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Abstract

This study develops an effective numerical method for addressing the time-fractional
gas dynamics equation formulated with the Caputo time-fractional derivative. Novel
basis functions are utilized, formulated as particular generalized Fibonacci polynomials
contingent on a free parameter. This family generalizes the second kind of Chebyshev
family. For the proposed polynomials, we establish basic analytical properties, including
closed-form series expansion, inverse relation, moment and linearization formulas, and
operational matrices for both integer-order and Caputo fractional derivatives. Using these
tools, the fractional model, together with its underlying conditions, can be transformed into
a finite system of nonlinear algebraic equations via a collocation strategy. Using Newton’s
iterative method, the resulting system can be treated. A full convergence analysis of the
double generalized Chebyshev expansion is provided. We demonstrate the accuracy and
reliability of the presented method through several numerical simulations. Comparisons
with existing numerical methods show that this approach achieves higher accuracy and
faster execution.

Keywords: Caputo fractional derivative; generalized Fibonacci polynomials; Chebyshev
polynomials; collocation approach; operational matrices; convergence analysis

MSC: 35R11; 656M70; 33C45

1. Introduction

Special functions play an essential role in numerous branches of applied mathematics,
including engineering, physics, numerical analysis, and number theory. See [1] for an illus-
tration of how the famous Fibonacci and Lucas polynomials are used in various contexts.
Numerous special functions have applications in numerical analysis and approximation
theory because they can be used to approximate solutions of various differential equations
(e.g., see [2,3]).
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Polynomial sequences are essential in both theoretical and practical mathematics, and
they are used in many scientific disciplines. The two primary categories of polynomial
sequences are orthogonal and non-orthogonal polynomials. References such as [4-6] may
be found in the literature about classical orthogonal polynomials and their modified and
generalized variants. Numerous polynomial sequences were employed to numerically
solve various DEs. For example, the modified Lucas polynomials, namely, Vieta—Lucas
polynomials, were utilized in [7] for handling nonlinear stochastic It6—Volterra integral
equations. Other modified Fibonacci polynomials, namely, Vieta-Fibonacci polynomials,
were used through the employment of the collocation approach to treat a type of telegraph
fractional differential equations (FDEs) in [8]. Certain generalized Fermat polynomials,
namely, convolved Fermat polynomials, were investigated and employed in [9] to handle
the fractional Burgers’ equation using a matrix collocation approach. A specific class of
shifted Horadam polynomials was utilized in [10] to find numerical solutions of certain
non-linear KdV equations. Romanovski-Jacobi polynomials were used in [11] to treat some
DEs. New Pell coefficient polynomials were presented and used to solve linear hyperbolic
first-order partial DEs in [12]. A technique based on utilizing Lucas polynomials along
with the Galerkin approach was proposed in [13] for treating some fuzzy-type differential
models. Bernstein polynomials were utilized in [14] to solve a kind of integral equations.
Certain Dickson polynomials were used together with the spectral tau method to handle
the fractional-order logistic equations in [15]. The shifted Jacobi polynomials were used
in [5] for tempered fractional quadratic integro-DEs. Bernoulli polynomials were utilized
in [16] to handle variable-order FDEs.

Chebyshev polynomials (CPs) play significant roles in many areas of applied science.
Their importance is especially evident in analysis and related applications. There are
four well-known types of the Chebyshev polynomials, which are special cases of Jacobi
polynomials. All these types have trigonometric representations. Many contributions
have been devoted to the use of these polynomials in the solution of several DEs; see, for
example, Refs. [17,18]. Many authors were interested in introducing many generalizations
and modifications of CPs. In [19], a collocation numerical strategy was developed for the
FitzHugh-Nagumo equation by employing a specific family of Chebyshev polynomials.
Other combined CPs were introduced and utilized in [20] to handle heat FDEs.

Fractional differential equations (FDEs) are widely recognized as a robust framework
for characterizing nonlinear systems influenced by memory, inheritance, or nonlocal in-
teractions. This property of FDEs, along with that of integer-order counterparts, enables
their application in scenarios involving natural phenomena that classical integer-order
models fail to elucidate, including flow in porous media, wave propagation in complex
media, and viscoelastic materials. Engineers often use them to model systems with mem-
ory that changes over time and properties that depend on frequency in electrical circuits,
control theory, and signal processing. For some uses of FDEs, see [21-24]. The Caputo
fractional derivative reflects memory effects in physical systems, meaning that the current
state depends on the past history of the process. This is important in gas dynamics, where
nonlocal and anomalous behaviors may arise. Moreover, it allows the use of classical initial
conditions with a clear physical interpretation.

Due to the nonavailability of exact solutions to the majority of FDEs, many numerical
approaches were followed for the numerical treatment of such equations. The authors
in [25] presented a spline-based numerical framework for addressing the space-time
fractional convection—diffusion equations. Another scheme was derived in [26] utilizing
enhanced quintic B-spline functions to address time-fractional fourth-order diffusion prob-
lems. In [27], a different method based on the variational iteration approach was used to
study the fractional Rossler system. The variational iteration method was also used in [28]
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to find approximate solutions to the space-fractional Schrodinger equation. In [29], higher-
order predictor-corrector strategies with better predictors were introduced to numerically
solve FDEs. Additionally, the study employed a more robust predictor-corrector method
(see [30]). In [31], a g-homotopy analysis method was used to obtain approximate solutions
to Abel-type DEs. In [32], the homotopy perturbation method was used to find solutions
to time-fractional nonlinear variable-order delay partial DEs. A local radial basis function
methodology was examined in [33] for treating the time-fractional delay partial DEs. In [34],
physics-informed neural networks were used to find solutions for FDEs by putting the
laws of physics into neural networks. The Adomian decomposition method was utilized
in [35] to address fractional-order partial DEs, whereas a Laplace-Adomian decomposition
approach was introduced in [36] for solving certain fractional optimal control problems.
Finally, the Laplace residual series method was introduced in [37] as a useful approach for
solving time-fractional Fisher-type equations that combines analysis and computation.

The modeling of gas flow and energy transfer in engines, propulsion systems, and
high-speed flow applications is based on gas dynamics. Nonlinear time-fractional gas
dynamics equations are challenging to solve exactly due to their strong nonlinearity and
analytical complexity, even though such models are essential for explaining such processes.
Various analytical and numerical approaches were employed to solve these equations.
Here, we list some methods employed to address such problems.

*  The authors of [38] used the Laplace transform method to derive approximate analyti-
cal solutions of the fractional gas dynamics equation.

*  The authors of [39] employed the Shehu transform to construct semi-analytical solu-
tions for fractional-order gas dynamics equations.

¢ The authors of [40] applied a Pythagorean fuzzy Laplace transform iterative method
to treat fractional gas dynamic equations.

*  The authors of [41] used the homotopy perturbation method combined with the
natural transform to solve the fractional gas dynamics equation.

e The authors of [42] applied the natural homotopy perturbation method to obtain
approximate solutions of nonlinear fractional gas dynamics equations.

*  The authors of [43] employed the Laplace-Adomian decomposition method to solve
the time-fractional gas dynamics equation.

¢ The authors of [44] used the Elzaki decomposition method to construct analytical
solutions for the fractional gas dynamics model.

e The authors of [45] developed an approximate analytical framework for solving
temporal fractional gas dynamics equations.

e The authors of [46] proposed an approximate analytical method to treat fractional gas
dynamics equations.

e The authors of [47,48] developed collocation and Galerkin schemes based on B-spline
basis functions to solve time-fractional gas dynamics problems.

*  The authors of [49] employed trigonometric B-spline functions to obtain numerical
solutions for Caputo-type fractional gas dynamics models.

*  The authors of [50] introduced hybrid techniques combining integral transforms with
projected differential transform methods for solving fractional gas dynamics equations.

¢ The authors of [51] applied the g-homotopy analysis method to efficiently solve time—
space fractional gas dynamics equations.

Spectral methods provide an effective framework for numerically solving differential
and integral equations. This is because they can get approximate solutions close to the exact
ones and converge exponentially, particularly for smooth enough solutions. These methods
work by writing the unknown solution as a global basis of functions, which can be either
orthogonal or non-orthogonal polynomials. Spectral methods can be classified into three
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primary approaches, which make them more useful and adaptable. They are Galerkin,
tau, and the collocation methods. The collocation method is frequently used in numerical
analysis as it accommodates a wide range of differential equation models; see, for instance,
Refs. [52,53]. Regarding the tau and Galerkin methods, they require the selection of two
sets of basis functions: the trial and test functions. In tau methods, they are different (see,
for example, ref. [54]), but in the Galerkin method, they should be the same (see [55,56]).

The paper’s primary goal is to develop an effective spectral collocation scheme for the
Caputo-derivative-based time-fractional gas dynamics model. New formulas for a class of
the shifted generalized Chebyshev polynomials (SGCPs), which are selected to be the basis
functions, are derived and used to design the proposed numerical algorithm.

To motivate the use of the generalized Chebyshev polynomials adopted in this work,
we highlight several key features that make them particularly suitable for constructing
efficient and flexible spectral schemes:

¢  The idea of introducing parameters into polynomial bases is well established. For
example, ultraspherical polynomials generalize both Chebyshev polynomials of the
first and second kinds and are widely used due to the presence of a free parameter.
Although our introduced polynomials generalize the Chebyshev polynomials of the
second kind, they are different from the well-known ultraspherical polynomials.

*  The availability of a free parameter allows the construction of a family of approxima-
tion spaces, rather than a single fixed basis, which enhances flexibility in capturing
different solution behaviors.

* C(Classical Chebyshev polynomials are not always optimal for all problems; the pro-
posed generalization offers improved approximation capability in certain cases, as
supported by numerical experiments.

*  The considered polynomials generalize the second-kind Chebyshev polynomials
through a distinct framework based on generalized Fibonacci polynomials, offering
an alternative structure that can be better suited for specific applications.

e The derivation of explicit and closed-form formulas (including representations, inverse
relations, and operational matrices) facilitates their efficient implementation within
spectral methods.

In this paper, we study the influence of the parameter a of the generalized polynomials.
This parameter introduces flexibility that directly affects accuracy and convergence. While
a = 2 (corresponding to Chebyshev polynomials of the second kind) is commonly used, it
is not always optimal. Numerical results show that it is not the optimal case. In addition,
we show that moderate values of 2 = 1,2, 3 yield good performance, whereas larger values,
such as a = 13 and greater, tend to reduce accuracy and worsen conditioning. This confirms
the importance of selecting an appropriate value of a to obtain highly accurate solutions.

To the best of our knowledge, the application of a spectral collocation method based
on this class of polynomials to this model has not been previously investigated. The pro-
posed approach benefits from the well-known advantages of spectral collocation methods,
including high accuracy and rapid convergence with relatively few basis functions, and
leads to an efficient computational procedure suitable for nonlinear fractional problems.

The organization of this article is outlined below. The next section presents some
necessary preliminaries and the fundamental properties of a family of generalized Fibonacci
polynomials. In Section 3, new theoretical formulas for the SGCPs are derived, including
explicit integer and fractional derivatives, which are essential for designing the proposed
scheme. Section 4 designs a collocation scheme for the time-fractional gas dynamics model.
The convergence behavior together with a detailed error analysis of the proposed method
is discussed in Section 5. Section 6 presents numerical examples and comparative results
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that confirm the method’s accuracy and applicability. Concluding remarks and possible
future directions are presented in Section 7.

2. Preliminaries and Fundamentals

This section presents some fundamentals of the Caputo fractional derivative. In
addition, an overview of certain generalized Fibonacci polynomials is provided.

2.1. Caputo Fractional Derivative
Definition 1. The Caputo fractional derivative of order a > 0 for a function u(7t) is defined by [57]

1 T an
Dau(T) = m/o (T - 0.)7}1—0(—1%527) d(T, T > 0, (1)

where m € N satisfiesm —1 < a < m.
For the Caputo operator D* with m — 1 < a < m, the following properties are satisfied:
D% =0, c is a constant, ()
0, keNy, k< [a],

DTk = k! 3)
m Tkilxl keNy, k> [D[lr

where N ={1,2,...},Ng ={0,1,2,... }, and [«] denotes the ceiling function.

2.2. An Overview of Generalized Fibonacci Polynomials

The generalized Fibonacci polynomials can be constructed through the recurrence
relation given below:

F]fl’b(x) = axF]fl;bl(x) + be;Z(x), Pg’b(x) =1, Ff'b(x) =ax. 4)
They have the following explicit series form:

5] _
F}g,b(x) — Z un—Zmbm (Tl mm> xn—Zm, (5)

m=0

where || denotes the floor function.
The inverse formula for (5) is given by

[n/2] (71)k bk

= Y S (- 2k 1) (- ko 2) FY (). ©
k=0 :

Furthermore, the moment formula associated with Fk(a’b) (x) can be written as
r pa,b . r —r m pa,b
XEO(x) =) )t (=b)" Fi o (%) (7)
m=0

Remark 1. In this paper, we will introduce a class of shifted polynomials that includes one parameter
defined as

=3

a,—

(2x —1). 8)
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Remark 2. The choice of b = — % is motivated by the fact that, in this case, we can derive new
simplified formulas that are pivotal in our study. In addition, these polynomials generalize the
shifted second-kind CPs, that is

Uf(x) = Uf(2x — 1) = WP (x).

Remark 3. Settingb = — %, we can write the series form of the generalized Chebyshev polynomials
of the second kind in the form
Lj/2] 1IN\N™/q
a(x) = qf —2) (T ximam
F(x)=a mz_lo< 4) < " >x . 9)

3. New Theoretical Formulas for the SGCPs

In this section, several new identities associated with the introduced SGCPs are
presented, forming the foundation of the proposed numerical algorithm. Specifically, we
establish the following formulas:

¢ The series form of the introduced SGCPs and their inverse relation.

e The explicit expressions for the integer-order and fractional-order derivatives of
the SGCPs.

®  The linearization formula for the SGCPs.

Remark 4. It is worth noting that these results also provide further motivation for the use of the
proposed polynomials. The results developed in this section generalize several known formulas of the
classical shifted Chebyshev polynomials of the second kind, which are recovered as a special case for
a = 2. While some formulas of the generalized polynomials, such as the series representation, the
integer derivatives, and the linearization formula, are reduced to known results, the fractional-order
derivative formula of the shifted Chebyshev polynomials of the second kind is new.

Lemma 1. For every positive integer j, the following series form for W]fl (x) holds

(=1)7 2072 qi (2 4-2j — 2r),

. X, (10)

where (), denotes the Pochhammer symbol.

Proof. Based on the series form in (9), and if we replace x by 2x — 1, we get

Li/2] 1\° ] —5s .
Wi(x)=al ) (—4> ( s ) (2x —1)/7%, (11)
s=0
Next, applying the binomial expansion to (2x — 1)/~ yields
S j—2s
2x-1) =Y (—1)12”%( ' ) xl (12)
(=0

Substituting (12) into (11) gives the following formula:

2] S /i g\ I : P
Wix)=al Y (-i) (] . S) Y (1)t (] ;S) x. (13)

=0
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Rearranging Formula (13) gives

s g (B (D)D) o

r=0 5=0

To find a simplified formula for the above formula, we use the following transformation:

iﬁj (_i)s«gs) (jj__zrs> G —j;)!r! i ZJ (—(ﬁ)s‘(lz_r)s

—J)ss!
which can be written in terms of the hypergeometric function form as

lr/2] INS /i . | r 1-r
1 J—s\[(j—2s\ _ 7! )
002 - ghen(

]

~

/ (15)

1) . (16)

Using the Chu-Vandermonde identity [58], one can derive the following form:

VBN (=8 (- 25 _ (2i-2r+2),
}%(4)( S)(j—r):zv!‘ (17)

Substituting (17) into (14) immediately leads to (10), which completes the proof. [

0

Remark 5. The series form in (10) may be expressed alternatively as

j
Wi(x) =) 7%, (18)
r=0
where (1) 421 g )
—1)I7r27I T gl (2r 4+ 2)
Vrj = i | = (19)
(G —n)
In what follows, the inverse relation associated with (10) is stated and proved.
Lemma 2. The following inversion formula is valid for every positive integer j:
Y P ; g~
J—y 2 (1|+], r) @2 . Lt W, (). (20)
= r1(2j —r+2)!
Proof. First, define
L2l (14— ) (2j + 1)t a7
Gi(x) =Y. (A+j=r)@2i+1) Wi, (x). (21)

= rl(2j —r+2)!

We will show that Gj(x) = x/. Inserting the power form (10) into the right-hand side of
(21) yields

L2l (14 —r) (2j + 1)1 | (=1)L2i-2L-r
= r2j—r+2)! = L!

Gj(x) = (242j—2r—2L) xi7" L, (22)

Rearranging the summation by setting k = r 4 L gives

b prakg e GO ) @42 - 2K |
Gilv) = L 12 I+ ) Y T s a1 |

(23)
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The inner sum gives the following closed form:

i(—U’H(l Hior) @2 =2, 1
= k=) (2j —r+2)! 202 1) Y

(24)

where Jy o is the Kronecker delta. Substituting (24) into (23) yields
Gj(x) = X
Hence, the inverse formula (20) follows, completing the proof. [

By exploiting the expansion given in (10) and the corresponding inverse relation, an
explicit derivative formula can be derived as in the following theorem.

Theorem 1. Let n,m € N with n > m. Then the m-th derivative of W% (x) admits the expansion

qm n—m
dx—mWZ(X) = Z Ugn,m Wi (%), (25)
=0
where
I netomyonstamgn=t (it ) (atem 1)1, 6
Lnm = (m71)|(w+1)l(w)l '
: 5 . 2 .
and

1, if (n—{—m)iseven,
:Bn,é,m =
0, otherwise.

Proof. We start from the series representation stated in (10) and compute its mth derivative
with respect to the variable x. This differentiation yields

m n—m (__1\ron—2r _ _ _
I;meg(x) —a'y (=12 (2+42n r'Zr)r(l +n—m—r)y — 27)
r=0 :

Next, we substitute the inverse expansion given in (20) into (27), which leads to the
following double-sum expression:

—1)r 2" (2420 —2r), (1 4+n—m—71)y

P
an(x):a ’g)

r!
"f’” plondmbr=lg=ntmir+l (1 4y g —y — () (1+2(n—m—r))! (28)
X
= (2+2(n—m—r)— L)L
X szmfrfé(x)'

To simplify the above expression, we rearrange the order of summation by introducing
the new index s = r 4 {. This transformation results in

dm n—m _
T Wix) = Y 2V (1 —nts+m)a® Zgy We_, (%), (29)
s=0

where the coefficients Z; ;, , are defined by

i (=) (1421 —2m —2r)! (n—7r)! (1 +2n —r)!
1+2n—2r(s—r)!2+2n—s—2m—r)l(n—m—r)rl’

(30)

Zs,m,n =
r=0
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dm
dxm

In order to evaluate the finite sum appearing in (30), we apply Zeilberger’s algo-
rithm [59]. This approach produces the recurrence relation

(s+1)(n—s) Zosrompn — (n—m —s+1)(s +m) Zos un =0, (31)

together with the initial values

ZMW:_ZW—2+UV Zimn = 0.
Solving the recurrence relation (31), we obtain
0, if s is odd,
Zomn = — (m)sy2 (n — %)' if s is even. (32)

2(5)!(n—m—5+1)V
Consequently, this result can be written in the closed form

1 (n—s)!(s+m—1)!
(m—1)! st(n—s—m+1)!"’

ZZs,m,n = - ZZS+1,m,n =0. (33)

Substituting the expression in (33) into (29) and carrying out straightforward simplifi-
cations, we arrive at

1 Lon=m) /2] 5—25+m (=1 —n+2s+m)a®>*" (n—s)!(s+m—1)!

g(x):_m = stln—s—m+1)! (34)
X Wngm72s(x)'

Finally, the result in (34) can be equivalently rewritten in the form

dmwa x n—m
TV Y Uy Wi), @)
(=0
where
. (€4 1) (=)= bompmmtte2m gnt (L n g 0 m) ) (S — £ m) = 1)y
Lnm — ’
" (m =1t (34 =m)+ 1)1 (S — = m))!
with

1, (n—{¢—m)iseven,
,Bn,f,m =
0, otherwise.

This completes the proof. [

Corollary 1. For n > 1, the first derivative of W% (x) can be written as

d W4 n—1
WD) Y, W), 36
* =0

where the coefficients Uy ,, 1 are given by

Upyg = (—1) 10227 gm0 (04 1) B, 1. (37)
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Proof. The result follows immediately by setting m = 1in Theorem 1. [
Theorem 2. Consider { > 0, m = [{|, which denotes the ceiling of {. The fractional derivative of
W2 (t) has the following form:
g n
Df Wi(h) = 75 3 15, Wy (8), (38)
p=0

where

)T () F(—m - %) (2m +1)127"=2m5P (n 4+ m + 1)1 a"—P
Tpn = VT (n—m)!

_ m—-—nm+1,1,n+m-+2
X 4F3 1/,
m—p+lm+p+3,m—-_+1

(39)

and 4F5(1) denotes the reqularized hypergeometric function [58].

Proof. We start from the power representation in the form

W (t) = a" i (=)™ 27" (24 21)
n

= (n—r)!

£ (40)

We apply the Caputo fractional derivative Df formula (40), and make use of the follow-

ing property:
7!

Dit ={ T(r+1-7)
0, r<m,

tt, r>m=[{],

to obtain the following formula:

n (_1)n7r27n+2r (2—|—2r)n,ﬂ’!tr,g

Cyara n
D;Wi(t) =a p (41)
A P T R
which is also equivalent to
n _1\n—rn—n+2r 1
DEWE(H) = tCa" } (D)2 2420wty (42)

r=m (H—T’)!r(l’—i-l—g)
The application of (20) converts the previous expression into the form

e Lo(=n)rrlmt (L ) etk 24 2r) o, 2r 1)
D} Wi (t) = t gr:ZmL;O (n—rT(r+1-0)(r—L)!(2+L+r)! WL(H)- (43)

The last identity can also be expressed as
n

DS WA (1) = £78 3 9% WA (t),
p=0
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Wi (%)

where 'y‘;,,n has the following form:
(—1)"H (p+1) r(—m - %) @m+1)127" 210 (3 +m + 1)1 2"
a
Tpn = 7 (1 —m)!

5 m—nm+1,1,n+m+2
X 4F3 1],
m—p+lm+p+3,m—-_+1

and this completes the proof. O

In the following, we give a new expression for the fractional derivatives of the shifted
Chebyshev polynomials of the second kind in terms of their original ones.

Corollary 2. Consider { > 0, m = [{]. The fractional derivative of the shifted Chebyshev
polynomials of the second-kind U (t) is given by

n
DEU(t) =75 ) v, U (h), (44)
p=0
where
()" (p+1) ( %) 2m+1)1272" (n+m+1)!
'Y;,n:
V7T (n—m)!
(45)
N m—nm+1,1,n+m+2
x 4F3 1].
m—p+1lm+p+3m—-7+1

Proof. The result follows directly from Theorem 2 by setting 2 = 2, noting that in this case
Wi () = Uy (t). O

Remark 6. To the best of our knowledge, we mention here that the fractional-order derivative
formula given in (44) is new. Such a representation may be useful in the numerical treatment of
FDEs when shifted Chebyshev polynomials are employed as basis functions.

Theorem 3. Let m and n be positive integers. The following linearization formula applies:
Mmoo 2k
Wi () W) = ) (5) Wi ael®). (46)

k=0

Proof. Using the series form of W/, (x), we can write

[m/2| _
WEO W) = L (12 e (M) e ) @)
5=0
If we make use of the moment formula in (7) (for b = ——) then we get
2] 5 m—s\"=% /m—2s T2
Wit = ¥ (o an (M) D (M F e W ) )
5=0 r=0

which can be rearranged to give

wsxx)wz(x):f;(fuf(’”; ) (”;f))(;)Zk . @9)

k=0 \s=0
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We make use of the following combinatorial identity:

S

to simplify formula (49) into

m

a2k
WA W) = 12 (5) Warsoae),

which completes the proof. [

Remark 7. Setting a = 2 in formula (46) gives as a particular case the following well-known
linearization formula of the shifted Chebyshev polynomials of the second kind:

Uy () Usp (x) = 3 Wy ().
k=0
4. Collocation Approach for the Time-Fractional Gas Dynamics Model

In this section, we will derive a collocation scheme for the numerical treatment of the
following time-fractional gas dynamics model (TFGDM) [45,60]:

DF Qlp, 1)~ Qe ) (1= Qo) + Q1) G0 = flp1), 0<i<1, 6D

subject to the conditions

Q(p,0) =go(p), 0<p<1, (52)
Q(0,t) =¢1(t), Q(Lt) =g(t), 0<t<1, (53)

where 1 and v are reaction and convection parameters, Q(p, t) represents the evolution of
the state across both space and time and f(p, t) is an appropriate predetermined function.
Now, define

Qm(A) = span{Wi (o) Wi(t) : i,j =0,1,2,..., M}, (54)

where A =]0,1]%. For any QM (p, t) € Q(A) may be written as

M M
QM(pt) = Y- ) iy Wi () Wi(8). (55)
i=0j=0

The residual R (p, t) of Equation (51) can be written as

M
Ripi1) = DEQM(p,1) = 5@ (p,1) (1= @ (o)) +v @ (o) “F7 120 - sy,

QM (p, 1)

(56)
= DF Q" (p,1) 1@ (o) + 1 [QM(p. )] +vQM(p,) T (o).

Based on Theorems 2 and 3, Corollary 1, and Equation (55), the following expressions
can be written:
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]
Df QM (p, 1) 22 Y cii v W) £ W (1), (57)
i= 0] 0p=0
MM i J a\2(p+q)
[@"(o0)] 5 Y Y cijers (5) Wi (DOWE, 5, (0), (58)
i=0j=0 r=05=0 p=04=0
9QM (o, t MMM Mr=1 i j 2(p+q)
QMo P T TS Y Y Y Y et (5) 1 2p(P) Wiy oy (0). (59)
P i=0 j=0r=05=0 L=0 p=04=0
Inserting Equations (57)—(59) into Equation (56), one obtains
MM ]
=L L Y vy Wilo) S Wit VZZC:;W“ ()
i=0j=0 p=0 i=0j=0
+u Z Z Z Z 2 ch] Crs (7) W]+s Zq( )Wz+r 2p<10) (60)
i=0j=0 r=05=0 p=04=0
MMM Mr=1 i j 2(p+q)
v Y Y Y Y Y Yl (5) T Wi (0) Wi ag(8) = f(ot).
i=0j=0r=0s=0 L=0 p=04=0
The collocation approach results in
m n
R()zO, 1<m<M-1, 1<n<<M. (61)

In addition, the collocation approach, when imposed on the initial and boundary conditions

(52) and (53), yields

M M . . n n

LYWW () me(glg) minem

ZZQJW”( +1)W?(0):go<Mm+l>/ m:1,..., M+1,

(62)

Finally, the nonlinear system of (M + 1)2 equations formulated in (61) and (62) is handled

through Newton’s iterative algorithm to obtain an approximate solution.

5. Investigating the Convergence and Error Analysis

This section investigates the convergence and error analysis of the proposed double

Chebyshev expansion. In this regard, some lemmas and Theorems are presented.

Lemma 3 ([61]). The following inequality holds:

0 t'rl+2i

— = 1,,(21),
=il(i4n)! n(21)

where I, (t) is the modified Bessel function of order n of the first kind.

(63)
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Lemma 4 ([62]). The following inequality holds
" cosh(t)
|1n()|7m £>0. (64)
Lemma 5. The following inequality holds for W{ (t):
i
Wil < (+1)(5). telo. (65)
Proof. The application of the power formula of W¢(t) enables us to write
i
Wi = 3 |vei |
k0 (66)

i ani
Sl = o0 ()
which is the desired result. [

Lemma 6. Consider an infinitely differentiable function (t) at t = 0, expressible in the form

B © oo lp 7’l+1) (2S+1),a7n2n725+1 .
=L)X s—n) (n+s+2)!s! Wi t). (67)

—05=

=
=

Proof. The function ¢(t) may be expanded as
t) — i M h (68)
= o ‘

Invoking the identity (20) results in

21’l+1 10—2n+r+1 5—r .

n=0r=

After straightforward algebralc manipulations, the preceding equation can be rewritten as

n+1)(23+1)!a‘”2“‘25+1
n)t(n+s+2)!s!

-y’

n=0s=n

WA (1), (70)

Hence, the proof is concluded. O

Theorem 4. If y(t) is defined on [0,1], and |p((0)| < A", n > 0, where A > 0, and
t) =Y cn Wi(t), then we get
n=0

(e*+1) (2’\—»”

len] < 2n! !

Vn >0. (71)
Furthermore, the series converges absolutely.

Proof. The application of Lemma 6 implies the following result:

i ) (n+1)(2s+1)tg " 2n—2sHl
= (s—n)t(n+s+2)!s!

S(n+1)(2s+1)1a " 2n-2s+1
(s—n)!(n+s+2)!s!

N (72)
<y -

s=n

7
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which can be rewritten in another form after replacing s = n + k, as
© (41 2—2(k+n)+n+1 ;—n k+n) + 1)1 Ak
o] < 3 (4D 2 (k) =t -
= (k+n—n)!(k+2n+2)! (k+n)!
Lemma 3 can be applied to rewrite the last equation as
eM/2on+2 (I’Z 4 1) {IlinIn+1 (%)
lea| < ) . (74)
By virtue of Lemma 4, we can write Equation (74) as
n
) 7
|Cn|_T, n_O. ( 5)
This completes the proof of the first part.
Now, based on the inequalities (65) and (75), we can write
Y enWi(H)] = X lenl [Wi(£)]
n=0 n=0
A
_1 e (1+ 1) i 76
(e + 1) ) ( ) (76)
n=0
_ L
= e (e +1>(/\+4),
so the series converges absolutely. []
Theorem 5. Let Q(p,t) = 91 (p) Z Z ciiWi(p , with |1p(l)( 0)| < Al, and
i=0j=
|1,b§z) (0)| < AL, where Ay and A, are positive constants. We get
(M) () (31) (2)
|eij| < ( ) ( ) - (77)

|C1]| <Z

41! ]!
Furthermore, the series converges absolutely.

Proof. The application of Lemma 6, taking into consideration the assumption Q(p, t) =
P1(p) Pa(t), enables us to write

0)(i4+1)(+1)(2g+1)! (25 +1)ta i/ 2it/~2(a+s-1)

Cii = S (78)
g SZWZ] (s=i)(i+s+2)!(g—)'(j+qg+2)s!qg!

Using the assumption |zp§i) (0)] < Al and ng) (0)| < AL, we can write

1+1 2s+1)'a’121 2541 i/\g (G+1)(2g+ 1)1 (=1)27-2i =29+ g=J 79)

X NV
M(i+s+2)!s! = (=)' (G+g+2)q!
Ultimately, by following the steps analogous to the proof of Theorem 4, we obtain

() ) (1) (1)

4ilj!

|eij] <
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O
Theorem 6. The estimate below holds whenever Q(p, t) meets the assumptions stated in Theorem 5.

(e"l“) (eAg + 1)2—2(M+4) (Aiu,)\z A{\AH +A£\1,Az /\évlﬂ)

Qlo,t) = QM (p,1)| < i , (80)
where
Al — (eAl/‘*(Al +4) + 4) e/ Ay +4),
and
AP = M) 4 4) (eW‘*(/\z +4) +4).
Proof. Using the expansions of Q(p, t) and QM (p, t) allows to write
“ 0 00 M M
12 - 7 = ij i 1 - ij i 1
Qo £) = Q™ (o, )] = | X i Wip) Wi () = ) ), ey Wi () Wi (1)
i=0j=0 i=0j=0 81)
M 0 ) (
<Y Y aWHWIM|[+| Y Y Wile) Wit)].
i=0 j=M+1 i=M+1j=0
Using Theorem 5 and Lemma 5, the following may be obtained:
i
M (M 1) (i +1) (4 1
o ( ) < ge)‘l/4 (e)” + 1) (A1 +4), (82)
i=0 :
i M3 [ ZMAT | g/ M2\ M
w (1) (j+1)(%) (B2 AT+ e/, +4)4M ()
Y . < ) (83)
v 2! Ml
i n oM=3 [ Y M1 | A /4 M (A )M
o (M) (+1(R) (P12 A M +a)aM ()
: < , (84)
e 21! M!
j
o (2+1) G+ (2) 4
77 ( ) = ge/\ZM (eAZ + 1)()\2 1 4). (85)
j=0 ’
Using the previous estimations, we get
(e’\1+1)(e)‘2+1)2’2(M+4) AMA2 )\MH—Q—AM’)‘Z AMH1
Qlp,t) - QM (p, )| < L N e S ) (86)
M!
where
AP = (/AN +4) +4) e/ (My 4 4),
and
AP = M 4 4) (242 +4) +4).
O
Theorem 7 (Stability). Under the assumptions of Theorem 5, one gets
2-2(M+4) [ pMA2 yMHT | pMAs y M1
1 1 2 2
QM p,t) = QM (o t)| 5 ( ) (87)

M! ’
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where the expression z1 < zy means that, zy < nzy, for a constant n.

Proof. The application of Theorem 6 along with the following inequality enables us to write
QY (p0,1) = QM (p,1)| < | Qlo,t) = QM (o, 1)] +|QLp 1) = QM (1)
2—2(M-+4) (Ai\l,/\z /\{Vl—&-l + A;\L/\z Aé\/t—&-l) (88)

M! ’

S
This completes the proof of this theorem. [

6. Numerical Examples

This section reports numerical tests and comparative studies that verify the effective-
ness and accuracy of the presented algorithm.

Example 1 ([63]). Consider the problem

DEQ(p, ) — Qlp, £) (1—Qo, ) +Qlp, ) aQa(z, )

=f(p,t), 0<g<1, (89)

subject to the conditions

Q(p,0) =0, 0<p<1, (90)
Q(0,t) =Q(1,1) =0, 0<t<1, (91)
where 1
_ =g (,_ 2 3 _
o) =57 (p=p) +to(t(e®—20+1) +p-1),

and the exact solution of this problem is Q(p,t) = t (o — p?).

A quantitative comparison of the L, and L; errors produced by the present method
with M =2 and a = 1 and those obtained in [63] for different time is provided in Table 1.
Table 2 gives the corresponding error measures at { = 0.9 for several values of a. The
variation in the absolute errors (AEs) with respect to ¢ and a for M = 3 is displayed in
Figure 1.

Table 1. Comparison of L« and L errors for Example 1 at { = 0.5.

1
Method in [63] at AT = h = — Proposed Method at M =2anda =1

180
t Lo L, Lo Ly

025 3.67319x107° 538499 x 107  1.73472 x 10717 6.46192 x 10~20

05  1.65966 x 107*  3.84436 x 107>  2.42861 x 10~V 2.46549 x 10718

0.75 279673 x 107%  1.42568 x 10™* 555112 x 10~ 18 6.58092 x 1018
1 2.89235 x 107*  1.85557 x 10~%  1.11022 x 10716 1.22817 x 10~
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Table 2. Lo, and L, errors for Example 1 at { = 0.9.

t

a=1

a=2

a=3

Leo

L,

Lo

L

Lo

L

0.25

221743 x 1017

416391 x 10718

4.71508 x 1017

1.43459 x 10~

5.38096 x 1017

2.23078 x 1018

0.5

227227 x 1017

6.68872 x 1018

3.98986 x 10~17

1.6749 x 10717

9.87131 x 1017

1.19926 x 1018

0.75

44781 x 1017

1.23929 x 1017

555112 x 10~

2.05192 x 10~V

1.59768 x 10~16

9.14394 x 1018

1

1.64618 x 1010

491725 x 1017

9.46471 x 10~V

423953 x 1017

1.82532 x 1016

2.55246 x 1017

7=0.2, a=0.5

070.0

Figure 1. The AEs of Example 1 at different values of { and a when M = 3.

Example 2. Consider the problem

2Q(p,
DFQ(e.t) — Qe t) (1= Qe ) + Qe ) “FED — £, 0<i<1, 2
subject to the conditions
Q(p,0) =0, 0<p<1, (93)
Q(0,t) =Q(1,t)=0, 0<t<1, (94)

where f(p,t) is chosen such that the exact solution of this problem is Q(p, t) = t3 sin(7 p).

The distribution of AEs for { = 0.2 and a = 2 over different truncation levels M
is illustrated in Figure 2. Table 3 provides the CPU time used and the AEs obtained for
different a when ¢ = 0.5 and M = 14. The corresponding L and L, norms for varying
M at{ = 0.9 and a = 3, along with the CPU time used, are reported in Table 4. Figure 3
displays both numerical and exact solutions along with the associated AEs for { = 0.9,
a = 3,and M = 14. Figures 4 and 5 show the stability |QM*1(p,t) — QM (p, t)| at different
values of t when a = 3 and ¢ = 0.9. Table 5 presents the AEs at different values of 4 when
¢ = 0.5 and M = 5. This table shows that the moderate positive values of 4, such as
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a = 1.4,2, yield the best accuracy, while negative values or excessively large values of a,
such as a = —6, —5,17, lead to a noticeable deterioration in the numerical results.

M=10

Figure 2. The AEs of Example 2 at { = 0.2, 2 = 2 and different values of M.

Table 3. The AEs of Example 2 at { = 0.5, and M = 14.

p=t a=0.7 CPU Time a=14 CPU Time a=2 CPU Time a=22 CPU Time

0.1 855382 x 10714 415678 x 10~ 14 1.2916 x 10713 3.17712 x 10714

02 487024 x 1071 9.3996 x 10~1° 5.8174 x 10712 1.25594 x 10~ 1°

03 99816 x 10715 6.16174 x 10715 237518 x 10~ 14 5.95357 x 10~15

04 242931 x 104 1.09426 x 10~ 14 3.31887 x 10~ 14 3.19883 x 10~15

05  1.60705 x 1014 59.345 1.2601 x 10~14 52.282 2.09555 x 1015 57.377  4.16334 x 10716 53.579

0.6 491274 x 10715 6.55032 x 1015 3.91909 x 1014 6.85563 x 101

0.7 4.996 x 10716 1.11577 x 10714 2.42584 x 10714 1.16018 x 10714

0.8  9.54792 x 10712 1.5099 x 10~ 14 1.28231 x 10714 9.49241 x 1015

09 515421 x 10714 2.10387 x 10~ 5.85088 x 10~ 14 6.01186 x 1014

Table 4. Lo, and L, errors for Example 2 at { = 0.9.
M 2 4 6 8 10 12

Lo error  2.09343 x 1071 1.9508 x 1073 3.41463 x 107> 8.94025 x 10~/ 1.61705 x 10™7  4.94263 x 10~ 12
CPU time 1.644 2.172 3.375 7.125 16.795 40.063
Lyerror 1.13144 x 1071 229312 x 10~% 3.06988 x 10~ 5.10875 x 10~8  3.40171 x 1010 2.07203 x 1012
CPU time 1.644 2172 3.375 7.141 16.81 40.11
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Approximate solution Exact solution

Error

P
1000
Figure 3. The approximate, exact solutions and AEs of Example 2 at { = 0.9, 2 = 3 when M = 14.
107
z 109
e}
8 i
2]
10—14 ; | i
10_19 7 Il L L L Il L L L Il L L L Il Il L Il

0.0 0.2 0.4 0.6 0.8 1.0

P
—— M=1 - M=2 o M=3 —« M=4 —~+— M=5 —-— M=6
—=— M=T7 M=8 —— M=9 ——— M=10 —o— M=11
Figure 4. Stability |QM*1(p,t) — QM (p, )| of Example 2 at t = 0.2 when a = 3 and { = 0.9.
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102
106
2
%
% 10710
107
10—18 ‘
0.0 0.2 0.4 0.6 0.8 1.0
o
—— M=1 M=2 — M=3 —+— M=4 —+ M=5 - M=6
—— M=7 M=8 —— M=9 — M=10 — M=11

Figure 5. Stability |QM*1(p,t) — QM (p, )| of Example 2 at t = 0.8 when a = 3 and { = 0.9.

Table 5. The AEs of Example 2 at { = 0.5and M = 5.

p=t

a= —6

a—= —5 a—=14 a=2 a=17

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

4.81731 x 102
1.31868 x 101
2.31804 x 10!
411941 x 101
6.39006 x 101
7.36946 x 101
457684 x 1071
4.73452 x 1072
2.83431 x 101

6.26262 x 1072
2.69072 x 102
2.07588 x 102
3.22507 x 102
1.8633 x 102
9.05262 x 102
3.75378 x 101
5.04926 x 101
4.33696 x 10!

2.3414703040271 x 10~
8.1475531220499 x 10~°
3.0703283966267 x 10~°
1.8955133992422 x 10>
2.3769453911123 x 10>
1.9695422899618 x 10>
3.1528190774510 x 10>
3.7107932165331 x 104
1.4902460451470 x 103

2.3414703040295 x 10>
8.1475531220776 x 106
3.0703283966267 x 10~°
1.8955133992498 x 10>
2.3769453911304 x 10>
1.9695422899507 x 10>
3.1528190774454 x 10>
3.7107932165342 x 104
1.4902460451470 x 103

1.02371 x 101
5.12028 x 102
2.5269 x 103
2.23337 x 102
8.0671 x 103
1.15176 x 102
1.10076 x 102
2.41379 x 102
1.67676 x 101

Remark 8. From the numerical results in Table 3, it can be noted that the approximation based
on the classical shifted Chebyshev polynomials of the second kind (corresponding to a = 2) is not
always optimal. This clearly demonstrates the significant effect of the parameter a in the proposed
generalized basis Chebyshev basis.

Example 3 ([60]). Consider the problem

9Q(p,
DEQ(e,t) — Qlort) (1= Q1) + Qo) "2 — flo), D <g<1, 9
subject to the conditions
Q(p,0) =0, 0<p<1, (96)
Q(0,t) =Q(1,f) =0, 0<t<1, (97)

where f(p, t) is selected to meet the exact solution of this problem is Q(p,t) = t>¢ sin(m p).

A comparison of the L* error over |0, 1] x]0,0.01] between the proposed method with
M =16 and a = 1 and the approach in [60] is reported in Table 6. Table 7 presents the
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AEs for different time levels at { = 0.9 with M = 12. This table shows that the moderate
positive values of a = 1.5,2,3.5 yield the best accuracy, while the large values of 4, such as
a = 13, lead to a noticeable deterioration in the numerical results. The variation in the AEs
with respect to t for { = 0.3, a = 1.5, and M = 12 is shown in Figure 6.

Table 6. Comparison of L* errors in interval ]0, 1] x]0, 0.01] for Example 3.

{ Technique in [60] Proposed Technique at M = 16
05 10-* 6.43671 x 10~°

Table 7. The AEs of Example 3 at { = 0.9, and M = 12.

a=1.5

a=2 a=25 a=23.5 a=13

1.425781344 x 10~°

1.42578135862 x 1070  1.42578134197 x 10~°  1.42578134431 x 10~° 6.84442 x 102

2.821081334 x 10~

2.82108132909 x 107¢  2.82108133038 x 10~°  2.82108132991 x 10~¢ 1.15645 x 103

4.144884898 x 10~°

4.14488489526 x 100  4.14488488523 x 107°®  4.14488488465 x 1076 2.24282 x 103

5210604511 x 10~°

521060450479 x 10~  5.21060450500 x 10~®  5.21060450749 x 10~¢ 2.04122 x 103

5.935851910 x 10~°

5.93585190761 x 107  5.93585190533 x 10~®  5.93585191063 x 10~¢ 9.34697 x 10~°

6.408297182 x 10°

6.40829717976 x 10~  6.40829716583 x 10~°®  6.40829717166 x 10~¢ 4.73184 x 10~

6.839320127 x 10~

6.83932012340 x 107°  6.83932010692 x 107®  6.83932011075 x 10~¢  3.93576 x 10~*

7.452382491 x 10°

7.45238248395 x 106  7.452382481232 x 10~° 7.45238247641 x 10~ 8.72603 x 10~°

7.909321515 x 10~°

7.90932151867 x 10~°  7.909321540211 x 107%  7.90932151373 x 107®  1.15845 x 102

1.x107%|

5.x10°%F

Absolute error

1.x1078]

5.x1077

010 012 014 016 0‘.8
o
t=0.2 -—=— t=0.4 —»— t=0.6 -a- t=0.8
Figure 6. The AEs of Example 3 at { = 0.3, a = 1.5 and different values of f when M = 12.

Remark 9. The parameter a plays a significant role in the accuracy and stability of the proposed
method. Numerical results in Tables 3, 5 and 7 show that moderate positive values of a (such as
a =1,2,3) yield the best accuracy, while negative values or excessively large values of a lead to a
noticeable deterioration in the numerical results. In particular, for large values of a, the method may
become unstable due to the ill-conditioning of the resulting algebraic system. Therefore, moderate
values of a are recommended in practical computations to achieve a balance between stability
and accuracy.

https://doi.org/10.3390/fractalfract10050299


https://doi.org/10.3390/fractalfract10050299

Fractal Fract. 2026, 10, 299 23 of 25

7. Concluding Remarks

In this article, a collocation-based spectral strategy was analyzed for the numerical
treatment of a time-fractional gas dynamics equation governed by the Caputo fractional
derivative. A class of generalized Chebyshev polynomials of the second kind was intro-
duced and investigated theoretically to act as the basis functions. The collocation method
was utilized to convert the equation, together with its associated conditions, into a system
of nonlinear equations, which could be solved successfully using an iterative nonlinear
solver. The theoretical analysis confirmed that the proposed approximation possessed
strong convergence properties, with explicit bounds that explained the rapid decay of
the truncation error. The numerical results presented demonstrate the algorithm’s good
performance. In addition, The results show that the parameter a significantly affects per-
formance. While a = 2 is common, it is not always optimal. Moderate values such as
a = 1,2,3 yield better accuracy and stability, whereas larger values reduce accuracy and
worsen conditioning. The extension of the presented technique to other types of fractional
derivatives is an interesting topic and will be considered in future work. Also, we aim
to apply the Chebyshev family presented in this paper to other important models in the
applied sciences.
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