · dn(ωn)

, (39)

and the coefficients of the rational model are extracted from the diagonal terms as

αk = Dkk, k = 0, 1, . . . , n. (40)
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The approximation is then expressed in continued fraction form as

Gapx(s) = α0 +
s − ω0

α1 +
s − ω1

α2 +
s − ω2

α3 + · · ·

. (41)

This formulation makes it possible to adapt the approximation to the selected fre-
quency range, but it also means that the final result depends strongly on the chosen
interpolation points and the adopted order. In this sense, Matsuda’s method offers useful
flexibility, although its performance is sensitive to the design setup.

Remark: Matsuda’s method provides a good balance between flexibility and approxi-
mation capability, but its accuracy depends strongly on the choice of interpolation points,
approximation order, and design frequency band.

Figures 6–9, together with Tables 5 illustrate the effect of approximation order and
frequency band on the performance of the Matsuda method. When the approximation order
is increased from N = 3 to N = 8, the frequency- and time-domain accuracy improves
noticeably. As shown in Table 5, the magnitude RMSE decreases from 8.62 dB to 4.49 dB, and
the IAE decreases from 0.34 to 0.005, indicating that higher-order Matsuda models provide
significantly better approximation quality. However, the maximum phase error remains
close to 44◦, which shows that phase matching improves only moderately even when the
order increases. Table 6 presents the Matsuda approximation of the fractional-order transfer
function s0.5.

Table 5. Performance metrics of Matsuda approximation for different orders of s−0.5.

Order
RMSE Max Error Time Domain

Mag (dB) Phase (deg) Mag (dB) Phase (deg) IAE ISE

3 8.62 30.61 20.681 44.84 0.34 0.01
5 6.43 27.27 16.98 44.62 0.01 0.00002
8 4.49 23.69 13.33 44.12 0.005 4.11 × 10−6

10-4 10-3 10-2 10-1 100 101 102 103 104
-40

-20

0

20

40

M
ag

ni
tu

de
 (

dB
)

10-4 10-3 10-2 10-1 100 101 102 103 104

Frequency (rad/s)

-50

-40

-30

-20

-10

0

Ph
as

e 
(d

eg
)

Figure 6. Bode magnitude and phase responses of the third-, fifth-, and eighth-order Matsuda
approximation models of s−0.5 over the frequency range [10−3, 103] rad/s.

https://doi.org/10.3390/fractalfract10050321

https://doi.org/10.3390/fractalfract10050321


Fractal Fract. 2026, 10, 321 16 of 51

10-4 10-3 10-2 10-1 100 101 102 103 104
0

5

10

15

20

25

|e
m

(
)| 

(d
B

)

N=3
N=5
N=8

10-4 10-3 10-2 10-1 100 101 102 103 104

Frequency (rad/s)

0

10

20

30

40

50

|e
p(

)| 
(d

eg
)

Figure 7. Magnitude and phase errors of the third-, fifth-, and eighth-order Matsuda approximation
models of s−0.5.
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Figure 8. Bode magnitude and phase responses of the Matsuda approximation models of s−0.5 for
different frequency bands [10−3, 103], [10−2, 102], and [10−1, 101] rad/s with fixed approximation
order N = 5.

Table 6. third- and fifth-order Matsuda approximation transfer functions of s0.5.

Order (N) Transfer Function G(s)

3 s0.5 ≈ 9.2462s3 + 61.2800s2 + 33.4582s + 1
s3 + 33.4582s2 + 61.2800s + 9.2462

5 s0.5 ≈ 14.1541 s5 + 303.1615 s4 + 990.0340 s3 + 671.7605 s2 + 86.7055 s + 1
s5 + 86.7055 s4 + 671.7605 s3 + 990.0340 s2 + 303.1615 s + 14.1541
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Figure 9. Magnitude and phase errors of the Matsuda approximation models of s−0.5 for different
frequency bands [10−3, 103], [10−2, 102], and [10−1, 101] rad/s with fixed approximation order N = 5.

The effect of the design frequency band is presented in Table 7. With fixed order
N = 5, expanding the frequency range from [10−1, 101] to [10−3, 103] rad/s substantially
reduces the frequency-domain errors. In particular, the magnitude RMSE decreases from
6.43 dB to 1.10 dB. However, this improvement is accompanied by deterioration in the time
domain, as the IAE increases from 0.01 to 0.97. Therefore, a wider band improves global
frequency-domain fitting but leads to a poorer transient response.

Table 7. Performance metrics of Matsuda approximation for different frequency bands of s−0.5 with
fixed order N = 5.

Frequency (rad/s) RMSE Max Error Time Domain

ωl ωh Mag (dB) Phase (deg) Mag (dB) Phase (deg) IAE ISE

0.1 10 6.43 27.27 16.98 44.62 0.01 2.32 × 10−5

0.01 100 3.58 21.93 11.39 43.71 0.15 0.001
0.001 1000 1.10 13.37 4.03 38.46 0.97 0.06

The results in Table 7 present a clear trade-off between frequency-domain accuracy
and time-domain performance as the approximation bandwidth increases. For a fixed
approximation order N = 5, widening the frequency interval improves the global fitting
accuracy of the fractional operator, as evidenced by the reduction in RMSE and maximum
frequency-domain errors. This improvement occurs because the approximation is opti-
mized over a broader spectral range, enabling better matching of the operator dynamics
across low-, mid-, and high-frequency regions.

However, the improvement in frequency-domain accuracy is accompanied by degrada-
tion in time-domain performance, reflected by increased IAE and ISE values. This behavior
arises because the same finite-order approximation must distribute a limited number of
poles and zeros across a larger frequency interval. Consequently, fewer degrees of freedom
remain available to accurately capture localized transient dynamics.

This phenomenon is closely related to the time–frequency trade-off commonly ob-
served in signal analysis and approximation theory [31]. Similar to the uncertainty principle,
improving spectral accuracy over a wide frequency band reduces temporal localization
capability. Therefore, a wider frequency band enhances global frequency matching but may
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deteriorate transient response quality. Conversely, a narrower band concentrates approxi-
mation fidelity around dominant frequencies, often resulting in improved time-domain
behavior at the expense of reduced broadband accuracy.

Taken together, these results show that Matsuda’s approximation is highly dependent
on both approximation order and frequency-band selection. Increasing the order generally
improves accuracy, whereas widening the frequency interval enhances global frequency
matching at the expense of time-domain performance. The method is therefore flexible and
practically useful, but it requires careful tuning when applied to control-oriented problems.

3.5. El-Khazali Approximations

The El-Khazali method provides practical rational approximations of the fractional-
order operator sα using both first- and second-order models and is particularly attractive
because it offers relatively simple realizations while still preserving the main dynamic
characteristics of the ideal fractional operator [32–35]. In contrast to higher-order approxi-
mation schemes, this method is especially useful when a compact structure is preferred
for implementation.

The first-order approximation replaces the fractional operator sα, with 0 < α < 1, by
the rational transfer function

sα ≈ N(s, α)

D(s, α)
=

sτ
ωcn

+ 1
s

ωcn
+ τ

, (42)

where ωcn denotes the corner frequency and τ is defined as

τ = tan
(απ

2

)
+ sec

(απ

2

)
. (43)

This approximation is computationally efficient and straightforward to implement,
which makes it attractive in applications where low-order realization is more important
than wideband accuracy.

To improve approximation accuracy, El-Khazali further proposed a second-order
rational model based on a cascade of biquadratic transfer functions [35]. In this formulation,
the fractional operator is represented as(

s
ωg

)α

=
n

∏
i=1

Fi

(
s

ωi

)
=

n

∏
i=1

Ni

(
s

ωi

)
Di

(
s

ωi

) , (44)

where ωi is the center frequency of the i-th biquadratic stage, and

ωg = n

√
n

∏
i=1

ωi (45)

is the geometric mean of all center frequencies.
For i ≥ 2, the subsequent center frequencies are recursively determined by

ωi = ω2(i−1)

x ω1, i = 2, 3, . . . , n, (46)

where ωx is the real root of the characteristic polynomial

a0a2η4λ4 + a1(a2 − a0)λ
3 + (a2

1 − a2
2 − a2

0)ηλ2 + a1(a2 − a0)λ + a0a2η = 0, (47)

with
η = tan

(απ

4

)
. (48)
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Each biquadratic transfer function Fi is then given by

Fi

(
s

ωi

)
≈

a0

(
s

ωi

)2
+ a1

(
s

ωi

)
+ a2

a2

(
s

ωi

)2
+ a1

(
s

ωi

)
+ a0

, (49)

where the coefficients a0, a1, and a2 are defined as

a0 = αα + 3α + 1, (50)

a2 = αα − 3α + 1, (51)

a1 = (a2 − a0) tan
(
(2 + α)π

4

)
= −6α tan

(
(2 + α)π

4

)
. (52)

For the special case ωi = 1, the second-order approximation reduces to

sα ≈ a0s2 + a1s + a2

a2s2 + a1s + a0
. (53)

Moreover, when α → 1, the approximation simplifies to

Fi

(
s

ωi

)
≈

a0

(
s

ωi

)2
+ a0

(
s

ωi

)
a0

(
s

ωi

)2
+ a0

. (54)

Overall, the El-Khazali approximations provide a useful low-order alternative for
fractional-order realization. The first-order form is attractive for its simplicity, whereas
the second-order formulation offers improved dynamic fidelity while still preserving a
relatively compact structure.

3.6. Charef Approximation Method

The Charef approximation method provides a practical approach for approximating
fractional-order operators by means of rational transfer functions defined over a prescribed
frequency range [14,36]. The method is primarily intended for the approximation of the
fractional-order integrator

H(s) =
1
sα

, 0 < α < 1, (55)

and is based on a logarithmic distribution of real poles and zeros over the selected frequency
interval (ωl , ωh). A distinctive feature of this method is that the approximation accuracy is
controlled explicitly by a user-defined magnitude error bound ∆ expressed in decibels.

The resulting rational approximation is written as

Hch(s) =
1
sα

≈

N−1

∏
k=0

(
1 +

s
zk

)
N

∏
k=0

(
1 +

s
pk

) , (56)

where zk and pk denote the zeros and poles, respectively.
The parameters governing the pole-zero spacing are defined as

a = 10
∆

10(1−α) , b = 10
∆

10α , ab = 10
∆

10α(1−α) , (57)
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which directly determine the logarithmic separation between successive poles and zeros.
The poles and zeros are then given by

p0 = ωl · 10
∆

20α ,

pk = (ab)k p0,

zk = a(ab)k p0, k = 0, 1, . . . , N − 1,

(58)

thus ensuring a structured logarithmic distribution across the frequency band.
The required approximation order N is determined by

N =

 log
(

ωh
p0

)
log(ab)

+ 1, (59)

where ⌊·⌋ denotes the integer part. This relation links the desired frequency range, the
allowed error, and the final order of the approximation.

Charef Approximation Version 2 [37] extends the same concept to the approximation of a
first-order fractional system, namely,

H(s) =
1(

1 + s
ωl

)α ≈

N−1

∏
k=0

(
1 +

s
zk

)
N

∏
k=0

(
1 +

s
pk

) , 0 < α < 1. (60)

The Charef method is therefore attractive when an explicit bound on magnitude error
is required over a prescribed band, although its practical effectiveness depends strongly on
the selected frequency interval and target accuracy. To generalize the Charef approximation,
a fractional-order system can be decomposed into two components [38,39]:

G(s) = Gα(s) Gβ(s) (61)

where
Gα(s) =

1
(Tαs + 1)α

, Gβ(s) = (Tβs + 1)β =
1
1

(Tβs+1)β

. (62)

Each component is approximated independently using the Charef formulation:

Gch,α(s) =

Nα−1
∏

k=0

(
1 + s

z(α)k

)
Nα−1

∏
k=0

(
1 + s

p(α)k

) =
Lα(s)
Dα(s)

, (63)

Gch,β(s) =

Nβ−1

∏
k=0

(
1 + s

z(β)
k

)
Nβ−1

∏
k=0

(
1 + s

p(β)
k

) =
Dβ(s)
Lβ(s)

. (64)

The overall approximation is then obtained as

Gch(s) = Gch,α(s) Gch,β(s) =
Lα(s) Dβ(s)
Dα(s) Lβ(s)

, (65)
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with the total approximation order given by N = Nα + Nβ − 1. The individual orders are
determined as

Nα =

⌊
10α(1 − α) log(ωmaxTα)

∆

⌋
+ 1,

Nβ =

⌊
10β(1 − β) log(ωmaxTβ)

∆

⌋
+ 1.

(66)

This formulation ensures a bounded approximation error governed by the tolerance
∆, while typically achieving lower actual deviations in practice. However, the presence of
pole–zero cancellations may introduce localized errors, particularly near the boundaries of
the frequency range.

To illustrate the application of this method, consider the fractional-order transfer function

G(s) =
(8s + 1)0.5

(49s + 1)0.6 , (67)

which consists of a fractional numerator and denominator. Using the Charef approach,
the system is decomposed into two components corresponding to the numerator and
denominator dynamics. The approximation orders Nα and Nβ are computed independently
based on the specified error tolerance, and the total order is given by N = Nα + Nβ − 1.

Figure 10 presents the Bode magnitude responses of the resulting approximations
for different error tolerances ∆ = [1, 2, 3] dB. It can be observed that lower tolerance
values yield higher-order models that closely match the ideal fractional-order response
across the frequency range. In contrast, increasing ∆ reduces the approximation order and
simplifies the model but introduces noticeable deviations, particularly at higher frequencies.
This behavior clearly demonstrates the trade-off between approximation accuracy and
computational complexity inherent in the Charef method.

Figure 10. Magnitude response of the Charef approximation for different error tolerances
∆ = 1, 2, 3 dB for transfer function stated in Equation (67).

Table 8 summarizes the magnitude error metrics of the Charef approximation for the
composite fractional-order system. The results indicate that decreasing the error tolerance
∆ improves the approximation accuracy, as reflected by the reduction in RMSEm and
maximum magnitude error.

For ∆ = 1 dB, the approximation achieves the highest accuracy with RMSEm = 0.0603 dB
but requires a higher total order (N = 11), resulting from Nα = 7 and Nβ = 5. As ∆ increases,
the approximation order decreases significantly, leading to reduced computational complex-
ity. However, this simplification comes at the expense of accuracy, particularly evident for
∆ = 3 dB, where both RMSE and maximum error increase substantially.
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Table 8. Magnitude error analysis of the Charef composite approximation for different error tolerances.

∆ (dB) Nα Nβ N RMSEm (dB) Maxm (dB)

1 7 5 11 0.0603 0.2797
2 4 3 6 0.1388 0.3005
3 3 2 4 0.6104 1.2754

These results confirm that the Charef method provides a flexible trade-off between
accuracy and model complexity, which becomes more pronounced in composite fractional-
order systems involving both numerator and denominator dynamics.

3.7. Carlson’s Approximation

Carlson’s approximation [6] provides an iterative framework for approximating
fractional-order operators by computing the α-th root of a given transfer function G(s). The
method is based on a modified Newton–Raphson scheme and is particularly suitable for
constructing rational approximations of operators that are inherently non-rational.

For the α-th root problem, the objective is to determine a function H(s) such that

H(s) = (G(s))α. (68)

By defining the nonlinear function f (H) = Hα − G(s), the classical Newton–Raphson
update becomes

Hk = Hk−1 −
Hα

k−1 − G(s)

αHα−1
k−1

. (69)

To improve numerical stability and convergence behavior, this update can be reformu-
lated in multiplicative form. After algebraic manipulation, the iteration is written as

Hk(s) = Hk−1(s) ·
(1 − α)Hk−1(s)1/α + (1 + α)G(s)
(1 + α)Hk−1(s)1/α + (1 − α)G(s)

. (70)

Introducing the substitution Q(s) = Hk−1(s)1/α, the same update can be expressed as

Hk(s) = Hk−1(s) ·
(1 − α)Q(s) + (1 + α)G(s)
(1 + α)Q(s) + (1 − α)G(s)

=
Q(s)α[(1 − α)Q(s) + (1 + α)G(s)]

(1 + α)Q(s) + (1 − α)G(s)
.

Since Q(s)α = Hk−1(s), this representation remains fully consistent with the original
Newton–Raphson formulation while offering a more numerically stable iterative realization.

Carlson Iteration Algorithm:

1. Initialize H0(s) = 1.
2. For k = 1, 2, . . . , N:

(a) Compute Q(s) = Hk−1(s)1/α.
(b) Update Hk(s) using (70).

3. Return HN(s) as the final approximation.

Carlson’s method is mathematically elegant and can provide accurate results through
successive iterations; however, its iterative nature may increase computational effort com-
pared with direct closed-form approximation methods, especially when higher precision
is required.
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3.8. Curve-Fitting Approximation

The curve-fitting approach, reported in [15], constructs an integer-order approximation
of a fractional operator by directly fitting its frequency response data. Unlike analytical
approximation methods, this technique is data-driven and relies on matching the frequency-
domain behavior of sα over a specified range.

The procedure begins by generating the frequency response of the fractional operator
through the substitution s = jω over a logarithmically spaced frequency grid ω ∈ [ωL, ωH ]:

sα = (jω)α, ω = ωL, ωL+1, . . . , ωH . (71)

Using this frequency response data (FRD), an integer-order transfer function is identi-
fied via the iterative Sanathanan–Koerner (SK) algorithm [16]. The approximating model is
expressed as

G(s) =
P(s)
Q(s)

=
PTϕ(s)

1 + QTψ(s)
, (72)

where the numerator and denominator polynomials are defined as P(s) = ∑N
n=0 pnsn

and Q(s) = 1 + ∑N
n=1 qnsn. The coefficient vectors P and Q are constructed using the

basis vectors
ϕ(s) = [1, s, . . . , sN ]T , ψ(s) = [s, s2, . . . , sN ]T .

The unknown parameters are estimated by minimizing the weighted least-squares
cost function

min
P,Q

H

∑
k=1

∣∣∣∣∣ϕT(jωk)P(ℓ) − (jωk)
αψT(jωk)Q(ℓ)

Q(ℓ−1)(jωk)

∣∣∣∣∣
2

, (73)

where Q(ℓ−1)(s) = 1 + ψT(s)Q(ℓ−1). The iterative process continues until convergence is
achieved, typically defined by

∥Q(ℓ) − Q(ℓ−1)∥2 < ϵ,

with ϵ denoting a prescribed tolerance.

Implementation Procedure:

1. Frequency Sampling: Generate FRD data of sα over the desired frequency range.
2. Iterative Identification: Apply the SK algorithm to estimate P and Q through weighted

least-squares minimization.
3. Convergence Check: Terminate the iteration when ∥Q(ℓ) − Q(ℓ−1)∥2 < ϵ.
4. Model Construction: Form the rational transfer function G(s) = P(K)(s)/Q(K)(s).
5. State-Space Realization: Convert the model into state-space form:

G(s) = C(sI − A)−1B + D.

6. Model Reduction: Apply pole–zero cancellation to obtain a minimal realization:

G(s) = minreal

(
∑N

n=0 p(K)n sn

1 + ∑N
n=1 q(K)n sn

)
.

where minreal is a MATLAB function that computes a minimal realization of a trans-
fer function.

Remark: This approach offers high flexibility and can achieve very accurate approxi-
mations when sufficient data and model order are used; however, its performance depends
strongly on the quality of the sampled data and the chosen model structure, and it may
suffer from overfitting or numerical sensitivity.
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3.9. Modified Stability Boundary Locus (M-SBL) Approximation

This subsection presents an enhanced version of the stability boundary locus (SBL)
method originally introduced in [40] and further developed in [17,18]. The SBL-based
approach approximates the fractional-order operator sα by matching its stability boundary
locus with that of an equivalent integer-order model.

In the original formulation, the approximation parameters were obtained through
two separate linear systems derived from the real and imaginary parts of the character-
istic equation, which increased computational complexity and limited implementation
efficiency. The modified approach addresses this limitation by solving both components
simultaneously within a unified framework.

Consider a fractional-order system described by

sα + asβ + b = 0, α > β ∈ R+. (74)

By substituting s = jω, the stability boundary locus is expressed as

ℜ : ωα cos
(απ

2

)
+ aωβ cos

(
βπ

2

)
+ b = 0, (75)

ℑ : ωα sin
(απ

2

)
+ aωβ sin

(
βπ

2

)
= 0. (76)

The modified stability boundary locus (M-SBL) method solves these equations jointly,
which improves numerical efficiency and enhances robustness. In addition, the use of a
logarithmically spaced frequency grid contributes to better approximation accuracy over a
wider range.

The objective is to approximate sα by an integer-order rational transfer function of
the form

Gapx(s) =
∑n

k=0 cksk

∑n
k=0 dksk , (77)

such that
Gapx(jω) ≈ (jω)α = ωα

[
cos
(απ

2

)
+ j sin

(απ

2

)]
. (78)

For an n-th order model evaluated at frequency ωk, this leads to

n

∑
r=0

cr(jωk)
r = (jωk)

α
n

∑
r=0

dr(jωk)
r. (79)

By imposing denominator symmetry dr = cn−r, the problem is reduced to a linear system

AC = B, (80)

where
C = [c0, c1, . . . , cn]

T .

The matrix elements for each frequency ωk are defined as

Ark = (jωk)
r − (jωk)

n−r+2 cos
(

απ
2
)

ωα
k

− (jωk)
n−r+1 sin

(
απ
2
)

ωα−1
k

, (81)

Bk = −(jωk)
n+1 + (jωk)

cos
(

απ
2
)

ωα
k

+
sin
(

απ
2
)

ωα−1
k

. (82)
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The coefficient vector is then obtained as

C = (A−1)TBT , (83)

and the final approximation becomes

Gapx(s) =
∑n

k=0 cksk

∑n
k=0 cn−ksk . (84)

To quantify the numerical expense of the M-SBL method, the condition number of the
coefficient matrix A and the execution time were evaluated for different approximation
orders. The condition number is defined as

κ(A) = ∥A∥ ∥A−1∥, (85)

where a larger value of κ(A) indicates stronger numerical ill-conditioning and higher
sensitivity to perturbations in the coefficient matrix.

Table 9 shows that increasing the M-SBL order improves approximation accuracy, as
RMSEm decreases from 6.0757 dB at N = 2 to 0.2882 dB at N = 12. Similarly, RMSEp

decreases from 26.024◦ to 6.4084◦. However, this improvement is accompanied by a
substantial increase in the condition number, from 1.0488 × 1012 at N = 2 to 3.0490 × 1051

at N = 12. This indicates that higher-order M-SBL approximations become increasingly
ill-conditioned, even though the measured execution time remains relatively small, as given
in Figure 11.

Table 9. Numerical conditioning and computational cost of the M-SBL approximation for G(s) = s0.5.

Order N κ (A) Time (s) RMSEm RMSEp

2 1.0488 × 1012 0.0049 6.0757 26.024
3 2.9150 × 1015 0.0005 3.8522 19.094
4 1.9579 × 1019 0.0021 2.2259 14.683
5 2.5546 × 1021 0.0016 1.4770 12.807
6 1.4686 × 1028 0.0015 1.0494 11.660
7 1.2387 × 1030 0.0017 0.7724 10.698
8 9.8008 × 1035 0.0018 0.5791 9.7819
9 6.3941 × 1036 0.0017 0.4431 8.8890
10 1.4592 × 1042 0.0015 0.3540 8.0238
11 3.5195 × 1043 0.0012 0.3054 7.1947
12 3.0490 × 1051 0.0017 0.2882 6.4084

These results confirm that M-SBL is not computationally expensive only in terms
of execution time; its main numerical limitation is the conditioning of the linear system
used to compute the approximation coefficients. Therefore, the approximation order
should be selected carefully to balance accuracy improvement against numerical sensitivity.
In this study, moderate orders provide a more reliable compromise between accuracy,
computational cost, and numerical conditioning.

Figure 12 shows the Bode plots for the magnitude and phase, comparing the true
system with the M-SBL and curve-fitting approximations for N = 4, 5, 6. The plots illus-
trate the performance of both approximation methods across different orders and their
comparison with the true fractional-order system. The respective transfer functions for
each approximation method are provided in Table 10.
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Figure 11. M-SBL Accuracy and Numerical Conditioning Trade-off for s0.5.
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Figure 12. Bode plot comparison between the true fractional-order system s0.5 and its M-SBL and
curve-fitting approximations for orders N = 4 to 6. The magnitude and phase responses highlight the
accuracy and frequency-domain behavior of each approximation method relative to the true model.
As the approximation order increases, the M-SBL approximations better align with the true system,
especially within the frequency range [ωl = 0.1, ωh = 10].
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Table 10. Transfer Functions of M-SBL and Curve-Fitting Approximations for s0.5 at Different Orders.

N M-SBL Transfer Function Curve-Fitting Transfer Function

4 s0.5 ≈ 8.9586 s4+99.124 s3+155.24 s2+39.628 s+1
s4+39.628 s3+155.24 s2+99.124 s+8.9586 s0.5 ≈ 9.5396 s4+118.75 s3+230.74 s2+77.934 s+2.6163

s4+43.907 s3+204.96 s2+168.96 s+20.761

5 s0.5 ≈ 10.644 s5+177.85 s4+534.21 s3+372.47 s2+56.144 s+1
s5+56.144 s4+372.47 s3+534.21 s2+177.85 s+10.644 s0.5 ≈ 11.396 s5+214.79 s4+761.60 s3+646.41 s2+120.22 s+2.5880

s5+63.347 s4+486.16 s3+838.12 s2+343.00 s+25.384

6 s0.5 ≈ 12.354 s6+288.47 s5+1390.4 s4+1884.0 s3+749.81 s2+75.806 s+1
s6+75.806 s5+749.81 s4+1884.0 s3+1390.4 s2+288.47 s+12.354 s0.5 ≈ 13.251 s6+350.04 s5+1948.8 s4+3092.9 s3+1447.2 s2+171.06 s+2.5715

s6+86.212 s5+975.41 s4+2854.7 s3+2475.4 s2+602.99 s+30.019

To investigate the influence of sampling density on approximation quality, a sensitivity
analysis was conducted by varying the number of logarithmically distributed frequency
points used in Matsuda, curve-fitting, and M-SBL methods. The resulting accuracy and
computational cost are summarized in Table 11.

Table 11. Effect of selected frequency points on approximation performance for Matsuda, curve-fitting,
and M-SBL methods.

Order
Matsuda Curve Fit M-SBL

Points RMSEm Time (s) Points RMSEm Time (s) Points RMSEm Time (s)

1 3 2.6947 0.0077 3 3.3368 0.0048 1 4.8390 0.0015
2 5 0.7246 0.0098 5 1.3955 0.0033 2 1.1554 0.0014
3 7 0.1956 0.0147 7 0.6514 0.0033 3 0.2320 0.0014
4 9 0.0853 0.0216 9 0.2598 0.0048 4 0.0400 0.0009
5 11 0.0226 0.0498 11 0.0822 0.0103 5 0.0109 0.0033
6 13 0.0084 0.0767 13 0.0213 0.0145 6 0.0048 0.0013
7 15 0.0036 0.0347 15 0.0109 0.0055 7 0.0017 0.0008
8 17 0.0009 0.0365 17 0.0089 0.0092 8 0.0004 0.0009

3.10. Effect of Frequency-Point Selection

The approximation methods considered in this study employ different strategies for se-
lecting frequency sampling points. Matsuda and curve-fitting methods use logarithmically
distributed frequency samples across the approximation band, with the number of selected
points increasing with approximation order. For an n-th order Matsuda approximation,
2n+ 1 frequency points are required to construct the continued-fraction interpolation model,
while the curve-fitting approach adopts the same logarithmic sampling density for consis-
tency. In contrast, the M-SBL method directly constructs the approximation using only n
logarithmically distributed frequency points, resulting in reduced sampling requirements.

The number of frequency points was systematically varied for each method while
preserving the same approximation bandwidth. Table 11 shows that increasing the number
of selected frequency points generally improves approximation accuracy, as reflected by the
reduction in RMSEm. Matsuda benefits significantly from additional interpolation points
due to improved recursive fitting accuracy, although this improvement is accompanied by
increased computational cost. The trade-off between approximation accuracy and execution
time is further illustrated in Figure 13.

The curve-fitting method also improves with increased sampling density but generally
requires a larger number of frequency points to achieve accuracy comparable to Mat-
suda and M-SBL. This behavior suggests reduced efficiency for broadband approximation.
Among the evaluated methods, M-SBL exhibits the most favorable accuracy-to-complexity
trade-off. Despite using fewer frequency points, it achieves lower approximation error
with consistently low execution time. These results indicate that M-SBL is less sensitive to
sampling density while maintaining high approximation fidelity.
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Figure 13. Influence of frequency-point selection on approximation accuracy and computational cost
for the fractional operator G(s) = s0.5 using Matsuda, curve-fitting, and M-SBL methods.

3.11. Equal-Ripple Biquadratic Approximation for Fractional-Order Integrators and Differentiators

The continued fraction expansion method can be used to derive low-order rational
approximations of fractional operators. For a second-order truncation, the resulting model
takes the form of a biquadratic transfer function:

sα ≈ a0s2 + a1s + a2

a2s2 + a1s + a0
, (86)

where
a0 = α2 + 3α + 2, a1 = −2α2 + 8, a2 = α2 − 3α + 2.

Similarly, the fractional integrator is obtained as

s−α ≈ a2s2 + a1s + a0

a0s2 + a1s + a2
. (87)

Although these models are compact and computationally efficient, they typically
exhibit non-uniform approximation errors, resulting in ripple-like deviations in both mag-
nitude and phase responses. To address this issue, ref. [34] introduced an equal-ripple
design by incorporating a tuning parameter β into the middle coefficient. The modified
transfer function is given by [35]

Hd(s) =
(α2 + 3α + 2)s2 + (β(1 − α2) + 6)s + (α2 − 3α + 2)
(α2 − 3α + 2)s2 + (β(1 − α2) + 6)s + (α2 + 3α + 2)

. (88)

The parameter β controls the distribution of approximation error. Increasing β reduces
outer ripple at the expense of inner ripple, while decreasing it produces the opposite effect.
For each value of α, an optimal β exists that equalizes these ripples, resulting in a minimax
approximation. For example, for α = 0.5, the optimal value is approximately β ≈ 3.8382,
which significantly reduces both magnitude and phase errors [35,41]. To ensure stability,
the parameter must satisfy

β >
1 − α2

6
. (89)

3.12. Exact-Phase Biquad Approximation for Fractional-Order Integrators

Fractional-order integrators s−α exhibit an ideal constant phase of −α × 90◦, which
cannot be exactly realized using finite-dimensional systems. A practical approach is to
approximate them using a second-order biquadratic structure:
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H(s) ≈ s−α ≈ a2s2 + a1s + a0

a0s2 + a1s + a2
. (90)

This symmetric structure ensures stability and facilitates implementation. The ap-
proximation is typically normalized such that H(jω0) = 1 at a selected center frequency
ω0, around which both magnitude and phase characteristics are shaped. The exact-phase
design strategy enforces zero phase error at ω0, ensuring that the approximation matches
the ideal phase exactly at that frequency. The remaining parameters are then adjusted to
maintain phase flatness over a desired range.

According to [35], the coefficients can be expressed as

a0 = β1 + β2αv + (β1 + β2)α, (91)

a2 = β1 + β2αv − (β1 + β2)α, (92)

where β1, β2, and v are design parameters controlling bandwidth and accuracy.
The middle coefficient is obtained from the phase-matching condition:

phase_term = tan
(
(2 + α)π

4

)
, (93)

a1 = (a2 − a0)phase_term. (94)

This formulation guarantees exact phase matching at the chosen frequency while
allowing controlled shaping of the approximation over the surrounding frequency range.
The frequency-domain performance of the exact-phase and equal-ripple biquad approxima-
tions is illustrated in Figure 14. The comparison highlights the improved phase consistency
achieved by the exact-phase design over the selected frequency band.

Figure 14. Bode plot of two biquad approximations for a 0.5 order integrator: the exact-phase design
(red) vs. an equal-ripple design (blue). The exact-phase biquad achieves a near-constant 45◦ phase
over its band, whereas the ripple-optimized design shows larger phase variation. Both have similar
−20 × 0.5 dB/decade gain slopes, but the exact-phase filter has smoother phase.
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Figure 15 presents the Bode plots of equal-ripple and exact-phase approximations for
s−0.5 using different cascade stages. The results demonstrate the influence of the cascade
order on the magnitude and phase approximation accuracy.

Figure 15. Bode plots of equal-ripple and exact-phase approximations for s−0.5 using different cascade
stages. The plots compare the accuracy of the magnitude and phase responses of each approximation
method against the ideal fractional-order behavior.

The corresponding transfer functions of the equal-ripple and exact-phase approxima-
tion methods for different cascade stages are summarized in Table 12.

Table 12. Transfer Functions of Equal-Ripple and Exact-Phase Approximations for s−0.5 at
Different Stages.

N Equal-Ripple Transfer Function Exact-Phase Transfer Function

1 s−0.5 ≈ 0.75 s2+8.8787 s+3.75
3.75 s2+8.8787 s+0.75 s−0.5 ≈ 0.7613 s2+4.8284 s+2.7613

2.7613 s2+4.8284 s+0.7613

2 s−0.5 ≈ 5.625×10−5 s4+0.0673 s3+3.6011 s2+33.6279 s+14.0625
0.0014 s4+0.3363 s3+3.6011 s2+6.7256 s+0.5625 s−0.5 ≈ 5.7965×10−5 s4+0.0371 s3+2.3357 s2+13.4663 s+7.625

7.625×10−4 s4+0.1347 s3+2.3357 s2+3.7129 s+0.5796

3 s−0.5 ≈ 5.7965×10−5 s4+0.0371 s3+2.3357 s2+13.4663 s+7.625
7.625×10−4 s4+0.1347 s3+2.3357 s2+3.7129 s+0.5796 s−0.5 ≈ 4.4×10−13 s6+2.8×10−8 s5+1.8×10−4 s4+0.1 s3+6.5 s2+37.2 s+21.05

2.1×10−11 s6+3.7×10−7 s5+6.5×10−4 s4+0.1 s3+1.8 s2+2.8 s+0.4

3.13. Impulse- and Step-Response-Invariant Discretization Methods

In addition to continuous-time rational approximation methods, discrete-time re-
alization techniques have also been developed for fractional-order operators. Among
these approaches, impulse-response-invariant (IRI) and step-response-invariant (SRI) dis-
cretization methods proposed by Chen provide finite-dimensional z-domain approxima-
tions that preserve the time-domain characteristics of fractional-order integrators and
differentiators [42–44].
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For a fractional-order operator

G(s) = sr, −1 < r < 1,

where r > 0 corresponds to a fractional differentiator and r < 0 corresponds to a fractional
integrator, the objective is to construct a discrete-time transfer function of the form

G(z) =
b0 + b1z−1 + · · ·+ bnz−n

1 + a1z−1 + · · ·+ anz−n ,

where n denotes the approximation order and Ts is the sampling period.

3.13.1. Impulse-Response-Invariant (IRI) Discretization

The impulse-response-invariant method preserves the sampled impulse response of
the continuous-time fractional operator. For a fractional integrator

G(s) =
1
sr , 0 < r < 1,

the continuous-time impulse response is given by

h(t) = L−1
{

1
sr

}
=

tr−1

Γ(r)
,

where Γ(·) denotes the Gamma function.
Sampling this response using sampling period Ts yields

h[k] = h(kTs) =
(kTs)r−1

Γ(r)
, k = 1, 2, . . .

The sampled impulse response sequence is then approximated by a finite-order dis-
crete transfer function through model fitting techniques such as Prony approximation:

[b(z), a(z)] = Prony(h[k]).

The resulting discrete approximation becomes

GIRI(z) =
B(z)
A(z)

.

For a fractional differentiator sr, the inverse relation is used:

sr ≈ 1
GIRI(z)

.

3.13.2. Step-Response-Invariant (SRI) Discretization

The step-response-invariant method preserves the sampled step response of the frac-
tional operator. For a fractional integrator

G(s) =
1
sr ,

the continuous-time step response is

y(t) = L−1
{

1
sr+1

}
=

tr

Γ(r + 1)
.
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Sampling the response at interval Ts gives

y[k] = y(kTs) =
(kTs)r

Γ(r + 1)
, k = 0, 1, 2, . . .

The sampled step-response sequence is fitted to a discrete transfer function using
recursive identification methods such as Steiglitz–McBride iteration:

[b(z), a(z)] = STMCB(y[k]).

Thus, the discrete approximation is obtained as

GSRI(z) =
B(z)
A(z)

.

Using the step-response-invariant discretization method with sampling period
Ts = 0.01 s and approximation order n = 5, the fractional-order integrator s−0.5 was ap-
proximated in the discrete domain as

G(s) = s−0.5 ≈ Gz(z) =
8.8663(z − 0.9976)(z − 0.9760)(z − 0.9089)(z − 0.6927)(z − 0.0960)
(z + 2.111 × 10−5)(z − 0.4788)(z − 0.8336)(z − 0.9515)(z − 0.9901)

(95)

The obtained model preserves the step-response characteristics of the continuous
fractional integrator while maintaining stability and minimum-phase behavior in the
discrete-time domain, as shown in Figure 16.

Figure 16. Step-Response-Invariant Approximation of s−0.5.

3.13.3. Stability and Minimum-Phase Correction

The identified discrete models may contain unstable poles or nonminimum-phase
zeros. Stability correction is typically performed by reflecting poles outside the unit circle:

pi →
1
pi

, |pi| > 1,

while nonminimum-phase zeros are corrected similarly:

zi →
1
zi

, |zi| > 1.
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These transformations ensure that the resulting approximation remains stable and
suitable for digital implementation.

3.14. De Keyser Frequency-Domain Approximation Method

The De Keyser (RDK) approximation method, originally developed by Robin De
Keyser and his team [45], provides a discrete-time rational representation of a non-rational
fractional-order operator by matching its frequency response over a prescribed frequency
interval. Unlike recursive pole-zero approaches, the RDK method constructs the approx-
imation directly from sampled frequency-domain data and converts it into a rational
discrete-time transfer function through impulse-response fitting.

The method can be applied to a broad class of non-rational transfer functions, repre-
sented as GNRTF(s), where GNRTF(s) may include fractional powers, irrational dynamics,
or other non-rational operators.

The objective is to determine a rational discrete-time transfer function of order N in
the form

GRDK(z−1) =
b0 + b1z−1 + b2z−2 + · · ·+ bNz−N

1 + a1z−1 + a2z−2 + · · ·+ aNz−N , (96)

where ai and bi denote the denominator and numerator coefficients obtained through
system identification. The denominator is normalized such that its leading coefficient
equals unity.

The approximation begins by discretizing the continuous Laplace operator using a
generalized generating function that interpolates between Euler and Tustin discretization:

sRDK(z−1) =
1 + α

T
1 − z−1

1 + αz−1 , 0 ≤ α ≤ 1, (97)

where T is the sampling period, and α is a tuning parameter that controls the high-frequency
approximation behavior. The limiting cases correspond to α = 0, which yields the Euler
discretization, and α = 1, which yields the Tustin discretization.

The sampling period is selected according to the maximum approximation frequency
Ωmax:

T =
π

Ωmax
, (98)

which ensures that Ωmax corresponds to the Nyquist frequency.
A discrete frequency grid is then generated as

ωk =
2π

NsT
k, k = 0, 1, . . . ,

Ns

2
, (99)

where Ns denotes the number of frequency samples. The associated backward-shift opera-
tor is defined by

qk = e−jωkT = z−1. (100)

Using the generalized mapping in (97), the frequency response of the non-rational
transfer function is evaluated as

G[k] = GNRTF(sRDK(qk)), k = 0, 1, . . . ,
Ns

2
. (101)
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To guarantee a real-valued impulse response, conjugate symmetry is imposed:

G[Ns − k] = G∗[k], k = 1, 2, . . . ,
Ns

2
− 1, (102)

where (·)∗ denotes complex conjugation.
The impulse response is then computed using the inverse fast Fourier transform (IFFT):

g[n] =
1

Ns

Ns−1

∑
k=0

G[k]ej2πkn/Ns , n = 0, 1, . . . , Ns − 1. (103)

Finally, the Steiglitz–McBride (STMCB) algorithm is employed to identify a rational
discrete-time model from the impulse response:

[ai, bi] = STMCB(g[n], N), (104)

which yields the rational approximation given in (96).
Therefore, the RDK method transforms the approximation of a non-rational fractional-

order operator into a discrete-time identification problem. The approximation order N,
maximum frequency Ωmax, and tuning parameter α can be selected independently to
balance approximation accuracy and computational complexity.

In this study, the method is demonstrated using the fractional-order low-pass filter

G(s) =
1

(1 + 5s)0.5 . (105)

The resulting approximation is expressed in the form. For the selected parameters
N = 4, α = 0.9, and Ωmax = 100 rad/s, the RDK approximation produced the following
discrete-time rational transfer function:

GRDK(z−1) =
0.05741 − 0.08132z−1 − 0.00855z−2 + 0.04283z−3 − 0.01017z−4

1 − 2.363z−1 + 1.598z−2 − 0.08096z−3 − 0.1539z−4 , (106)

where z−1 denotes the backward-shift operator. The obtained model corresponds to a
discrete-time system with sampling period, T = 0.031416 s.

Equation (106) represents the fourth-order rational approximation of the fractional-
order low-pass filter defined in (105). The approximation preserves the dominant magni-
tude and phase characteristics of the original fractional-order dynamics over the selected
frequency range.

Figure 17 compares the frequency response of the original fractional-order system and
the resulting RDK approximation.

The results demonstrate that the RDK method preserves the frequency-domain char-
acteristics of the original fractional-order system over the selected approximation interval
while maintaining a low-order rational discrete-time realization.

Unlike frequency-domain approximation techniques such as Oustaloup recursive
approximation, Matsuda interpolation, curve-fitting, and M-SBL, the IRI, SRI, and RDK
methods are formulated directly in the discrete-time domain. Their approximation accuracy
depends not only on the approximation order but also on the sampling period Ts. Con-
sequently, these approaches are particularly attractive for sampled-data control systems
and embedded implementation of fractional-order operators. Due to their discrete-time
formulation, IRI, SRI, and RDK were not included in the primary Pareto comparison.
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Figure 17. Frequency-response comparison between the original fractional-order system and the
RDK discrete-time approximation.

3.15. Genetic Algorithm-Based Fitting Methods

Genetic algorithm (GA)-based fitting methods formulate the approximation of
fractional-order operators as an optimization problem; this method of approximation
methods is mainly discussed in the literature [46–48]. For a fractional operator G(s) = sα,
the approximating rational model may be expressed as

GGA(s) = K ∏n
i=1(s + zi)

∏n
i=1(s + pi)

, (107)

where K, zi, and pi denote the gain, zeros, and poles to be optimized. The optimization
process searches for a rational transfer function whose frequency response best matches
the target fractional operator over a specified bandwidth.

The optimization objective is commonly defined through a weighted error function:

JGA = wm

√√√√ 1
Nω

Nω

∑
k=1

(
Mk − M̂k

)2
+ wp

√√√√ 1
Nω

Nω

∑
k=1

(
ϕk − ϕ̂k

)2, (108)

where Mk and ϕk represent the magnitude and phase responses of the fractional opera-
tor, while M̂k and ϕ̂k correspond to the responses of the approximated rational model.
The weighting coefficients wm and wp control the relative importance of magnitude and
phase matching.
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The performance of GA-based fitting methods strongly depends on optimization
parameters such as population size, mutation probability, crossover strategy, parameter
bounds, and stopping criteria. Therefore, these methods were not included in the main
benchmarking framework of this study to maintain deterministic reproducibility across all
the compared techniques.

4. Comparative Evaluation Framework and Methodology
This section presents a unified and systematic framework for the comparative eval-

uation of fractional-order approximation methods. The proposed framework integrates
multiple performance criteria, a consistent simulation setup, robustness analysis under
frequency-band variation, and a Pareto-based multi-objective decision strategy. This struc-
ture ensures a rigorous, reproducible, and application-oriented assessment.

4.1. Performance Evaluation Criteria

The approximation methods are evaluated using a set of complementary criteria that
capture both theoretical fidelity and practical implementation aspects. The frequency-
domain precision is quantified using the root mean square error in magnitude (RMSEm)
and phase (RMSEp), along with the corresponding maximum absolute errors. Time-domain
performance is assessed using the integral absolute error (IAE) and integral squared error
(ISE), which measure the deviation of the approximated response from the ideal fractional-
order behavior. Structural complexity is characterized by the number of poles and zeros of
the resulting rational model, which directly influences computational burden, numerical
conditioning, and implementation feasibility. Stability is evaluated using the classical
pole-location criterion, where a model is considered stable if all poles satisfy ℜ(pi) < 0.
Robustness is assessed by examining the sensitivity of approximation accuracy to variations
in the frequency band. This is quantified using the mean and standard deviation of RMSEm

across multiple frequency intervals. These criteria collectively define a multi-objective
evaluation problem, where improvements in one metric may lead to degradation in others,
necessitating a balanced and systematic comparison.

4.2. Simulation Setup

To ensure a fair and consistent comparison, all approximation methods are evaluated
under identical conditions. The benchmark system considered in this study is the fractional-
order operator

G(s) = sα, α = 0.5, (109)

which represents both fractional differentiation and integration commonly encountered in
control applications.

The approximation objective is defined as

Gapx(jω) ≈ G(jω), ω ∈ [ωL, ωH ]. (110)

All methods are implemented with the same approximation order (N = 4) and
evaluated over multiple frequency bands:

[ωL, ωH ] ∈
{
[10−3, 103], [10−2, 102], [10−1, 101]

}
. (111)

This setup enables a consistent comparison of accuracy, robustness, and complexity
across different approximation techniques.
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4.3. Robustness Analysis Under Band Variation

The performance of fractional-order approximation methods depends on the selected
frequency interval. Accordingly, robustness is assessed by examining how approximation
accuracy varies over different frequency bands.

Definition 1 (Robustness under band variation). Let RMSE(i)
m denote the magnitude error

associated with the i-th frequency band. The robustness indicators are defined as

µ =
1
K

K

∑
i=1

RMSE(i)
m , (112)

σ =

√√√√ 1
K

K

∑
i=1

(
RMSE(i)

m − µ
)2

, (113)

where µ denotes the mean approximation error, and σ quantifies sensitivity to band variation.

Lemma 1 (Robustness criterion). An approximation method is considered robust when both µ

and σ remain sufficiently small.

Justification. A small µ indicates consistently low approximation error, whereas a small σ

reflects weak dependence on the selected frequency interval. By contrast, large variations in
RMSE(i)

m indicate strong band dependence and reduced reliability in practical applications.

4.4. Multi-Objective Selection Framework

The selection of an appropriate approximation method is inherently a multi-objective
decision problem and depends on application-specific requirements. In particular, a trade-
off exists among frequency-domain accuracy (RMSEm, RMSEp), time-domain performance
(IAE, ISE), structural complexity (number of poles and zeros), robustness (measured by
σ), and computational effort. Methods with higher approximation accuracy often require
increased model complexity, whereas simpler models generally sacrifice precision.

Definition 2 (Method selection problem). Let M = {M1, M2, . . . , MK} denote the set of
candidate methods. Each method is evaluated using a normalized performance vector

J̃(Mi) = [ J̃1(Mi), J̃2(Mi), . . . , J̃p(Mi)], (114)

where the criteria include RMSEm, RMSEp, IAE, ISE, number of poles, number of zeros, and the
robustness indicator σ.

Definition 3 (Optimal method under weighted criteria). Given a weighting vector w satisfy-
ing ∑ wk = 1, the optimal method is defined as

M∗ = arg min
Mi∈P

p

∑
k=1

wk J̃k(Mi), (115)

where P denotes the Pareto-optimal set.

Lemma 2 (Application-dependent optimality). The optimal method M∗ depends on the
weighting vector w and therefore varies across applications.

Proposition 1 (Practical selection principle). The selection process should first identify Pareto-
optimal methods and then apply a weighted decision index to determine the final choice.
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4.5. Evaluation Procedure

The proposed multi-objective evaluation procedure is summarized in Algorithm 1.
The algorithm combines normalized performance metrics, Pareto-optimal analysis, and
weighted decision criteria to identify the most suitable fractional-order approximation
method for a given application.

The evaluation considers frequency-domain accuracy, time-domain performance,
model complexity, and robustness indicators to ensure a balanced selection process.

Algorithm 1 Multi-objective selection of fractional-order approximation method

1: Compute performance metrics for each method: RMSEm, RMSEp, IAE, ISE, number of
poles, number of zeros, and robustness indicator

2: Normalize all criteria using min–max scaling
3: Identify Pareto-optimal set P using dominance analysis
4: Assign weights w based on application requirements
5: for each Mi ∈ P do
6: Compute decision index D(Mi) = ∑

p
k=1 wk J̃k(Mi)

7: end for
8: Select optimal method M∗ = arg minMi∈P D(Mi)
9: return M∗

Pareto-Based Multi-Criteria Evaluation

Because the evaluation criteria are mutually conflicting, a Pareto-based multi-objective
framework is employed to identify non-dominated solutions [49]. A method is Pareto-
optimal if no other method performs better in all criteria simultaneously. In this study, the
criteria include frequency-domain accuracy (RMSEm, RMSEp), time-domain performance
(IAE, ISE), structural complexity, and robustness.

All performance metrics are normalized to the interval [0, 1]. A weighted decision
index is then defined as

Ji =
M

∑
k=1

wk xnorm
i,k , (116)

where xnorm
i,k is the normalized value of the k-th criterion for method i. Higher weights are

assigned to frequency-domain accuracy, robustness, and reduced structural complexity.
The final ranking is obtained by selecting the method with the minimum decision index
within the Pareto-optimal set.

4.6. Decision Framework

The choice of an approximation method depends on the dominant application re-
quirement. If frequency-domain accuracy is the primary objective, Oustaloup-based meth-
ods generally provide superior performance. For robustness under band variation, Mat-
suda demonstrates more consistent behavior. When reduced structural complexity is
required, M-SBL offers a favorable trade-off. Curve-fitting approaches tend to improve
time-domain behavior.

When several criteria must be satisfied simultaneously, the Pareto-based framework
provides a systematic decision mechanism. Pareto analysis identifies the non-dominated
candidates, and the weighted decision index determines the final choice. Figure 18 illus-
trates the proposed decision framework.
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Figure 18. Decision framework for selecting fractional-order approximation methods based on
Pareto-optimal trade-offs and application requirements.

5. Results and Discussion
The comparative results summarized in Table 13 highlight the trade-offs among accuracy,

robustness, structural complexity, and stability for the considered approximation methods.

Table 13. Performance comparison of approximation methods for G(s) = s0.5, including accuracy,
robustness, computational complexity, and stability.

Method Stable Poles Zeros maxℜ(p) Texec RMSEm RMSEp Maxm Maxp IAE ISE µ σ Ji Pareto

ORA Yes 9 9 −0.003 0.0254 2.98 18.78 10.02 42.34 0.14 0.95 0.10 0.15 0.31 Yes
ROA Yes 11 11 −0.00045 0.0031 0.93 11.06 4.17 35.86 0.53 10.32 0.45 0.02 0.27 Yes
Matsuda Yes 4 4 −0.01 0.0154 1.57 16.09 5.28 40.50 0.81 6.82 0.89 0.20 0.22 Yes
Curve-Fit Yes 4 4 −0.12 0.0175 4.41 22.36 16.15 44.66 0.82 4.81 0.97 0.54 0.29 Yes
M-SBL Yes 4 4 −0.01 0.0038 2.23 14.71 5.97 38.45 1.16 5.47 1.52 0.50 0.17 Yes
CFE Yes 4 4 −0.13 0.0133 8.77 30.64 20.92 44.85 0.21 0.46 1.51 2.07 0.36 Yes
El-Khazali-1st Yes 1 1 −2.41 0.0017 16.82 38.81 32.34 44.99 7.36 3.24 5.95 5.10 0.66 Yes
El-Khazali-2nd Yes 2 2 −0.62 0.0015 13.81 36.12 28.34 44.97 3.20 1.43 4.06 3.92 0.49 Yes
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5.1. Stability Analysis

All approximation methods produce stable integer-order models, as indicated by
maxℜ(p) < 0 in all cases. However, several models exhibit poles close to the imaginary
axis, particularly refined Oustaloup, which may reduce stability margins. This observation
indicates that stability alone is insufficient as a selection criterion and should be considered
jointly with robustness and numerical conditioning. A detailed discussion of this analysis
is provided in Section 5.9.

5.2. Frequency-Domain Accuracy

Refined Oustaloup achieves the lowest RMSEm and RMSEp, indicating the highest
frequency-domain accuracy. Standard Oustaloup also performs well, although with slightly
larger error values. Matsuda and M-SBL provide moderate accuracy with substantially
reduced model order. In contrast, CFE and El-Khazali methods exhibit large errors, particu-
larly in phase, indicating weaker approximation fidelity over the selected frequency range.

5.3. Time-Domain Performance

CFE achieves the lowest IAE and ISE values, indicating strong time-domain approx-
imation capability. However, this advantage is obtained at the expense of significantly
reduced frequency-domain accuracy. El-Khazali methods show weaker transient perfor-
mance, especially the first-order variant.

5.4. Structural Complexity

El-Khazali methods provide the lowest structural complexity, followed by Matsuda,
M-SBL, Curve Fit, and CFE, each with four poles. Oustaloup-based methods require higher-
order realizations, which increases implementation complexity and computational cost.

5.5. Robustness to Frequency Band Variation

Robustness analysis shows that refined Oustaloup achieves the lowest standard devia-
tion (σ = 0.02), indicating the highest insensitivity to band selection. Standard Oustaloup
and Matsuda also exhibit comparatively good robustness, whereas CFE and El-Khazali
methods show much larger variability, indicating weaker robustness.

5.6. Multi-Objective Trade-Off Analysis

Fractional-order operator approximation is inherently a multi-objective optimization
problem because improving one performance criterion often leads to degradation in an-
other. Increasing approximation order may enhance frequency-domain accuracy while
simultaneously increasing computational burden, model complexity, and numerical sen-
sitivity. Consequently, no single approximation method can be considered universally
optimal across all performance indicators.

To address this challenge, a Pareto-based framework was adopted to compare com-
peting approximation methods using multiple criteria simultaneously. The evaluated
objectives include frequency-domain accuracy, time-domain performance, robustness,
structural complexity, and execution time. Similar single-objective formulations have been
widely adopted in fractional-order approximation and control design studies [7,12,49].

The generalized multi-objective vector can be written as

F(N) =
[
RMSEm, RMSEp, IAE, ISE, Np, Nz, σ, Texec

]
, (117)

where Np and Nz denote the number of poles and zeros, σ represents robustness variation,
and Texec denotes average execution time.
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A solution is considered Pareto-optimal when no other candidate improves one objec-
tive without degrading at least one remaining objective. Since multiple objectives conflict,
Pareto analysis provides a rational framework for selecting approximation methods with-
out relying on a single metric [49,50]. The weighted decision index Ji was introduced as a
secondary ranking criterion to identify the most balanced non-dominated solution.

Table 13 indicates that M-SBL achieves the lowest decision index Ji, demonstrating the
best overall compromise among approximation accuracy, robustness, structural complexity,
and computational effort. Although ROA provides superior frequency-domain fitting
performance, its higher model order (polesandzeros = 11) increases structural complexity
and implementation burden. Matsuda offers a balanced trade-off by combining moderate
approximation accuracy with relatively low model order. These observations are further
supported by Figures 19 and 20, where M-SBL, Matsuda, and Oustaloup-based approxima-
tions consistently appear near the optimal Pareto region. This positioning confirms their
suitability as balanced approximation methods capable of maintaining favorable trade-offs
across multiple performance objectives.

Figure 19. Pareto visualization showing the trade-off between approximation accuracy and structural
complexity.

Figure 20. Pareto visualization showing robustness vs. approximation accuracy.
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5.7. Pareto Analysis and High-Dimensional Extension

Traditional Pareto analysis is often illustrated through binary trade-off relationships
such as accuracy vs. complexity or robustness vs. accuracy. However, Pareto optimization
is not restricted to two-dimensional analysis. For three objectives, the Pareto front becomes
a surface, whereas for four or more objectives, it becomes a high-dimensional Pareto
manifold [49,50]. In the present study, the generalized Pareto representation may be
written as

F(N) = [Accuracy, Robustness, Complexity, ]. (118)

In this formulation, accuracy is quantified using RMSE measures, robustness is repre-
sented by σ, and complexity is determined from pole-zero count and execution time.

Figure 21 presents a three-dimensional (3-D) Pareto surface for multi-objective evalua-
tion, enabling simultaneous visualization of competing objectives including approximation
accuracy, robustness, and structural complexity. Unlike conventional two-dimensional
Pareto curves, the 3-D representation provides a more comprehensive interpretation of
trade-offs among multiple performance indicators within a unified decision space. The
extension from Pareto curves to Pareto surfaces enables simultaneous visualization of more
than two conflicting objectives. Such representations are increasingly used in engineering
optimization and decision-making problems [49,50].

Figure 21. Three-dimensional Pareto surface showing simultaneous optimization of complexity,
robustness, and approximation accuracy.

5.8. Optimal Approximation Order Selection

To determine the most suitable approximation order, the order parameter N was varied
from 4 to 15 for the selected approximation methods. Based on the Pareto analyses pre-
sented in Figures 19 and 20, M-SBL, Matsuda, and Oustaloup-based methods consistently
occupy regions close to the Pareto-optimal boundary, indicating favorable trade-offs among
approximation accuracy, robustness, structural complexity, and computational effort. Con-
sequently, these methods were further examined through an order-selection analysis. For
each approximation order, the decision index Ji was computed using normalized perfor-
mance metrics derived from frequency-domain accuracy, time-domain error, robustness
variation, model complexity, and execution time. To reduce variability associated with
computational timing, each approximation was executed over 20 independent runs, and
the average execution time was used in the decision-index calculation. The optimal order
for each method was then identified as the order corresponding to the minimum average
decision index, Min. Ji,a.

The results in Table 14 and Figure 22 indicate that M-SBL achieved the lowest decision
index at N = 9, suggesting the best overall compromise among competing objectives.
Matsuda reached its optimal performance at N = 7, while both ORA and ROA achieved
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their best trade-off at N = 4. Although curve-fit attained its minimum decision index
at N = 8, its relatively high Ji value indicates weaker overall performance compared to
the other methods. These findings confirm that increasing approximation order does not
necessarily improve overall quality and that an optimal order emerges from balancing
approximation accuracy, robustness, and computational complexity.

Table 14. Optimal approximation order selected using the Pareto-based decision index for G(s) = s0.5.

Method Optimal N Min. Ji,a

ORA 4 0.1876
ROA 4 0.0976
Matsuda 7 0.0998
Curve Fit 8 0.5285
M-SBL 9 0.0704

Figure 22. Decision index vs. approximation order for fractional operator G(s) = s0.5. Lower values
indicate better compromise among accuracy, robustness, and complexity.

For the curve-fit approximation, valid time-domain indices were obtained only up
to N = 8. Beyond this order, the fitted rational models produced numerically unstable
or ill-conditioned transfer functions, resulting in undefined step-response metrics (IAE
and ISE). Although frequency-domain fitting remained computable, higher-order curve-fit
models exhibited poor numerical robustness during time-domain simulation. This behavior
suggests that increasing approximation order does not necessarily improve model quality
and may introduce instability due to over-parameterization and pole-zero ill-conditioning.

5.9. Stability Mismatch Between Fractional-Order Models and Their Rational Approximations

Fractional-order systems are commonly approximated by integer-order rational mod-
els to enable practical implementation and simulation. However, this approximation pro-
cess does not necessarily preserve the intrinsic stability properties of the original fractional-
order system. As a result, discrepancies between the stability of the fractional model and
its approximation may arise. A fractional-order transfer function can be stable under
Matignon’s criterion, while its integer-order approximation can be unstable. The reverse
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situation may also occur. For a commensurate fractional-order system of order q, stability
requires [26,51]

|arg(λi)| >
qπ

2
, (119)

where λi are the roots of the characteristic polynomial expressed in the transformed variable.
In contrast, for an integer-order approximation, stability is determined using the classical
condition [52]:

ℜ(pi) < 0, (120)

where pi are the poles of the approximated system. These two stability criteria are fun-
damentally different. Consequently, the approximation process may alter pole locations
and phase characteristics, which can lead to a change in the stability properties of the
system [28].

Case studies:
To illustrate this mismatch, two representative cases are considered. First, a stable

fractional-order system that becomes unstable after approximation is considered. The az-
imuth channel fractional-order transfer function of twin rotor system described in Section 6
is given by

G1(s) =
700.7

5.14 s2.87 + 3.73 s1.37 + 0.74 s0.08 . (121)

The fractional-order stability region can be analyzed by rewriting the denominator in
a commensurate form. A practical choice is q = 0.01, since

2.87 = 287 × 0.01, 1.37 = 137 × 0.01, 0.08 = 8 × 0.01.

By introducing the transformation λ = s0.01, the characteristic equation becomes

5.14 λ287 + 3.73 λ137 + 0.74 λ8 = 0. (122)

For a commensurate fractional-order system of order q = 0.01, Matignon’s stability
condition is given by

|arg(λi)| >
qπ

2
= 0.9◦. (123)

The original fractional-order transfer function is stable according to Matignon’s cri-
terion, as illustrated in Figure 23, where all poles lie outside the shaded instability sector
upon zoom in. However, its refined Oustaloup approximation, obtained over the frequency
band [10−2, 102] with approximation order N = 4, results in an unstable integer-order
model, demonstrating that stability is not preserved under approximation.

Second, an unstable fractional-order system that appears stable after approximation is
considered. The system is given by

G2(s) =
1

s0.5 − 1.2
. (124)

The system G2(s) is unstable according to Matignon’s criterion. The characteristic
equation s0.5 − 1.2 = 0 can be expressed in commensurate form with q = 0.5 by introducing
λ = s0.5, which yields λ − 1.2 = 0 with root λ = 1.2. Since | arg(λi)| >

qπ
2 = 45◦ is not

satisfied (as arg(1.2) = 0◦), the system violates the fractional-order stability condition, as
shown in Figure 24. However, its recursive Oustaloup approximation, obtained over the
frequency band [10−3, 103] with approximation order N = 6, results in a stable integer-
order model. This demonstrates that the approximation process can alter the stability
characteristics, leading to an apparent stabilization of an originally unstable fractional-
order system.
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Figure 23. Fractional-order stability region corresponding to (121), showing that all poles lie outside
the instability sector.

Figure 24. Fractional-order stability region corresponding to (124), showing that one pole lies inside
the shaded region.

From the above two cases, it is evident that integer-order approximation does not
guarantee the preservation of stability. The choice of approximation method, as well as the
selected frequency band and approximation order, plays a critical role in determining the
resulting stability properties. In certain cases, the approximation may introduce artificial
damping, leading to an apparent stabilization of an originally unstable fractional-order
system. Therefore, stability must be verified independently for both the original fractional-
order model and its integer-order approximation. The approximation process should
be carefully designed, considering the trade-off between approximation accuracy and
stability preservation.

6. Illustrative Example and Summary Discussion of Fractional
Operator Approximations

The azimuth channel is identified using experimental data obtained from a voltage
input in the range of 0–5 V. Based on prior knowledge of the system dynamics, a second-
order structure is assumed for the model. Fractional-order model identification is carried
out using the MATLAB function fotfid from the FOMCON toolbox [53]. In this study,
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cross-coupling effects between the azimuth and elevation channels are neglected, which
is a reasonable assumption when the elevation rotor is fixed or when coupling effects
remain small within the frequency range of interest. Following the identification procedure
described in [53], the azimuth dynamics of the TRMS are modeled using both fractional-
order and integer-order approaches. The Oustaloup approximation and its refined variant
are employed due to their demonstrated accuracy, as discussed earlier in this paper.

The identified fractional-order models are given as

G2(s) =
700.7

5.1392 s2.8691 + 3.7335 s1.3709 + 0.73496 s0.083266 , (125)

which provides the best fit, with a model fitness of 97.8% using the refined Oustaloup
approximation.

G3(s) =
700.7

5.14 s2.87 + 3.73 s1.37 + 0.74 s0.08 , (126)

yielding a model fitness of 97.32%.
For comparison, the integer-order model reported in [54] is given by

Gint(s) =
700.7

5.61 s2 + 3.992 s + 1
, (127)

which achieves a significantly lower model fitness of 91%.
The results indicate that fractional-order models provide a substantially improved

representation of the system dynamics compared to the integer-order model. In particular,
the refined Oustaloup-based identification yields the highest accuracy, demonstrating its
effectiveness in capturing the underlying fractional dynamics of the TRMS. A comparison
between the identified models and the experimental data is shown in Figure 25.

All fractional-order approximation techniques were implemented over the frequency
range [ωl = 0.01, ωh = 100] rad/s, with an approximation order of N = 5, ensuring a
consistent basis for comparison.

The corresponding Bode plot of the integer-order approximation for the respective
fractional-order system is presented in Figure 26.

Figure 25. Comparison between fractional-order models identified using the refined Oustaloup
approximation and the integer-order model reported in [54].
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Figure 26. Bode plot comparison of fractional-order approximation methods for the Equation (126)
within the frequency range [0.01, 100] rad/s.

The results presented in Table 15 provide a comprehensive comparison of the con-
sidered approximation methods in terms of accuracy, stability, and overall performance
as quantified by the decision index Ji. From the stability perspective, all methods except
the refined Oustaloup approximation exhibit stable behavior, as indicated by negative real
parts of the poles. Although the refined Oustaloup method achieves reasonable accuracy,
the presence of poles on the imaginary axis suggests marginal stability, which may limit its
practical applicability in control systems.

Table 15. Comprehensive performance comparison of approximation methods for the Equation (126)
at order 5, including accuracy, robustness, and decision index Ji.

Method Stable Poles maxℜ(p) RMSEm RMSEp Maxm Maxp IAE ISE Ji

Refined Oustaloup No 36 0.001 0.61 1.61 0.98 6.22 382.54 7771.50 0.35
Standard Oustaloup Yes 32 −0.003 0.01 1.15 0.04 4.90 57.44 136.21 0.28
Matsuda Yes 16 −0.0001 0.24 1.66 0.94 5.66 437.31 10,232.00 0.23
Curve Fit Yes 16 −0.01 0.12 0.74 0.30 2.20 137.32 1510.40 0.21
M-SBL Yes 16 −0.0006 0.31 1.99 0.75 5.71 749.38 35,860.00 0.25
CFE Yes 14 −0.07 0.38 5.00 1.04 23.89 81.04 563.92 0.20
El-Khazali 1st Yes 5 −0.18 4.29 31.19 15.07 72.79 5525.70 1.27 ×106 0.74
El-Khazali 2nd Yes 8 −0.24 1.64 20.45 7.26 62.65 3400.00 5.44 ×105 0.47

In terms of frequency-domain accuracy, the standard Oustaloup method demonstrates
superior performance, achieving the lowest magnitude error (RMSEm = 0.01 dB) and
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minimal peak magnitude deviation. However, its phase error remains moderate compared
to other methods. The curve fit and Matsuda methods offer a balanced trade-off between
magnitude and phase accuracy, with curve fit achieving relatively low phase error and
maximum deviation, making it suitable for applications requiring consistent frequency
response characteristics. The CFE method stands out in the overall evaluation, yielding
the lowest decision index Ji = 0.20. Despite moderate magnitude and phase errors, it
achieves significantly lower integral error measures (IAE and ISE), indicating improved
time-domain performance. Thus, CFE offers a favorable compromise between accuracy and
dynamic response, especially for lower frequency control applications. The M-SBL method
demonstrates competitive phase accuracy but exhibits relatively high time-domain errors,
reflected in larger IAE and ISE values. Similarly, the Matsuda method provides acceptable
frequency-domain accuracy but does not achieve the same level of robustness in time-
domain performance. In contrast, the El-Khazali approximations (both first- and second-
order) exhibit significantly higher errors across most performance metrics, particularly in
phase deviation and integral error indices. Although these methods maintain stability and
a low model order. Finally, the Pareto analysis confirms that methods such as standard
Oustaloup, Matsuda, and M-SBL lie on the optimal trade-off frontier, representing the
most efficient balance between competing performance criteria. The step responses of the
considered approximation methods are presented in Figure 27, providing a comparative
assessment of their time-domain behavior. The results indicate that the Oustaloup method
and its variants, along with the Matsuda and CFE approaches, closely match the ideal
response, demonstrating superior time-domain performance.

This example highlights the effectiveness of various fractional-order approximation
techniques in modeling a real-world nonlinear system. The comparative evaluation using
both time- and frequency-domain analyses underscores the trade-offs between model
fidelity and complexity. These insights provide a foundation for selecting appropriate
approximation methods in fractional-order controller design and system analysis.

Figure 27. Step response comparison of fractional-order approximation methods for Equation (126).

7. Conclusions
This paper presented a comprehensive evaluation framework for fractional-order

operator approximation methods. By integrating multi-objective Pareto analysis, the pro-
posed approach provides deeper insight into the trade-offs among competing performance
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criteria. The results demonstrate that no single method is universally optimal; rather,
the selection of an appropriate approximation technique depends on specific application
requirements. This is further supported through an illustrative example, which highlights
the effectiveness of fractional-order operator approximation in a representative dynamic
system. Among the evaluated methods, Oustaloup, Matsuda, and M-SBL approaches
consistently exhibit strong performance across multiple criteria, while other methods show
limitations, particularly over wide frequency ranges. Overall, the proposed framework
offers a systematic and practical basis for the selection and evaluation of fractional-order
approximation techniques in control applications. Future work will extend the proposed
framework to more complex dynamic systems and investigate optimization strategies to
improve approximation accuracy, robustness, and computational efficiency. Discrete-time
fractional approximations, particularly FOBD and CFE methods, will also be explored as
a continuation of this study. In addition, future research will evaluate these approxima-
tion methods in closed-loop control applications, including fractional-order PID (FOPID)
systems, to assess their impact on rise time, overshoot, settling behavior, and phase margin.
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